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Summary

The celebrated Schrodinger equation is the key to understanding the dynamics of quantum
mechanical particles and comes in a variety of forms. Its numerical solution poses numerous
challenges, some of which are addressed in this work.

Arguably the most important problem in quantum mechanics is the so-called harmonic oscilla-
tor due to its good approximation properties for trapping potentials. In Chapter 2, an algebraic
correspondence-technique is introduced and applied to construct efficient splitting algorithms,
based solely on fast Fourier transforms, which solve quadratic potentials in any number of di-
mensions exactly - including the important case of rotating particles and non-autonomous
trappings after averaging by Magnus expansions. The results are shown to transfer smoothly
to the Gross-Pitaevskii equation in Chapter 3. Additionally, the notion of modified nonlinear
potentials is introduced and it is shown how to efficiently compute them using Fourier trans-
forms. It is shown how to apply complex coeflicient splittings to this nonlinear equation and
numerical results corroborate the findings.

In the semiclassical limit, the evolution operator becomes highly oscillatory and standard
splitting methods suffer from exponentially increasing complexity when raising the order of
the method. Algorithms with only quadratic order-dependence of the computational cost are
found using the Zassenhaus algorithm. In contrast to classical splittings, special commutators
are allowed to appear in the exponents. By construction, they are rapidly decreasing in size
with the semiclassical parameter and can be exponentiated using only a few Lanczos iterations.
For completeness, an alternative technique based on Hagedorn wavepackets is revisited and
interpreted in the light of Magnus expansions and minor improvements are suggested. In the
presence of explicit time-dependencies in the semiclassical Hamiltonian, the Zassenhaus algo-
rithm requires a special initiation step. Distinguishing the case of smooth and fast frequencies,
it is shown how to adapt the mechanism to obtain an efficiently computable decomposition of
an effective Hamiltonian that has been obtained after Magnus expansion, without having to
resolve the oscillations by taking a prohibitively small time-step.

Chapter 5 considers the Schrodinger eigenvalue problem which can be formulated as an initial
value problem after a Wick-rotating the Schrodinger equation to imaginary time. The elliptic
nature of the evolution operator restricts standard splittings to low order, p < 3, because of
the unavoidable appearance of negative fractional time-steps that correspond to the ill-posed
integration backwards in time. The inclusion of modified potentials lifts the order barrier up
to p < 5. Both restrictions can be circumvented using complex fractional time-steps with
positive real part and sixth-order methods optimized for near-integrable Hamiltonians are
presented.

Conclusions and pointers to further research are detailed in Chapter 6, with a special focus on
optimal quantum control.







Resumen

La célebre ecuacion de Schrodinger es la clave para entender la dindmica de particulas cudn-
ticas y viene en una variedad de formas. Su solucién numérica conlleva numerosos desafios,
algunos de los cuales son tratados en esta tesis.

Posiblemente, el problema mds importante en mecdnica cudntica es el oscilador arménico
debido a su uso en aproximar potenciales atractivos. En capitulo 2, se introduce una técnica
de correspondencia algebraica entre mecdnica cldsica y cudntica y es aplicada para construir
eficientes algoritmos de escision (llamados splittings), solamente basados en transformadas
rdpidas de Fourier, que resuelven potenciales cuadraticos exactamente para dimensiones ar-
bitrarias - incluyendo el caso importante de particulas rotantes y potenciales arménicos no
auténomos tras la promediacion con un desarrollo de Magnus. Los resultados se muestran
facilmente transferibles a la ecuacién de Gross-Pitaevskii en capitulo 3. Adicionalmente, la
nocién de potenciales modificados no lineales es introducida y se su célculo eficiente median-
te transformadas de Fourier es demostrado.

En el limite semicldsico, el operador de evolucion se vuelve altamente oscilatorio y méto-
dos estdndar de escision sufren de un crecimiento exponencial en complejidad al incrementar
el orden del método. Se han encontrado algoritmos con dependencia del coste respecto al
orden solamente cuadréitica mediante el algoritmo de Zassenhaus. A diferencia de métodos
de escisidn cldsicos, se permite la apariencia de conmutadores especiales en los exponentes.
Su construccion implica un rdpido decrecimiento en magnitud con el parametro semicldsico
de los conmutadores con la finalidad de poder exponenciarse con unas pocas iteraciones de
Lanczos. Por completitud, una técnica alternativa basada en paquetes de onda Hagedorn es
revisada e interpretada en términos del desarrollo de Magnus y se proponen algunas mejoras.
Con la presencia de dependencias temporales explicitas en el hamiltoniano semiclésico, el
algoritmo de Zassenhaus requiere una modificacién del paso inicial. Distinguiendo los casos
de frecuencias suaves y rdpidas, se muestra como adaptar el mecanismo para obtener descom-
posiciones eficientemente calculables de un hamiltoniano efectivo que se ha obtenido tras un
desarrollo de Magnus sin tener que resolver las oscilaciones con un paso temporal prohibiti-
vamente pequefo.

En capitulo 5, se considera el problema de autovalores de Schrodinger que se puede formu-
lar como problema de valor inicial tras (Wick-)rotar la ecuacién de Schrodinger al tiempo
imaginario. El cardcter eliptico del operador de evolucion restringe los métodos de escision
a ordenes bajos, p < 3, debido a la apariencia de pasos fraccionales temporales negativos
que corresponden a un problema mal condicionado: La integracion atrds en el tiempo. La
inclusién de potenciales modificados permite aumentar el orden hasta p < 5. Ambas restric-
ciones se pueden sobrepasar mediante el uso de pasos fraccionales complejos cuya parte real
es positiva y se presentan métodos de orden seis para hamiltonianos casi integrables.

Conclusiones e indicadores para futuros estudios se detallan en capitulo 6, especialmente
enfocando el drea de control 6ptimo cudntico.
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Resum

La celebre equacié d’Schrodinguer és la clau per comprendre la dinamica de particules quan-
tiques i es presenta en una gran varietat de forms. La seua resolucié numeérica planteja nom-
brosos reptes, alguns dels quals sén referits en aquest treball.

Possiblement, el problema més important en la mecanica quantica és I’anomenat oscil-lador
harmonic degut a la seua capacitat d’aproximar potencials d’atraccio.

En el capitol 2, s’introdueix una teécnica de correspondéncia algebraica i s’aplica per a cons-
truer algoritmes eficients d’escissié (anomenats splittings), basats tinicament en transforma-
cions de Fourier rapides, que resolen potencials quadratics en qualsevol nombre exacte de
dimensions — inclos I’'important cas de les particules rotatories aixi com la situaci6, conside-
rablement més comuna, de potencials no autonoms després de promitjar a través de desenvolu-
paments de Magnus. Els resultats es mostren transferibles acuradament a I’equaci6 de Gross-
Pitaveskii en el capitol 3. A més, la nocié de potencials no linials modificats s’introdueix i
es mostra com computar-los eficientment utilitzant les transformades de Fourier. També es
mostra com aplicar splittings de coeficients complexos a aquesta equacié no linial i resultats
numerics corroboren les troballes.

En el limit semiclassic, I’operador evoluci6 es converteix en altament oscil-latori i els metodes
estandards de splitting pateixen un increment exponencial de complexitat quan s’augmenta
I’ordre del metode. Es troben algoritmes amb cost computacional de dependencia solament
quadratica respecte 1’ordre utilitzant 1’algoritme de Zassenhaus. Al contrari que els splittings
classics, es permet I’aparicié de commutadors especials en els exponents. La seua construccié
implica un rapid decreixement en magnitud amb el parametre semiclassic dels commutadors
i pot ser exponenciat utilitzant unes poques iteracions de Lanczos. Per completar, s’ha revisat
iinterpretat una teécnica alternativa basada en paquets d’ona de Hagedorn a la llum dels desen-
volupaments de Magnus i s’han suggerit millores. En presencia de dependéncies explicites
del temps en el Hamiltonia semiclassic, 1’algoritme Zassenhaus requereix un pas d’iniciacio
especial. Diferenciant els casos de freqiiencies suaus i rapides, es mostra com adaptar el meca-
nisme per a obtindre una descomposicié eficientment computable d’un Hamiltonia efectiu que
s’ha obtés després del desenvolupament de Magnus, sense haver de resoldre les oscil-lacions
prenent un prohibitivament menut pas de temps.

El capitol 5 considera la possibilitat de formular el problema d’autovalors de Schrodinger
com un problema de valor inicial després d’aplicar una rotacié de Wick al temps imaginari
al’equaci6 de Schrodinger. La naturalesa eliptica de I’operador evolucié restringeix els spliz-
tings estandars a ordres baixos, p < 3, donada la inevitable aparicié de pasos fraccionals de
temps negatius que corresponen a un mal condicionament del problema: la integracié cap a
darrere en el temps. La inclusié de potencials modificats eleva la barrera de ’ordre a p < 5.
Ambdues restriccions poden ser sobrepassades mitjancant I’ts de pasos fraccionals de temps
complexos amb part real positiva i es presenten metodes optimitzats de 6€ ordre per a Hamil-
tonians quasi-integrables.

Les conclusions i les linies a seguir en futures investigacions sén detallades en el capitol 6,
amb especial atenci6 al control quantic oOptim.






CONTENTS

1 Introduction

1.1

1.2

1.3

The Schrodinger equation and its varieties . . . . . . . . . . .. ... ... ...
1.1.1  The linear Schrodinger equation . . . . . . . . . . ... ... ......
1.1.2  The semi-classical limit . . . . . . . . ... ... ... ... ...
1.1.3  Many particles and the Gross-Pitaevskii equation . . . . . . . . .. .. ..
1.1.4  Eigenstates and imaginary time . . . . . . . . . . ... ... ...
Spatial discretizations . . . . . . . .. ..o
1.2.1  Finitedifferences . . . . . . . . ..o o000
122 Spectralmethods . . . . . . . . . ...
1.2.3  Hagedorn-wavepackets . . . . . . . . . . . ... ..o

Temporal discretizations

1.3.1  Chebyshevmethod . . . . . . . . .. ... ... ... L.
1.32 Lanczosmethod . . . . . . . . ... . ... ... ...
1.3.3  Splittingmethods . . . . . . . . . ...
1.3.4  Magnus expansion . . . . . . . . ... .. L L e e e e e

2 Linear Schrodinger equations

2.1

22

23

The Harmonic Oscillator

2.1.1  Solving the harmonic oscillator by Fourier methods . . . . . . . .. . ..
2.1.2  Higherdimensions . . . . . . . . . . ... ..o o
2.1.3  The Hermite-Fouriermethods . . . . . . . . . ... ... ... .....
2.1.4  Numericalresults . . . . . . . . . ...
The Harmonic Oscillator: non-autonomous . . . . . . . . . . . .. ... .....
2.2.1  Varyingtrapfrequency . . . . . . . . . . ... ..o oo e
222 Thedrivenoscillator . . . . . . . ... ... 0L
223  Numericalresults . . . . . . . .. ... Lo
Rotating traps . . . . . . . . . . . e e e e e e e e
2.3.1  Angular momentumalgebra . . . . . . ... ... oL
2.3.2 Therotationkernel . . . . . . . ... Lo
233 Isotropictrap . . . . . . ... oo oo e e e e e e e e
234  Anisotropictrap . . . . . .. ..o oo e e e e
2.3.5 Time dependence for rotating traps . . . . . . . . ... oL
2.3.6  Numericalresults . . . . . . . . . ... L

3 Non-linear equations: Gross-Pitaevski

3.1

Near-integrable systems

10
10
13
14
15
16
17
27

33
34
36
39
41
4
46
47
48
51
53
53
54
56
56
57
60

63
64

VII



VI

32

3.1.1  Spectral methods for the nonlinear Hamiltonian . . . . . . . . ... ...
3.1.2  Numericalresults . . . . . . . ... ... ... 0o
Unconventional splitting methods . . . . . . . . . .. .. ... . .
3.2.1 Modifying nonlinear potentials . . . . . . . . .. ... ... ..
322 Complex coefficients . . . . . . . . . ... Lo

3.2.3  Numerical experiments . . . . . . . . . ... ..o 0o

4 The semi-classical limit

4.1

4.2

4.3

The autonomouscase . . . . . . . . . . ... Lo
4.1.1  The Lie algebraic setting . . . . . . . .. ... .. ... ...,
4.1.2  Anasymptotic splitting . . . . . . . . ... Lo
413  Stability . . .. ..o
4.14  Computing the exponential . . . . . . . . . . ... ... ... .. ...
4.1.5  Numericalresults . . . . . . ... ... L Lo
Propagators based on Hagedorn wave-packets . . . . . . . .. .. ... ... ..
4.2.1  Aninterpretation of Hagedorn dynamics . . . . . . . . . . ... ... ..
Time-dependent potentials . . . . . . . . . .. ... ...
4.3.1 Slowly varying external field . . . . . . . .. ... ... ... ... ..
4.3.2  Highly oscillating time dependence . . . . . . . . . ... ... ... ..

5 The ground state: Imaginary time propagation

5.1
52

53

Motivation and background . . . . . . . ..o Lo oo
Splitting methods for the Schrodinger equation . . . . . . . . . . ... ... ...
5.2.1  New splitting methods for the I[TPproblem . . . . . . . . . . . ... ...
5.2.2  Methods without modified potentials . . . . . . . . . ... ... ....
5.2.3  Methods with modified potentials . . . . . . . . .. ... ... ... ..
Numerical results . . . . . . . . . .. L e
5.3.1  Variablestepmethod . . . . . . . .. ... ...

6 Conclusions and Outlook

6.1
6.2
6.3
6.4
6.5

Harmonic oscillators and rotating traps . . . . . . . . . . .. ..o L
Nonlinear Schrodinger equations . . . . . . . . . . . ... ... o L
Semiclassical Schrodinger equations . . . . . . . . ... ..o oL
Imaginary time . . . . . . . . ... oL e
Outlook . . . . . L L e e

A Algebraic tools

Al

Algebra . . . . . L. e

A.2  Structure coefficients for rotating oscillator . . . . . . . . ..o oo L.

A.3 Composition for the rotating oscillator . . . . . . . . . .. ... Lo

References

77
78
80
83
92
93
95
97
98
100
101
104

109
110
111
114
115
117
119
124

127
127
128
128
129
130

131
131
132
133

133



Chapter

INTRODUCTION

The Schrodinger equation plays a central role in a wide range of applications and is the fun-
damental model of quantum mechanics [62]. It draws constant attention to theorists and prac-
titioners, ever striving for higher accuracies and faster computation times!.

This chapter will lay the fundamentals for a variety of Schrodinger equations, in particular,
the Gross-Pitaevskii equation, the semiclassical limit and the imaginary time formulation. We
briefly discuss many aspects that are crucial for the numerical solution. Furthermore, widely
used numerical integrators, including both spatial and temporal discretizations, are introduced
with special emphasis on splitting methods and Magnus expansions which will form the core
of the numerical techniques that are developed in this work.

1.1 The Schrodinger equation and its varieties

1.1.1 The linear Schrodinger equation

We begin by stating the well-known time-dependent Schrodinger equation (TDSE) in one
dimension
ihd,w(x,t) = Hy(x,1), w(x,0) =wyox), xeR (1.1)

where the Hamiltonian H is a Hermitian operator, usually of the form
H=T+V,

where T corresponds to the kinetic energy T = —%A with the Laplacian Aand V : R - R
is the (scalar) potential energy. Sometimes, we will write the kinetic energy as T = p?/2m
with the momentum operator p = —ihV. The wave function y is, unless specified otherwise,

1A search in the ScienceDirect database with keywords “Schrédinger equation” and “numerical” shows more
than 1000 published articles only in 2013.




Chapter 1. Introduction

always assumed to be square-integrable over the reals, i.e., y € L?(R), and no additional
boundary conditions are imposed. Higher dimensions will be explicitly introduced when it
is not immediate how to replace x € R by x € R¢. For simplicity in the presentation, it is
standard to express the Schrodinger equation in atomic units # = m = 1, which will be used
throughout the text

1
i0,w(x,t) = (—iA + V(x)) W(x,t).

After the Schrodinger equation was first posed in 1926 [116], it did not take long until Born
[33, 32] could identify the squared absolute value of the wave function as a probability density:
the probability of finding the described particle in a certain domain Q at time ¢ is given by
fQ lw (x,1)|2dx. An important feature of the Schrodinger equation is the conservation of the
norm,

d
T L dx=o,

which, in the light of viewing y as a probability density, has the physical meaning that the num-
ber of particles is preserved. With the probabilistic interpretation, we can define expectation
values of a (not necessarily linear) Hermitian operator O, in this context called observable,

(0)y = [ w* () Oy () dx.
This simplified standard notation in quantum mechanics can be expanded as
(0)y, =(wlO(y)),

where (- | -) denotes the usual scalar product in L2. As in classical mechanics, the observable
associated with the energy is the Hamiltonian H itself, and a simple calculation yields the

energy conservation law

d
Gy =0,

for Hamiltonians that do not explicitly depend on time, d,H = 0.

More generally speaking, classical quantum theory deals with self-adjoint operators, which
we will briefly review. Given a densely defined operator H on some Hilbert space with domain
Dy, its adjoint H' is defined by?

(HTulv) = (ulHv), VYve Dy.

Such an operator is called Hermitian if (Hulv) = (ulHv), VYu,v € Dg. A self-adjoint
operator H is Hermitian and additionally, its domain coincides with the one of its adjoint,
Dy = Dy+. Obviously, self-adjointness implies Hermiticity, but the converse is not always
true, and usually the discrepancy is due to boundary conditions that are imposed. In this work,
we will not further address such subtleties and instead refer to [48] for details. Furthermore,
we will use the name Hermiticity over self-adjointness, as is standard in the physics liter-
ature. This is justified since the Schrodinger operators at hand are self-adjoint under very
general conditions, e.g., it suffices to bound the potential from below. By Stone’s theorem,
self-adjointness guarantees uniqueness and existence of the solution of (1.1) as

TitH g0 (x), (1.2)

vx,t)=e

2The adjoint of a matrix A is its Hermitian conjugate A"
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and we will use the notation with the exponential to denote the flow @y ,; associated with a
vector field H/i.

Another core result for self-adjoint operators is the so-called spectral theorem: Given a self-
adjoint compact operator H on some Hilbert space D, its (point-)spectrum consists of real
eigenvalues 1; and the corresponding eigenfunctions ¢; form an orthogonal basis of D. This
allows us to write

o0

Hy =) Ay, )i (1.3)

k=1

and therefore, the evolution (1.2) of some initial condition y ((x) can be written as

wen) =e ™My =) ey, i)y (1.4)
k=1

For unbounded operators L, a subset of the (generalized) eigenfunctions might not be nor-
malizable and are said to correspond to unbounded states, with corresponding eigenvalues in
the continuous spectrum of L. However, another spectral theorem ensures that a self-adjoint
operator can be expanded over generalized eigenfunctions to make sense of (1.3) in the usual
case.

In essence, we summarize that if the spectrum is known, the solution of the Schrédinger equa-
tion is straightforward by means of (1.4).

For our purposes, two further properties of Hermitian operators H have to be singled out,
namely that their eigenvalues are real valued,

A = (PulH ) = (pHIpy) = A%

and the eigenfunctions corresponding to distinct eigenvalues are orthogonal since,

0=A(grlHP)) = (DrlHP)) = (A = 2 (Prly).

1.1.2 The semi-classical limit

The major challenge in quantum chemistry is given by the rapid increase of dimensionality
as the number of particles grows: for each particle, one has to add three dimensions to the
configuration space and this becomes computationally unfeasible even for small molecules.
For illustrative purposes, we write the Hamiltonian for N nuclei with coordinates x;, electric
charge Z; and mass M; and n electrons at y; that interact via Coulomb forces (7 = e = 1),

Hed phg+ S ohoa, oy SR 3 W R
=Y A+ Y A, + + - —=k (1.
M s 2me Gyl g g -l R -

Thuclear electron-nucleus

Note that the full problem has 3(N + n) independent coordinates.
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We stress that the timescales of the system are expressed in atomic units and are truly minute,

3 2
time integration until 7 = 1 corresponds to metric time Ty = —2— = —a = 2.419 x
agm e

10~17s (= 24 as) for electron mass m, = 1. The Bohr radius is the natural scaling parameter
2

for the space coordinate and is defined to be ay = % = 5.28 x 10~"'/m. From this brief

dimensional analysis, we conclude that the time-scales are related to the inverse of the mass.

A standard way to reduce the dimension exploits this intuition and was invented by Born and
Oppenheimer [34]. Their approximation is based on a separation of scales: Since the mass of
the nuclei is several orders of magnitude larger than the electron mass, the nuclei are assumed
to move at a much slower rate - indeed they are assumed to be independent of the electrons
and expected to follow classical equations of motion.

Hence, we freeze the coordinates nuclei, thereby neglecting its kinetic energy and, motivated
by (1.4), solve the eigenvalue problem of the electronic part of the Hamiltonian H, = H —

Tnuclear’

H,oy(x,y) = Ep(x)wi(x,y), keN,

where E, is the k—th eigenvalue of H,. Assuming that the eigenfunctions y; form a (orthonor-
mal) basis of L2, we can expand the solution of the full problem in these new terms as

w(t,x,y) Zgbk(x Dy (x,y). (1.6)
Plugging (1.6) into the SE with the full Hamiltonian (1.5) yields an equation for the nuclei,

i0z2¢k(x,f>v’k<x’y>=2(2 ZMA + Eglx ))mxr)wk(x ».
k k

After multiplying from the left with y} (x,y) and integrating over the electronic coordinates
y, we obtain a Schrodinger equation for the nuclei

2 N
; £
i0,¢p(x,1) = (—7 Y Ay i 1) + Eg(x )¢k(x,t)) +Y Crapie.n),  (1.7)
j=1 1
where we have set the nuclear masses identical M; = M and introduced a new parameter
g2 = m,/M, that denotes the relative mass of an electron versus a nucleus. The coupling

operator is given by

82 N
Cri = =5 Jp, wilxy) Zl (20,9106, + 32 (6, ) ) dy.
j:

Until here, all manipulations have been formally exact within the original model (1.5) and in
the final step we reduce the equations: The so-called adiabatic or Born-Oppenheimer approxi-
mation consists of neglecting the coupling terms and assuming that the energy surfaces for the
electrons E} (x) are well-separated which thus results in a system of uncoupled Schrodinger
equations

2
id, by (x,1) = (—%A +Ek(x)) ¢p(x,0),  keN. (1.8)
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Note that we have scaled the time-coordinate + — &f to guarantee a meaningful limit of the
equation as ¢ — 0. It is convenient to identify (1.8) with (1.1) via ¢ = # and E;, = V. For
future reference, we write (1.8) for one particle in the standard form, known as semi-classical
Schrodinger equation (SCSE),

2
i£d,y(x,1) = (—%A + V(x)) p(nn, w0 =wo) eLXR)  (1.9)

The name “’semi-classical” is derived from an analogy to classical mechanics, based on the ob-
servation that Lie-brackets reduce to Poisson brackets in the limit # — 0 and thus one expects
to recover classical mechanical behavior in this limit. Indeed, using Wentzel’s, Kramer’s and
Brillouin’s (WKB) approximation, that is formulating the wave function as the exponential of
a phase function S¢, .

w(x,1) = AexS" (50,

and plugging it into (1.9), we obtain an equation for S¢,
| 2 ic X
-0,58% = E(axsa) +V—EAS‘°. (1.10)

For i = ¢ — 0, the classical Hamilton-Jacobi equations are recovered by identifying the
momentum p = d,.5 and as such, the system is interpreted to follow classical trajectories with
a small perturbation of size @ (&) due to quantum effects.

More information about the solution can be deduced by letting A = a® (x, ¢) and expanding in
powers of the small parameter &,

a®(x,t) = ag(x,t) + ga;(x,1) + g2

ar(x,t) + -,

with the idea to include the e-dependence in the “amplitude” a® (and hence dropping it
in the phase S). As usual, the SE is computed for this ansatz and terms of equal power in
¢ are collected. A truncation after the first term ay = O (1) then leads to an expression
ap exp(/=S(x,t)), where the phase S is now assumed to be slowly varying and certainly inde-
pendent of ¢, as one can expect for a classical approximation by (1.10). Therefore, oscillations
should appear on a spatial scale 1 proportional to £, 4 o ¢, and a sensible numerical algo-
rithm is expected to resolve the spatial coordinate at least as Ax o ¢.

After these considerations, it is clear that the semi-classical Schrodinger equation poses se-
vere challenges to numerical integration since small values of ¢ cause the system to oscillate
rapidly, which then in turn implies severe step-size restrictions for the numerical integrator.
We will address this problem in Chapter 4. For discussions of general and numeric issues, we
refer to literature reviews [37, 91, 83].

1.1.3 Many particles and the Gross-Pitaevskii equation

The rich theory of Bose-Einstein condensation, a macroscopic quantum phenomenon, where a
large number of indistinguishable particles behave as one (see [107] for details), does not cease
to draw attention especially after its first experimental realization [2, 35, 49] and the following
nobel prize in 2001. This subsection is devoted to the theoretical description thereof and the
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derivation of the nonlinear Schédinger equation whose numerical solution will be addressed
in Chapter 3. We commence with the many-particle Schrodinger equation

d 1 N N
i (xl,...,xN):(%j;Aj+ZV(xj)+ZW(xj,xk))y/(xl,...,xN), (1.11)

Jj=1 Jj<k

where x; represents the position of the j-th particle. All particles are subject to the same
external potential V' and their kinetic energies are given by the Laplacian A;, acting on the j-
th coordinate. We assume identical bosonic particles that are subject to hard-body interaction,
modeled by Dirac’s & (x)-function,

Wix;, x;) = g6(x; — X,

for some parameter g € R. Since we are ultimately interested in the lowest energy state, we
assume all particles to be identically distributed and thus arrive at the Hartree approximation
for the wave function

N
W(Xp, e, Xy) = P(Xxq, ..., XN El—[¢

Jj=

which is symmetric w.r.t. the interchange of particles and the single-particle wave function
is normalized to one, [ ¢(x)dx = 1. After a simple calculation, the energy functional is
obtained to

N(N

1 -1
(@HE) = Ny [ $* AP dx + N [ ¢ 0V (@0 dx + g0 [ g0t

where the interaction energy was derived by

fZ]‘[wb x2S (x; - xp) dx HZ|¢ 21 () 128 (x; = xp) dx; dx

J<kI=1 J<k

N _
=Y [ipwrtar ="M g

Jj<k

The energy is minimized by treating ¢ and ¢* as independent variables and zeroing the func-
tional derivative of ¢*,

5
5%

To ensure the correct normalization of the variation, we include a Lagrange multiplier p, the

S (PH®) Nf [ )+ VX))@ (x) +g(N - 1)|¢(X)|2¢(X)]5¢*(X)dx

chemical potential, 1 = (®|®) = ([ | (x)[? dx)N whose functional derivative
N-1
2 % _ *
W @9) =N ([1p0)2dx)" " [p5¢* @ dx =N [ ¢p(0)5¢*(x)dx
has to be added to yield the extremal equation

S

g+ (BIH®) — p(#)2) =



1.1 The Schrodinger equation and its varieties

A stationary solution of this variational principle is the time-independent Gross-Pitaevskii
equation (GPE),

1
—5,-AP(x) + V() p(x) + gNIp(x)P§(x) = pp(x),

after the approximation N — 1 = N. In a similar fashion, the stationary point of the action
1
A[®] = f [E (®lid,®) + c.c.) — <<I>|H<I>>] dt
where c.c. stands for the complex conjugate, gives the time-dependent GPE

1
;igb(t x) = (—%A +Vi(x) + gN|¢(t,x)|2) ¢t x). (1.12)

The solution ¢ is still interpreted as a probability density which is preserved by the nonlinear
equation (1.12).

Beyond mean-field theory In some contexts, however, the Hartree approximation looses
its validity and it is necessary to go beyond mean-field theory. In particular, we mention frag-
mentation of Bose-Einstein condensates [100], where the single-particle density matrix has
more than one macroscopic eigenvalue [88] which in turn implies a macroscopic occupation
of more than one state. Instead of assuming a single state as for the Hartree-approach, the
quantum mechanical field operator has to be truncated at higher modes. The usual notation is
slightly more involved for an N-particle system: The idea is to use the eigenfunctions y; of
the single particle Hamiltonian N = 1 to write the many-particle states as products of these
functions by defining

Cginy g (X1 e X)) = N!l—l V! Z i, (1) -y, ()

J1-Jn

where the numbers Z;’io n; = N, n; € Ny indicate the amount of particles in the ith single
particle eigenstate and the indices j, € N run over all indices k for which n; # 0. The states
®,,,.n,.... form a complete orthonormal basis, inherited from the y, and the full Hamiltonian
(1.11) reads, written in terms of field operators [55],

H=f\iﬂ'(x) (—%+v ) dx+ff\p YT (YW (x=x" )W ()W (x) dx dx’. (1.13)

The field operator can be expanded as ¥ (x) = Y ° ve0 Wk (X)dy, where the ladder operators

AJT, a; are the creation and annihilation operators (for bosons), respectively. They are defined
by their commutation relations [dy, d]i,] = &, 4 using Kronecker’s delta. Putting this in per-
spective, a truncation at the lowest mode, i.e., assuming ny = N and thus n; = 0forj > 0,
or, equivalently y;, = 0 for k > 0, we recover the Gross-Pitaeskii equation for y when

Wix) =gd(x).

More complex phenomena such as fragmentation specifically require the inclusion of higher
modes of the expansion (1.13). We have studied the occurrence of fragmentation of bosons
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in a time-independent setting for a single trap subject to the relative strength of the couplings
of the included modes [8], assuming a general quadratic plus quartic Hamiltonian3

= "
a

H = €0a’\gdo +€1a

ala,a,

W G4 . W
n OOOOa(T)T 1111

;C’Z\l apapag +

Woot1 ~t -~ ~ . Wi100 ~+ ~+ ~ - Ay 5o -
+ (Ta(gag 141 + Taiaiaoao) + ?aialaoao,
with the €; corresponding to the single particle energies ¢; = fy/;’.‘(T + V)y;, and with
interaction coeflicients A4 = WOIOI + WlOlO + WlOOl + WOIlO and

Wi = [ d3x [ &% wi)ws YW (x = X))y ().

Further results based on these findings estimate thresholds for the (contact-)interaction strength
g to argue that fragmentation exists for harmonically trapped bosons for dimensions d < 2
[56] and is inhibited for d = 3 [9]. Our approach approximates the modes by introducing
a variational parameter in the width of the well-known single-particle solutions for the har-
monic oscillator which is then minimized to account for interaction between the first relevant
many-particle modes.

In this thesis, we will not detail this line of work, however, we pause to explain significant
contact points with the main content herein: So far, the (single-particle) ground states have
been determined through a semi-quantitative variational analysis which has large room for
improvement, and techniques from Chapter 5 can be applied to determine the single-particle
states more accurately, aiming for a full solution of the two-mode eigenvalue problem, cf.
the following introduction. On the other hand, the dynamics of fragmentation is still barely
understood and current simulations rely on the multi-configurational time-dependent Hartree
(MCTDH) framework [96], where the full configuration space is projected to the span of a
subset of the Hartree products y; (x1) ...y (xy) for which the number of degrees of free-
dom is truncated by setting j, < D for some constant D. In other words, the field operator is
approximated by ¥ ~ Zsz_Ol v dy. In future work, we intend to apply splitting techniques of
Chapter 2 to solve the MCTDH equations, in particular for harmonically trapped particles .

1.1.4 Eigenstates and imaginary time

The last type of Schrodinger equations that we will discuss in this thesis originates from the
interest in the spectra of Hamiltonian operators, which is relevant for the understanding of
the atomic and molecular structure of matter: In addition to the applications outlined above
(Born-Oppenheimer approximation, fragmentation of Bose-Einstein condensates), it deter-
mines, e.g., the stability of molecules, band-gaps in semi-conductors etc.

A separation of variable ansatz y (¢, x) = e TEx ¢ (x) in (1.1) results in the so-called stationary
Schrodinger equation (A = m = 1),

Hpp(x) = Eppp(x), k=012, ... (1.14)

3The quartic part is due to pairwise particle interactions, in contrast to the quadratic terms that correspond to
non-interacting (uncoupled) many particle systems.
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where, again,

H=T+V(x) :—%A+V(x). (1.15)

We recall that the eigenvalues E; are real and positive (after a shift of the origin) and we
assume that their corresponding (real) eigenfunctions ¢; (x) form a (orthonormal) basis of the
underlying Hilbert space.

There are many ways to solve the eigenvalue problem, some of which will be discussed to
some extent in Section 5. In this introduction, however, we are interested in the so-called
imaginary time propagation (ITP): Parting from the TDSE,

0,y (t,x) = Hy (,x), (1.1)
we introduce a Wick rotation of the time coordinate, ¢t = —it, which transforms (1.1) into a
diffusion type equation
0
- —yx, 1) =Hyx 1), w(x,0) = yo(x), (1.16)

T

with formal solution y (x, ) = e~ TH v (x,0). Analogous to (1.4), we expand the initial con-
dition in the basis functions ¢, (x) and write

pol) =Y ¢ ). ¢ = () Iy (x.0)),

and the time evolution of (1.16) is given by

wx, 1) =e Ty (x,0) = Ze"E" c; ¢;(x). (1.17)

i
Assuming non-degenerate* eigenvalues E, < E;, the asymptotic behavior is clearly
-TEy
l//(X,T) -L—:)ooe CO¢O’

since the exponentials with larger exponents decay more rapidly. The convergence rate de-
pends of course on the separation of the eigenvalues. From a formal point of view, the initial
condition is required to contain a component of the smallest eigenvalue, ¢ # 0, however, due
to round-off errors - or, equivalently, limits in numerical accuracy - this is not of practical
relevance since ¢, = 0 will not be exactly maintained along the propagation of the initial
condition.

1.2 Spatial discretizations

In the context of PDEs, a major challenge is to deal with the infinite dimensional function
space in which the solution evolves with time - a problem that usually goes with the name
semi-discretization. Undoubtedly, the most familiar truncation to finite (and thus numerically
treatable) dimensions is done by substituting the underlying domain of the function space, say

“4Practical aspects of degeneracies will be briefly addressed in Section 5.
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for simplicity X ¢ R, by a finite set of points xq, ...,x, € R and thus replacing functions by
their values at these grid points. There are several ways of representing spatial derivatives in
this basis and a few of them will be discussed subsequently.

Other means of discretizing the space, e.g., finite elements or wavelets are also widely used
and an alternative approach using Hagedorn-wave packets will be briefly presented thereafter.

1.2.1 Finite differences

Finite differences (FD) operate on a chosen discretization of the underlying domain by some
grid xq,...,x, € R. The main idea then consists in approximating the spatial derivatives
by linear combinations of the objective function, which has now become a vector, at different
grid points. There are many ways to approximate derivatives and the finite difference approach
constitutes of a formal Taylor expansion of the ansatz at each point to obtain coefficients up
to a certain order and is therefore a local approximation.

Suppose that the grid points are equidistantly distributed, i.e., x;,; = x; + Ax, then

’ ” sz 3
fx+Ax)=fx)+f (x)Ax +f (x)7+@(Ax‘),

and a first order finite difference approximation of the first derivative is thus readily given by

£ () = f(xj+1)A;f(xj) + O(Ax).

Using more grid points, i.e., examining the Taylor expansions of f(x + kAx), we can derive
higher order approximations, for example (k = 2)

) = I o (a).

The previous formulas are known as forward differences and central differences, respectively.
Without going into details, we can observe that higher orders can be easily achieved for the
finite difference formulas and it is easy to generalize finite differences to higher derivatives.
In this work, due to the virtually periodic structure of the quantum mechanical problems, we
will mainly use spectral approximations that converge geometrically in Ax, can be cheaply
computed and outperform finite difference methods. In Chapter 4, a comparison between FD
and spectral methods is undertaken.

1.2.2 Spectral methods

The previous approach is based on a local approximation of derivatives by mimicking the
Taylor expansion of the sought function. Spectral methods follow an opposite direction, they
rely on the global interpolation of the objective function and perform the differentiation on
the interpolating functions. The following introduction is based on [124]. Supposef : R - C
is a complex-valued function, its Fourier transform is then defined as

FI1k) =fk) = [~ fedx, keR.
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We interpret the Fourier transform % as an expansion of the function f in the basis of plane
waves ¢'k*_ where the value of the transform f (k) € C gives the amplitude of the wave num-
ber k. The particular beauty of plane waves is that they are eigenfunctions of the derivative
operator, or in other words,

F1o.f(0)](k) = ikF[f (x = ikf (k (1.18)

Hence, after applying a Fourier transform, derivatives become simple multiplications, yet the
transforms still have to be computed.

In order to reduce dimensionality, we discretize in space, thereby passing to so-called spec-
tral collocation: Instead of looking at an expansion in (a finite number of) plane waves at
certain different frequencies, the trigonometric interpolation polynomials are considered, an
approach that is equivalent on equidistant grids. From here on, we will assume periodic bound-
ary conditions and restrict the spatial domain to the interval [0, 227] on which an odd® number
N + 1 of equidistant grid points x; = 277 (I + 1)/(N + 1), [ =0,..., N is chosen.

Trigonometric interpolation [68] consists of expanding the function f as

N
fv@) =) flaphy(x), (1.19)
=0
with Lagrange’s trigonometric polynomials
1 sin(Ngl(x xl)) 1 Nj2

ik(x—xl)

hy(x) =
N+1 sin(%(x—xl)) N+1k i

or, equivalently, as a (discrete) convolution

M=z

Inx) =) hy(x=x)f (xp).

~
Il

0

The interpolant fjy coincides with f at N + 1 nodes x; and reproduces exactly all trigonometric
polynomials of degree < N /2.

Differentiation is now easily performed by computing

N
fux) = Z £ x)hy(x Zf xl

1 N/2

1 N2 27 X ) )
= 5= > <N+12f(x,)e"kxl)ike’kx. (1.20)

SFor even N + 1, analogous expressions exist.

11
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The parenthesis in the last row is called Discrete Fourier Transform (DFT) of the function f,

N
" . N N
— ~ik. —
fk_Axl:EOf(xl)e’x', k——2,...,2,
with the grid size Ax = 2s7/(N + 1) and its inverse (IDFT) is given by

N/2

1 ~ .
ful) = 5= ) fee. (1.21)

k=-N/2

We recognize in (1.20) an application of a DFT followed by multiplication of ik and a con-
secutive inverse DFT, perfectly analogous to the continuous case. Fortunately, the expansion
coefficients f; can be cheaply computed at a cost N log(N) using the Fast Fourier Transform
(FFT) algorithm, which in turn implies that the action of the Laplacian on a discretized func-
tion f (x;) can also be computed with one FFT and one inverse, as in (1.21),

afy(x) = F [ (i) F 1 [fy] (k)] (x),
which is the discrete analogue of (1.18) for the interpolant f, of (1.19).

It is worth pointing out that, in the limit of infinite order for periodic grids, finite difference
schemes coincide with Fourier spectral methods. Furthermore, its matrix representation is
given by DFT, ; = Axe™™¥1 which is a circulant matrix, and the discrete Fourier transform
can be written in vectorized form as a matrix-vector multiplication,

f = DFTY,
To conclude, we list a few properties of the Fourier transformation that will be used in the
course of this work:
a. Linearity: For two functions a,b € L%2(R), Fla + bl(k) = Flal(k) + F[b](b)
b. Differentiation: For f, € L% (R), then Flf k) = ikf(k)

c. Real-valued functions: If f (x) is real, thenf(k) is Hermitian, i.e.,f(—k) = f(k)*, and
thus half the coeflicients are redundant (f_; = f;*). This will lead to a speedup of a factor
two in computations.

. . - 20 2 . .
d. Parseval’s 1den.t1ty. ﬁ fo iy )Pdx =Y ‘ el wh%ch means that tl.le norm is pre-
served by Fourier transforms. It holds both for the continuous and the discrete case.

e. Spectral convergence: Let f € L%([0,2s7]) be p-times differentiable, then the error
committed by trigonometric interpolation is

I _fN”LZ([Q,zJT]) = aN_p”f(p)”Ly[(),zﬂ]),

where fj, is given in (1.19) and a is a constant independent of N and p. For analytic f,
we even have exponential convergence

—¢N
I = fnlzz o2y < be” N IfliL2 0,27

with constants b, ¢ independent of N.



1.2 Spatial discretizations

1.2.3 Hagedorn-wavepackets

We have just seen how the differentiation has been simplified by expanding the solution in
plane wave states for the spectral method. Obviously, this is not the only useful choice of a
basis, as seen, for example for the Born-Oppenheimer approximation in Section 1.1.2. From
practical considerations, the important aspect is to ask whether an expansion and the dynamics
can be efficiently computed in a certain basis. Motivated by the semi-classical Schrodinger
equation, it seems promising to use wave-packets that behave similar to classical particles as
basis functions. Such wave functions are often associated with the name coherent states which
means that one can associate them with a classical position and momentum which behave
according to classical mechanics and which can be traced back to Schrodinger himself [115].
Heller [67] proposed a variable Gaussian as variational ansatz for the wave function

(1
pet) = exp (£ (5 (0= a() €O (x = g0) +p(0) - (v = q0) + 20 ) ).

The variational parameters ¢(¢), p(t) correspond to the average position and momentum, re-
spectively, and & (7) denotes the global phase. The complex matrix C(¢) defines the width of
the wave function. After a change of basis which was proposed in [63] and which relies on a
factorization C = PQ~!, where P, Q satisfy certain relations®, an orthonormal basis of LZ(R)
can be constructed from

#51p.9. Q. PIx) = 7714 (20) 7 2 exp (52PO! (x — @)% + 5p(x — q)).

The construction uses ladder operators, which lead to a recurrence relation

2
OV + 19f,, (x) = gu —@)¢f (0 - 0"k, ().

For our purposes, it is sufficient to know that such an orthonormal basis exists and that it
can be efficiently evaluated by this recursive formula. Abbreviating the notation by defining
I1(z) = (q(t),p(t),Q(¢), P(t)), a given initial condition y (x, 0) can be expanded as

p(x,0) = e#50 Y () g [TL()], (1.22)
k=0

where S(z) is a global7 phase parameter that has been inherited from & ().

The dynamics for the parameters I1, S, i.e., how the basis evolves, are surprisingly simple and
can be written as [60]

G(t) = p(1), Q(t) = P(1),

p(t) = =VV(q(1)), P@t) = -V (q(1)0(1), (1.23)

. 1
S(t) = §p(t)2 - Vi(q(1),

OCf. Ref. [91] for details.
7A global phase is physically irrelevant, however, since the semi-classical equation is somehow embedded in a
larger system, it can become meaningful and we cannot neglect it.

13
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where V() is the Hessian of V. The challenge is hidden in the evolution of the weights c; (¢):
They obey a linear system of ordinary differential equations (ODEs) which can be derived by
plugging (1.22) into the semi-classical SE (1.9). However, the resulting equations, see [63]
are difficult to solve and a simpler numerical approach will be discussed in Section 4.2 of
Chapter 4.

1.3 Temporal discretizations

In this work, however, the main focus lies on the evolution of the solution in time. For a more
complete exposition, we will briefly mention some standard methods that have been widely
used in the context of PDEs in general, and in particular for the problems addressed in this
work. Supplementary references are given where more details can be found and the methods
are placed in context of the geometric integrators to be presented later. After discretization of
the spatial domain, we are left with a system of coupled (for now autonomous) ODE:s of the
form

y(0) =f(0), y(0) =y, € RN,
and its solution is given by the flow map ¢, as
) = 9! (o),

In the later exposition, we will use an exponential notation for the exact flows which is standard
for linear vector fields and can be generalized by means of Lie-derivatives: The flow of a
(nonlinear) vector field f (y) can be written as

d
Ao = 0,00)s Zp = Y fil,
0 o f /;1 Gy

where the sum is to be understood over the components of the vector valued function f. The
Lie-derivative acts on the initial conditions by £,g(y) = g ()f (y), thus

¢"“rg(yo) = g(o¥ (o)),

and consequently, we obtain the Vertauschungssatz for the flows of two vector fields fi, f>,

e g(y) = g9 o 9V (yo)). (1.24)

A numerical integrator <I>Elf RN 5 RV jsa map that takes an initial condition y, and a step-
size h € C to an approximation to the exact solution y (k). The quality of the approximation
is expressed by its distance from the exact solution in some norm and an integrator is said to
be of (local) order p if the map satisfies

187 (1(0)) = y()l = ekt + @ (h+2)

for some constant ¢ independent of /.



1.3 Temporal discretizations

1.3.1 Chebyshev method

The following two subsections are devoted to polynomial interpolations of the exponential.

Tal-Ezer and Kosloff[121] have pioneered in the application of Chebyshev interpolation for
the time-integration of the Schodinger equation. Chebyshev polynomials are defined fork € N
as

Ty (x) = cos(k arccos(x)) xe[-1,1]. (1.25)

They satisfy the usual three-term recursion relation
Tk+1(x) = 2XTk(X) - Tk_l(x), k > 1, (126)

beginning with T(j(x) = 1 and T (x) = x and we can see that T is a polynomial of degree k
with roots x; = cos((2f — L)ar/ (2k)), 1 <j < k. The polynomials T} are orthogonal on their

domain w.r.t. the weight w = 1/V1 — x2. As a family of orthogonal polynomials, they form a
basis on L2, ([~1, 1]) and we can expand f € L2,([-1,1]) as

@ =Y aTw, —['ro
k=0

with a normalization factor y; = f_ll Ty (y)?/y1 = y2dy, which gives yo = 7 and y; =
ar /2 for k > 0. To evaluate the exponential f(A) = exp(A) of a matrix A, the matrix has to
be scaled by a linear transformation ¢ such that its numerical range lies within the interval
[-1, 1], analogously to the scalar case, where the interpolation of a function f : [a,b] —» R is
equivalent to interpolating f (¢(x)), where ¢ : [-1,1] = [a, b], t(x) = # + b%“x. Then, one
simply computes the (scalar) integrals of the scaled function f (#(x)) to obtain the expansion
coefficients ¢; and finally evaluates the truncated Chebyshev expansmn att = atb- b2x which
is efficiently done by the Clenshaw-algorithm and requires only » matrix-vector products for
a n-term expansion, i.e., when setting ¢, = 0 for k > n.

Notice that the coefficients c; have to be computed only once and the action of (a polynomial
in) the Hamiltonian H on a vector v can be computed as Hv = Tv + Vv which, depending
on the spatial discretization, is usually cheap: In combination with spectral methods for the
Laplacian in 7', a matrix-vector multiplication Hv corresponds to the cost of one FFT.

In [91], an error bound for a Hermitian matrix H with eigenvalues within [—-p, p], where
p = p(H) is the spectral radius, is given by

||Pm_1(hH)v—e‘ih”v||§4( 1—(hp/(2m))? (;:1)) , (1.27)

for the Chebyshev interpolation polynomial of degree m — 1
m—=1
P,y (hH) = do(hp) +2 ) di(hp)Ty (H/p),
k=1

where the expansion coefficients are proportional to Bessel-functions of the first kind J,

di(h) = (=D)kT(h).

15



16

Chapter 1. Introduction

The truncation index m has to be chosen such that m > hp to reach accuracy. Taking into
account that the eigenvalues of H = T + V can be bounded by

2
T
—, 1.28
2Ax2 (1.28)

pE 1}161)1(1 V(x), Igle%g(V(x) +

and assuming a finite (discrete) domain X, the dominant term originates from the largest
eigenvalue of the Laplacian and eventually leads to the step-size restriction
hp

(—) <1 = h<cmAx2,
2m

as Ax — 0 for some constant ¢ > 0.

1.3.2 Lanczos method

The computation of the exponential of a matrix A is trivial when the matrix is diagonal, and
thus the first technique that is taught to students is the diagonalization. In practical applications,
a full diagonalization is very costly and thus avoided when possible. Fortunately, in the context
of solving linear ODEs, we are only interested in the action of the exponential on a given
vector (initial condition) and the underlying idea gives way to a highly efficient scheme which
only uses matrix-vector multiplications, a consideration that has already been exploited in
the exposition of the Chebyshev interpolation above. A more detailed general treatment of
the Lanczos method with original references can be found in [59], and our presentation is
borrowed from [91]. The crucial idea for the computation of v is to reduce the dimension
of the matrix by introducing Krylov subspaces,

I (Av) = span{v,Av,sz, L AT

the linear span of powers of A multiplied by a vector. The aim is now to recursively construct
an orthonormal basis of this space and use it to obtain a partial diagonalization” of A, namely
the components that belong to the subspace 7 ,.(A, v). In the following, we restrict ourselves
to Hermitian matrices and present the method that is known as Lanczos-iteration. We construct
basis vectors of F,.(A, v) via Gram-Schmidt-orthogonalization, starting from a given initial
vector v; = v/||v||, yielding

k
Tik+1,kVk+1 = Avk - Z Tj,kv" (129)
J=1

with the expansion coefficients 7;; = v}Avk, J < k,and 74, > 0is chosen to normal-
ize v;,. First, the Krylov dimension is increased by computing Av,, then orthogonality is
achieved by subtracting the orthogonal projections and finally, T, 4 is defined to normalize
the new Lanczos vector v, . If the right hand side vanishes, the Krylov space has become an
A-invariant subspace and the iteration terminates.

The algorithm provides us after » steps with a N x r matrix of orthonormal Lanczos vectors
V. = (vq,...,v,) and a r x r coeflicient matrix 7, = (rkJ), where we have set Ty = 0 for
Jj —k > 1 to rewrite (1.29) in matrix form

AV, =V, T, + THL,lee,T, (1.30)
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with the rth unit vector eI’ = (0, ..., 0, 1). Multiplying (1.30) from the left with the Hermitian
conjugate Vv, and using the orthonormality of the v;, we get

YAV, =T,. (1.31)

From (1.31), we deduce that 7, is Hermitian and combined with 7,1 = 0, it follows
that 7', is tridiagonal of dimension r x r. The exponential of the (Hermitian) Hamiltonian
H can now be approximated by interpreting it as the solution of the initial value problem
iy(t) = Hy(t), y(0) = v; att = h and this will be approximated on the rth Krylov subspace:
Using the ansatz for the solution y, (f) = Z,rc:l ¢ (t)vy, we obtain

i¥,(1) =i ) v =HY cp(thvg, ,(0) € CV.
k=1 k=1

After multiplication from the left with v]T, we get

-
i () =) 1), ¢(0)=1,¢(0)=0 VI>1, (1.32)

Jj=1
or, in matrix form ¢(¢) = T,c(t), with c(¢) = (¢ (¢), ..., c,()), which is easily exponentiated.

An approximation to the solution in the rth Krylov subspace is thus given by the exponential
of a small tridiagonal matrix, » « N, as

exp(—ihH) = V,.exp(—ihT,)ey,

and unitarity of the exponential is preserved since 7, inherits Hermiticity from H. In a refine-
ment of the results by Hochbruck & Lubich [71], cf. Ref. [91], the error committed by the
restriction to (Lanczos-)polynomials of degree < r can be bounded by?®

, h r
le™Hy — V_exp(—ihT,)e,|| < 8e~he)*/(4r) (%) , forr>hp, (1.33)

where p = p(H) is the spectral radius of H, a result similar to Chebyshev interpolation, cf.
(1.27). As for the Chebyshev method, a step-size restriction 2 < c¢Ax?r for some constant
¢ can be deduced from (1.28). Assuming exact arithmetics, the procedure (1.29) is cast in
algorithmic form in Table 1.1. Round-off errors lead to numerical instability but the cure —
re-orthogonalization (cf. [59]) — lies beyond the scope of this introduction.

1.3.3 Splitting methods
Let us consider the separable system of ODEs
u =Au) + B(u), u(ty) = ug € CV, (1.34)

where we assume that both systems

u =Au), u' = B(u) (1.35)

8For simplicity, we have relaxed the specifications of the theorem by requiring that all eigenvalues of H lie in
[—p, p] which is satisfied by definition.
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The Lanczos algorithm

18

vy = v/vl,, T1,0 °= 0;
forj=1,....,r—1do

u ::Avj,
T = viu
Ji R
“ U TV T g1V
Tivy =l (= 75541,
Vit =u/Tj
end for

wi=Av,, T,, = vu,

>

Table 1.1: Given a vector v and a Hermitian matrix A € CV*V and an integer 1 < r < N, the algorithm
computes a basis of the 7-dimensional Krylov subspace ,.(A, v), in particular the Hermitian coefficient

matrix 7, = (T; ;) and the associated orthonormal Lanczos vectors V.

can either be solved in closed form or accurately integrated.
If (pEA], (pEB J represent the exact flows associated to (1.35), the solution can be advanced by

one time step i by composing the individual flow maps

[B]

ol = pld) o olBl (1.36)

A+B] .
;l ],1.e.,

which gives a first order approximation to the exact flow ¢
lutto +h) — @} (o)l = © (h?).

This composition is known as the Lie-Trotter method. Sequential application of the two first-
order methods @Ll] and its adjoint <I>£11” = (pLB I (pLA] with half time step yields the well-
known Strang-splitting®, second order time-symmetric methods of the form

(21 _ [A] [B] [A]

A= PhpoPh Vi (1.37)
(21 _ [B] [A] [B]

B =PhnoPn P (1.38)

(referred as ABA and BAB compositions). The contraction via the (1-parameter-) group prop-
erty of the flows that eliminated one computation is called First Same As Last (FSAL) property

and can also be used with pth-order m—stage compositions
A B A B
O = gl o gl 000l o 0l (1.39)

if a,, = 0 or by = 0 and for the repeated application of the scheme without requiring output,

e.g.,
A"t Bl [A]
) °Pp ° P2

(@2)" = pis o (017 o o

91In the literature, this method sometimes goes with the name leapfrog.
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If both flows preserve certain geometric properties, such as symplecticity, unitarity, energy,
just to mention a few, so will their composition (1.39). For this reason, splitting methods
belong to the class of geometric integrators.

From here on, we switch to the exponential notation for the exact flows which is standard for
linear vector fields and the generalization by Lie-derivatives has been given in the introduction.
In this notation, the equation iz = A(u) + B(u), whose formal solution for the evolution
operator is denoted by ¢!A*B) = ¢=it(A+B) ig approximated for one time step, &, by the order
p composition (1.39) or, equivalently,

q’l[flp] = e—ihblBe—ihulA e—ihme e—iha,,,A’ (140)

where the order in the composition has been reversed, compared to (1.39), due to the Ver-
tauschungssatz (1.24). We keep in mind that, in a nonlinear problem, if B depends on u, it has
to be updated at each stage because u changes during the evolution of e thaA,

There exist many different splitting methods which are designed for different purposes, de-
pending on the structure of the problem, the desired order, the required stability, etc. [22, 29,
65,94, 95, 131, 119].

For the Schrodinger equation, the natural split (A = T, B = V) is due to the simplicity of
Fourier spectral methods: After spatial discretization, the exponential of the kinetic energy
operator T is reduced to the exponentials of a diagonal matrix if we encase it in Fourier trans-
forms,

. . g —ik? _ih k2
T y(x) = F1Fe T p(x) = Fle"2m k)= Flem F ¢(x).

For the ease of notation, we have dropped the subscripts that indicated trigonometric interpo-
lation, ¢ = ¢y, etc. Notice that the exponentials in ¢ " peed to be computed only once
and can be reused at each step.

We now analyze how to compute the evolution of different parts of the Hamiltonian by spectral
methods.

Under the assumption that the potential and its first four derivatives, are bounded, Jahnke &
Lubich [81] proved that the error of the Strang splitting does not lead to a step size restriction
as for Chebyshev or Lanczos methods. Instead, the accuracy depends virtually only on the
spatial regularity of the wave function,

”e—ihV/Ze—ihTe—ihV/2¢ _ e—ih(T+V)¢” < Ch3<¢|(T + I)2¢>l/2,

where I is the identity operator and the constant is independent of the discretization parameter
Ax and the notation has been adapted from [91]. Furthermore, both operators 7', V are Her-
mitian and splitting methods thus conserve the norm of the wave function ¢. Due to the exact
time-integration through the exponential, they also inherit the gauge-invariance of the exact
solution, i.e., a shift of origin in the energy H — H + ¢ by some constant will only manifest
in a constant global phase of the wave function and thus not alter quadratic observables.
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Time dependence

Splitting methods allow for an elegant generalization to non-autonomous separable equations.
The fundamental principal is straightforward: re-write the time-dependent equations as an
augmented autonomous system, i.e.,

d
§1) = AL, y<0)=yo<=>a(tyl)=(f”yl’“)), (00,1 (0) = (30.0). (1.41)

d(y\_ (A1) d(y)_(0
dt \t 0 Todt \y 1)
The Strang split (1.38) results in an exponential midpoint rule Qgﬂg = ¢ MAR/2) which

corresponds to freezing the time coordinate at the middle of time integration. An order-three
method requires the composition of two exponentials

The system is split as

— ealhA(y,blh)eazhA(y,bzh),

/!
where the coeflicients have to be complex and are givenby a; = 1/2 —i/(2 \/5), a, = ap and
by =1/4-i/4 \/g), b, = by +1/2, or alternatively, by the complex conjugate of these values.
At this stage, we have silently introduced two subjects which deserve further attention: Firstly,
we have derived a method of admittedly little practical relevance, and secondly we assume that
the flow can be evaluated at complex times b;h. The first issue leads us to the discussion of
order conditions for splitting methods and the latter arises naturally once the order conditions
are presented.

Order conditions

The principal tool in the analysis of order conditions is provided by the Baker-Campbell-
Hausdorff (BCH) formula

2 3
ehhehB = (BCHIAE) = exp (h(A + B) + %[A,B] + %([A, [A,B]] - [B,[A, B]])

h4
T 24

(1.42)
[B.[A. [A.BI]] + O (k) ).

In Section 1.3.4, a recursion formula (1.63) to compute the expansion to arbitrary order is
stated in the context of the Magnus expansion.

From a formal perspective, given some Lie-group G and its associated Lie algebra g, which
is the tangent space TG, of G at the identity, the exponential is a map exp : ¢ —» G, that
satisfies the linear homogeneous differential equation y’ () = ay(t), y(0) € G fora € g
att = 1, i.e., y(1) = exp(a)y(0). In other words, the BCH formula answers the question
which equation is exactly solved when two exponentials are composed by a (formal) series in
the time variable ¢. Convergence for linear operators is achieved for small ¢ but we refer to
standard algebra textbooks, e.g. [126] for precise results. These comments give meaning to
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the brackets in (1.42), which are identified as the Lie brackets [A, B] = AB — BA, that give
structure to the Lie-algebra g. As an example, the bracket - or commutator - of the Lie algebra
of vector fields is given as [X, Y](f) = X(Y(f)) — Y(X(f)), or, in local coordinates,

Y w10, Y010, | = 3 (3 (00 - 50,5) | 0,
i J v J

which is again a (linear) vector field.
Dynkin [52] derived an explicit formula for the exponent,

log(eAeB) _ i (—1)k_1 (-1) [AP1B41 ... APk B9k ]
Sk e X it g PPt

Pitqi=k

(1.43)

where the shorthand notation [AP1B91 .-- APk B9x] stands for the right nested commutator
which is derived by adding a bracket after each letter beginning from the left, e.g., [A2BA] =
[A, [A, [B,A]]]. Additional complications arise because of the linear dependence of certain
brackets which is due to the Jacobi identity,

[A,[B,C]]+[C,[A,B]] +[B,[C,A]] =0

and the antisymmetry condition [A, B] = —[B, A] which hold by definition for any Lie-bracket.
Calculations in Lie algebras can thus be substantially simplified by working in a suitable basis.

A first example is a Dynkin type basis where we remove linearly dependent commutators of
same length (keeping, for example, [A, B] and discarding [B, A]). Although it is claimed that
a systematic construction of such a basis is possible [42], to the best of our knowledge there
exists no practicable algorithm to expand a given element in that basis.

On Hall bases The so-called Hall basis on the other hand is well equipped with procedures
to compute such expansions and the commutation of basis elements, the way to generate new
elements, is the basic building block in the definition of the basis. For completeness, we repeat
the definition from [111] of a Hall basis # of a free Lie-algebra g generated by an alphabet
A of letters via commutation [-, -].

(I) Z has a total order <,
an A c #,

(IlTa) (Recursive generation of the basis and the ordering) For any commutator & =
[A,h"]in # \ A, itholds that h” € # and

h<h”.

(IlIb) (Recursive gen. contd.) For any commutator & = [h’,h”] in g \ /b, it holds that
h € # if and only if
W.hex and W <h”,

and
either ' € A, or K =[x,ylandy > h".
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These instructions are easy to cast in a constructive form: (I) Impose an (arbitrary) total order
on the letters of the alphabet, here, for simplicity, we have chosen the lexicographical one
A = {A,B}, A < B. Extend it to elements of a Hall-base by (uniquely) mapping!® each
element to a word which is done by removing all the brackets, e.g., [[A, [A, B]],A] - AABA.
Now, the lexicographical ordering on the words, inherited by the ordering of the alphabet,
gives an order on words of the same length, where the length len : g - N is defined to be the
number of letters a given element contains. For two commutators w, w’ € &, we say w < w’
if len(w) < len(w’). (II) Start the iteration from the set Z = . (II) Grow the set % by
forming commutators of the elements already in % and include them in % when they obey
(ITTa) or (ITIb), conditions can be easily verified using the order given by (I).

Such a basis was used by Casas & Murua [39] to derive an efficient algorithm to explicitly
compute the terms of the BCH formula.

Given a basis and the means of computing the BCH formula, order conditions can be derived
for a given splitting/composition method of type (1.39), and several papers [101, 21] have
studied the combinatorial structure of the BCH terms to derive formulas for order conditions.
Keeping in mind (1.42), we introduce a grading on the algebra for which we re-use the length
map len from before. The only order condition which we single out is the consistency, which
assures that, as & — 0, the numerical integrator becomes the exact solution, and which corre-
sponds to satisfying the equations up to ©(h?), or

m m

log(®?) =hY aA+h) b;B+0O(h?)

J=1 J=1
!

= h(A + B).
Therefore, the consistency condition is simply ' a; = > b; = 1.

With the tools presented so far, we can derive higher order composition methods which we
will illustrate at the example of the famous triple-jump by Yoshida [131]. Given a symmetric
method <I>£12] of order two, say (1.38), along the lines of (1.42), we can express it formally as
a series

@21 = exp (hX + IPX5 + O (h%)),

for the equation y(¢) = Xy(¢) = (A+B)y(¢), and X5 subsumes the commutators of length three.

Even powers of /& do not appear in the expansion because of the symmetry, <I>[_2h] = (<I>,[12] )71 ,
a property, which is beautifully explained in [65]. This implies a significant reduction of order
conditions and because of good long-term integration properties, usually symmetric splittings
are sought for. Symmetrically composing

[4]
(I)h

[2] [2] [2]
IR JTRCMALE SR (1.44)

we obtain!!

M = exp (hX + 1323 + (1-27)%)X; + O(h)),

10The uniqueness is guaranteed by the definition of the Hall-base, cf. [111].
Note that consistency is already satisfied by the choice of the coefficients.
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and hence a polynomial condition 0 = (2y3 + (1-2y)3) to reach order four. Among the three
solutions ¥, = 1/(2—21/3¢27k/3) only one is real-valued, ¥ = 1.351. For complex valued
solutions, the numerical values are y; = 0.324 + i0.135 and y, = y;. From the size of the
(real) coefficients, it becomes clear why this scheme has been referred to as triple-jump: The
initial vector is first propagated by a large time-step y; > 1, only to be again pulled back by
(1 =2y1), continued by a push to ¢ = h. The large effective step sizes yh and (1 —2y) lead to
large error constants and reduce the stability of the method, nevertheless, the order has been
increased from two to four. This procedure has been repeated at arbitrary order in a landmark
paper by Yoshida [131] for which it bares his name.

In the preceding subsection, we have already encountered complex time steps, which have
already been found and discarded by Yoshida. Assuming everything is well defined for com-
plex time-steps, for a real problem one usually has to face the quadruple cost due to complex
arithmetic which has an immense impact on the efficiency of such compositions. However,
looking at the real part of y; », we notice that the time advances only in small steps in the
positive direction, taking a detour through the complex plane.

For parabolic problems, for example the imaginary-time Schrédinger equation, the negative
time-steps of ¥ lead to unstable and therefore useless algorithms. The reason for this behavior
is that the flow only forms a semi-group and backward integration corresponds to an ill-posed
problem. Unfortunately, negative real coefficients - at least one a; and one b; - are found for all
splitting methods of order higher than two, a result due to [118, 120, 58] and a simple proof can
be found in [17]. This restriction is referred to as order-barrier for splitting methods. This casts
complex coefficients in a different light, especially since the results of Hansen & Ostermann
[66] and Castella et al. [40], who proved that, under certain conditions, the complex flows
stay well-defined. Explorations of splitting methods for parabolic equations were performed
in [40, 20], where it is assumed that the coefficient multiplying the parabolic operator has
positive real part.

For a specific vector field, the commutator algebra has additional structure and most problems
that are treated in the following chapters share a particularly useful property which we describe
in the following. Recall, that A = T, B = V for the Schrédinger equation and it is possible to
compute the commutators explicitly to

2[T, V] =[-02,V(x)] = =02V (x) + V(x)32 = =V"(x) = 2V’ (x)d,,
[V.IT.VI] = (V' (). (1.45)

Observe that the second commutator [V, [T, V]] is local, i.e., it only depends on the spatial
coordinate x. Hence further commutation with local operators, e.g., V, will make it disappear,
[V,[V,[T,V]]] = 0. This property is generally exploited in the following since it leads to
enormous simplifications in the algebra and further details are provided in Chapter 4. The
commutator identity [V, [V, [T, V]]] = 0 has also been associated with the names of Runge-
Kutta-Nystrom (RKN) who designed methods for second order ordinary differential equations
¥y = f(y). Augmenting the system by a change of variables ¢ = y, p = y yields

i (Z) ) (ff)m)
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which is equivalent to a classical Hamiltonian system when H = T + V (g), where the kinetic
energyisT = %pz and the potential V satisfies f (¢) = —VV (q). This Hamiltonian is quadratic
in the momentum p and the commutators satisfy the relation {V, {V,{T, V}}} = 0 for the usual
Poisson-bracket {-, -}.

We conclude the introduction on splitting methods by a general treatment of non-autonomous
separable systems, which will be combined with an asymmetry in the Lie algebra that in
turn motivates the concept of a modified error. First, the system (1.41) is generalized to the
separable equation

u=A(t)u+ eB(t)u, (1.46)

which is chosen linear to simplify the notation. Note that we have introduced a small parameter
€ « 1, which makes the two parts, A and B = ¢B qualitatively different and is responsible for
the asymmetry in the algebra. By asymmetry, we mean an additional structure that implies that
the terms'2 [B, [A, B]] « €2 and [A, [A, B]] « ¢ should be treated differently by a numerical
method because of their relative sizes. In the context of splitting methods, where one usually
assumes that the parts are exactly integrable, a perturbed system like (1.46) is called to as
near-integrable.

This property has been exploited to design highly efficient splitting methods in Ref. [94],
where the terminology below has been introduced.

Excursus: a modified error concept Let ¢, be a one-step method to approximate the flow
@, of (1.46) at time A. It is then clear that the error expansion for a consistent method &, can
be asymptotically expressed as

Cp—gp =) Y ere/hH as (he) > (0,0),

Jj21kzs;

where the s; start from the first non-vanishing error coefficient ey, k- We say that @, is of

generalized order (s{, 53, ...,5,,) (Where s; > s, > --- > s,,) if the local error satisfies that
@) — @y = O(ch 1 + 2h524! oo MpSmtly, (1.47)
Thus, for a method of generalized order (8,2), denoted by <I>28’2), the error reads
4);28’2) - = 617861’19 + 62’262}13 + O (62]’14 + 63h3) .

For splitting methods, this means that a good choice of coefficients a;, by will zero the polyno-
mials multiplying the dominant commutators €[A, B], €[A, [A, B]], etc. and possibly ignore
terms that are already small due to high powers in the small parameter. Thereby, the number
of order conditions is reduced and good accuracy can be reached at a smaller number of stages.
Throughout the later chapters, we will encounter a multitude of coefficient sets that lead to
splitting methods of higher generalized order.

Parting from a non-autonomous system with near-integrable structure (1.46) it is paramount to
treat the time-coordinate appropriately in order to preserve the generalized order for splitting

12For commutators of different length, similar considerations have to be taken into account.
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methods and to yield smaller error coefficients. In continuation, we answer the question of
how to properly apply splittings for this kind of equations.

The system (1.46) can be solved by considering the time as two new independent coordinates

d u A(tr))u d u eB(t))u
— || = 1 s — 1| = 0 (1.48)
dt dt
2 0 t 1
=f A (u,ty,15)T =if Bl (u,ty,15)T

For this choice of the splitting, the time is frozen in each instance of system and the symmetric
second order splitting (1.38) yields

L Ly
(pEAtui]h = BBt A+ LeBl) g3y (1.49)
where ¢ EA;li]h denotes the exact flow from ¢, to 7, + h. It has been pointed out in [28], that

for the spyllft”(l .48), the proportionality of the errors to powers of the small parameter ¢ is lost
and we prove this observation by a straightforward calculation:

The previously linear time-dependent ODE (1.46) has become an autonomous non-linear sys-
tem (1.48) with associated Lie-operators

d d d d
E%f[A] = A(lz)ua—u + a_ll’ E%f[B] = B(tl)”w + 6_1‘2
Their commutator is readily computed by
3. (3. ([ aflE) afiAl 5

_ i glAl_ 9 (B

[Biar, Byim] = ; (,;( oy, oy, ) 5, (1.50)
_ aB(fl)M 0A(t2)u 7]
- (e[B(tl),A(tz)]u+ —r o ) =, (1.51)

where (y1,¥2,¥3) = (#,11,1,). In contrast to the original equation, the proportionality of the
error term at first order to the small parameter € is lost. This generalizes to commutators at
higher order and it is evident that the algebraic structure of the original problem, generated
by A(¢) and B(t) is completely lost.

On the upside, near-integrability is recovered if we take the time as new variable as follows'3

d u A(tr))u d u eB(ty)u
d_()( i ) d_()( 0 ) (152
I 1 t 0

and Strang’s splitting then reads

1 h
[A+B] _ ,3¢Bl,+h) - TA] 0 e3€B

(pt,,,t,,+h - Pt t,+h

n>‘n

) 4 ©(eh3). (1.53)

In Table 1.2, the application of this split has been detailed for a general composition. The

3Notice that the two equations for #;, #, could be collapsed into a single one.
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Splitting algorithm for non-autonomous systems

A0 = p
fori=1,...,mdo
solve: © = B(u,tli-11), t € [t =11 4 p.jp)
solve: & =A(ur1), t e [el=1 =11 4 g.h)
L L ]
end for
It 3= ]

Table 1.2: Algorithm for the numerical integration from #,, to ¢,, + & of the system (1.52) by the m-stage
composition (1.39).

commutator of the associated Lie-operators is now

dB(1y)u

[$fm1,5£f[3]] =€ ([B(tz),A(tl)]u n (3—t2)

d
0 (1.54)
which coincides with (1.51) except for the last term. In consequence the error is a factor €
more accurate and considerably larger time-steps can be used. Furthermore, additional struc-
ture can be recovered: Suppose that A, B satisfy the RKN property [B, [B, [A,B]]] = 0 and
[B(t),B(t')] = O for all times ¢, ¢, then it is clear from (1.54) that the split (1.52) is able to
preserve this property, i.e.,

(L1, [ Ly, [Bpiar, Lrm]]] = 0.
The first split with commutator (1.51) on the contrary also looses this beneficial structure.

This result was proved in [28] for separable Hamiltonian systems. However, as can be con-
cluded from the computations, it is also valid for non-autonomous separable operators in
PDEs.

Recently, these considerations have been applied to higher order splitting methods for parabolic
non-autonomous equations [117], where the time coordinate is advanced in real space and
complex coefficients with positive real part are used in the frozen part to overcome the second-
order barrier.

Similar considerations apply to other perturbed problems: Suppose the vector field can be
separated in three parts, f = f; +f> + €f5. Then, the near-integrable structure that has led to
error coefficients proportional to € is only conserved if the split is applied as (f| + f>) + €f3,
whereas the alternatives f| + (f> + €f3) orf5 + (fi + €f3) loose this desirable property.
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1.3.4 Magnus expansion

Motivated by the findings for non-autonomous systems, where we have elaborated that the
proper use of splittings only freezes the time-coordinate in one part of the flow, the solution
of the remaining time-dependent part is addressed in this section. The detailed and compre-
hensive survey on the Magnus expansion [93] by Blanes et al. [23] forms the basis of this
review. We begin with a linear differential equation formulated in a Lie group,

y=a(t)y a:R* -5g, y0)=y,€9 (1.55)

and remark that a naive approach to solve this equation y(¢) = exp(fol a(&)dé)yy will, in
general, not produce the solution if the operators a(¢) at different times do not commute, i.e.,
[a(t1),a(ty)] # 0. However, by introducing correction terms in the Lie algebra, e.g.,

t
¥(0) = oxp ( fy a(€)dg + AM)yo, A €,

the solution can be written in exponential form. With the aim of expressing the flow as
exp(0(r)), from simple differentiation,

d .
Zexp(0(1)) = dexpg, (O(1) exp(O(1)),

where dexp : g x ¢ — g is the differential of the exponential map, it can be seen that the
exponent has to satisfy the dexpinv equation,

O(1) = dexpgy, (a(t)),  ©(0) = 0. (1.56)

With the help of the adjoint representation ad : g x g — g, defined by ad,(y) = [x,y], and
consequently ad/; (y) = [x, adf(_1 (y)] for k € N, it is standard textbook knowledge [126] that
the differential of the exponential admits a series expansion

N | k _ expladg) — 1
dexp® = I;) m adg = T, (157)

and its inverse can be expressed with the help of the Bernoulli numbers By, as
- B
-1 k
dexpg = ) 77 ade. (1.58)
k=0
which is assured to converge for |®| < sr. The dexpinv equation (1.56) is solved via Picard’s
fixed point iteration and, after ordering of the terms, we arrive at the Magnus expansion:

Using a grading, a decomposition in the direct sums g = P,y ¢; that propagates under
commutation, [g;, ¢ J-] C 8jsjs the Magnus expansion is the (formal) series

0 =) 0,0, (1.59)
=1

in the grade, ®; € g;, whose components are identified with the terms of same grade in the
Picard iteration of (1.56), defined by
el =

0,

& B
= Y [ adbu g a6z, (1.60)
k=0 "
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The first three terms are

t
©(1) = [ a(¢dey,
1 pt 1
0,0 = 5 [ [ [atz 1) a(e)] dgy dg,
1 pt 1 2
030 = ¢ 0 [ [T ([a(¢ 1), latea), a¢))] + [la(é 1), a(é0))a(é3)] ) dEs d d.

The same result is achieved by substituting ® in (1.56) by the ansatz (1.59) and collecting
terms of same grade,

(1.61)

where the adjoint operation has been expanded in the definition of

SP= Y 10,,[...10;.4]..]].

i1+ +ig=n-1

The resulting equations (1.61) are trivially integrated and the commutators of same grade n,
aggregated in S0 can be generated recursively through

n—k
S =3%"10,,.5%01, 2<k<n-1,

3
n

- -1
S =10, 1.4, Sy =ad((§’1 !(a).

Altogether, we state the Magnus expansion in its final form

t
©(1) = [ a(£)de,
n—1 (162)
0,1 =Y k'SP ds. nz2.
k=1 """

The logarithm ® is known to exist [97] on complete normed (Banach) algebras provided
fot la(&)ll,dé < o and the same condition also guarantees the convergence of the Magnus
expansion to the solution for bounded linear operators a(¢) on some Hilbert space [38, 98].

We highlight the relationship between the Magnus expansion and the BCH formula (1.42)
when choosing
A if0<t<1
an =171 , (1.63)
B ifl<t<2

then ¢BCHA.B) = »09(2) and the convergence results for the Magnus expansion are carried

over to the BCH formula. A word of caution is in place since not all of the obtained terms are
linearly independent and it is recommendable to rewrite them in a basis, e.g., the Hall basis,
in order to simplify the expression.

Suppose that a = @ (1), then, for small times ¢ = h, it is safe to assume that @ (h) o h. In the
construction of the expansion, we identify two mechanisms: integration and commutation, the
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former increases its power in the small parameter / by one, whereas the latter at least retains
the size of the two elements. In fact, an additional power in & is gained for the innermost
commutator, where

[a([l),d(lz)] = [ao +tHa + @([12) ,ag + ay + @([%)]
= (t, —t))lag,a) 1+ O (1112 + 13 +13) . (1.64)

Furthermore, just as the original equation (1.55), the Magnus expansion and its truncations

[80]
n
= Z o}
k=1
are time-symmetric, i.e., both the exact flow ¢ and the numerical flow ® = exp((,,) satisfy
@(t,19) o p(tg, 1) = I (bz,t() ° (I)t(,,t =1,
with the former being equivalent to @ (¢y,7) = —O (¢, ;).

After Taylor expanding a(t) around the midpoint of the interval [, t,, + h], the terms @, and
thus also the full expansion ® contain only odd powers in the time-step %, an observation first
made in [80]. Inductively, a size estimate for the terms can be established by first considering

0,=00h), 06,= @(h2+1)’ Oopyq = @(h(2k+1)+1)’

where the +1 is due to (1.64) and finally ©,;,; = O (h¥*3), j > 0 with an additional gain
because of the absence of even powers in 4. Through simply truncation the Magnus series after
the pth term, or in other words, by neglecting all terms ®,,, n > p, we obtain a numerical
integrator of order p + 1 (or p + 2 if p is even).

Given the truncated Magnus expansion, several difficulties have to be overcome when actual
computation of the terms is desired. If the multidimensional integrals cannot be computed
exactly, it has been noted [78] that linear combinations of univariate integrals suffice and

hence the number of necessary function evaluations a(t;) grows only linearly with the order.

The standard approach to be portrayed in the following is based on Taylor expanding the vector
field a and then integrating the resulting polynomials up to a given order p.

Motivated by the symmetry of the exact Magnus expansion the vector field and its derivatives
are evaluated at the midpoint, t;,, =t + h/2,

> 1 da(t)
Z (t =11V, G = 5 . (1.65)

=ty

The first integrals in (1.62) are readily evaluated up to © (h4) to

®l—ha0+h Cl2+@(h5)

1 (1.66)
12 [ao,al] + @(hS)
Notice that, as expected, only odd powers of & appear. However, since the computation of high
order derivatives can be costly, we take one step back and interpret the a; as generators of the

@221’1
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graded free Lie-algebra FLA (hay, h*a,,h3a,, ...) which is an approximation to the original
algebra g. In these terms, the (truncated) Magnus expansion is a linear combination of the
generators ”aj and commutators thereof. On the other hand, the symmetric momentum
integrals

1 n2
AV = ﬁf_h/zﬂa(r+t1/2)dl‘, J=01,..

provide a way to generate series in the generators a;. Using again the Taylor expansion (1.65),
it becomes clear that by changing the momentum j, and after truncation, linearly independent
polynomials can be obtained. In other words, the momentum integrals are generators and one
can write

0, =40 +O(K3),  0,=[AD,A01+0(r).

Keeping in mind that the composition is based on an expansion in powers of 4, a single quadra-
ture formula of the desired overall order is sufficient to evaluate the momentum integrals and
the choice of quadrature nodes depends on the application. In the later chapters, especially
in Sections 2.2 and 4.3, concrete applications of Magnus integrators will be given and in our
works [109, 7], Magnus integrators have been studied to obtain efficient solutions for engi-
neering problems. With the framework of how to compute integrals being laid down before
us, we now briefly comment on how to avoid commutators in the expansion. It has been no-
ticed [26] that by choosing a proper basis, or - in other words - by properly grouping terms,
the number of commutators can be greatly reduced in comparison to the plain application of
(1.62). The analysis, however, has been performed in a case by case study for relevant orders
up to eight and a general treatment was developed in [18].

In connection with splitting methods, it is even possible to eliminate commutation altogether
by considering the BCH formula and the principle goes as follows: a truncated Magnus ex-
pansion is nothing else but an element of the free Lie algebra generated by the letters a; and
the aim is to reproduce it by the composition of s exponentials of linear combinations of these
letters, i.e.,

Jj=1

ﬁexp(i cl’kak) ; i ®] + @(hp+1) s
=1 k=0

with some coefficients ¢; , € R. This is expected to work since most commutators are gener-
ated after the combination of the exponentials through the BCH formula, and a fourth-order
commutator-free Magnus integrator [30, 122] is given by

Qi = Slaorsa) hlza-ga),



1.3 Temporal discretizations

In the basis of momentum integrals, we equate up to @ (hs)

0, +0, =A0 - [A® AD]
clyoA‘OucHA“‘ecz’OA‘O)wkczylA(”)

L log (e

=(c10+€20)AQ + (¢ 1 + ¢y )AD

+ % (cr.062.1 —cr1620) [AD,AN]

1
1 (c1.02.1 = €1.1€20) ((01,0 —cp0) [AD,[A©,AD]]
+ (1,1 = ) [AD, [A©@,ADT]) + O(h3).
=0(h?)

The polynomial equations in the coeflicients c; ; to be satisfied are then

O (h) A0, 1 =cig+cap

@(hz) 2 A, 0 =cig+e2

o) [A9,A1], =2 =c10C21 ~€11€20
O(h?): [AQ[ADAD]], 0 =(e19-c20)-

and the solution yields the time-symmetric decomposition

~ LA 04 LA _pa(1)
Qi = ob o3 . (1.67)

From a geometric point of view, the key to understanding the Magnus expansion comes from
the dexpinv equation: The original problem was posed on some Lie-group ¥ and has been
pulled back to an ODE (1.56) on a linear space: The Lie algebra g. Therefore, the approxima-
tion that arises after truncation of the Magnus expansion will still be in the algebra and respect
the geometric structure. Taking the exponential thus guarantees that the numerical solution
stays in the correct space: In the context of Schrodinger equations, unitarity will be preserved.

For nonlinear equations, the same formalism can be employed by means of Lie-derivatives
and there exist several links between the Magnus series and other ways of writing the solution
of time-dependent ODEs, e.g., the Dyson series based on time-ordered products or the Chen-
Fliess series for nonlinear vector fields. For details and extensive collection of examples, we
refer to the review in [23] and only remark that the sufficient convergence criterion in the
nonlinear case becomes to fot 1£,(&,x0)lldé < 1.08686, where, as usual, $, denotes the
Lie-derivative associated with the vector field a. For completeness, we mention that Iserles
& Ngrsett developed a graph-theoretic approach to construct the terms @, [78] which drew
much attention to the study of Magnus expansions as numerical integrators and has motivated
many of the exhibited results.
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Chapter

LINEAR SCHRODINGER EQUATIONS

After spatial discretization, the Schrodinger equation reduces to a system of ordinary differ-
ential equations,

d A
i) =Hy), y(0) =yo€ CN.

Since we are mainly interested in temporal accuracy, we use the same symbol for the function
and the corresponding discretized vector, y (xj, 1) = (p(1)) 7 for the chosen grid points X; and
will also drop the hat that indicated the discretized version of the Hamiltonian.

The resulting ODE can be numerically solved by standard all purpose methods, however, be-
cause of the particular structure of this problem, different numerical methods can differ con-
siderably in accuracy as well as computational cost and stability. In addition, the structural
properties of the system lead to the existence of several preserved quantities like the norm and
energy (for the autonomous case). The accurate preservation of these quantities! as well as
the error propagation and performance of splitting methods explain why they are frequently
recommended for the time integration [15, 106, 123] and make them subject of investigation
in this work.

With the aim of an efficient use of split-step methods, a family of potentials is studied. In
particular, we derive algorithms to exactly solve the d—dimensional harmonic oscillator [4]
using only Fourier transforms through a correspondence principle with its isomorphic classi-
cal mechanical algebra.

The developed technique is powerful enough to be applied to time-dependent potentials that
are (multivariate) polynomials of degree at most two, thus including linear perturbations and
the important angular momentum due to rotating traps. Numerical examples corroborate the
efficiency of embedding the obtained decomposition algorithms with standard splitting meth-
ods.

I The energy is only nearly conserved, for details see Ref. [50].
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Chapter 2. Linear Schrédinger equations

2.1 The Harmonic Oscillator

THE EXPOSITION IS BASED ON THE ARTICLE [4].

Motivated by the importance of parabolic potentials in the study of the Schrodinger equation
and its nonlinear counterpart, we consider the numerical integration of the harmonic oscillator,
i.e., a potential of the form Vyo (x) = 1w2x?, which can be solved exactly.

In many applications, the wave function is expected to evolve in the vicinity of a minimum at,
w.l.o.g., x = 0 of the potential V and locally, we interpret V as a perturbed harmonic oscillator

V = Vyo + €(ax3 + bx* + ),
=V,

The model Hamiltonian in this section is thus taken to be

R TS
H= ﬁp + FMOx +€V,. 2.1
Another example, to be detailed in Chapter 3, is the Gross-Pitaevskii equation for a trapped

BEC,
.0
IEI// = Hyoy + (6V6(x) + a\l//lz) v,

where the Hamiltonian of the harmonic oscillator is defined as

L SR S
HHO = %p + imw X< (22)
In the standard approach, i.e., the split in T = p?/(2m) and some (nonlinear) potential V,
while the RKN property is satisfied [V, [V, [T, V]]] = 0, important information about the
problem is lost and as established in the introduction, it is of great importance to preserve the
near-integrable structure through appropriate splittings when possible.

Remarkably, the split in A = Hyg and B = €V, + ol|y|* recovers the RKN structure of the
original algebra T, V since [B, [B, [B,A]]] = 0. Additionally, if ¢ and ¢ are small, so will be
the commutators [A, B] and highly accurate results are obtained [15, 51, 106, 123].

We will refer to the alternative splits in two parts A, B, which are claimed [106] to be the most
efficient in comparison with a variety of standard integrators, as

(i) Fourier (F)-split.
1

1
_ 2 _ Ll 2.2
A= 2mp , B 2mu) x4+ V. (x). 2.3)

Here, A and B are diagonal in the momentum and coordinate spaces, respectively, and we can
change between them using Fourier transforms.

(ii) Harmonic oscillator (HO)-split.

_ b5 1 2.2 _
A= 2mp + 2ma) x°, B =€V, (x). 2.4)



2.1 The Harmonic Oscillator

The usual approach to propagate part A uses Hermite functions and will be explained below.
Since B is diagonal in the coordinate space, it will act in both cases as a simple multiplication
on a wave function that is discretized on a grid.

The harmonic oscillator is a standard problem in both classical and quantum mechanics and its
spectrum is well-understood. For simplicity, we have rescaled the units such thatm = w =1
and the normalized eigenfunctions of Hy;o become

¢, (x) = ye 2, n=0,1,.., (2.5)

1
—,(x
a4 " (
where 7, (x) are the Hermite polynomials, which obey the recurrence relation

%k+1(x)=2x?fk(x)—2k%k_l, k=1,2,...,

starting from 7 (x) = 1, #; (x) = 2x. The corresponding eigenvalues are

N I’l:O,l,... N (HHO¢I'Z :En¢n),

| =

E,=n+
and the eigenvectors form a complete orthonormal system on L?(R ). An initial condition, y,
can then be propagated easily by

o0

w(t.x) =) c,e Bl (x), (2.6)
n=0

where the weights c,, are the orthogonal projections on the eigenfunctions, ¢,, = (¢, ly o) =
fR ¢, (x)*wq(x)dx. For a numerical method, the sum in (2.6) has to be truncated and the
expansion coefficients c,, need to be computed in each step, in other words it requires a change
of basis between the HO eigenfunctions and coordinate space for the remaining potential ¢V,
and the integrals for ¢, are evaluated on a chosen mesh x;, e.g., using the Gauss-Hermite
quadrature [91] or some rule on equidistant grid points [106],

M
WG = w0 = ) c,e Bl (x;), .7
n=0

with ¢, = Y, wj¢n(xj)*y/0(xj). A (Galerkin) truncation error bound for truncation after M
terms for a perturbation V(x) = (1 + x2)B(x) with bounded B is given by [91]

I ar (1) = w (D) < CM2(1 + 1) max a2y (7)], 2.8)
0<t<t
for some s < M /2 such that d“*zt//(r) exists, where @ = L (x + ip) is a so-called ladder

V2
operator? that acts on HO eigenfunctions by d¢, = \/Z¢k_1 fork € N and d¢pg = 0 and a
constant C independent of M and ¢. Notice that the bound depends on both smoothness and
decay of the solution which makes practical estimates difficult.

The change between Hermite basis functions and the coordinate space is not efficient when
the number of basis terms in the expansions has to be altered along the integration or taken

2See also the discussion following Section 1.1.3.
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very large, being the case for time dependent trap frequencies w (¢) or strong nonlinearities o
to be studied in Section 2.2 and Chapter 3, respectively.

The Fourier type methods can be implemented with FFT algorithms since the trapping poten-
tial V causes the wave function to vanish asymptotically which in turn allows us to consider the
problem as periodic on a sufficiently large spatial interval. Their advantages are high accuracy
with a moderate number of mesh points and low computational cost.

In general, the split (i) can be considered faster and simpler since A = T can be computed in
the momentum space, and one can easily and efficiently change from momentum to coordinate
space via FFTs. The choice (ii), on the other hand, allows us to take advantage of the structure
of anear-integrable system if, roughly speaking, ||B|| < ||A]l, but it requires to solve the equation
for the (time-dependent) harmonic potential exactly (or with high accuracy). The evolution
of the constant oscillator is easily computed using Hermite polynomials (see [106, 123, 91]),
but the evolution for the explicitly time-dependent problem is more involved.

Motivated by these results, we show how both methods are combined to retain both the ac-
curacy of the Hermite method and the speed of the Fourier transforms, i.e., to rewrite the
Hermite method as a single simple pseudospectral Fourier scheme. We have found, that this
approximation performs, for the studied problem classes, always equal to or better than the
original Fourier method and therefore has to compete with Hermite expansions only.

We show that the exact solution of the autonomous problem, in our setting the dominant part
H; HO of (2 1 ),
ii = (L 2+lma)2x2) 2.9)
a? T\ 2ml T2 v '
is easily computed for a time step using Fourier transforms. Before giving the details on the

time integration, some remarks on the formal solution are necessary.

It is clear that Hy is an element of the Lie algebra spanned by the operators {E = x?/2,F =
p%/2,G = 1 (px +xp)}, where m = w = 1 for simplicity, and their commutators are

[E,F] =iG, [E,G]=2E, [F,G]=-2iF. (2.10)

This Lie algebra is three-dimensional and the solution, y (x,#) = U(t,0)y (x,0), of (2.9) can
be expressed as a product of exponentials [127]. Our objective is to obtain a factorization of
the solution which only involves terms proportional to E or F since they are easy to compute
by FFTs as shown in Section 1.2.

2.1.1 Solving the harmonic oscillator by Fourier methods

We propose a new method which combines the advantages of both splittings. It retains the
advantages of the HO-split (ii) while being as fast to compute as the F-split in (i). For this
purpose, we briefly review some basic concepts of Lie algebras.

Given X, Y two elements of a given Lie algebra, it is well known that

eXYe’X:eadXY:Y+[X,Y]+%[X, [X,Y]] +... (2.11)



2.1 The Harmonic Oscillator

For analytic functions in their arguments, X (x), P(p) and F(x,p), we are interested in the
following adjoint actions?

e "X F(x,p)e!™ = F(x,p + tX')

. . 2.12
e "PF(x,p)e"™t = F(x — tP’,p) (212

where X’ = dX/dx, P’ = dP/dp. In classical mechanics, this corresponds to a kick and a
drift. As we have seen, the exponentials exp(ax2/2) and exp(p?/2) can be easily computed
by Fourier spectral methods. It is then natural to ask the question if it is possible to write the
solution of (2.9) as a product of exponentials which are solvable by spectral methods. The
answer is positive and it is formulated in the following lemma. We present a new proof for a
result already obtained in Ref. [47] that allows an elegant generalization to the time-dependent
case.

Lemma 2.1.1. Let Ay = 1p?, B, = 1x? and
f(t) = (1 —cos(t)) /sin(t), g(t) = sin(z). (2.13)
Then, the following property is satisfied for |t| < r:
e—i1(A1+B)) _ o=if (DA} p=ig(t)By ,=if (A, (2.14)
— ¢~ (B} ,=ig(DA; ,—if (DB, (2.15)

Proof. A new constructive way to derive the functions f, g makes use of the parallelism with

the one-dimensional classical harmonic oscillator with Hamiltonian function H = 1p? + 142

and Hamilton’s equations

d(q\ (0 1)\(q)\ _ q
L e ) e

(0 1 (0 0
A:(O 0), B:(_l 0). 2.17)

The Lie algebra generated by the matrices A, B is the same as the Lie algebra associated to the
operators A, By for the Schrodinger equation with the harmonic potential (2.2).

where

The exact evolution operator of (2.16) is

o) = ( cos(t) sin(t))’ 2.18)

—sin(t) cos(f)

which is an orthogonal and symplectic 2 x 2 matrix. For the split parts, the flows are easily

computed to
L f(@) 1 0
nA = 8B _
! (0 1)’ ‘ (—gm 1)’

3The expressions can be easily derived using the series expansion of F and the fact that all nested commutators
vanish.
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and then, equating the symmetric composition

SAGEB A — (1 -f-g 2f-f? -g)
-8 1-f-g

to (2.18), we obtain (2.13) which is valid for |#| < sr. The decomposition (2.15) is derived
analogously. Using the Baker-Campbell-Hausdorff-formula, it is clear, that both results re-
main valid, up to the first singularity at + = +s, when replacing the matrices A, B by the
corresponding linear operators A, B, since all computations are done in identical Lie alge-
bras.

Given the functions f, g, we can prove the lemma directly by recalling that two operators are
identical on a sufficiently small time interval if they satisfy the same first order differential
equation with the same initial conditions[130]. We thus verify that the right-hand side of
(2.14) also solves the propagator equation

iU = (A, +B))U, U =1, (2.19)
and is therefore identical to the propagator on the left-hand side. Now set

U([) = e_if(t)Al e_ig(t)Bl e_if(t)Al
and plugging it into (2.19) yields
(A, +B,)U :!(fAl + e A1 gB | oA 4 o7 A1 gm8B1 fA, oi8B1 oA )U.

Using (2.12), we obtain two independent non-linear differential equations for f(¢) and g(¢)
with initial condition f(0) = g(0) = 0 in order to satisfy U(0) = I. It is then easy to check
that f, g given in (2.13) solve these equations. As a result, we have that U(r) = U(t) locally
in a neighborhood of the origin and (2.14) is proved identically. O

For practical purposes, the singularities occur at sufficiently large times and hence do not
impose limits for the time-steps of numerical methods.

Remark 2.1.2. By simply replacing (2.18) with

o) = (

cos(wt) 7 sin(wt)
—mo sin(wt) cos(wt) ’

the lemma immediately generalizes to the equation

. ad (1, w? 2
ZEI//()C,[) = (%p +m7x y(x, 1),

for m, @ > 0 when we substitute (2.13) with

1 —cos (wt)

.
Sin(w?) 8= sin(wt). (2.20)

f=mw

This result is valid for |t| < t* = 7/ w.



2.1 The Harmonic Oscillator

2.1.2 Higher dimensions

Although the results in the previous section have been developed for one-dimensional prob-
lems, it is straightforward to extend them to arbitrary dimension. Keeping in mind the proof-
technique based on the isomorphy of the Lie algebras, we state the d—dimensional classical
Hamiltonian

H = %PTAP"' %qTQq, p.q € RY,

with symmetric positive definite (spd) matrices A, Q € R?*?_ The corresponding classical

(linear) system is given by
dfa\_(0 A)\(qg
dt\p) \- 0)\p)"

The matrix exponential is computed to*
x 2k x  2k+1 0 A\
ol 0))-Lm ( o) (e d)
i o ((AQ)K 0
= 0 QA
3 t2’<+1 1)k A 0 0 (QA)K
L 2k+ D)1 0o -o)laer o

:( cos(tVAQ) AWQA) Tsin(tVQA)

—QWAQ) tsin(tVAQ) cos(tVQA)

). 2.21)

It is known that products of real spd matrices AQ, QA can be diagonalized and have posi-
tive eigenvalues [74, Corr. 7.6.2], which means that the positive square root in (2.21) exists
and is unique. We further note that the product AQ is symmetric iff [A, Q] = 0. For the
decomposition, we multiply the exponentials

I 0\(I A\(I 0 1-AB A
(-B 1) (0 I)(—B I):(—ZB+BAB I—BA)’ (2.22)

where I € R?*“ denotes the identity matrix. Equating (2.22) and (2.21) yields

oS} 2k+1
A=ANOA) TsintVQA) = Y = (C1HEA(QA)
,;) 2k + D)1

and
cos(tVQA) =T-BA =T - BA(WQA)'sin(tVQA),

from which we deduce
. - - I-cos(tvQA) , _;
B-= (I—cos(t\/QA))sm(t\/QA) VOAM AT = JOA ——SBSUNEA)

sin(tyQA)
EJQA) AT

QA tan(2

4The calculation is performed explicitly to keep track of the order of multiplication.
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Taking into account that A cos(t QA)A~! = cos(ty AQ), which can be seen by writing out
the series expansion of the cosine,
oo 1vks2k
AcostVQMAT =Y CEDIT (@A) A-]
= (2k)!
o) (_1)kt2k N
=Y = (AQAAHF = cos(tVAQ),
& (2k)!

it is trivial to verify I — AB = cos(#y AQ). The remaining condition is

—QWAQ) sin(tVAQ) = — 2B + BAB
= _B(I+ (I-AB)) = —B(I + cos(tAQ))

- QAtan(%\/QA) A-TI+ A cos(tVOM A

— _ Jana LocostyQA) (I + cos(r QA)) Al
sin(tvQA)

=~ JOAsin(tVQA)A!
= - (WOA)A Tsin(tVAQ),

and equality holds since

WOMAT =Q(WAQ) ! = A TAQWAQ) ! = A-1YAQ
e ANQAMAT =VAQ,

which is true because both QA and A Q have nonnegative eigenvalues [69, Cor. 1.3.4]. The
transition to the quantum mechanical Hamiltonian is made as in 1D and the calculations are
summarized in the following

Theorem 2.1.3. For symmetric positive definite matrices A, Q € R4 and functions
F(h A, Q) = VOA tan (g\/QA) ATl g A.Q) = QA (WQA).

the following identity is satisfied for |h A, (VOQA)| < 77:

o~ s (T Ap+aT Qq) _

1Ty 1,7 —ilgTr
o34 AQ)q =3P g A Q)p =it f (A Q)q (2.23)

where g7 = (X15%2, e s Xg) and pT = —i((?xl, (3x2, ey 6xd) and the stepsize |h| is restricted
by the largest eigenvalue 1,5 of VQA.

Remark 2.1.4. From a formal point of view, the symmetry of A and Q as well as the posi-
tivity are not necessary and could be replaced by invertibility. These conditions only play a
role when we express the formal series in terms of trigonometric functions with the help of
the (positive) matrix square root. For quantum mechanics, however, we require Hermitian op-
erators, e.g., for pT Ap, AT = A is implied. Furthermore, since the corresponding operators
commute, there is a degree of freedom in the representation of the matrices in the Hamiltonian.
By choosing the matrices real and requiring Hermiticity, A, Q are uniquely determined.



2.1 The Harmonic Oscillator

2.1.3 The Hermite-Fourier methods

With the presented exact decompositions at hand, we now solve the discretized perturbed
harmonic oscillator, H = Hyg + €V, by splitting methods using the symmetric compositions
(1.37) and (1.38). Let us first consider the case @ = 1 and take the HO split A = Hyo =
Ay +B,B=¢€V,,

‘I’sz]x = o~ ih(A\+B))/2 p=ihB ,=ih(A +B})/2 (2.24)
(I)EZZI]Q — e—ihB/Z e—ih(Al-*—B,)e—ihB/Z' (2.25)

Replacing the exponentials e="41+81) by (2.14) or (2.15), we obtain four different methods
whose computational costs differ considerably. At first sight, using the FSAL property, both
(2.24) and (2.25) are equivalent from the computational point of view and require one expo-
nential of B and another one of A; + B; per step. However, a significant difference arises
when we plug in the decompositions (2.14) or (2.15). Only the combination (2.25) with (2.15)
yields a method that involves only one FFT and one inverse FFT call per step

q,ELZ] — o-ihB/2 y—=ih(A\+B)) ,~ihB]2
= ¢ihB/2 g=if (WBy o=ig(Ay o=if (B, o=ihB/2

— ~i(hB/2+f(W)B) g=ig(A, o=i(hB/2+f (h)B)) (2.26)

and solves exactly the harmonic oscillator for |k| < h*. For any other combination, more
kinetic terms have to be computed per step since the FSAL property cannot be exploited to
full extent and hence result in more costly’ methods for the same accuracy.

The general splitting method (1.40) can be rewritten in the same way by replacing each flow
e~!44 by the composition (2.15)

&, = e~ ibnB+auB) o=iglanAy g=ilhb,, B+, 1By)

e—i(hblBJralBl)efig(alh)Al e—iaoBl , (227)

where a;, = f(ag.1h) +f(lah), kK =0,1,....,m + 1 with ag = a,,,; = 0. This method is
valid for |a;h| < h*, i =1, ..., m and requires only m calls of the FFT and its inverse, just like
the standard Fourier pseudospectral methods, but reaches the same accuracy as if the Hermite
functions were used.

For stability reasons, it seems convenient to look for splitting methods whose value of max;{|a;|}
is as small as possible.

SMore precisely, the computational costs are due to a change of coordinates realized by the Fourier transform
which is for this type of problem equivalent to the number of kinetic terms.
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2.1.4 Numerical results

We analyze the performance of the methods considered in this section for the one-dimensional
problem (2.1) with m = w? = 1, and to illustrate the validity of the decomposition presented
in Lemma 2.1.1, we first study the pure harmonic trap, i.e., V., = 0.

The ground state ¢ at ¢t = 0 is taken as the initial condition, with exact solution
—it/2 U2, 22
wix,t)=e Pox) = —173¢ e .
a

Restricting the spatial interval on [—10, 10] ensures that the wave function and its first deriva-
tives vanish up to round off at the boundaries, and for high accuracy it is sampled at N =
1024 equidistant grid points x;. We integrate with only one time step from 7 = 0 to T for
T € [—, ], i.e., forward and backward in time. The error in the wave function is defined
by err(T) = |W(T) — w(T)|, where ¥(T) denotes the approximate numerical solution ob-
tained using the specified method and y (T') is the exact solution on the discretized mesh. It
is standard to measure the error in the wave function by the discrete L? norm,

lerr(T)l, = (2.28)

The result of this comparison is illustrated in Fig. 2.1 (left). The split (2.15) reproduces, for
IT| < ar, the exact solution up to round off, as expected. The right panel in Fig. 2.1 displays a
zoom near a singularity where the error grows rapidly due to double precision arithmetic. Next,
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Figure 2.1: Error in logarithmic scale for the integration of the ground state of the Harmonic potential
using the split (2.15) for 7 € [—ur, or] (integration forward and backward in time). The right panel
shows a zoom about 7" = 7.

we examine how the approximation properties of the Hermite decomposition (2.7) strongly
depend on the function in question and on the chosen number of basis functions, M. We
compute the M required to reach round-off precision for the evolution of a displaced ground
state as initial condition, y 5(x,0) = ¢~*=8%/2/71/4 from t = 0to T = 10 in one time
step. From initial conditions discretized on an equidistant mesh, this can be accomplished as
follows [106]:

W(T) = e TA+BD Yy, ~ KTe TPIK y, (2.29)
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where D = diag{ % oM — %}, M is the number of basis elements considered, and Kj’k =

1
ok
m(p;‘f](xk), j=1L...,M, k=1,...,N = 512 with ¢, (x) given in (2.5), x € [-10, 10].
For 6 = 1—10, round off accuracy is achieved with M = 8 while for § = 2 it is necessary to
take M = 29. Using an estimate of type (2.8), cf. [91, Th. 1.2], similar minimum values of
M are attained if the integrals were calculated exactly without using a mesh, which justifies
the use of equidistant grid points (and thus the trapezoidal rule) instead of the possibly more
natural Gauss-Hermite quadrature points in the computation of K. As expected, the Hermite
decomposition is very sensitive to the initial conditions. The Hermite basis works efficiently
as far as the initial conditions as well as the exact solution can be accurately approximated
using a few number of basis elements and one has to keep in mind that, especially for nonlinear
problems, the number of basis functions necessary to reach a given accuracy can vary along
the time integration.

HO-split versus F-split
We analyze now the advantages of the HO-split versus the F-split as given in (2.4) and (2.3).

In this experiment, the symmetric second order BAB composition (1.38) is used to integrate
each of the splits. For the HO-split, we compute the harmonic part either with the decomposi-
tion (2.15) or in the Hermite basis (2.29) with different numbers of basis terms. The following
configurations are used for numerical experiments:

a. The Morse potential [99]
V()C) — De (1 _ e—a(x—xe))Z ,

with D, = 10, a = 0.3 and x, = 0 in atomic units [61], which approximates the energy
curve of a molecular bound using the dissociation energy, D,, and a parameter for the
width of the potential, a. The energy spectrum, that corresponds to different vibrational
excitations of the molecule, is finite and the eigenvalues are given by

1 wo (n+1)
En:&)()(l’l-Fi)(]—Tez . n=0,1,...,nmax,

where n,,,, is the largest integer smaller than 2D,/wq — 1 and wy = ay2D, is the
(classical) vibrational frequency. The corresponding fundamental states are given by

¢n(x) x efz/ZZ—1/2+/1—nL;1+2/1—2n(Z)’ n= 07 1, e M

with the generalized Laguerre polynomials L¢ (z) and after the coordinate change z =
2)e~4¥=%.) where we have introduced the constant 1 = 2D, /a. As initial condition,
we have chosen a superposition of the two lowest energy eigenstates,
1 1
vo= o+ =
2 2
for which we can trivially compute the reference solution at the final time 7" = 10 to

w(T) = L (e7TEopy + e TErg).

V2

P1s
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b. The Poschl-Teller potential [110] has been introduced as an example of an anharmonic
oscillator which is solvable in closed form. We will treat the particular case

A+ 1)

Vix) = — (1 -sech(x)?), (2.30)
with 2 = 4. The energy spectrum is finite and can be computed to (for 1 € Ny))
2
E, - —%, n=0,.. 71,

The fundamental states are

¢, (x) o< L} (tanh(x)), n=0,...,1-1,
with the associated Legendre functions L% . Again, the superposition of the lowest eigen-
vectors will be the initial condition, y = Lz (¢o + ¢1), and the reference solution is

computed at the final time 7 = 10 using the eigenvalues.

c. The harmonic oscillator perturbed by a Poschl-Teller potential

%wzxz N /1(/12+ 1)
with @ = 2 and 2 = 1. No closed form solution to this problem is known, but parts
of the spectrum can be calculated by the imaginary time propagation, cf. Chapter 5. As
initial condition, we have used the superposition of the lowest eigenvectors, that have
been obtained numerically to sufficiently high precision, yy = L2 (9o + ¢1), and the

V(x) = (1 —sech(x)?),

reference solution at final time 7 = 10 is computed directly using the corresponding
eigenvalues.

The experiments are based on the leapfrog (LF) method (1.38), and we denote by LFy, LFy
and LFy M its implementations with the F-split, the HO-split using the new Hermite-Fourier
method (with the composition (2.15)) and the HO-split using M Hermite basis functions in
(2.29), respectively. For all integrations, we use equidistant grid points and the chosen spatial
and temporal intervals are specified in the labels of Fig. 2.2a,b,c. We measure the error ver-
sus the number of basis changes, i.e., FFTs or Hermite transforms, which can be considered
proportional to the computational cost and plot the results in Fig. 2.2. The main observations
are that, as expected, the standard Hermite method has to be calibrated to get a sufficiently
large number of basis vectors to reach high accuracy. The Fourier-Hermite split does not
show this behavior. In the worst case, it behaves like the standard Fourier-split, however, if
the harmonic part is dominant, it will perfectly recover the Hermite method. We point out that,
even though the harmonic oscillator does not dominate in the first two examples, the HO split
(T + %wzxz) + (V(x) - %w2x2) does not deteriorate in comparison to the Fourier split since
T and V are of comparable size for the chosen initial conditions and it comes at the same
computational cost.

To validate the results in higher dimensions graphically, we have studied the evolution of a
two-dimensional perturbed harmonic oscillator with a constant isotropic mass-matrix A =
diag{1, 1},

4

1 4 1 1 T _ T
H_Ep Ap+§q QC]"‘W-X 5 P = (px’py)’ q

= (x,y), (2.31)
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(c) Perturbed Poschl-Teller potential, 7 = 10, N = 512

Figure 2.2: The left column shows the error vs. the number of basis changes (BC), i.e., Fourier or
Hermite transforms, in logarithmic scale for the integration of three test potentials using the HO split
(subscript H) and the standard split (subscript /) using the leapfrog method (1.38). In the right column,
the initial condition (green), the exact solution (black) and the potentials (dashed blue), scaled by 1/10
to fit the axes, are shown. Unless specified otherwise, the legends of the first row are also valid for
remaining parts.
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Figure 2.3: The rightmost column shows the efficiency curves for the 2D perturbed harmonic oscillator
(2.31) integrated using N, = N, = 128 equidistant grid points on [-10, 10]2. In the first row, the
squared absolute value of the initial condition, in 3D (left) and from above (center), is displayed, whereas
the evolution at time 7" = 10 is depicted in the second row, both in 3D (left) and from above (center).

and frequency matrix Q = (‘11 }‘). The spatial coordinates are discretized with 128 x 128
equidistant grid points on the square [—10, 10] x[—-10, 10] and we integrate until the final time
T = 10. We compare the leapfrog method using the F-split (LFz) and the HO-split (LFy),
based on (2.23). Note that the Fourier transforms have to be replaced by their two-dimensional
counterpart. The results are reproduced in Fig. 2.3. As expected, near integrability and thus
small error coefficients are recovered by the HO-split.

2.2 The Harmonic Oscillator: non-autonomous

The previous results lend their methodology to the important generalization for time-dependent
potentials. In this section, we show how to build splitting methods for time-dependent poten-
tials, with a special focus on the important cases of harmonic trapping (see Ref. [90] and
citations thereof) or linear potentials that usually arise from Laser-interactions.



2.2 The Harmonic Oscillator: non-autonomous

2.2.1 Varying trap frequency

For general time-dependencies, the quantum harmonic oscillator problem can be stated as

i0,p(x,t) = (%;ﬂ + %m(t)w(t)zxz) wx, 1), w(x,0) elLl?R). (2.32)
The associated Lie algebra again has three basis elements, £ = xX2/2, F = p2/ 2,and G =
%(xp + px) and the solution, y (x,) = U(t,0)w (x,0), of (2.32) can be expressed as a single
exponential using the Magnus series expansion, cf. Section 1.3.4 [93, 23], or as a product of
exponentials [127]. It is possible to formulate the evolution operator U (z,0) in many differ-
ent ways, the most appropriate depending on the particular purpose, e.g., using the Magnus
expansion

U(1,0) = exp (f (NE + fo(DF +f3(1)G) (233)

for certain functions f;(¢). The reason is that since F, G, E form a basis of the Lie algebra of
the problem, there exist functions f; () that correspond to the summation of the Magnus series.
The functions can be obtained by solving a set of differential equations, cf. Ref. [130].

On the other hand, approximations of (2.33) for one time step, A, are easily obtained, e.g., a
fourth-order commutator-free method is given by [31]

- b 1o ] 2,2
U(t+h,t)—exp( li(mp + MmLWLX ))

h 1 1
: 2 2.2 5
xexp| —i = | =—p° + smpw4x + Oh), (.34
where
myp = amy + fmy, mgr = fmy + ams,,
me% = amlw% + ﬁmzw%, me12e = ﬁmlw% +amyw3
; _ _ _1_13 _1_.3 _1_1 -1
with w; = w(tn+cjh),mj —m(tn+cjh), Cl=5—"¢ 2= §+F,anda =31 B=1-a.

It can be considered as the composition of the evolution for half a time step of two oscillators
with averaged frequencies, using the fourth-order Gauss-Legendre quadrature rule to evaluate
w(t). Different quadrature rules can also be be used and correspond to different averages
along the time step, see Refs. [31, 23]. In the limit when  is constant, the exact solution is
recovered. Higher order approximations are available, if more accurate results are desired, by
approximating the functions f; in (2.33) via truncated Magnus expansions.

The following theorems extend this idea to decompositions of operators that appear after the
approximation of the time dependent parts via (2.33) or by the composition (2.34).

Theorem 2.2.1. Let a, 8,y be constants, ) = ay — B2 and

g(1) = y/n - sin(n1), (2.35)
f(t) = — (1 —cos(nt) + ﬁ sin(m))
g(t) U] ’
_ L _Bg
e(t) = 20 (1 cos(nt) ” sm(nt)).
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Then, the following decomposition holds for 0 <t < i /n:

—i%(ax2+ﬁ(xp+px)+}/p2) — e—if(t)]i)c2 efig(t)%pz ﬂ'e(t)%xz' (236)

e e

Proof. The proof follows the lines of the proof of Lemma 2.1.1. The evolution operator asso-
ciated to the classical Hamiltonian H = 1 (ax? + 2Bxp + yp?) is given by

cos(nmt) + g sin(nt) % sin(nt)
— % sin(n¢t) cos(nt) — gsin(nt) ’

and equality to the right hand side of (2.36) is verified by straightforward computation of the
matrix exponentials. The solution is valid until the first singularity at t = s /7. Using (2.12),
it can be checked that both sides of (2.36) satisfy the same differential equation and initial
conditions. Now, the initial conditions become f(0) = —e(0), g(0) = 0 because the loss of
symmetry in the decomposition has to be taken into account. O

Theorem 2.2.2. Let my, w; € R, ¢, = cos(wih/2), s, = sin(wih/2) fork = L,R and

g(h) = spcp/(mpwyr) + crSgp/(Mrwg), (2.37)
f(h)=é%<1—ch + ;SLSR),
e(h) = é%(1—0Lc + IZSLSR).
Then, the following decomposition
oS G PP i) SIS (Pt mR@RNT)  if (3 —ig(h) Lp? -ie(h) L2

is satisfied for O < h < h*, where h* is the smallest positive root of g(h).

The proof is similar to the previous one. ]

2.2.2 The driven oscillator

Only a minor ingredient is needed to extend the previous results to the more general case of
a quantum mechanical particle subject to some laser interaction. The Laser acts on the dipole
momentum of the particle which is proportional to the position operator and the Hamiltonian
in its general form can be written as

Ho() = ) f;(DE; (2.38)

with E, = ,E, = x,E3 = p,E4 = %xZ,ES = 1p2Es = S +.px). The operators
E; are basis elements of an algebra gygthat is closed under commutation and the nonzero

commutators are

[E4,E5] = iE6, [E4,E6] = 2iE4, [ES’E6] = —2iE5,

. . . (2.39)
[E4,E3] = lE3, [Es,Ez] = —lE2, [Ez,E3:| = lE].
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After applying a time-averaging mechanism that works within the algebra, e.g., the Magnus
expansion, it remains to compute the exponential of some element

1
g=3 (ax2 + B(px + xp) + ;/pz) +8x+Ap+<¢ € gyo- (2.40)
The main result is stated in the following

Theorem 2.2.3. Foran element g € gy written as (2.40), the following decomposition holds
forO<h<a/y:

exp (—ih - g) = e {(#+h8) p=il/4*12+d1q) p=i(gp?/2+dap) p-i(eq? [2+d3q) (2.41)
where
n=yay-p* D= 6Y7]_2/1ﬁ’ D, = Mn_zaﬁ,
s = Lean (%) 4 L. dy(h) =Dy -f(h),
gy = T sin (h) dy(h) = Dy - g(h),
e(h) = gtan (’77) - g, dy(h) = D - e(h),
#0) = 57 (DiDo1? = 15) + Do+ 2 (i - ).

Proof. The proof differs from the previous in a small but important detail: The classical me-
chanical algebra does not know about global phases: A constant shift of the potential will not
enter the equations of motion. For quantum mechanical problems, on the other hand, such
a shift implies a global (constant) phase of the wave function. This phase will not have any
physical effects, but for correctness and completeness of the decomposition, we have to pay
attention to this peculiarity.

We will proceed as follows: First, we establish a system of differential equations to which the
decomposition (2.40) is equivalent, and then construct the solution which can then be verified
by the first part. Since the L.h.s. of (2.40) is the solution of the Schrodinger equation (for the
evolution operator)

i%U(t) =gU, U0 =1, (2.42)

the right hand side of (2.40) is required to solve the same differential equation for small times
to confirm the identity. Defining U, = &/ +d1%¢8P” +d2p gex*+d3x 0 and plugging it into (2.42)
yields
d c o
EUI =(fx + le)U]
+ efx2+d1x(gp2 + dzp)e—(fx2+d1x) U,
+ @ ¥ +dix pgp?+daop (éx? + d'3x)e—(gp2+d2p)ef(fx2+d3x) U,

+ ¢U1
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Now, using (2.12) to evaluate the kicks and drifts, one obtains the equations

¥2: o af2=é0) (1) + (1-4f(g(1))%) + 4F ()24 (0),
x: o A/2=di (1) + (4 (Ng(1) = 1) (=d3 (1) +26(1) (dp (1) +2d, (1)g(1)))
+2£ (1) (dy (1) + 2d, (§(1)) ,
PPy /2 =4g(n)%ér) +4(1),
P 8/2=dy(1) +2d; ()g(1) = 26(1)g(1) (d3(1) = 2 (da(t) +2d, (1)g(1))) ,
px+xp: B =4f (1)g(1) —4g(t)é(r) (1 - 4f ()g(1)),
L: @/ (1) =é(t) (dy (1) +2d (1)g(1)) (d3 (1) — (da(t) +2d, (1)g(1)))

—dy (1) (dy (1) +dy (1§(1)).
(2.43)
With the initial condition U; (0) = 1, it is easily checked that the functions of Theorem 2.2.3
satisfy the above equations.
For the construction of the functions, we examine the corresponding classical Hamiltonian
(cf. (2.40))
1
H = E(ax2+ﬁ(px+xp) +yp2)+6x+/1p+§ (2.44)
and we want to decompose it in blocks

H, =f%x2 +dx, H, = g%p2 +dyp, H; = e%x2 + dsx.

The corresponding flows are trivial to compute and their composition becomes
(th 1, (0212 o gofz
_ 1-h?gf hg (a0 _, —~d, + hgd, (2.45)
“\-h(f+e-hegf) 1-h%eg) \po dy +ds + ed> — h*egd,

The full Hamiltonian leads to equations of motion

)= %))+ (%)
dt \p(t) -a =B \po 3 )’

=:A
which are solved by variation of constants
q(1) 90 -1 -4
= tA +A tA) -1 . 2.46
(p(t)> exp ( )(Po) (exp (t4) = 1) | ¢ (2.46)

The exponential of this 2 x 2 matrix is easily computed to

in(tn) sin(z7)
cos(tn) + 571 i
exp(tA) = ( —Olsm(m) 1 ! sin(zn)

7
7 cos(1n) — B—;
with n = \/a}/ — B2 and the inverse is

4 _ L (= -y
A]‘F(a J)
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Equating (2.45) and (2.46), we obtain a simple system of equations for the functions e, f, g, d;
whose solutions are stated in the theorem. Now, it is trivial to solve the equation for ¢ in
(2.43). O

2.2.3 Numerical results

The test bench will be a harmonic oscillator with time-dependent frequency perturbed by a
weak static quartic anharmonicity

0 (15 1, 1 4
=y = (ip + 5@ (t)x )y/ + EozX V- (247
We first consider the case
w?(t) = A(1 + € cos(wt)) (2.48)
withw =1/2, A=4, ¢ =0.1, £g = 0.01 and the initial condition is taken to be
_r
(m/w(0)) 114

As reference, we take a highly accurate numerical approximation, y (T'), as exact solution and
restrict the spatial domain to [-20, 20] for all experiments in this subsection. We compare
the Hermite-Fourier method with the plain Fourier split, since Hermite polynomials are not
appropriate in a time-dependent setting.

wo = e—X2/(2/w(0))

To be able to appreciate the precision of the Magnus integrator, the methods have to be used
with higher order splittings. In particular, we choose the fourth-order, six-stage split RKNg4
and the method V84 of generalized order (8,4). Both methods can be found in Table3.2.

For fast oscillating systems and if high accuracy is needed, the two-exponential fourth-order
approximation of the harmonic oscillator (2.34) can be improved by taking, for example, a
higher order Magnus expansion (2.33). As we have seen, the solution of

iU = (%pz + %wz(t)xz) U

can be written as ) ) 2
U(t,0) = e—z%(ax +B(xp+px)+yp ), (2.49)

and we have considered, for example, a sixth-order Magnus integrator [23] to approximate
the evolution operator for one fractional time step, ajh, ie, Ut t+ ajh). This is equivalent
to taking # = a;h in (2.49) and the parameters a, f, 7 are given by:

(a;h)?
a= %(Swl + 8wy +5w3) + ¢ (14—7(01% + w%) + 80)% + W Wy + W3 — 3—270)10)3),
(a;h)?
B = a3 (ws - w)) (5 + S (5w + 8w, + 5w3)),
(a;n)?
v =1+ 4 (0] - 20y + ©3),

with w; = (t, + qah), k = 1,23 and ¢, = 1/2 - V15/10, ¢, = 1/2,¢3 = 1/2 +

V15 /10, corresponding to a sixth-order Gaussian quadrature rule. The obtained operator is
then decomposed according to Theorem 2.2.1.
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The results are given in Fig. 2.4a and corroborate the superiority of the HO split.

Another interesting example is given by an intense short pulse modeled via

w(t) =wg (1 + (2.50)

At )
cosh?(B(t -2)) )

Varying the parameters A and B, the pulse can be sharpened while keeping its time-average
and hence its strength relative to the anharmonicity constant. Figure 2.4b shows the results
obtained for a relatively slow variation of the harmonic potential, for the parameters: wy =
4, A = 0.25, B = 2. Again, the advantageousness of the presented decomposition can be ap-
preciated. It is already noticeable, that the error introduced by the time-dependence becomes
dominant, and this effect increases for more rapidly varying potentials, e.g., for B » 1. In
that case, higher order approximations of the Magnus expansion are necessary to maintain
the benefits of the Hermite decomposition.

.-@- RKNg4p -e- RKNg4, (CF) RKN¢4,, (M6)
-0 84 -8- (84)y (CF) (8,4)y (M6)
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(a) Time-dependence (2.48) with parameters w =
1/2, A =4, € = 0.1, and with a small anharmonicity
SQ =0.01.

(b) Time-dependence (2.50) with parameters wy =
4,A=025 B=2, gp =0.01.

Figure 2.4: Comparison of Fourier and Fourier-Hermite splittings for two fourth-order methods for
the model potential (2.47), integrated until final time 7 = 10 with N = 512 equidistant points on
[-20, 20]. The (red) dashed line indicates the two-exponential approximation (2.34), the (green) solid
line corresponds to the sixth-order Magnus approximation presented in the text (2.49). The insets show
the evolution of the harmonic trap frequency w(#)? and the parameters used for the Hamiltonian are
given in the sub-captions.



2.3 Rotating traps

2.3 Rotating traps

A particularly challenging problem is given when a rotation term is included in the potential,
i.e., a term that mixes momentum and position coordinates which complicates the splitting
procedures that rely on the separability thereof. Recent approaches have been exploiting the
closed form availability of the solution of harmonically trapped particles subject to a rotation
term via Laguerre polynomials [16, 73]. However, the main drawbacks are a mix of different
spatial discretizations, when three-dimensional problems are considered and the computa-
tional cost due to the Laguerre transform.

The objective is to use the tools developed in the previous sections to achieve a decomposition
that can be computed using only Fourier transforms.

We consider the two-dimensional Hamiltonian
H=pi+p}+QL +V(xy), QeR, (2.51)

where the angular momentum operator is given by L, = (xp, —yp,). For Q = 0, the standard
split separates momentum and spatial coordinates, which both lead to diagonal matrices in
their respective basis and exponentiation is trivial. Our goal is to compute the exponential
e """ to high order in A by a split of type

el () g8106Py) g€ PsPy) 083 (y:Px) of (X.y) | (2.52)

where each exponent is diagonal in an efficiently computable basis. We point out that mixed
terms, as for example yp,, can be cheaply diagonalized by using a one-dimensional FFT and
the only terms to avoid involve both momentum and position in the same coordinate, e.g.,

XPxs YPys X + Dy etc.

2.3.1 Angular momentum algebra

Before addressing the full problem, we present exact decompositions for certain subproblems,
beginning with only the rotation term QL,.

Its components xp, and yp, generate a finite dimensional algebra g, since

[Xpy, YPx] = Xpxpyy = YPyPxX = Xpy (=i + Yp)) — Py (=i + xpy.)
—i(xpx —yPy),

=i([xpy, xp, ] = [xpy. ypy 1)

—i ((x?p, — xpx)py — X(pyypy — ¥P3))

—i ((ix)p, — x(=ipy)) = 2xpy,

P [Py, yP 11 = =2ypy,

[xpy, [Xpy, yPx 1]

and by setting £ = xp,, F = —yp, and G = (xp, — yp,), we obtain a three-dimensional
algebra with commutators

[E,F] =iG, [E,G]=2iE, [F,G]=-2iF. (2.53)
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This algebra is isomorphic to the algebra of the simple harmonic oscillator (2.10) which allows
us to apply the decomposition given in Lemma 2.1.1 and state the following

Lemma 2.3.1. Let A = xp,, B = —yp, and
f() = (1 —cos(tQ)) /sin(Q), g(t) =sin(tQ).
Then, the following property is satisfied for |t Q| <

oL _ ,—if (DA ,=ig()B o—if (DA (2.54)

= ¢ (DB p-ig(t)A ,—if (1)B (2.55)

Proof. Since L, = A + B and A, B correspond via the algebra isomorphism (2.53)—(2.10)
to the kinetic and potential energy operators of the standard harmonic oscillator, the proof
of Lemma 2.1.1 can be reused. The rotational strength Q is accounted for by (2.20) with the
identifications - = Q and mw? = Q which are trivially solved by w = Q. O
This allows us to compute the rotation exactly with two 2D-FFTs, the computational com-
plexity being ©(N?log N ). However, one has to keep in mind that this term is usually em-
bedded in a more complex Hamiltonian where the remaining terms are diagonal in either
spatial or momentum coordinates and therefore, two additional 1D-FFTs become necessary
at the beginning and at the end of the decomposition. The total is two 2D- and 2N 1D-FFTs,
or equivalently® three 2D-FFTs.

2.3.2 The rotation kernel
Including the kinetic energy, the generators are
D3> D3> PxYs PyXs

and apart from the previously obtained identities, the additional non-vanishing commutators
are

[p3.pyx] = —2ip,py, [P3.p.y] = —2ip,py.
[p2,xp,] = —2ip?, [p3.ypy] = —2ip?,
[PPy:PyX] = —ip3, (PxPys PxY] = —ip3.

We deduce that [p)% + p%,LZ] = 0 and thus for |t| < 7/Q,
oitH — i3 (PRAP) =it QL _ =i (PR4DPT) p=if (1) (=ypy) ,~18(DADy e (3P,
with the result of Lemma 2.3.1. Taking into account the considerations after the previous

lemma, one step imposes an additional 2D-FFT to change from momentum to coordinate
space (py,py) = (X, ).

SFor a rectangular grid of N x N equispaced points, the cost of a 2D-FFT is 2N?2 log(N), whereas a transfor-
mation in one coordinate requires N 1D-FFTs and thus only half as many operations.
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This result can be improved by eliminating repetitions of diagonalized operators. In other
words, whenever the basis has been changed by means of Fourier transforms, we allow all
operators that are diagonal to appear in the corresponding exponent. The decomposition stated
in the following lemma requires only two 2D-FFT plus the embracing 1D transformations,
hence the inclusion of the kinetic terms comes without extra cost.

Lemma 2.3.2. Given the Hamiltonian H = 5L (p2 + p%) + QL, and for functions

2m
fi1(t) =tan(rQ/2), g;(¢t) =t/(m + mcos(tQ)),

fz(t) = sin(tQ), gz([) =tcos(tQ)/m, (256)

the following identities are satisfied for |tQ| < i

oitH — 1@ 3PI=f1(03py) ,=i(82 (1) 5P +2(Nxpy) ,=i(g1 (1) 3P3=f1 (DY)

— o iE Ip3+fi (t>XPy)e—i(gz(t>%pi—fz(t)ypx)e—i(gn (1 Lp3+f (0)xpy)

Proof. Using the machinery of the previous lemmata, we identify the quantum mechanical
problem with its classical counterpart and first solve the system which corresponds to H =

1(p2 + p?) + Q(xp, — yp,). namely,

X 0 -Q 1/m 0 X X
dly Q 0 0 1/m||y]|_ y
alol=lo o o “alln = (A+B) ol (2.57)
Py 0O 0 Q 0 Py Py
where
0 -Q 1/m O 0O 0 O 0
{0 o0 0 0 |9 0 0 1/m
A=to 0o o o B7lo 0 0 -0
0 O Q 0 0O 0 0 O

The matrices A, B generate the same algebra as %p)% - Qyp, and %p% + Quxp,, respectively.

Furthermore, they are both nilpotent, A2 = B?> = 0. We will identify A, By with the parts
originating from the kinetic energy (o< 1/m) and Ay _, By _ with the remainder such that

1 1
A= EAT-'-QALZ’ B = EBT-'-QBLZ'

Introducing the functions f;, g, we proceed to calculate the exponentials of A=gAr+fiA L
and B = ngT +szLz to

1 —f, g 0 1 00 0
o 1 0 o0 s |Hh 10 g

eA‘001oande‘001—2
0 0 £ 1 000 I

The flow of (2.57) is readily computed to

cos(hQ) —sin(hQ) hcos(hQ)/m —hsin(hQ)/m
sin(hQ)) cos(hQ)  hsin(hQ)/m  hcos(hQ)/m
0 0 cos(hQ)) —sin(hQ) ’
0 0 sin(hQ) cos(hQ)

o) =
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and equating O(t) = eAeBe results in a simple system whose solution are precisely the
functions ]3-, gy stated in the lemma. As before, we conclude that the results can be carried
over to the quantum mechanical problem. O

Remark 2.3.3. For non-isotropic masses, i.e., H = ﬁpg + #p% + QL,, the functions
X y
81,82 have to be replaced by
m,(tQ —sin(1Q)) + my(tQ + sin(tQ))
g1(0) = 2imom, Q (cos(1Q) + 1) ’
(my —my) sin(tQ) + tQ(m, + my) cos(tQ)

8 (1) = 2ty Q0

2.3.3 Isotropic trap
Along the lines of Lemma 2.3.2, the system can be generalized to the following

Lemma 2.3.4. Given the Hamiltonian H = ﬁ (p)zc +p§) + QL, + %mw (x2 + yz) and for
Sfunctions y (t) = cos(tQ) + cos(tw) and

fit) =mosin(tw)/ ¥ (), f(t) = mwcos(tQ) sin(tw),
g1(t) =sin(tw)/(mw y (1)), g,(t) = cos(tQ) sin(tw)/(mw), (2.58)
ey (1) =sin(tQ)/ y (1), e, (1) = cos(tw) sin(tQ),
the following identities are satisfied for |t| less than the smallest root of y (t)
o-itH — i1 532481 3P +e1xpy) ~i(f2 532 +82 5pi=€2yPy) ,=if1 3 X2 +81 FP5+e1xpy)

= o 137481 5PR=e1ypy) ,=ilf2 5 X7 482 S P He2xPy) ,=ilf1 52481 5PR—€1IPx)
The t-dependence of the functions f;, i, e; has been omitted for brevity.

Proof. The proof is virtually identical to the one above. The resulting equations in the corre-
sponding classical mechanical system are easy to solve. O

2.3.4 Anisotropic trap

The same principles can be applied for a rotating gas subject to anisotropic harmonic trapping,
which corresponds to the Hamiltonian

Voooooy, Lo ny 1 55
H = e, (px +py) + FMWEXT + smwyy” + QL,.

The Hamiltonian can be written in a simpler form as [103]

1 -
H = E(p)zc+p§+ (1+77)x2+ (1 —q)y2)+QLz,

where the length has been rescaled in units of the harmonic oscillator I = 1/,/mw, with

the mean frequency w3 = (@2 + w2)/2. The rotation frequency then becomes Q = Q/wy,

y
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and the anisotropy parameter is given by 7 = (w2 — w%) / w%. Naturally, the corresponding

classical mechanical system can still be easily exponentiated after diagonalizing the matrix
VH, however, the obtained expressions are lengthy and will not be repeated here. A similar
treatment using ladder operators can be found in [92]. Instead, we follow Ref. [103], where
an elegant linear canonical transformation’ to diagonalize the Hamiltonian has been used,

1
u=y, (cos(¢)x —sin(¢)p,), Pu= - (sin(@)y + cos(¢)p,)

v =17y, (cos(¢p)y - sin(¢)p,). py = — (sin(¢)x + cos(¢)py) »

where tan(2¢) = 29 and

2 1) 7

B 1+21 >+ Q + 2 >
x = ’ Yy_

E LA

2 2

Ui 2
12+Q+

Denoting the eigenvalues by

AM=J1+QZ+2\I@+(3)2, zv=\11+fz2—2"s§2+(%)2,

the Hamiltonian becomes

H= %M (p5+u2)+%lv (p2 +v2). (2.59)
The condition for bounded states, i.e., a spectrum that is bounded from below, is given by 7 <
1 — Q2. Using this diagonalization, it has been observed [103] that the new coordinate pairs
u,p, and v, p,, satisfy the canonical commutator relations, i.e., they generate the same algebra
as for example p, and x. Furthermore, the new Hamiltonian is the sum of two uncoupled
harmonic oscillators in the new coordinates. The diagonal form of the Hamiltonian has been
exploited to apply the decomposition results for the standard harmonic oscillator, however,
our correspondence technique yields the same results but is, of course, less elegant than a
simple change of coordinates. Finally, for a numerical scheme, one composes

—i(Cp,, (p3+C, (h)v?) pat Cp, (Mu?+C, (M)p3) ~i(C, (hWp%+C,(h)v?)

e e

[l

with functions Cj(h), for which we refer to the original reference [47]. Note that three 2D-
FFTs are necessary for one step of the algorithm.

2.3.5 Time dependence for rotating traps

The most general situation is given if we allow for time-dependencies in the frequencies. Hav-
ing a splitting in mind where the trapping plays the role of the dominant part H,), as in Sec-
tion 2.2.1, anon-autonomous problem has to be solved and we, again, turn towards the Magnus

TThis transformation corresponds to a change from an inertial to a rotating coordinate system.
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expansion. Clearly, the algebra becomes more involved, now bearing commutators of all the
elements of the Hamiltonian H,,. Of course, it is perfectly valid to restrict ourselves to commu-
tator free Magnus methods, in this case, however, all the necessary tools have been exhibited
in the preceding subsections. Here, we will elaborate a decomposition of an arbitrary order
Magnus expansion for arbitrary time-dependencies

Ho) = Y a,(0E;. (2.60)
j=1
in the algebra g with basis
Ey =x, E; = py, Ey=4x?,  Ey=1ipl,  Es=1(xp,+pw),
Eg =y, E; =p,, Eg=1y2,  Eg=1ipi. Eio=1(w,+py),
Eyy=xy, Ep=pwpy. Eiz=xpy, Eu=yp,, E;s=1 (2.61)

Computationally difficult terms that ought to be avoided, are the ones mixing momenta and
position of the same coordinate: xp, and yp,.

A careful examination of the structure coefficients of the algebra® shows that a symmetric
ansatz as before,

o 1137481 5PR—e13Py) ,=ilf2 5 X7 482 5Py +e2Py) ,=ilf1 32481 3 PE—€1YPy)
bl

is not able to generate the terms xp., ypy, pxpy, Xy as well as the linear terms x, y, p,., p,,. The
latter group could be recovered by change of coordinates, or by directly including them in the
exponents, the former, on the other hand, requires us to create a new path since, of course,
direct inclusion of mixed terms is not viable because of a lack of diagonalization techniques.

As for the time-dependent harmonic oscillator in Theorem 2.2.1, the symmetry condition has
to be dropped and we employ the ansatz

e iOP Xty 4xy) i (P HPRP YD) g HPT DYDY i (4P D -IPL) i (P x4y xY)

where the coefficients multiplying the operators have been omitted to improve readability.
Unfortunately, the until here successful correspondence methods reaches its limits since the
resulting equations become too complicated to find a closed form solution. From a numerical
point of view, this is only a minor restriction since the Hamiltonian H,, is only an approxi-
mation obtained after, say, a Magnus expansion and is thus of limited accuracy. Instead of
aiming for a closed form solution, it is sufficient to approximate the (averaged) Hamiltonian
up to its order.

Before going into tedious and lengthy algebra, let us examine the important case of a varying
trapping potential, i.e., only the quadratic terms x, y are subject to time-dependency. Magnus
expanding the Hamiltonian, H (1) = T+, (t)%x*+w, (1)%y*+QL, implies the computation of
commutators of H (¢) at different instances of time, which turn out to form a proper subalgebra

g; C g, containing the elements

g1 = ¢\ span{x, y,p,,py, 1}.

8Cf. Appendix Table A.1
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Thus, after rescaling as in the previous subsection, the averaged Hamiltonian can be written
as

1

1
Havg, = z(p)% +p§) + z ((uxxz

+ a)yyz) + Qxxpy - nypx

1 1
+ 5 a(ppyX) + 5 BOPy +PyY) + Xy + Sppy. (2.62)

Notice the asymmetry that has been introduced in the angular momentum term due to the
time-averaging. The corresponding classical mechanical system is linear, with equations

X a -Q, 1 S X
diy|_|[Q B ¢ 1 y
dt Px B —Wy d —-a _'Qx Px

py 7 —C()y Qy _.B py

We stress that the algebra that is generated by the underlying classical mechanical system is
equivalent to the quantum mechanical one, and so is the matrix representation. Along the lines
of our previous exposition, and for each time step, we exponentiate the 4 x 4 matrix and set it
equal to the composition

s o - > 2 2o
U, = eMx 1Y H81PR—e1ypy 257 T82DY T €2XDy Hf3y7 4833 €3)Px (2.63)

which can be easily computed in the matrix formalism. The outcome is a matrix whose entries
are multivariate polynomials of degree four”. There are ten degrees of freedom in the original
Hamiltonian, one for each basis element. For the composition, we omit the difficult mixed
terms xp,, yp, as well as xy and p,p, and complete the system by introducing additional
variables, as seen in (2.63). In total, one step of the algorithm requires the application of
two 1D-FFTs and two 2D-FFTs, at the cost of three 2D-FFTs, and prior to evolving the wave
function, the coefficients are determined through exponentiating a 4 x 4 matrix and solving
a small nonlinear system. The effort for the solution of the formally over-determined system,
which can be done by a least-square algorithm, is marginal since - for small time steps - the
solution is not far from 0 € R0, If further speed-up is necessary, the number of variables
and equations can be reduced by simple algebra or using a Grobner basis.

Special cases In passing, we mention some further special cases, for which the algebra
simplifies.

* Isotropic trap,
_ 1 2, 2 1 2042 142
H= 0 (p2+p}) + Mt +y?) + Q(t)L,

Due to cancellations, the commutators of H at different instances lie in the span of
{(p? + p3.x> + y?, L, (xp, + pyx) + (ypy, + p,y)} and any Magnus integrator can be
written as effective Hamiltonian

_ 2 2 2 2
H,;1on = ap (P +Py) + by oy (X7 +Y7) + ¢4 pypl;

+dy gy (P +pyX) + Py +PyY)) -

9For the full matrix, see Appendix Section A.3
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¢ Linear interaction,

1 w3
H=35(pt+p3)+ > (3 +)%) + &0x + &, (0y + QL

The following terms in algebra do not appear: xy, p,p,,, Xpy., ypy,, therefore, a symmetric
composition is sufficient.

For more complicated Hamiltonians, in particular, when linear terms are involved, the de-
scribed procedure fails to a certain degree: As for the one dimensional problem, the phase
relation cannot be recovered. Nevertheless, it is an easy exercise to compute the correspond-
ing classical equations, just as in 1D, cf. (2.45) and (2.46). In principle, one could approximate
the phase numerically, by evaluating the scalar functions on a fixed grid which partitions the
time-step interval [z, 7, + h] and then solve the differential equations which are analogous to
(2.43) numerically, or alternatively make use of the BCH formula.

This effort can be spared since only the global phase information is lost which is not observ-
able. The polynomial system to be solved then needs additional degrees of freedom to cater
for the linear contributions and to close the discussion, we conjecture that there exist (under
mild assumptions'?) imaginary coefficients, such that

W, = ¢mxrmixghiy? 8193 C1IPa+k Py f2X H82PT 2Dy ThaDy f3y2 483303 ypxthap g X o

is the solution of the SE with Hamiltonian (2.60) for small values of the ;.

2.3.6 Numerical results

To numerically verify the proposed algorithm, we choose the Hamiltonian

—

1
Hp(1) = 5 (p2+p3)+ 3 (0 (1)%x% + 0,(1)%y?) + QL. (2.64)

where w,(1)% = 4(1 +sin(1/2)), w,(1)*> = (4 —sin(/2)) and Q = 1/10. The spatial domain
is discretized with 128 x 128 grid points on [—10, 10]? and we integrate the normalized ini-
tial condition y( o« (x + iy)e-™® *¥*)/2 until the final time 7 = 3. For the time-averaging
we choose a fourth-order Magnus integrator that is in turn based on the fourth-order Gauss-
Legendre quadrature,

o, = il

fi+h 3 (H(t)) + H(tp)) + —=[-iH(t;), —iH(1,)],

4\F

10Tn order to recover the mixed terms xp ., YPy, a pair of possible generators must be present in the Hamiltonian,
e.g., X, p2 can generate xp,. through commutation.
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where =1+ hcj with the standard Gauss-nodes ¢;, = (1 + 1/\/5)/2. Evaluating the
commutator leads to

, 1 1w, (t)? + 0, (1) 1 Wy (1) + w, (1)
l@EiLhzz(p%+p§)+§ x 1 5 2x2+§ J 5 2 =y2 + hQL,
1 [(xp, +px 2 oy | YDy tDyY 3 )
+4‘/§( P (1, (1)% — 0, 1)) + P (002 — 0, 1)2)

In a first experiment, we compare the split (2.63) against a standard symmetric approach which
uses the same number of FFTs per step,

w2l _e*l‘%(wx(t)2x2+(uy(t)2y2)/Ze—i%(p/%/Zfﬂypx)e—ih(p§/2+ﬂxpy)

e*i%(pf/ngypx)efi%(wx(t+h)2x2+wy(t+h)2y2)/2. (2.65)
Notice that the time has been advanced in the center step which assures overall symmetry of

the method. The results are shown in Fig. 2.5 and clearly show the correct order and high
accuracy of the new method.
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log o (No. of steps)

Figure 2.5: The rightmost column shows the efficiency curves for the 2D rotating harmonic oscillator
(2.64) integrated using N, = N, = 128 equidistant grid points on [-10, 10]2. In the first row, the
initial condition with real (left) and imaginary part (center) are displayed, whereas the evolution at time
T = 3 is depicted in the second row, both for real (left) and imaginary part (center). The imaginary part
is shown from above and the colormaps are kept constant in each row, i.e., the same color corresponds
to the same value.
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In a second experiment, the Hamiltonian H;, is perturbed by a quartic potential,

H(t) = H, (1) + %x“ (2.66)
and the experimental setup is taken as above. Instead of embedding our method within a
higher-order splitting, we chose a simple Strang-type approach where the perturbation H —
H, is appended on both sides of the method. Of course, despite the fourth-order Magnus
expansion, we only expect a second-order integrator, however, with much smaller error terms
when compared to (2.65) due to the smallness of the perturbation. The results in Fig. 2.6
confirm the predicted behavior.
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Figure 2.6: For detailed captions, cf. Fig. 2.5. Results for the perturbed Hamiltonian (2.66). The top
row shows the real (left) and imaginary part (center) of the initial condition, whereas the corresponding
pictures for the exact solution at 7 = 3 are displayed in the bottom row. The right panel demonstrates
the smaller error constant for the proposed decomposition (2.63) (red squares) in comparison with the
standard scheme (2.65) (blue).



Chapter

NON-LINEAR EQUATIONS:
GROSS-PITAEVSKI

The numerical integration of the Gross-Pitaevskii equation (GPE)

d 1
=W (x,1) = (‘EA +V(x1) + a(r)|w<x,r>|2) w1,  wx0) e L(RY)
x € R4, describing the ground state of interacting bosons at zero temperature, the Bose-

Einstein condensates, has attracted great interest [13, 106, 123] after the first experimental
realizations [2, 35, 49].

We present a new efficient way to solve a special class of GPE, namely that of weakly in-
teracting bosons in a single time-dependent trap. To be more specific, the potential trap V
is taken to be a perturbation of the (time-dependent) d-dimensional harmonic oscillator, i.e.
V(x,t) = xTM(t)x + £V, (x,t) where M (t) € R?*? is a positive definite matrix and £V, (x, 1)
is a small perturbation. The real scalar function ¢ originates from the mean-field interaction
between the particles and corresponds to repulsive or attractive forces for positive or negative
values of o (t), respectively [107]. It has been demonstrated recently, that ¢ (¢) can vary as
much as seven orders of magnitude using Feshbach resonances [108]. Notice that the non-
interacting case, o = 0, corresponds to the linear Schrodinger equation.

Several methods have been analyzed to compute both the time evolution and the ground state
of the GPE in the course of the last decade [13, 15, 51, 106, 123], among them finite differ-
ences, Galerkin spectral methods and pseudospectral methods for Fourier or Hermite basis
expansions. It has been concluded [106] that these pseudospectral methods perform best for
a wide parameter range for the GPE.
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3.1 Near-integrable systems

When the Hamiltonian can be considered as a perturbed system, i.e., H = Hy+¢V, (x) with an
exactly solvable part Hy = T + V;(x) and a small (possibly nonlinear) perturbation £V, (x),
it is advantageous to split the Hamiltonian into the dominant part H, and its perturbation
eV,. In the introduction, Section 1.3.3, we have defined the concept of generalized order
(51582, ---»8,,) in (1.47), which means that the local error of a method ¥, satisfies

—i 1
\Ph—e ithH _ @(8hs|+l + 82hsz+l oo+ gMpSMT ),

where s; > 5, = -+ = 5,. Two very successful splitting methods among this category of
Ref. [94] that are used for reference throughout this work are reprinted in Table 3.2.

Even if ¢ = @O (1), such methods can be profitable. For instance, suppose one takes a suffi-
ciently fine mesh, then | 7| > ||V and the previous considerations apply (with Hy = T). Also,
if V(x) = |x|", then the virial theorem! for bounded states v,

Ay Ty) = (yIVV(x)xy),

leads to (T),, = 4(V),, and the potential takes the role of the large part for higher degree

polynomial potentials.

3.1.1 Spectral methods for the nonlinear Hamiltonian

In this first part, we consider the numerical integration of the Gross-Pitaevskii equation with
a potential trap given by a time-dependent harmonic potential or a small perturbation thereof.
The purpose is to illustrate how the results obtained in Chapter 2 translate to the nonlinear
equation and to demonstrate the superiority of the Fourier-Hermite splitting over standard
Hermite methods in the presence of large nonlinearities.

Recalling the results for harmonic oscillators from Chapter 2, the Hermite expansion suggests
the split

A= %(p2 +x2), B(t) = eVy(x,t) + a(t)ly/lz, 3.1

where the solution for the equation iz = Au can be approximated using a finite number of Her-
mite basis functions or by Fourier methods with the exact decomposition from Lemma 2.1.1.
We take the time as a new coordinate, as in (1.52), and evolve it with A, which is now au-
tonomous and exactly solvable, and freeze the time in B, which is then solved using the result
from Lemma 3.1.1.

In the more general situation with a time-dependent frequency, w(t),

1
A(r) = E(P2+w2(l‘)x2), B(t) = eVi(x,1) + o (1)l |2, (3.2)
starting from the HO splitting, the harmonic part is first approximated by Magnus expansions

(2.33) or (2.34) and the time is frozen in the remainder, B(¢). Theorems 2.2.1 and 2.2.2 then

IThis theorem only holds in this form for the linear SE, where o = 0.
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provide decompositions to write the product of exponentials in a similar way as in (2.27) but
now a; = f(ag,1h) + e(agh) and it is valid for Iajhl <t*, j=1,...,m where t* is the first
zero of g (). At each stage, one has to compute the scalar numbersf(ajh), g(ajh), e(ajh) from
w(t).

For the remaining part, the following well-known result is very useful and we include the
proof for the convenience of the reader.

Lemma 3.1.1. For real-valued functions F : R x R x d —» R, the equation

d
iaw(x,t) = F(t,x, ly (x, 1) Dy (x, 1), (3.3)

leaves the modulus invariant, |y (x,t)| = |y (x,0)|, and then

e—i N F(s,x,ll//(x,O)\)dsv/(x, 0), (3.4)

y(x,1) =
which simplifies for autonomous F to
w(x, 1) = e_”F(x’W(x’O)U!//(x,O).

Proof. Taking the complex conjugate of (3.3) we get —iy; = F(t,x,|y|)y™ and with the
product rule
d . " . *
%lez = (—iF(t,x,ly Dy )y* + w (iF (t,x,ly)y*) =0,
the result |y (x, ¢)| = |y (x,0)] follows. Hence, the evolution of (3.3) is governed
.0
iy (1) = F(t,x |y (x, 0Dy (x. 1),
whose solution is given by (3.4). O

Commutators For two Lie operators, A = Ad, +A*d,- and B = Bd, +B*d,-, asimple
calculation confirms that [65]

[A,B] = Cd,, +C*d,.,

with dB 0A dB 0A
C:WA_WB+0W*A _61//*

In the context of the GPE, the operators take the form

B*.

A=T=iAyd, -iAy*d,., B=V=-i(V+olyP)ya, +i(V+lyP)y*a,-.

and their commutator [T, V] = Cd y +C*0,,- is readily computed, see also (1.50), with

C = —i(V +2ly?) (iAy) - (iA) (=i(V + alyP)y) + (=iw?) (=iAy*) = 0
[—iV,iAly +20lyPAy — oAy Py) — oy?Ay*

= [=iV,iN]ly + 20y P Ay — oV (yiy? + 20lyPy,) — oy’ Ayp*
= [V.Aly — o ((Ay*)w? + 2(Vy " )yy, + 2 ((Vy*)w (V) +y* (V) (Vy)))
_ O.V/2Av/*

= [V.Aly — o (292 Ay* + 4y (Vy) - (V) + 2% (Vy) - (V).
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Table 3.1: Computation of Lie-commutators with MATHEMATICA, with inputs of the form O =
(Og(P,P*) +iO;(P,P*))dp + (Og(P*,P) —iO;(P*,P))dps.

LieCom[A_, B_] := Module[{CA, CB, maxder = 10, Dv},

(* Assuming real parameters, the conjugate is taken by replacing P < CP and i & —i *)
CA = A /. Complex[a_,b_]:>Complex[a,—b] /. P -> PP /. CP -> P /. PP —> CP;
CB = B /. Complex[a_,b_]:>Complex[a,-b] /. P —> PP /. CP -> P /. PP —> CP;
Dv[exp_, var_, v_] :=

D[exp, var[x]]*v + Sum[D[exp, Derivative[k][var][x]|*D[v, {x, k}], {k, 1, maxder}];

(* Output *)

Dv[B, P, A] - Dv[A, P, B] + Dv[B, CP, CA] — Dv[A, CP, CB]
]

A computation using the algorithm in Table 3.1 confirms that [V,[V,[V,T]]1] = 0, and the
RKN property also holds for the nonlinear Schrodinger equation.

In the present near-integrable setting, our new method substantially improves the Hermite
performance, and it can indeed be regarded as the optimal choice for the number of Hermite
basis functions (for an equidistant grid) at each time step.

For the ease of notation, we restrict ourselves to the one-dimensional problem

0
i—y = Ho(Oy + (eV(x. 1) + o (ly?) w (3.5)
where | |
_ 2.2 2 2

andp = —i %. As in Chapter 2, the boundary conditions imposed by the trap require the wave
function to go to zero at infinity, and up to any desired accuracy, we can assume y (x, #) and
all its derivatives to vanish outside a finite region, say [a, b], which we divide using a mesh
(usually with N = 2K points to allow a simple use of the FFT algorithms). Then, the partial
differential equation (3.5) transforms into a system of ordinary differential equations? of the
same form.

3.1.2 Numerical results

Next, we study the values ¢ = 1072, 1,102 for the nonlinearity parameter and assume the
trapping frequency to be constant @ = 1. The case ¢ = 1072 illustrates the performance of
the new methods if applied to problems (linear or nonlinear) which are small perturbations
of the Harmonic potential whereas the values ¢ = 1, 102 are large enough to demonstrate the
nonlinearity effects on the approximation properties of the methods. Physically, ¢ is propor-
tional to the number of particles in a Bose-Einstein condensate and to the interaction strength,
cf. (1.12) [107].

For all cases, we choose the initial condition y (x,0) = 7~ 1/4¢=**/2_ which is normalized to

ly (x,0)|l, = 1 in the discrete L? norm (2.28). We show in Fig. 3.1 the value of |y (x,)|? at

2 As we are only interested in the temporal error, we do not distinguish formally between the spatially discretized
and the full solution.
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the initial and final time, which has been computed numerically to high accuracy. The spatial
interval is adjusted to ensure the wave function vanishes (up to round off) at the boundaries,
here [-30, 30] (we only show the interval x € [—5,5]) and discretized at N = 1024 equidistant
points. One can appreciate that for strong nonlinearities the wave function can considerably
penetrate the potential barrier. Then, we expect that an accurate approximation of these wave
functions requires a large number of Hermite functions when using (2.7) what renders this
procedure inappropriate.

o =0.01, T =100 o=1,T =100 o =100, T =10

0.6 T T T T 17171 L L 0.6 L L L L O L I B B B B 0.6 L L L O L B B B
| i | A i | i
[ | [ PR | [ B
LT 04 - 041 - 04| |
~ | i | i | |
5 L B L B L B
> 02 -1 0.2 -1 0.2 -
0;144 [ 4LJ 0;14 [ 4l¢7 0;14 4LJ

-4 -2 0 2 4 -4 -2 0 2 4 4

X X X

Figure 3.1: Exact evolution at # = T (solid red line) from the initial conditions given by y (x,0) =
g1~ V4e=x*12 (dashed blue line).

In order to assess the relative performances of different splitting approaches, we use the stan-
dard Leapfrog method (1.38)

Y (nh) = (egBehAegB)", 3.7)

withA = Hy, B = oly|>andA = T, B = %xz + oly|? for the Hermite and plain Fourier
splits, respectively. The results reproduced in Fig. 3.2 show that the Hermite-Fourier method
proposed in this work (using the composition (2.15)) is clearly superior for weak perturbations
and it keeps similar performance to the F-split for strong nonlinearities. Overall, we conclude
that the Fourier-Hermite split is superior since it attains the best performance for all situations
where the wave function is localized in a single minimum of the potential by combining the
best of both worlds.

Finally, we analyze the performance of different higher order splitting methods which are use-
ful when high accuracies are desired. The following methods (whose coefficients are collected
in Table 3.2 for the convenience of the reader) are considered:

* RKNg4 (the 6-stage fourth-order method from [29]). This is a Runge-Kutta-Nystrom
method and it is designed for algebras where [B, [B, [B,A]]] = 0, being the case for
both the F-split and the HO-split.

* V82 (the 4-stage (8,2) BAB method from [94]). This method is addressed to perturbed
systems. One expects a high performance if the contribution from B is small.

e V84 (the 5-stage (8,4) BAB method from [94]).
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Figure 3.2: Error versus the number of basis changes (BC), i.e., Fourier (dashed blue line) or Hermite
transforms, in logarithmic scale for different splittings for the Leap-Frog method (3.7).

Table 3.2: Coefficients for several splitting methods.

The 6-stage 4th-order method: RKNg4 [29]

b, =0.0829844064174052 a; = 0.245298957184271
b, =0.396309801498368 a, =0.604872665711080
by = -0.0390563049223486 a3 =1/2 - (a; + a,)
by=1-2(b, + b, +b3) a, = as, as = a,, dg = a,;
bs = b3, bg = by, b7 = b,

The 4-stage (8,2) method: V82 [94]

b, =1/20 a, =1/2-43/28
b, =49/18 a, =1/2-a,
by =1-2(b; +b,) as =a,, a, = a,

b, =b,, bs = b,
The 5-stage (8,4) method: V84 [94]
b, =0.811862738544516 a, = -0.00758691311877447

b, = -0.677480399532169 a, =0.317218277973169
by =1/2—- (b, +b5) az=1-2(a; +a,)
by = b3, bs =b;, bg = b, ay =dy, ds = d;

We analyze in Figures 3.3-3.5 the three problems specified in Fig. 3.2. In the left panels, the
Leap-Frog methods, LF, are compared with the second order V82 methods. In the right pan-
els, we compare the RKN¢4 methods against the V84 methods jointly with the best among
the previous second order methods. Additional experiments with different initial conditions,
e.g., for a displaced Gaussian, show that the improvement for the HO-split can be much more
pronounced for intermediate values of the nonlinearity parameter, ¢ = @ (1). Note that the
number of Hermite basis functions has not been taken into account for the cost in the effi-
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ciency plots, and it would further deteriorate their performance. We thus advocate, backed
with Fig. 3.2 that they should be discarded in favor of the combined Fourier-Hermite split.

—8— V82y h
—— V84y 7
. V84;,30
= -0 - V84 B
& —a— RKNgdy
> RKNg4430 []
S 4l - =& = RKNg4p
> | —rLpy i
S LFy30
g —6|---LF;
| —a— V82,
| V824,30 N
-1 - V82 ] 3 y
-8 I - | TR N N N N | -10 | | | | | |
2 2.5 3 3.5 4 2.5 3 3.5 4 4.5
logo(No. of BC) logo(No. of BC)

Figure 3.3: Comparison of second order (left panel) and fourth-order (right panel) methods for the
different splittings and decompositions discussed in the text and ¢ = 0.01. In the both panels and for
a wide range of precision, the dashed curves overlap with the solid ones that correspond to the same
composition method Xy, i.e., Xy overlaps with X;30.

For a weak nonlinearity, when the system can be considered as a perturbed harmonic oscillator,
we clearly observe that the HO-split is superior to the F-split. In this case, with a relatively
small number of Hermite functions, it is possible to approach accurately the solution, but this
procedure has a limited accuracy which can deteriorate along the time integration and depends
on the initial conditions. Overall, the methods addressed to perturbed problems show the best
performance: The V82, method performs best among the compared when a relatively low
accuracy is desired and the V84, method takes its place for higher accuracies.

Figure 3.4 shows the results for ¢ = 1. It is qualitatively similar to the previous case yet the
HO-split does not outperform the plain F-split (2.3) as significantly as before. For higher order
methods and high accuracies, the improvement is only marginal. Nevertheless, it is important
to observe that, again, the best result is obtained for the HO-split. Notice that a higher number
of Hermite basis functions is necessary to achieve the same accuracy as the Hermite-Fourier
decomposition.

Figure 3.5 shows the results for & = 100. The HO-split cannot be expected to be particularly
useful because the system is far from being a harmonic oscillator. From Fig. 3.2, we expect a
great number of Hermite basis functions to be required for a sufficiently accurate expansion.
The results in Fig. 3.5 demonstrate this rather intuitive expectation, i.e., almost negligible
precision despite the large number of basis terms M = 200. Remarkably, the proposed HO
decomposition does not show these limitations and reaches the precision of the F-split (2.3)
because we are solving the harmonic potential exactly up to spectral accuracy. For this prob-
lem, we observe that the V82 method has the best performance when a relatively low accuracy
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Figure 3.5: Same as Fig. 3.3 for ¢ = 100. F-splittings (blue dashed) overlap with the corresponding

(solid red) Fourier-Hermite curves.

is desired, the V84 method shows the best performance for medium accuracies and the RKNg4
is the method of choice for higher accuracies.
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3.2 Unconventional splitting methods

3.2.1 Modifying nonlinear potentials

The starting point is the well-known concept of modifying potentials [86], which comes from
the observation that the commutator [V (x), [V (x), 5%]] =2(d xV)2 is a function of the spatial
coordinate only, and it can be cheaply exponentiated together with the potential, see also the
discussion following (1.45) of Section1.3.3.

For the nonlinear SE, the expression becomes slightly more involved, namely,

[B,[A,BII(D) () = +ic*>V2y — 2ioely PV p
. ® N %2 %2
+i0?(ly P (=6ly = 2u*y ) +w? (-2u yi - wi?) - w2yl y,
with Lie operators A, B associated with the vector fields B = —i(eV + 0’|l//|2)l// and A =
—i( % A + W(x))y, respectively. The right-hand side can be rewritten as

[B,[A,BII(D (y) = +ie>V3y = 2ioely PV —io? (2(A Iy P)lw P + (V)2 )w.
(3.8)

After this simplification, it is clear that Lemma 3.1.1 can be applied to exponentiate (3.8) since
the absolute value of the wave function remains constant.

At the expense of having to compute derivatives, we introduce the modified nonlinear potential

Vap(h) = ah (eV + aly|?) — bl (e2(VV)? = 2e0ly > (AV))
+ bh3 2 (2(A(yP)ly > + (V (1w ?))?).

In contrast to the linear case for which we will revisit the modifying potentials in Chapter 5,
here, each computation of V requires an FFT and two inverse transformations to compute
the derivatives, and is thus roughly as costly as adding one and a half extra stage to the
splitting. Optimal implementation can save the first FFT since we are already in Fourier
space after having evaluated the T exponent and thus, we will only account for two extra
FFTs when the modified potential is preceded by some calculation in Fourier space, e.g.,
~ef"“the_lbe’cf(h)efi“f“hT ---. For this reason, it is recommendable to only use the mod-
ified potential in the center step, e.g., as in the well-known fourth-order method [86, 44],

h

_ihy _jhp -iVy 1 (h) _jhy _ihy
2 e 3 e ,

Y4l =g 67 e 6 (3.9)

which requires six FFTs. Adding an extra stage while imposing symmetry and consistency,
we arrive at

o=ihb1V g=iha\ T y= V1126, e () min(1-2a)T = iV112-b1 () ymiha| T yitb, V

at the cost of ten FFTs and with two free parameters which is enough to reach order (6,4),

alzé(l—i),blzi ! (13-55).

5 12~ 376
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At the same computational cost, the following composition offers an additional degree of
freedom for optimizations

e~ ihb1V p=iha; Te—ihbzVe—ihazTe—iVb3,ce—iha2Te—ihb2Ve—ihal T y=ihbV

and we have computed an (8,4) method with only positive coefficients
_7-421
=T

and for consistency a, = 1/2 —ay, by =1 —-2(by + b,).

3861 — 791421
y bl —1/20, b2—1/20, C—W, (310)

For completeness, we mention that adding an extra stage to a splitting method while keeping
it symmetric will also cost two additional FFTs and introduces one free parameter. Overall, it
is thus comparable to the modified potential approach.

3.2.2 Complex coefficients

In the introduction, we already came across Yoshida’s device to construct arbitrary order
methods from a low order approximation. Apart from the real-valued solution for the order
conditions, there are two complex-valued ones with positive real part at each composition
step, e.g., from order two to order four. For real-valued problems as common in classical me-
chanics, a numerical integrator based on complex fractional time-steps needs an additional
projection step which implies a loss of the geometric properties’ and furthermore implies
quadruple computational cost which is due to multiplication of complex numbers instead of
reals.

In the quantum mechanical setting, the situation is slightly more beneficial since the wave
functions are already complex-valued and complex time-steps not even double the overall cost
since only the real-valued exponentials are replaced by complex ones, thus the products are
between complexes and complexes instead of reals and complexes. In addition, the obtained
methods will not be unitarity and some normalization has to be applied to the wave function.

With the aim of integrating the Hamiltonian
H=(T+Wy +(eV+olyl)y

under the assumption that we have an efficient solver for T + W, e.g., by FFTs (for W = 0)
or when the eigenfunctions of 7 + W are known, cf. Chapter 2, we have constructed splitting
methods of two types that are optimized for near-integrable systems, where a; € R, b; € C
and aj, bj € C. The latter family turned out to be unstable in numerical experiments, which
is due to exponents of the form —ia;hT and of course either all a; € R or at least one a; has
negative imaginary part*. In fact, the same holds to some degree for complex b; for unbounded
potentials V. The stability of the methods will then crucially depend on the truncation of the
spatial domain in order to artificially bound the potential.

Before going into details, we address how to solve the nonlinear part in complex time.

3 Although it has been shown, that certain geometric properties are preserved up to higher order
4This follows immediately from the consistency condition ZJ. a; = 0.
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A variant of the complex Ginzburg-Landau equation Let us consider the PDE which
corresponds to the potential nonlinear part of the GPE,

iy, = (V+olyPy, wx0) =yo).

Now, the vector-field is not holomorphic but we can borrow a trick from [19], which has been
successfully applied to the complex Ginzburg-Landau equation. However, their derivation is
incomplete and therefore generalized in the following to be applicable for any kind of GPE,
in real and imaginary time:

w,=alAy + By +ylylPy, 1€C,

where a, B, y are complex-valued linear operators to also account for the complex Ginzburg-
Landau equation. The starting point is to write the system as sum of real and imaginary parts,
i.e,w =v+iw

dv+idw=(ah+ B)v+iw) + (yg+iy) (V> +w?)(V +iw). (3.11)

Now, we identify the real and imaginary parts on both sides and introduce new (complex)

coordinates v = —% w+iw), w = % (v — iw) , which, after simple algebra, yields the now

holomorphic system

3,7 = (aA + B)V + y M,
tN ( B N}’ o (3.12)
aw = (a*A + B*)W + y*Mw,

with M = 4ivWw. The kinetic part can be solved with spectral methods and for the remainder,
i.e., for @ = 0, the equation becomes local and can be solved easily as an ODE: As is standard
for the Ginzburg-Landau equation, we solve the equation by first considering the “norm”, M,
which is governed by

M = 4i (v, +9W,) = (B + BIM + (y + y*)M?, M(0) = M, := 4iv(0)w(0),

and which can be solved by separation of variables, using the shorthand B = R(B), yr =
R(y), to

N 28R
M) = Bre ) 0 .
Br — v r(e*PR' — 1)M,

Now, the original equations (3.12) can be easily solved by evaluating

7(0) = exp (1 + fO’M(z) dz) ¥,

(3.13)
w(t) = exp (,B*t +y* fotM(Z) dz) Wwo,

where

S 1 YR 2
M(z)dz = —~— lo (—M 1 — e2Br? +1).
Jy M) <l o )

For the nonlinear Schrodinger equation, both 8 and y are purely imaginary and in the limit
Br> v r — 0, the evolution (3.13) simplifies to

B(1) = e BYMOT (1) = BT MO M = 4iTW,.
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The a-part is trivially solved by
(1) = €27, W(t) = e’ Ay, (3.14)

and we have all ingredients to apply a composition with complex coefficients. As is evident
from (3.14), twice as many Fourier transforms are necessary due to the increase of dimension-
ality.

3.2.3 Numerical experiments

A preliminary search to find new splitting methods with real a; and complex b; gave promising
results in terms of accuracy, however, the double cost, when counting only FFTs, in compar-
ison to real-coefficient classical splittings overcompensates and the efficiency of a range of
complex coefficient methods that we have tested’ is not competitive. As mentioned above,
stability becomes an issue since complex fractional times lead to a loss of unitarity which
is particularly pronounced for unbounded potentials on large domains. Therefore, we restrict
ourselves to a proof of concept type exposition to show that the correct orders of accuracy
are attained when integrating the Gross-Pitaevskii equation with the new procedures based
on nonlinear modifying potentials and complex coefficients.

For reference, the successful standard splitting methods Leapfrog, V84, RKN¢4, see Table 3.2,
have been used and compared against the following group of methods:

* GPE-4M (the fourth-order splitting with nonlinear modifying potential (3.9)).
e GPE-84M (the (8,4) method (3.10)).

¢ Castella-4 (the fourth-order BAB method from [40]). The coefficients are a; = 1/4 and

_ 1-i/3 — 4+2i — 4-3i — —
1= 500 b2 = 55 b3 = 55 ba = by, bs = by

Bounded potentials First, we treat the simpler bounded case, as exemplified by the familiar
Poschl-Teller potential (2.30),

A(A+1)

5— (1 —sech x))?, (3.15)

V=
with 4 = 4. In this setting, complex values of b; are not likely to cause stability problems
since the exponent —ib;iV remains relatively small. The nonlinearity is chosen as o = 0.01
and ¢ = 10 and the respective spatial domain has been truncated to the interval [-15,15),
discretized at N = 1024 equidistant grid points, x; = j?v—o —15,j=0,...,N — 1. As initial
condition, we choose the corresponding ground states y which have been computed to ten
digit accuracy with the imaginary time method, cf. Chapter 5. The exact solution is obtained
by propagating the ground state until the final time 7 = 10 through y (T) = e '#Ty, using
the eigenvalue p = (T +V + O'|!//0|)WO.

The results for both values of ¢ are illustrated in Fig. 3.6. We appreciate the fourth-order be-
havior of the new methods which confirms our theory. However, the classical methods V84

5The results are not reproduced in the text.
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and RKNg4 are extremely competitive and it remains to be seen whether a parameter optimiza-
tion for complex coefficient methods will be able to close the gap and create more efficient
methods. On the other hand, the new modifying potential is competitive and the optimized
(8,4) method is improving on the standard when the nonlinearity plays the role of the small
part, see Fig. 3.6a.
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(b) Intermediate interaction strength, o = 10. Legend as above in Fig. 3.6a.

Figure 3.6: Efficiency plot of various splitting methods for the Poschl-Teller potential (3.15) for N =
1024 grid points on the domain x € [-15, 15]. On the abscissa, the number of N-point FFTs is shown
for each method.

Unbounded potentials In this experiment, we take the harmonic oscillator potential V =
%xz and leave the remaining parameters as before, i.e., we integrate the respective ground
states for ¢ = 0.01 and ¢ = 10 until T = 10 using N = 1024 equidistant grid points on
[-15,15).

For each method and configuration, the two splits, (T+V)+ 0|y |2 (HO)and T+(V + aly/lz) (3]
have been compared. The HO-split solves the harmonic part exactly with the Fourier methods
discussed in Chapter 2

The results in Fig. 3.7 show the instabilities for large values of the time-step in the complex do-
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main. Furthermore, as predicted, for the HO-split when only the nonlinearity is propagated in
complex time, the stability domain is greatly enlarged. The calculations confirm the expected
order of the methods and whether an improvement over the real standard splittings is possible
is subject of further research.
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Figure 3.7: Efficiency plot of various splitting methods for the harmonic potential V = %x2 and two dif-
ferent strengths of the interaction parameter o. Same symbols correspond to same splitting coefficients,
and the type of splitting is indicated by the line style: Dashed lines originate from the F-split, where
the kinetic part is propagated separately from the potential, whereas the solid lines have been computed
with the H O-split for which the nonlinearity is separately evolved. The right column shows a zoom of
the initial conditions, the exact solution and the external potential V/ (x).



Chapter

THE SEMI-CLASSICAL LIMIT

The computation of the semi-classical Schrodinger equation (SCSE) presents a variety of
challenges [83] and in this section, we present a new method for the numerical evolution of
the SCSE defined in (1.9). After suitable rescaling of the spatial variable and using atomic
units, cf. Section 1.1.2, we arrive at the problem

2
ied,w(x,t) = —52%1,/()@ 1+ Vx, Hw(x,t), xe[-1,1], 4.1
given with an initial value and periodic boundary conditions, where the potential V is a peri-
odic function in space. In accordance with the considerations in previous chapters, this formu-
lation is also valid to simulate bounded states on unbounded domains since they rapidly decay
on a sufficiently large spatial interval. Although we address the problem in only one spatial di-
mension, the methodology extends in a straightforward fashion to problems with moderately
large dimension d.

The small size of ¢ is a source of substantial difficulties in the numerical discretization of
(4.1) because rapid oscillations require a resolution of @ (&) in both space and time which is
often impractical or exceedingly expensive.

From the WKB analysis in Section 1.1.2 following (1.10), it is clear that the spatial resolution
Ax = © (&) must be maintained. However, there is no such restriction for the time domain and
we therefore pursue alternative approaches, based in the main on the concept of exponential
splittings [53, 83, 91, 95].
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4.1 The autonomous case
THE EXPOSITION IS BASED ON THE ARTICLE [10].

Let us consider the autonomous situation by dropping the time-dependence in the potential.
It is convenient to rewrite (4.1) as

%y

; -1

I— = -0 "— +wVX)y, xe([-1,1], 4.2
=+ LoV 111 (42)
where w = ¢~! » 1. At this stage, we will assume a given spatial discretization and replace
the second derivative operator and the multiplication by the interaction potential by matri-
ces & and 9, respectively, in order to reformulate (4.1) as a system of ordinary differential

equations of the form
i = (—~w '% + wD)u, ueCN 4.3)

where u(0) is sampled from the initial conditions on the spatial grid. The exact solution of
(4.3) is of course
u(t) = exp (it(w0™ ' % — wD)) u(0) 4.4)

and a natural temptation is to approximate it (using small time steps) by any of many methods
to compute the matrix exponential, ¢/(¢~' %#-©2) However, both summands in the exponent,
w0~ ' % and 0D are scaling with w as we will see in continuation and therefore require either
very small time steps 4 or extreme numerical efforts to approximate the exponential (e.g.,
Krylov subspace methods of dimension ~ N) to attain reasonable accuracy.

The alternative is to separate scales by means of an exponential splitting and we begin by
pointing out a few aspects that have to be considered for this highly oscillatory problem.

Limitations of classical splittings As in the previous sections, the working horse of the
splitting family, the Strang splitting

. -1 —ih -1 —ihk
oM™ H-wD) _ 130D jihe ™ F ,mI530D O (h%), 4.5)

delivers advantageous properties: separation of scales on the one hand and cheap computabil-
ity of each exponential by spectral methods. The downside is that higher order methods require
a large number of exponentials.

Under the assumptions that all derivatives of the potentials are bounded in the L*°-norm and
that the derivatives of the exact solution do not grow larger than

aml +I’Vl2

ax"1 91"z

le+m2
= gmitmy?

w(x,1)

C([0,T;L2 (- 1,1))

for some positive constants C,,, it has been derived in Ref. [14] that a meshing strategy of
Ax = O(g) and h = O (&) will yield an error bound for the first order Lie-trotter splitting
(1.36) after n time-steps of size h,

m
Ax )) +CTh’ n=0,1,..,T/h, (4.6)

T
Iy ® (nh) = ufit 2 (ap) < G’"ﬁ (g(b -a



4.1 The autonomous case

for constants C, G,,, > 0 independent of ¢ and C independent of m. On time intervals of size
T = ©(1), an L? error of size ©(8) can thus be guaranteed by choosing /¢ = ©(8) and
Ax/e = @((6h)l/’").

The proof of this result makes use of the Taylor expansion of the splitting and estimates the
local error through the commutator [AT, V], which is then calculated to be of size © (h2 / s)
and which constitutes the right part of the estimate (4.6).

For the Strang split, e.g., after spatial discretization in (4.5), the error terms are
3ed2, (02, 1V]] and K3 [V, [e71V, £02]],

which result, with the help of Table 4.1, in terms of size @ (h3¢~!). Indeed, any higher-order
commutator of length n will be of size 2" ¢ ~! and we can expect to relax the meshing restriction
for an order p splitting method to

W/e=0O(5) and Ax/e=O((Sh)1™). 4.7

If high order is desired, an inordinately large number of exponentials is required, e.g., the
simple composition method of Yoshida (1.44), calls for » = 3”~! compositions of Leapfrog
schemes, or 2 - 3771 + 1 exponentials after concatenation, to attain order 2p.

Introduction to an asymptotic approach We present new splittings that require far fewer
exponentials to attain a given order, to be precise, the number of exponentials is shown to
grow linearly, rather than exponentially, with order. Moreover, the exponents will become of
increasingly smaller size which will yield an asymptotic splitting. Ultimately, even though
some non-diagonal matrices will appear in the splittings, the computation of the exponentials
can still be cheaply performed because of their small exponents by low-dimensional Lanczos-
methods. The final method will be of the form

e N0 Ho+wD) — (R0 ... ¢ Rs 0T 541 %s ... 01 gR0 = O (8‘”1/2) , (4.8)
where

Ro=Rolh, e, F6,D) = @‘(3*1/2),
Ry =Ry (h, e, F,D) =@(8k—3/2)’ k=15
Ti1 =T g1h e, F,9D) = @(8#1/2)’

(recall that @ = &~!) and variations on this theme. Note a number of critical differences
between (4.8) and standard exponential splittings.

Firstly, the error is quantified in the small parameter ¢ under which we have subsumed the
other small quantities # and 1/N (where N is the number of degrees of freedom in the semi-
discretization) by introducing a power law relationship between & and the choices of 4 and
N.

Secondly, we allow the exponents to contain both potentials and derivatives, originating from
commutators, which can be understood as a generalization of modifying potentials. Usually, a
mix of momentum and spatial coordinates is avoided since the result cannot be diagonalized
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by simple FFTs. In our approach, the separation of scales will enable us to overcome this
limitation and to achieve an efficient computation of the exponentials by means of Krylov-
subspace methods. And finally, we highlighted the linear growth in order with the number of
exponentials as the most striking benefit.

The outline of this section is as follows: We present the Lie algebraic concepts which form the
core of our method, the symmetric BCH formula and the Zassenhaus splitting. Thereafter, the
new splitting algorithm based on a recursive application of the symmetric BCH formula is de-
veloped and some technical problems concerning the stability after discretization are resolved.
We comment on the computation of the exponentials and conclude with some numerical ex-
periments.

4.1.1 The Lie algebraic setting

An algebra of operators

The vector field in the linear Schrodinger equation (4.3) is a linear combination of the action of
two operators, d2 and the multiplication by the interaction potential V. Since the calculation
of exponential splittings entails nested commutation, the focus of our interest is on the free
Lie algebra

§ = FLA{03. V),

i.e., the linear-space closure of all nested commutators generated by 32 and V. The elements
of § are operators, acting on the initial value of (4.3): for the sake of simplicity, we assume
that the initial value, and hence the solution of (4.3) for moderate values of # > 0, is a periodic
function in C*°[—1, 1], but our results extend in a straightforward manner to functions of lower
smoothness.

To compute commutators, we need in principle to describe their action on functions, e.g.,
[V,321u = V(32u) — 02(Vu) = —(82V)u - 2(d,V)d .u

implies that [V, 2] = —(32V) — 2(d,V)d,. We list the lowest-order further commutators
which form a so-called Hall basis![111] of the free Lie algebra § in Table 4.1. “Grade” therein
refers to the number of “letters” V and 42 in the expression, while y j is the coefficient of
this term in the symmetric BCH formula, cf. (1.42) in Section 1.3.3. Additionally, Table 4.1
collects the explicitly computed terms H;, j = 3,4, ..., 8. We note that all the terms belong to
the set

n
8= {ZYk(X)Ol; :n€Zy, Yo .Yy € C°[—1, 1] periodic with period 2}.
k=0

It is trivial to observe that & is itself a Lie algebra. There are numerous cancellations, similar
to Hg = 0, because of the RKN structure induced by the letters 0)% and V (x). Nevertheless,
for our exposition it is more appropriate to operate in the larger Lie algebra &, where all

Ief. Section 1.3.3.
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Table 4.1: The terms of the Hall basis of § of grade < 4.

J ~Basiselementin§  y;  corresponding expression in &

Grade 1

H, 2 1 a2

Hy V 1 v

Grade 2

Hy [V.,d7] 0 —(03V)-2(d,V)d,

Grade 3

Hy [V.071.63] —g7 (V) +4(33V) 0, +4(03V) 03

Hs [[V.07].V] -L -2(0,V)2

Grade 4

He [[[V,d2],02],021 O  —(3%V) —6(d3V)d, — 12(3%V)d% - 8(33V)a3
Hy [[[V,031,031,V] 0 4[(0,V)(33V) + (03V)?] + 8(0,V)(93V)d,
Hg [[[V,d2],V], V] 0 0

cancellations will be taken care of by simple computation of the commutators, according to

i

iﬁ(x)a;,ig,-(x)aﬁc =Zi (j)f[u) (951g;(x)) 657
i=0 j=0 i=0 =0 1=0
m n J -
JZOZZ;)( )g;(x) (0% f(x ) alrt. 4.9)

The symmetric BCH formula

Let X and Y be two terms in a Lie algebra g. The symmetric Baker—Campbell-Hausdor{f
Jformula (also symmetric BCH or sBCH formula) is

03X oY p3X _ ¢SBCH(X.Y) (4.10)

where

sBCH(hX,hY) =h(X +Y) - i3 (21—4[[Y,X],X] + €L

Y. X1.71)

—[[[Y.XL.YL[Y.X]]) + O(h7).
(4.11)
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Higher-order terms can be obtained by means of the standard BCH formula (1.42) and an
efficient algorithm has been provided in Ref. [39]. Terms up to order 7 are reproduced in the
appendix, (A.1). Since (4.10) is symmetric, only odd powers of 4 feature in the expansion and
with the substitution X = 0)% and Y = V, the coeflicients can be identified with the numbers
xj from Table 4.1.

The Zassenhaus splitting

The Zassenhaus splitting [105] gives a somehow inverse approach to the BCH formula. Given
a separable exponent, it provides a way to decompose in exponentials of increasing grade in
the exponents:

NX+Y) — thehYethz(X,Y)eh3U3(X,Y)eh4U4(X,Y) (4.12)
where
Us(X.Y) = 31V.X],
Us(X.¥) = 5[[Y.X],¥] + 17, X].X],
Us(X.¥) = 5 ([[¥.X].X].X] + L [[[V.X].X].¥] + g[[[¥.X].Y]. Y],

In other words, the functions U; quantify the discrepancy from commuting case eXe? = X*7.

As usual, more terms can be generated using the non-symmetric BCH formula.

The splitting (4.12) is not well-known and seldom used in computation because it lacks sym-
metry and the involved commutators are expected to be costly. We remedy the first issue by
symmetrizing and thus considering a splitting of the form

Y] = L P05 (X.Y) P Q5 (X.Y) o 31X Y 3hX (1305 (X.Y) h5 05 (X.Y) .. (4.13)
where we can deduce by inspection of (4.11), that

1 1
Q3(Xa Y) = @[[Y,X],X] + ﬁ[[Y’X]’ Y]
For higher-order terms, such as Qs, simple addition of terms will not be sufficient since the
inner block (Q3) generates new terms that have to be taken care of. Fortunately, it is easy to
cast the procedure in an easy algorithmic form [77]. We commence from the symmetric BCH

formula (4.11),
¢ 32X Gh(X+Y) = 3hX _ sBCH(-hX.h(X+Y))

which we rewrite in the form

h(X+Y) e%hxesBCH(—hX,h(X+Y))ezhx. (4.14)

It follows from (4.11) that

SBCH(-hX,h(X +Y)) = w1 = hy + ©(h3),
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and we note that we have extracted the outer term 42X from the inner exponent. We iterate
(4.14) over the resulting term and continue to symmetrically pull-out the lowest order terms,
one by one, until the central exponent reaches the desired high order,

exp (h(X +Y)) = e%hXeSBCH(—hX,h(X+Y))e%hX

— o3 X o3hY SBCH(=hY sBCH(-hX.h(X+Y))) 3 hY ,3hX

Notice that by pulling-out, we essentially subtract a term and add higher-order corrections. It is
important to observe that the order of the exponent given by the sBCH formula (4.14) is never
decreased by this procedure? and thus we can easily control the order of the approximation
error when truncating the BCH formula. With the notation

g lk+1] = sBCH(-WK! gprlkly  gp0l0] = p(X + Y), (4.15)

the result after s steps can be written as

1wlol 1Lyyll) (11 1yylo]
eZW eZW . W eZW .

exph(X+7Y) = -~e% ~-e%
We emphasize that, in principle, we can freely choose the elements W] that we want to
extract. A first idea is to choose the WKl = © (th‘l) for k > 0 and WOl = © (h), which
yields a separation of powers, analogous to (4.13), and thus for s stages and approximating

st = wlstll 4 © (h?5+3), we obtain a symmetric Zassenhaus splitting of order 2s + 2.

4.1.2 An asymptotic splitting

In standard splittings, e.g., in the context of a numerical solution of Hamiltonian ordinary
differential equations, there is usually a single small parameter, & (the time step), and it is
sensible to group terms in powers of 4. However, after the discretization of (4.2), we have
three small parameters to deal with:

a. The oscillatory parameter of the system & = w~!;

b. The time step /;

c. 1/N, where N is the number of degrees of freedom in the spatial discretization.

Although we derive our splitting before the infinite-dimensional operator 32 has been dis-
cretized, we must keep in mind the eventual spatial discretization: For actual computation,
we need to replace d2 with a differentiation matrix acting on an appropriate N-dimensional
space, where N is the number of nodal values or of Fourier modes. It is elementary that the
norm of a differentiation matrix corresponding to % scales as @ (N"), n € N. We propose to
unify the three small parameters by introducing the following scaling laws which will specify
the parameters 7 and N,

N =0(w?P)=0(&"?), h=0(w"?)=0(&%), (4.16)

2Unless a non-existing term is subtracted and thus newly introduced instead of removed.
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where p, o > 0 are given. For the derivatives, this implies the assumption that each 9% scales
like @ (g7"7).

While we have already established that p = 1 is necessary to resolve the highly oscillatory
behavior in space, we will choose o = % for the time-step.

In the following, we will conduct the steps necessary to achieve an asymptotic splitting (4.8)
with an error of © (£7/?). We will expand the commutators in powers of £ and successively re-
move them from the core of our expansion, aiming for WU1 = @ (&/=3/2) forj > 1. Motivated
by (4.4), the exponential we ultimately want to decompose, we introduce the abbreviation

T =—-ih= @(81/2).
Note that Tw~192 = O (¢71/2) and TwV = ©(&~1/2), or more generally
tlw™md? = @(81/2””’") , g - 0. 4.17)
We can now commence the algorithm (4.15), setting
w0l = 107162 + TV, wiol = zoVv.

With the help of (4.11), we compute the commutators in %11 = sSBCH(-W!!, 9101y ac-
cording to (4.9). This task confronts us with long and tedious algebra but can, however, be
automatized with a computer algebra program. It is worth pointing out that all simplifica-
tions, such as [V, 6%], V],V] = 0 are automatically performed once we work in the larger
Lie algebra & with differential operators and scalar functions. Likewise, there is no need for a
representation of expansion elements in, say, the Hall basis because this is done automatically
in .

Substituting and aggregating terms of the same order of magnitude, we obtain

o(e=112) @(51/2)
W = —r0 197 - L13w(0,V)? - 13w 1(02V)02 (4.18)
A=)
- 13w 1(03V)0, + LTiw 3 (atV)at
o)
+13H{wds (0,V)2(02V) - 07! (£ (03V)% - &5(3,V)(33V)) 63}
o(32)
— T30 1 L (04V) - TS0 (L (02V)(33V) - & (3,V)(34V)}a,
o)
+ 2T5073(33V)03 - T 05 (03V)2(0,V)2 + ghs (3V) (0, V)3)
A=)
— 7w (25 (82V)3 + 13(0,V)(32V)(33V) + 5 (,V)2(02V)} a2
o(32)
+ 177w 3 (03V)2 + 22 (92V)(03V) - 51 (0,V)(93V)} o
o(32)

—7@w-> 2 (06V)06+@( 7/2).
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In principle, we could pursue with the next iteration, i.e., identifying the largest term Wl =

—7Tw~ 32 and extracting it with the same procedure. Unfortunately, a closer look at (4.18) re-
veals a number of difficulties, namely the appearance of non-Hermitian operators in form of
multiplications V®) @, and odd order derivatives @, at higher order. On the other hand, skew-
Hermitian operators form a Lie algebra and since the (symmetric) BCH formula only involves
commutators and linear combinations thereof, skew-Hermiticity is preserved but this applies
only to the expression %11 as a whole. For the purpose of stability of our expansion, we need
to ensure that in each step, only skew-Hermitian operators are extracted. Both 42 and multi-
plication by V are Hermitian operators, which in turn implies that their product with an odd
power of T is skew-Hermitian (multiplication with the imaginary unit) and its exponential is
thus unitary. This survives under eventual discretization, because any reasonable approxima-
tion of 2 preserves Hermiticity. However, d, and odd powers thereof are a skew-symmetric
operators and so are their reasonable approximations. Furthermore, products of Hermitian
operators are only Hermitian if they commute. Therefore, a naive collection of terms in the
same power could lead to a loss of unitarity and we need an additional step to avoid stability
problems. The idea is to rewrite odd derivatives as a linear combination of even derivatives,
thereby enabling us to identify the Hermitian operators of a given size in ¢ and the following
result is due to Iserles [10].

Excursus: getting even

Let y be a continuously differentiable function. The starting point for our current construction
is the identity

1 1 1
v, = -5 [ v0dsa2 - so0w + 52 [ voas ] @)

where x is arbitrary: Its direct proof is trivial. Note that, whilst we have d, on the left, the
right-hand side features 9 and 32, which are both even powers of the differentiation operator.
Since in principle we might be interested in expanding beyond @ ( £3/2) or employing different
values of p and o, we wish to cater not just for d, but for all its odd powers. The following
theorem generalizes (4.19) to express y(x)32°*!, s € N, solely by means of even derivatives.
We remark that the procedure introduces different powers in & by generating higher-order
derivatives.

Theorem 4.1.1 (Iserles). Let s € N, define the real sequence { B} =g by

Z CO%epe Lo T2
2k +1)! T sinh T1/2
and set

Or(x) = (—1)~f-k+1ﬁs_k(2‘22 1)625 HFly), k=01, (4.20)

1 X
Q1 (¥) = 5 [ V(e (“21)

s+1
Pr(x) ==Y (;Ii)@%l‘ZkQ,(x), k=1,2,...,5+1. (4.22)
1=k
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Then

s+1

x) a2+ = ZP )2k + Z 2K10, (x) - 1. (4.23)

Proof. We act on the second sum on the right-hand side of (4.23) with the Leibniz rule,
whereby

s+1 s+1 21 2]
ya)%sﬂ - P, a2k Z (k)(a)%l—le)a];
k=1 1=0 k=0
s+1 s+1 [s+1 21 ok
= P, a2k 4+ [Z (2k)(0x( - )Ql)] 0)2(1(
k=1 k=0 Li=k
53 [ Zl (o )(dz(l_k)_le)} g2+
X X .
=0l k]
Equating powers of 4, on both sides, we obtain (4.21), (4.22) and the equations
e 2(1-k)-1
lgl(zk”)ax 0, =0, k=s-1,5-2,...,0. (4.24)

Our contention is that there exist coefficients { 8 };>¢ such that (4.20) is true. Indeed, substi-
tuting (4.20) into (4.24) yields, after simple algebra, the triangular linear system

- 25 — 2k 1
_1\s-1 _ B
e O L R = o L g
I=k+1
We deduce that

k-1 [ 1
ZZ (21+1) =%+ keEN

Finally, we multiply the last equation by 7%~1/(2k)! and sum up for k € N. On the left we
have

) k-1 2% ~ o) (_1)lﬁ o) Tk-1
> Tt 2D )BT =) G 12;1 k=2 =11

:1 1=0 =0
[=S) _1l O k
:Z(—)ﬁlleZT—|
£ I+ 1) 2k + 1)1
_ sinh T!/2 i
T2 & 21+1)'

while on the right we obtain
i “t 1 (sinhT!2 :
&= 2k+1)! T T1/2 )

This confirms (4.20) and completes the proof. O
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1
The first few values are S = 5P = &5 Bo = %, B3 = %» Ba= %, Bs= 1%3387 and
Be = 81‘%. Practically, just
L 2_ 2
o= st~ Lo Lt [ i |
y33 = —(3 y)a2 - -f y(é)d;’a“ Loty - l62[(0 y)-1+ l04[fxy(£)de”-]
5 P X~ 1ty x T 7% 7 Yx x. 2% | Jo s
4 5 1 px 1 7
ya)SC _ g(a)%y)a)%_g(axy)dﬁ—gf y(& d§06 a)SCy+ 602[(5)35)’) ]

20t 1+ gos [ [T verag .

are ever likely to be needed in practical computation.

An asymptotic splitting of the first kind

Now, all necessary tools are available and we dedicate this subsection to illustrate how to
compute the splitting (4.8) with the algorithm in Table 4.2 on page 90. Using (4.19) to replace
all the occurrences of d, in (4.18), the new core 7%"[!] becomes

8_1/2
wil = — 1142
gl/i2
- 530 (0,V)? - 3w 1a2, (02V)),
£3/2
+ &30 (0,V)2(02V) + 5303 (0%, 08V},

£3/2

- 27507 ({33, (33V)?), - 1{03, (9,V)(83V)},)

a5
85/2
+ H T @1V) - 170 (G5 (0:V)2(03V)2 + g5 (0,V)3 (3V))
85/2
_WT w=1{02,52(2V)3 +26(3,V)(92V)(33V) + 3(3, V) ((7;‘{V)}+
85/2
+ 770 s (01.3(03V)? + 22(3V) (1Y) - (,V)(33V)),
85/2
_770)—5%{037(6)66‘/)}4— +@(87/2),

where we have introduced the anti-commutator,
{A,B}, = AB + BA. (4.25)
Recall that we have started the algorithm with

1 1
1%0 = zW[O] = ETCUV
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and to progress to the second stage, we choose to eliminate the lowest g-order term,

1 1
%1 = EW[I] = —ET(L)_I(?% = @(8_1/2) S

from 9111, which is of the same size as the WI° for this choice of parameters p = 1. Al-
though the new Wl and %111 are more complicated, the computations are now much sim-
pler. The main reason is that the -order behaves under commutation like

[Tt a)flf(x)OI;‘ , Ti2u)72g(x)6];2] = @(ril+i2aﬁl+j26§‘+k2_] ) , (4.26)

and thus, the order increases under very general assumptions. The first commutators then
become

(W, 99 01] = @ (&) and [0, W], Wi, [[97 10, Wi, 97 110] = @ (£3/2)

Each commutation with W or %111 introduces a factor £!/2 and we need to compute com-
mutators up to length 5 to reach an accuracy of @ ( g’/ 2). The next step still involves lengthy
algebra and we obtain

w21 = sBCH(-W, 911y
&
— Lr3a)(axV)2 - %T3a)_1 {ﬁ%, ((3,%V)}Jr

1/2

12

£3/2

+ T3 (@V2V = Lo {62, TV2 + VIV — w3 {3t V) )

60
£5/2
+ 530V - TV (VIV7 -3V72) 4.27)
g3/2
+ i T 0T {02, -34V73 £ 18VIVIV + V2V

g5/2

+ g T w3 {03,45V72 —T6VVE — V'V )

3360

g3/2

oS {36V} +0(s712),

1

~ 1680 ¢

with the usual shorthand V" = 9, V, etc. In the next iteration, we pull out the ©(&!/?) term,
2R, =W = —L130(0,V)? - 13w~ {03, (03V)}

and need to compute %3], Due to the symmetry of our procedure, only commutators of odd
length appear and since

[, wi2l, wi2l), (92, wi2l], 9 121] = 0 (£9/2),

we can disregard all commutators from here on. The next smaller term is thus %3] = 921 -
W2l = @ (£3/2) and the remainders can be read off (4.27) to arrive at

W =2 w2l _wBl L 0(e52),  wH-g,=0(2),
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and the asymptotic splitting is therefore

= ¢%0e%1 %2 %307 4 ¢%3 0R2 %1 g %0 | (4.28)

where

Ry =LtV =0(e12), (4.29)
Ry =-Lrw ot =0(c71/?),

Ry = - T30(0,V)? - e a3, (03V)}, = O('?),

Ry = %TS ((J)V,ZV” _ %a)_l {(3%,7V”2 + V’V’”}+ — w3 {5;4(, V(4)}+) ’
‘0]'4 — %T3(JJ_1V(4) _ %T7OJV,2 (V/Vm _ 3‘/”2)
-1 2 ”3 AVLA v "2v7(4
+ 17 (g @ {02, -34V73 + 18V VIV 4 V2V
1 -3 4 m2 74 _ vrv(s)
+ g @ {0445V 76V"VE —v'VO}
-5 {46 /(6 _ 5/2
a0 {a%, v O} ) =0(572).
The notation &([11]1 3 is mostly self-explanatory: (1, %) refers to the values of p and o, while
95 5

s = 3. The superscript [!] stands for an asymptotic splitting of the first kind (1st) and in con-
tinuation, we consider an alternative splitting (with initial W01 equaling —tw~'82), which
we designate as an asymptotic splitting of the second kind (2nd).

Once we replace derivatives by differentiation matrices, the evaluation of a single time step

_ gl
un+1 - &(1’%),3

section, the tilde indicates that the operator has been semidiscretized. However, we note that,
once we use nodal values in semi-discretization, the discretized matrix %, is diagonal and
the computation of its exponential can be accomplished in © (N) operations.> The second
exponent %, can be cheaply diagonalized in the Fourier basis at cost © (N log N). This is an
important point because % and % are the largest matrices present. All other matrices are
O (&1/2) or less, and, as will become clear in Section 4.1.4, their computation with Krylov
subspace methods is very affordable.

u, requires in principle 9 exponentials. Here and in the remainder of this

An asymptotic splitting of the second kind

Our choice of W° in the first approach was somewhat arbitrary and we will now pursue the
alternative, i.e., we start from

2Ry = WOl = —1»~152, w0l = —10 192 + TwV.

This results in

_ _ N\ gl U _ (o (
w1 = sSBCH(-W!O), 9°101) = 'Zl wit, where Wl =0(41/2), 1€ N,,
e

3Using a Fourier basis the cost is © (N log N).
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Symmetric Zassenhaus algorithm

s:=0; WO = r(—w 102+ wV(x); WO:=10V(x)
do

s:=s5+1

compute %°[5] := sSBCH(-Ws—1, gprls—11)

rewrite %151 in even derivatives, cf. (4.23)

expand result in powers of ¢

define Wlsl:= @ (&573/2) | s.t. Wi — g1l = © (&5-1/2)
while s < desired order s,,,,
Resulting method:

WO _ W02 witly2 | whmax] w2 w02 O (&1 +5max/2)

Table 4.2: Symmetric Zassenhaus splitting of the first kind in even-order derivatives

and
wll = zov,
Wy = 1300,V)? + LPe {62, (62V)},
Wi = ZT50(0,V)2(02V) - L1371 {02,(92V)2 - 2(3,V)(83V)},
+ s T 0 {03, (03V)}
W = - L3 N 01V) + (G (33V)(8,V) + g2 (02V)2(0,V)?)

+ 1agg T @ {03, 2(03V)7 + (9, V) (93V)(33V) + 9(0, V) (03V) }
+sap T @ {0, 15(03V)2 = 16(33V) (0FV) +9(3,V) (63 V) }

1 7,,-5 6 6
+ Tougg T @ {08, (axv)}+

We next remove &, = %W[l] = %%/’[_ll] = O(&!/?) and obtain, with the short hand X =
Wil y = g0,

w12) = sBCH(X,Y) =X +Y — %[[Y,X],X] - li[[Y,X],Y] g2 =Y wl
j=0
where
Wy =1300,V)2+ L3 {82, (82V)) .
wl = AT 0(03V)(0,V)? - L 3w 1 {02, (93V)? - 2(3,V)(33V)},
+ 5l T 03 {05, (0;‘;V)} ,
W = - Lo (01V) + 170 (5 (83V)(0,V)? + gL (52V)2(3,V)?)

— g T @ {03, 12(93V)? + 6(9,V)(03V)(63V) = 23(0, V) (33V)}
+sap T @ {0, 15(63V)2 = 16(33V) (03V) +9(3,V) (63 V),

+ 1008077“’_5 {09, (a3V) }

+



4.1 The autonomous case

Next,

1 1
Ry = 5WE =W = L3w0,V)? + f3w™ {02, (07V))

b}

+

and we deduce that the relevant terms of %13 = Z;il WF are

W =m0 (2V)(0,V)? - 3w {62, (2V)2 - 2(0,V)(33V)],
S L (e (a4V)} ,
i = - L3 1(3V) + gt (17(82V)2 + 6(0,V)(33V))
336017w—'{a§, 12(a2V)3 +6(axV)(a,%V)(a§V)—23(axV)2(a§V)}+
+ s T @ {03, 15(33V)? = 16(33V) (03V) +9(9, V) (63 V) ),
+ 1oea T @ {08, (99V)} .

And, finally, we can read off the results
W[13]’ 9*4 — W[;)],

since the commutators are negligible, [W[3!, 9311 = [%/[13], W] = O(&*), and no new
terms of relevant size greater than @ (£7/2) are generated. The outcome is the splitting

6’([12,]%),3 = ¢%0%1 672 %367 4673 %2 ¢%1 ¢ R0 | 430)
where
o= Lt 33,
R4 Z%T(UV,
1y = 010,07+ 0 . @30)
Py =5 T 0GRV (0:V)? = om0 3R, (V)7 - 20.V)(8V) ),
¥ ﬁf%*{ai, (@3}
Ta== 5707 (0V) + gt o (17(6,V)2(33V)? + 6(3,V)* (63V)
- ﬁr 0102, 12(33V)% +6(0, V) (33V)(83V) = 23(0, V)2 (33V) ]|
~ o T @ 0% 15(33V)2 — 16(03V) (V) + 9(9, V) (33V) |
+ 1008077“)75{0?, (06V)} .

Comparing (4.30) with (4.28), we have again 9 exponentials, and again, the outermost expo-
nentials %y, % are cheap to compute since, after discretization, they are either diagonal or di-
agonal after a FFT. The remaining terms %, = O (£'/?), %5 = O(&3/?)and T4 = O (&%)
need to be computed with Krylov subspace methods but the small magnitude of both these
matrices means that only a small number of Krylov iterations will be necessary.

Note that the FSAL property can be exploited for splittings of both types, (4.28) and (4.30).
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Generalizations to different pairs (p, o)

The presented algorithm is by no means restricted to the chosen values of p, o and other
choices can be pursued to obtain different splittings as long as the subsequent exponents are
guaranteed to decrease in size. Here, we will briefly discuss the implications on the length of
the commutators and occurrence of derivatives.

For initial computation of the asymptotic method, the computationally challenging part is
the symmetric BCH formula in high orders and we are interested in truncating as soon as
the desired order is achieved. In general, the algorithm parts from either the kinetic term
A = —1£d? or the potential B = TV /¢ and the first commutators of odd length are

[A,[A,B]] = O(g!™3972r)  [B,[B,A]] = O(&1%37).

According to our construction rules, the smaller of the two will be pulled out in the next step,
and since we have to require p > 1 to resolve spatial oscillations, the right commutator is
identified to be smaller or of equal size (for p = 1).

For the derivation of the algorithm, one is dealing with an exponentially growing number of
terms in the SBCH formula and it is important to know at what grade the commutators can
be safely truncated. Suppose that we have arrived at the kth step (k > 0), for arbitrary o, p,
and let Wkl = @ (&P) for some p > 0 and consequently %] = Wikl + © (51”5), for some
8 > 0, then the leading (odd) commutators are (cf. (4.26))

[W[k], [W[k], Wk]] — @(83p+6+2p) , [W[k], [W[k], Wk]] — @(83p+5+2p) ,

where the 2 p contribution is due to the ever lowering degree in the derivatives and the extra
gain § is caused by to the innermost commutator. For the splitting of the first kind, we had,
e.g., Wl = O(&!/?) and w'12) - WI2) = ©(£3/2) which we identify with p = 1/2 and
S = 1 and reproduce the previous estimates.

For odd derivatives, the odd-even substitution will increase the size by a factor £~ which,
however, will not impact on the overall size since terms of the same magnitude are already
present, a fact that follows from the stability considerations that we examine next.

4.1.3 Stability

The convergence of classical methods for initial-value partial differential equations is gov-
erned by the Lax equivalence theorem: Convergence equals consistency plus stability [75].
Our method is clearly consistent and stability is equivalent to

lim lim sup II(&fl"]%m)”llz < o, (4.31)
for a semi-discretized method & obtained above in the usual Euclidean norm. We are going to
show that the proposed splittings yield unitary schemes and thus trivially satisfy (4.31). Fur-
thermore they can be regarded as geometric integrators in the sense of Refs. [53, 65, 91] since
the exact evolution operator is also unitary. Additionally, the method preserves the gauge in-
variance since a constant shift of the potential will only appear in the first step (or second for
splits of the second kind) and automatically cancels in consecutive steps due to the commuta-
tions.



4.1 The autonomous case

Theorem 4.1.2. Supposing that the splitting (4.8) has been derived by the symmetric Zassen-
haus algorithm of 4.2, it is true that WU1 € su(C) for allj > 0 and thus also Ros R1s-.. s Ry,
and T .1 € su(C) and in consequence, the scheme is unitary.

Proof. The basic argument goes as follows: The operator at the initial step, %'01 = tH,
is skew-Hermitian and, in each step, a term WU is pulled out via the symmetric BCH for-
mula (4.11). Assume, that WU1 is skew-Hermitian, then so will be %°U*!] because skew-
Hermiticity is preserved under commutation and summation, i.e., let A, B be skew-Hermitian,
then

[A,B]t = (AB- BA)" = (BfAT — ATBT) = [B,A] = —[A, B].

What remains to be shown is that at each step, the lowest order & terms in %" Ul after the ‘odd
to even’ substitution (4.19), namely WU1, are indeed skew-Hermitian.

Problematic terms are of the form f(x) 3% and we need to ensure, that they occur in a sym-
metric way, i.e., they come in pairs 72/*! (f (x) 025 + a2%(f (x) -)) that clearly constitute a
skew-Hermitian operator since f, 32X are symmetric.

All commutators iC produced by the symmetric Zassenhaus algorithm are of odd length and
can be written - after the ‘odd to even® substitution - as, iC = i Y f;, 02X + 32¥(g), for some
scalar functions f;, g. Since C,f;, g, and d2F are symmetric, it follows that

n
> Ui - g 031 = 0. (4.32)
k=0

Computing the highest derivative gives [f,,—g,,, 92"] = —2n(f,,—g,,)’ 8**~! +r. The remaining
terms of (4.32), k < n, cannot cancel this derivative and hence f,, — g,, = const. and r = 0. It
follows by induction that f;, — g, = const. and thus, symmetry of each pair is verified. Since our
algorithm does not separate terms of same size, the pairs will not be split and consequently,
WUl e su(C).

The same proof is valid after spatial discretization if the derivatives 2 are approximated by
a symmetric matrix # and the functions by (trivially symmetric) diagonal matrices &, and
then WU € su(C). O

4.1.4 Computing the exponential

The asymptotic splittings (4.28) and (4.30) are expressed in operatorial terms and as indicated
in the stability proof, to render them into proper computational algorithms, we must replace
d2 with an appropriate differentiation matrix, acting on an N-dimensional space.

It is common in the numerical solution of the Schrodinger equation to use spectral discretiza-
tion [53, 83] since they can be cheaply computed with the FFT algorithm and are of infinite
order in space.

As discussed earlier, the large exponentials depend only on either the space or the momentum
coordinate, respectively, and are thus either already diagonal or can be diagonalized by a FFT.
The smaller terms can be computed with the Lanczos method, cf. Section 1.3.2, which greatly
benefits from the smallness of the exponents. For convenience of the reader, we repeat the
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error estimates of Ref. [91]: The error committed by the restriction to (Lanczos-)polynomials
of degree < r can be bounded by (2 = 1)

.
le?v = V, exp(~iT,)e,|| < 8e=P>/(4" (%) , forr>p, (1.33")

where p = p(H) is the spectral radius of the Hermitian operator # = i%. Suppose that
p(R) < ceP, then the r.h.s. of (1.33”) becomes

p r
< 8emc?e/(4r) (ecg ) <8 (E)r g'P.
2r 2r

For the presented algorithms, we are facing exponents of powers !/2, 3/> and 5/2 in ¢ and to
reach an overall error of magnitude 72 we require 7, 3 and 2 Lanczos iterations, respectively.
In each iteration, a matrix-vector product has to be calculated, but even though the matrices
are dense, it is still possible to resort to Fast Fourier Transforms to ease up the computational
complexity by expanding the expression, just as for standard Hamiltonians, Hy = Zy +

Dyy.

An efficient implementation minimizes the number of basis changes (FFTs). Suppose that the
initial value is given in the space where %, is diagonal, then, one FFT and its inverse are
needed to compute the action of e%1 (which occurs twice per step because of symmetry). For
order @ (£3/2), we can truncate after %, and need three Lanczos-iterations, each requiring
two FFTs and two inverse FFTs. For the next exponentials, by storing the transformed vector
¥ (y), one FFT can be saved for each new anti-commutators: Suppose the exponent com-
prises of n anti-commutators {6%k,f2k (x)}4, k = 1,...,n, then 3n + 1 FFTs are needed to
evaluate one Lanczos-iteration. For arbitrary order, © (5”1/ 2), we can calculate the cost to
be

iterations anti-commutators iterzggons anti-commutators
S Ts+ 12
n=2.- 2 +2Z[—3].(3(k—1)+1)+ 2 -Bs-1+1), s>2, (4.33)
- e Ll
Ro Ry Ry T st

where [x] is the smallest integer m < x. The proof is obvious due to the construction of the
algorithm: The stages &%, do not change if higher-order accuracy is required, only the number
of Lanczos iterations has to be adjusted to meet the sought precision and the required number
is immediate from (1.33). The number of anti-commutators grows in each step by one since
we have to cater for higher derivatives and the first few values together with some standard
numerical methods are collected in Table 4.3.

As mentioned in the summary on classical splittings (4.7), the scaling & = ©(¢?) implies an
error of size O (eP?~'") for a method of local order p. The presented methods with the choice
o = 1/2 thus show a scaling similar to an order 8 method!

It is illustrative to establish the cost of Yoshida’s composition, based on the Strang splitting,
which requires n = 237 FFTs for classical order 2(p + 1) or e-order ©(&P*1/2) in contrast to
the scaling n o« @ (pz) for the Zassenhaus method. And from g-order !!/> onwards (classical
order 12), the new algorithm requires less (about half as many) FFTs.



4.1 The autonomous case

Method Order @ (&g?) No. anti-commutators  No. FFTs
LF 172 0 2
Chin-4M 3/2 0 4
Split of 1st/2nd kind 32 1 14
RKN,,6 52 0 22
Ist/2nd 512 3 49
Ist/2nd 712 6 120
Yoshida (order 8, p = 3) 712 0 54

Table 4.3: Collection of numerical costs per time-step for a selection of numerical methods. The meth-
ods are referenced in Table 4.4.

4.1.5 Numerical results

As proof of concept, we have conducted numerical experiments that confirm our theoretical
considerations. We define a potential on the domain x € [-10, 10],

V(x) = cos(mx)e /2, (4.34)

and follow the proposed scaling laws: The number of grid points is N = 8¢~ ! and h = £~ 1/2.
The integrations are performed for one time-step and for various methods, cf. Table 4.4. As
initial condition, we take a normalized shifted Gaussian, y o (x) o« e~*~1?/2_ The reference
solution y at each ¢ has been computed using the most accurate method (RKN/6) on a finer
mesh (N; = 16N) and by dividing the time-step in 50 sub-steps. The results are shown in
Fig. 4.1, where the superior order of the new methods can be clearly appreciated. We conjec-
ture that the new methods become useful for small values of &, when the curves intersect. One
can expect that for a long time integration, the error curves lie closer together since the partic-
ular error terms greatly depend on the wave function which does not change for one time-step.
It is worth to stress that each new iteration of the Zassenhaus-algorithm increases the epsilon
order by one, just as an iteration of Yoshida’s device. However, only two new exponentials are
generated with an overall polynomial growth in the cost (4.33), in contrast to the geometric
growth of Yoshida, where the number of exponentials is triplicated.

Method Error exponent £”  Reference

First kind (1st) 3.500 Eqn. (4.28)

Second kind (2nd)  3.502 Eqn. (4.30)

LF 0.500 Eqn. (4.5)

V82 0.500 Table 3.2

RKN,,6 2.525 Method SRKN%, of [29]
Chin-4M 1.503 Eqn. (5.10)

T86M; 2.497 Table 5.3

Table 4.4: Observed slopes in Fig. 4.1 between the data points corresponding to the smalles values
of ¢. The references direct to detailed descriptions of the respective methods in this text. All methods
reproduce the predicted local order.
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Figure 4.1: The left panel shows the logarithmic error in the discrete L?-norm of the discretized wave
function W (%) with respect to a reference solution y (/) after a time step & = V& versus the logarithm
of the oscillatory parameter €. On the right, the dashed curve (blue) visualizes the potential (4.34) and
the solid lines represent the initial condition (green) and the phase of the complex valued exact solution
at h = Je with & = 1/128. The phase has been chosen to instead of the usual absolute value since it
cannot be distinguished from the initial condition for one small time-step in this resolution.

Remark on a modified extension The great virtue of standard splitting methods for the
Schodinger equation is that the kinetic and potential parts can be exponentiated virtually ex-
actly, rather independently of the size of the exponents. Furthermore, by virtue of modifying
potentials, functions that only depend on the spatial coordinate, additional order conditions
can be cheaply satisfied. With these two remarks in mind, we revise the previously obtained
algorithms: The first two terms are exactly the simply-computable exponentials from standard
splittings, and for the interior, smaller exponentials, functions that only depend on x re-appear.
Since the exponential of a diagonal matrix is not expected to suffer from a mix of scales, we are
tempted to combine the position-dependent terms with the plain potential term V (x). Thereby,
at no additional cost, one could expect a slightly better truncation error for expansions where
fewer terms are included. The procedure goes as follows, instead of extracting TwV (x), we
set W = 70V (x) + 73V5 + V5 + 77V5 + ... and after reaching the final stage s of the
expansion, we define the V;, elements to cancel the purely position dependent errors in %/°[s1.
However, since the computational effort is solely determined by the number of FFTs, the out-
come can only be a minor improvement over the previous methods and for completeness we
state the final result, at order @ (&7/2) for ¢ = /2, p = 1, in the usual notation:

Ry = tr0V - L3 (-w(@,V)2+ 0 (1Y) + T30 (3,V)2(d2V)
~ oo T @ (17(8,V)2(82V)2 + 6(,V)3(83V)),

R = —%Tw’lﬁ)zc,

Ry = —H 0 {03, (03V)),

Ry = — 5003, V2 = 2VIVT) o+ Lrde o, VW)



4.2 Propagators based on Hagedorn wave-packets

Ty=1"(shpe ! {62, 18V"3 + 114V V"V + 8TV2V @}

+ w3 {01,4V"2 VIV vVl

78
- 2w {ag,v<6>}+).

+

4.2 Propagators based on Hagedorn wave-packets

In this section, we briefly dissect a method of Ref. [54] based on Hagedorn-wavepackets that
has been analyzed recently [60] in order to propose improvements along the lines of the lat-
ter. Recall from the introduction, Section 1.2.3, that in this approach, the wave function is
approximated as a linear combination of the scaled and shifted Gaussian,

£ — -—1/4 -1/2 L -1y — )2 L -
6P, q, Q. P1(x) = 77 /7(£Q)™/“exp (2£PQ (X —q)" + 5-px q)),
and “excited states”, constructed via the recurrence relation

2
OV + 19f,, (x) = gu — )¢5 (0 - 0"k, ().

The ¢, form an orthonormal basis of L?R, and writing I1(¢) = (q(2),p(1),0(t),P(2)), a
given initial condition y (x, 0) can be expanded as

Y (x,0) = eF50 Y ()i [T(1)],
k=0

where S(¢) is the global phase. Let the Hamiltonian be of the form H = T+ V (x) with potential
V(x) = U, (x) + W, (x) separated into its linear and quadratic part U, (x) at some point g plus
a remainder Wq (x),

Loy
Uy(x) = V(g) + V(@) (x = q) + 5V" (@) (x - 9).

It has been shown in Ref. [54] that the action of each part on the wave packets can be com-
puted easily and the details are repeated in Th. 4.2.1 and Prop. 4.2.2 below. In fact, the free
Schrodinger equation H = T as well as the linear-quadratic part U, (x) only act on the coordi-
nates subsumed under IT and leave the expansion coefficients ¢, unchanged. For this reason,
Faou et al. [54] proposed to use a splitting method to compute the evolution (1.22) with a
splitting
e*i%Te—ihUe—the*i%T’

yielding a method of second order in IT with global convergence rate © (hz/ s). Notice that
despite the apparent asymmetric composition, it is indeed symmetric since U and W commute.
This method has been improved in Ref. [60] to higher order, first by using a fourth-order
(Yoshida-)splitting

; ©h . ; h
—tT’Te,,@hVe—z(l—(D)—T

. P h . i OF
e 3 e*l(l*2@)/’!‘/6_[(1_®)§,Tefl®hve_szT’
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for ® = 1/(2 — 21/3). Then, the V parts are decomposed in a step for U and a step for W
and convergence of order 1% /& was observed. Finally, a semiclassical splitting is introduced

which can be written as

_ih !
o~ BT+U) ginW ,=15(T+U). (4.35)

and assuming high accuracy in the computation for the outer exponentials*, the convergence
is shown to be ©(&!/2h?). The factor V& comes from the fact that W is a cubic polynomial
and that the dynamics of the coordinates II are independent of ¢.

4.2.1 An interpretation of Hagedorn dynamics

A closer look at the system reveals that there are actually two different sets of dynamics, clearly
separated into the coordinates IT and the weights c;, which will also explain the favorable
convergence of the method (4.35).

First, we repeat two central results for the construction of numerical methods.
Theorem 4.2.1 (Hagedorn [63], Th. 3.4). Letp,q, P, Q,S be any solution of

G(t) = p(1), Q(t) = P(1),
p(t) = =VV(q(1)), P(t) = -V"(q(1)Q(t), (4.36)

; 1
$(1) = 5p(1)% = V(g(n),

for V(x) =a+bx+ %cx2 a polynomial of degree 2, then, for every k,

p (1) = e5Ue (1) [T11)
satisfies the Schrodinger equation
ied;y(x,t) = Hy(x,t)
for the Hamiltonian H = — % A+ U.

Proposition 4.2.2 (Faou et al. [54], Prop. 2.3). For the propagation of a potential W, and
fixing 1, the Galerkin approximation in A6(I1) = span{y  (I1) }yc o for some set I C Ny
and d,u € b,

Yk e H, (Pr, €id, — Wu) =0

is equivalent [54] to the linear system of ODEs

. dc
l{;'d—tk = ZZ fk,lcl’ k e %,
eH

where fi. ; = (¢ |W @) are the matrix elements of W in the basis ¢ of Mb. Thus, the evolution
of ¢, under W can be written as
c(t) = exp(—it/eF)c(0),

when we aggregate the components as vectors and matrices, ¢ = (¢j)jeq and F = (f; x),
respectively.

4 An approximation using a composition of a large number N (&, k) of Strang splittings with time step #/2N is
proposed.



4.2 Propagators based on Hagedorn wave-packets

The simple Lie-Trotter splitting will be sufficient for our analysis: Approximate e~y (0)
by n steps
(e—ig(an)e—igwq)n

and look at the limit n — oo. Since the method is convergent, this limit reproduces the exact
solution at 4. From the above theorem and proposition, it is clear that the dynamics of the left
exponential is completely independent of the right one. Therefore, in this limit, we regard W
as function depending on time, and its dynamics must thus be described as

ie ¢(t) = F(I1(2))c(0), (4.37)

where I1(¢) is a solution of (4.36). Of course, this system is predestined to be solved by Mag-
nus integrators as seen in previous chapters, since it preserves unitarity. Suppose we use a
second order Magnus integrator, where the only integral has been approximated by the mid-
point rule, then we rediscover method (4.35) by writing

. h
ey = ¢ (3)) 0, (4.38)

The dynamics of the coordinate function I1(#) is described by (4.36), which in fact corre-
sponds to a classical autonomous Hamiltonian system’

d (q(t)) _ p(1) _ p(1)
ar (p(r)) - (—V%(q(r))) - (—VV(q(r)))’ (439)
whose solution gives the time-dependent function of the non-autonomous harmonic oscillator
d (om) _ P(1)
ar (P(r)) = (—VV”(q(t))Q(t))’ (440)

The phase S is completely independent and can be computed separately. Therefore and be-
cause of its physical irrelevance, we omit its discussion.

The procedure for an efficient numerical integration is now clear: Approximate (4.38) up to
the desired order by a Magnus expansion. Using momentum integrals and numerical quadra-
ture thereof, this implies the need to evaluate I1(z) at the quadrature points b; and we have
to compute I1(b;h) to high precision. This can be done by splitting the combined system
(4.39), (4.40) into kinetic and potential parts and using a high-order splitting method with a
fractional (g-dependent) time-step, in particular, we propose the use of method RKNj;6, see
Table 4.4. Thereby, only N o« (gAt?)!/¢ intermediate steps are needed. Alternatively, one
could compute the smaller system (4.39) and solve (4.40) trivially by computing the integral
f V” (q(s))ds using the obtained values for g(s) in the previous step.

A careful examination of the proofs in Ref.[60] allows us to identify the sources of the global
error. First, notice that the time-steps for the evaluation of IT are chosen such that its error is of
comparable size as the algorithm for the weights ¢, which is the bottleneck of the algorithm.
By construction, the matrix F can be shown to be of size @ (£3/2), which will lead to an
overall scaling® of £3/%/¢! = V& multiplying the error. Furthermore, commutators of 1F,

SWe suspect that this was the motivation for the notation g, p, Q, P in Ref. [54].
0The factor £~ comes from the left-hand side of (4.37).
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which originate from a Magnus expansion, are of even smaller size, [L1F|, 1F,] = O(¢)
and could be ignored. In essence, the overall error of the procedure will thus be determined
(neglecting ¢ terms) by the error of the quadrature formula for
. t
c(t) = e Jo FMENds .
For example, for the fourth-order Gauss-Legendre quadrature with weights b, b, after one

time-step s, we have
—id (F(II 5t
ch)=e i7g (F(IL(by ) +F( (b2hmc(0)

and the local error is © ( VERS + eh ) Using a commutator-free fourth-order method instead
[30], (1.67), one gets @(ﬁhS +eh? ) at the cost of another exponential. If the matrices are
too large to compute the commutator efficiently, then the direct method would require four
products per Lanczos iteration, (F + F5 + [F1,F5])c = F1(1+ Fy)c+ F5(1 — Fq)c, whereas
a commutator-free method just requires two, one per exponential and iteration.

4.3 Time-dependent potentials

After this short interlude, we return to the symmetric Zassenhaus splitting. It is then natural
to ask whether the machinery can be carried over to semi-classical equations with explicitly
time-dependent potentials, arising, e.g., from particles subject to external (electric) fields.

As having seen throughout this work, the Magnus expansion presents an excellent tool to
obtain a formal solution for the non-autonomous setting, and indeed, it has been successfully
applied to this problem class [57, 85], however, with temporal resolution much finer than
the spatial one. Convergence issues due to the unbounded nature of the kinetic and potential
operators for the standard TDSE are discussed in Ref. [72] and it turns out that the correct order
for classical Magnus integrators is recovered if the solution has sufficient spatial regularity.

In the semi-classical context, one has to identify the relevant terms in the Magnus series in
order to consequently apply the Zassenhaus algorithm with the goal to decompose the suitably
truncated expansion into exponentials of decreasing size. Two qualitatively distinct problems
are addressed: On the one hand, slow time-dependencies and on the other, frequencies that
scale with the fast parameter, o 1/¢&, as occurring for realistic laser interactions [64]. The dif-
ference will become crucial for the evaluation of the algorithm. For slowly varying potentials,
standard techniques such as the momentum integrals in the Magnus expansion can be used.
Since the quality of the underlying Taylor expansion depends greatly on the size of the time-
derivatives of the potentials, this approach will fail for rapidly changing fields and a different
approach will be developed in the second part.
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4.3.1 Slowly varying external field

Suppose that, for some given value ¢, the SE is of the form

i0,p(x,t) =H()y(x,t) = (—SA + éV(x, a)t)) y(x, 1),

where w is assumed to be of size @ (1). The idea is to evaluate the Magnus expansion exp(£2,)
using the Taylor series of the Hamiltonian H (¢) around ¢ ,, = #p+ %, asin (1.65). Given that the
masses are constant, the simplifications due to the RKN structure of the algebra are dramatic.

Letting H; = —i Jl, djz;’ ) o the Magnus expansion up to order 8 in 4 can be written as
=t1/2
[23]
6
Q8 =3 0, (4.41)
=1
where

Q =hHy+ "2 H, + 2 H, + 448196,
Q, = ~45[Ho. H\] - f5[Ho. H3] -
Q3 = 1’ (55 [Ho, [Ho. H1] - o LH. [Ho,Hln)
+ 17 (15 [Hos [Ho, Hall + goqg (Ha, [Ho, Ha 11 = i [H3, [Ho, H,11),
Q4 = 1 A5 [Ho, [Ho, [Ho, Hy 111 + h7 (55 [Ho. [Ho, [Ho, H3]11]
+ 7055 [Ho [HZ,[HO’HI]]] Zoagg LH 1 [Ho, [Ho, Ho111),

Qs = I (35155 [Ho, [Ho, [Ho, [Ho, H>1111 - H07 [Ho, [Hy, [Ho, Hy]]]]
[H,. [Ho. [Hy, [Hy. H111]),

448 [HO’ Hs),

360 [

30240 [
7560

Qg = I’ 55555 [Ho, [Ho, [Ho, [Ho. [Ho, H 1111].

Defining iHy, = —¢A + 1V, and iH; = %V], the size of the expressions in terms of the
small parameter & can be determined while we keep the scaling Ax o« ¢ and h o« g!/2
(p = 1, ¢ = 1/2). Spatial differentiation is hidden within the commutators which will be
computed to be able to group terms by their g-scaling. We briefly remark their effect on the
overall size of the elements to justify the truncation of the Magnus expansion: The innermost
commutator is of size @ (&~) and each further appearance of the kinetic operator £7T will
increment the degree of the occurring derivatives by one, and given the choice of scaling
parameters, the power in & remains unchanged. Commutation with g~ V; has the opposite
effect and reduces the degree of differentiation, but in turn is counteracted by multiplication
with the large parameter 1/¢. Hence, the composite term H(, will not increase the size of
a commutator and to achieve an approximation of degree &P is equivalent to truncating the
Magnus series at 2(P*#)/7 In other words, the leading error of a (classical) nth-order Magnus
integrator is of size © (g+*Do-rY) and we truncate the integrator (4.41) at order six to achieve
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the @ (£3/%) accurate method

QO = 7(=z02 + &7 W) + T3 (=& Vo + ik (3, V1) d, + i g5 (82V)))

+ 196" 1(—180(0 Vo) (0,V2) + 145 (3, V)2 + V)
— T (L (0,Va) + 1A (0.V1) (02V0) + &(9,Vo) (02V)))a,
— T a((a%)az (63V2)d,)
— it 152 (8(33V)) a3 + 12(03V) 52 + 6(83V))d, ) + O(£772),

with T = h/i. The careful reader will notice the appearance of the imaginary unit, i, which
is due to the commutators of even length in the Magnus expansion. Furthermore, derivatives
of odd degree appear and have to be dealt with as for the autonomous case. This is also the
reason why some terms, such as T2 £(33V,)d, = O (55/ 2) have not been discarded yet: After
rewriting in even derivatives, a factor of 1/¢ is gained and if it had been dropped prematurely,
the result would not form a skew-Hermitian operator. The underlying reason is that only the
entire commutators form (skew-)Hermitian operators and we can only discard them after the
odd-even-substitution.

From here on, we proceed as before: The odd-degree derivatives are rewritten as linear com-
binations of even ones, the terms of same size are identified and extracted with the symmetric
Zassenhaus formula.

Given the algorithm in Table 4.2, only the starting points %°[°1, W01 of the expansion need
to be modified to compute the decomposition. With the aim of a @ (g3/2) integrator, the al-
gorithm is initiated with the sixth-order Magnus expansion

0] = Q6.
and, as before, there are several alternatives for the initial iterations.

A closer look reveals a difficulty that is unique to the non-autonomous setting: After conver-
sion to even derivatives, we are facing terms

WO = ih|wdi - iwhVy + Lh3 [03,V,]_+ O (VE),

and all scale as £~!/2. The now appearing commutator is due to [H,,, H,] and cannot be
diagonalized by Fourier transforms. This is a major drawback since our algorithm relied on
the already achieved decrease of size for terms that had to be computed with Lanczos’ method.
Before, only the diagonal (after FFT) terms 82, V were growing with ¢=1/2,

Fortunately, we can borrow ideas from Section 2.2.1, where we computed a commutator of
length two using three simpler exponentials. Thus, we attempt to compute

o kiOI2 V) il whd? hiwh?V, _ il 0hd3+{5h[03.Vi1+0(s!/2)

)

and a simple application of the BCH formula leads to k = . The composition is related to
(post-)processing, where a method ¥, is embraced by a processor P and its inverse, PW P~
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in order to reduce the error. Finally, we set
wlol — = log (6 Liwh?V, ol @hd? , Liwh?V, )

. h 1 .
= 150% - ﬁh:; [0)%, Vl]_ - mlhsw(ﬁle)z

Remarkably, this composition of exponents has very nice features for RKN algebras. Recalling
(2.11), the following expression is exact,

oKV T gkhV _ JT=HKIV.T1-3 K> [[V.TLV] (4.42)

This property could also be useful for commutator-free Magnus integrators but will not be
explored further in this work.

Instead, we return to the Zassenhaus splitting. Having defined W0l in a way that all derivatives
of large size in the small parameters are included and that only requires one FFT plus its
inverse to exponentiate, the first iteration effectively removes derivatives to yield

w1 = sBCH(-W!O1, 9p°[01)
. . 1
= —ihwVy — Lil? (w (Vo —2(0,Vp)?) + Z{a,’%, (a,%vo)}+) + O (Jz)

We proceed with the next largest term, W!!l = —ihwV/, and after computing commutators up
to length five, the next term is identified to be

. 1
W2l = — L3 (w (V2 =200,V9)?) + = (33, (a,%vo)}+)

1

S [ax,3v3+2f 2ViV+ VoV”)] ‘ﬁﬁ

740 R3[a%, (2V))]_ = O(Ve),

(4.43)

where the integral has to be understood in the sense of (4.19). We terminate the computation
at the next step by identifying the @ (£3/2) terms in %12} = sBCH(-W!2!, %/11)) to achieve
a method of order @ (&3/?). The rather lengthy result is
3] — _ip5 1
W[ I = —ih (CL) (%VA‘_ +

A5(0,V1)2 = 18, V0)(0,V2) + 1153, V)2 (62Vy))

1 1
- 5{6%’ (8, V0)? + &5 (2V,) - L (4, VO)(03V0)} + 5L 240 — {0t 0¥vo)},)

1
30
- h7(4320 [02. [(9V5(32Vy) + 14V](63V()? + 5V{(02V,) + 18V (2V,) (92V))

+ 27V (02V3) + 30V (3, V1) (33Vy) +24(8, V)2 (33, ))]_

- W‘m%[ai, [(10(82V)(33Vo) +2(82V) (63V:) +9(d3V3)
1
+8(axvl)(a;tvo)+26(axvo)(a;tvl))] + 5 4[a§,(a4v,)] ) (4.44)

and combining the results, we obtain the method

Lwlol Lwill Lwi2l 3 Lwi2l Lwylll Lylol
e? e2 e2 eVe2 e2 ez = e +@(85/2).
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The numerical effort for the computation of one step, ignoring differentiation and integration,
can be determined by counting the necessary FFTs: The outermost exponentials W0l only
require four FFTs in total, the next one WI!l is already diagonal in coordinate space, and
it remains to estimate W3 and W#]. Since an overall accuracy of @ (&%/2) is desired and
WB! = ©(£1/2), we conclude with (1.33) that five Lanczos iterations per exponential are
necessary. The exponent contains two commutators’ which sum up to seven FFTs. The small-
est term only requires two Lanczos iterations, but contains three commutators that sum up to
10 FFTs. In total, 4 + 5 x 7 + 2 x 10 = 59 FFTs per step have to be evaluated. However, as for
autonomous potentials, this number is growing quadratically with increasing precision.

We remark that all arguments translate perfectly to the formulation of the Magnus expansion
in terms of momentum integrals.

4.3.2 Highly oscillating time dependence

The standard Magnus techniques heavily rely on the smoothness of the time-dependency of
the potential, or in other words, on tight bounds for its temporal derivatives. The important
case of laser interactions, however, has a qualitatively different character and must be resolved
in the fast timescale, proportional to 1/¢.

A fairly general interaction with an external field can be modeled by the Hamiltonian®

H=—%A+éV(x)+%f(£)W(x). (4.45)
The Hamiltonian thus consists of two parts, a constant contribution due to kinetic energy
and a intrinsic potential plus some external interaction W (x) which is modulated by a scalar
function f. Staying with the example of an external laser field, W (x) could be either just a
linear function in x or take more sophisticated forms modeling the underlying dipole moment,
e.g., u = xe* [132].

It has been pointed out in the context of (modified) Magnus expansions [76, 114, 84] (see [23]
for more references) and for more general multivariate integrations [79, 84] that the appearing
integrals in the expansion should actually be beneficial for an oscillating function. However,
the whole machinery heavily relies on either the fact that the oscillations stem from the equa-
tion in form of a larger parameter, a completely different setting, or on the truncation of the
series expansion around the small parameter A:

With the aim of keeping a large time-step 4 o V&, this approach is rendered futile since the
correct expansion has to be done around ¢ = 0 for f(1/v€) which leads to growing error
terms proportional to inverse (fractional) powers of the small parameter &.

In the spirit of the Zassenhaus splitting for the semiclassical expansion, we employ a different
approach: We carefully study the terms of the Magnus expansion to discover that the multi-
variate integrals are only scalar and thus cheap to compute to sufficiently high accuracy, in
contrast to the more common problem when the time-dependencies are inside some matrix

7 Anti-commutators can be computed together with commutators at no extra computational cost.
8The semiclassical parameter has been included in the Hamiltonian which thus corresponds to the Schrodinger
equation idy = Hy .
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structure and thereby increase the complexity. In this work, we assume to be able to compute
the integrals exactly, and then only have to deal with the commutators, which can be done in
a similar fashion as for the slow setting above.

In the following, we will write f (t) = f(wt) and assume that this scalar function is of size

o).

Structure of the Magnus expansion 1: the commutators Working in a Dynkin basis, it
is clear from the recursive construction of the Magnus expansion (1.62) that all commutators
are of the form [H (sy), [..., H(s,)] -]

Working in the algebra generated by A = ¢T +V /g and B = W/ g, such a general commutator
can be expanded to yield simple (nested) commutators in A and B multiplied by scalar func-
tions in the time-coordinates s;. Assuming the usual scaling Ax ¢, the simple term H (s) is
of size 1/¢& and the first commutator

[H(s1), H(s2)] = (f(s) =f(s5,-1)) [A, B]
= (f(sy) = f(s,1)) ((82W) +2(a, W)a,) = O (e71).
To estimate the size after further commutation, we can study the effects of A and B separately
due to the linearity of the bracket. We conclude as for the slow case that commutation with
either A, or B leaves the size in ¢ invariant, since commuting with the kinetic (potential)
operator increases (decreases) the degree of the derivatives by one which is compensated by

the multiplication with the small (large) parameter ¢ (1/&). Overall, we can conclude that all
commutators are of size

[H(s1), [, H(s,)] 1= O (1), (4.46)

which must be taken into account for a suitable truncation of the Magnus expansion. Hence,
the decrease in size must come from nested integrals, which we will estimate in continuation.

Structure of the Magnus expansion 1: the integrals Suppose that f(¢) is sufficiently
smooth, or in other words, it contains no fast frequencies which we will formalize as

f)y =) fre@miki %" % <C,

keZ keZ

for a constant C independent of the small parameter £. Hence, f(¢) is slow and integrating
over a full time-step, we get

fohf(s/a) ds = foh S fe2ikslz dg
%

_ ﬁ( 2mikh _ Ifkl _
=¢ 4 3 ik (e 1) < g;Z 3k Og).

In a multivariate integration, we will estimate one of the occurring integrals by this procedure
and use the standard estimation that another power of % is gained in each integration (using a
constant majorant) to derive

foh f(;l J‘(:nf(wsj) dsn dSO = O ().
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Notice that for the general case where f(ws;) has to be replaced by linear combinations of

oscillating functions f (wsy, ), this estimation still holds since we assumed that f(r) = ©(1).

We summarize these estimates to yield a growth law for the Magnus expansion in the small
parameter:

Theorem 4.3.1. Let H = €T + V/ec +f(t/ &)W /¢, with f independent of €, and discretizing
in space and time as Ax = O (&) and h = €7, the Magnus expansion (1.62) truncated after p
terms is of effective order £P°.

i@ i®k+@ eP?) p=2.
= k=

At this point, we are able to apply the symmetric Zassenhaus algorithm and in the remainder,
a method of epsilon-order 3/2 will be constructed. From Th. 4.3.1, it is clear that it suffices to
include the first three terms O,/ = 1,2, 3 for an approximation error © ( g3/2 ) The expression
is easy to compute and we set (recall @ = £~ 1)

W[O] :®1 +®2+®3

-1 (héT + hoV +f1’1W) +f2’1[W, T]
+ifs 1 [V + ST W] +ifs s0| W, [T, W]

1
—ih (—50% + C()V) - l.C!)f]’IW— 2f2’] W’@x —fz’] W”

O(e71/2) A(£0) o) o)
+2if3 ) (mV’W’+25W”6%)+4if3,2a)(de) +4f (3W) o, +0 (&3).
O(el) O(?)

The functions f; ;. are of size O(eW~1) = ©(eV+1/2), in particular,

=
[

= [ asfs)

f2,1=2f dsy [ dsy(F(s2/@) f(sl/m),

L[ s [ dsa [} dsa(Ftsa) =2 s2) + o0

o=t [ ds [ as, [ ds3(2f<s1>f(s3) = F(s2) (Flsp) +F(s3))),

&
I |

with the shorthand f (s) = f(s/w). The application of the Zassenhaus algorithm is almost
straightforward: Convert (0] to even derivatives and identify the largest terms. As before,
the conversion to even derivatives will increase the size of the first commutator which orig-
inates from ®, and we apply the construction (4.42) to avoid its direct computation. The
starting point is set to

0] _ log (ekweihag/we—kw)

h VAR
= i=02+fo1[0%, W] - = (0, W),
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where k = —if; 1 %. From here onwards, we simply follow the Zassenhaus split and continue
to pull out the largest parts of the remainder,

WH = —jw (RV + fi ;W) = O(e71/2 + £0) .

Proceeding in the usual fashion leads to

. 3
Wil = Lindw(a,V)? + i {03, (33V)}, = Lo (2. [(a.W)(@82V)] =0(e'?).
The final step gives

W) = iw (2651 + Lf1.18%) (3,V) + 263 2(3, W) ) (0, W)
1
+ 5hfiaf [03 (0 W]+ i (451 + 5f1.10h2) {62 (0, W)?}, = O (&)
‘We have now reached the precision of the truncated Magnus expansion which gives the method

3 3/2 1 0
e® ) — Xy Op+0(e2) _ 3WIO

Lyl Lwi2l LwI(3] Lwyl2] Lwlll 1yl0]

W2 W W W 2 W s W 0 (e3?).
Note that all the derivatives and integrals w.r.t. the spatial coordinate of the potentials only
have to be computed once and the time-dependency is buried in the functions f; ;. This low
order method requires very few FFTs, in fact only 2 x 2 for W01, 2 x 3 Lanczos iterations with
4 FFTs for W!2! and two iterations with 4 FFTs for W!3!, which totals to 36 FFTs.
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Chapter

THE GROUND STATE:
IMAGINARY TIME PROPAGATION

THE EXPOSITION IS BASED ON THE ARTICLE [6].

We consider the eigenvalue problem for the stationary Schrodinger equation (SE) presented
in Section 1.1.4 which is repeated for convenience of the reader

H¢J(X) =E]¢]('x)’ J=0,1,2, (51)

where

H=T+V(x) = —%A+V(x), (5.2)

V (x) denotes the interaction potential and A is the Laplacian operator. Since the Hamiltonian
H is a Hermitian operator, its eigenvalues E; are real valued, and their corresponding real
eigenfunctions ¢;(x) form a basis of the underlying Hilbert space. This particular problem
has attracted great interest among theorists and practitioners [46, 82, 112] due to its relevance
for the properties of atomic structures. A widely used approach to solve this problem is based
on using the corresponding time-dependent Schrodinger equation in imaginary time (f = —it),
whose formal solution is given by the evolution operator exp(—7H). In this way, in general,
virtually any initial condition, under the action of exp(—tH), converges asymptotically to
the ground state solution when T — co. Notice that the evolution operator exp(—tH) has
the same eigenfunctions as the problem (5.1)-(5.2). This technique is usually referred to as
the imaginary time propagation method (ITP for short). In this setting, only the action of
exp(—7H) on a wave function has to be computed [3, 89].
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5.1 Motivation and background

The ITP method can be regarded as an analog of the well-known power method in numerical
linear algebra [125]. In this sense, one may also consider the inverse power method: Instead
of the iterative application of the exponential operator exp(—7tH), the scheme v, ; = (H —
Ej)‘lvn, n =0,1,2,...is used for some given Ej. This iteration is known to converge after
normalization to the eigenvector with eigenvalue closest to Ej. Although faster convergence
than for the ITP method can be observed for an accurate initial guess Ej ~ E;, in general, the

algorithm needs more iterations until convergence [1].

However, the benefits of this method are non-negligible if one is interested in a particular high
energy eigenstate since, with a suitable initial guess Ej, the state can be computed without
having to calculate the lower energies E;, 0 < k < j, previously.

k4% -tT

Since the operators e~ 7" and e can be exactly computed in the coordinate and momen-
tum space, respectively, the operator splitting technique involving a composition of these
exponential operators with appropriate coefficients can be used to approximate e~ 7. The
computational cost depends on the number of changes between these coordinates which are
cheaply performed by Fast Fourier transforms (FFT).

However, the operator splitting technique has some limitations. In particular, splitting methods
of order p > 2 require negative time-steps [118, 120] and the instabilities caused thereof are
analogous to the ones for the integration of a diffusion equation backwards in time. If it is
feasible to compute the gradient of the potential V, generalized splitting methods allow to
build methods with positive coefficients up to fourth order [44, 104, 45], but higher order
methods also use negative time-steps. In this section, we propose methods to overcome the
order barriers for both cases by using complex time-steps. Splitting methods can be tailored
to particular equations to achieve better performances and we present criteria based on near-
integrability that apply to a wide range of problems and thus yield highly efficient high order
schemes. The obtained methods outperform the existing splitting schemes when high accuracy
is desired and could be appropriate for elaborating a variable order algorithm. We also report
some numerical experiments illustrating the efficiency of the new methods.

For details on the procedure, we refer to the introduction and only elaborate on aspects of the
implementation of the process

e~ THy (x,0) = Z e‘TEf(pl-(x).

We will assume that the eigenvalues are distinct and positive, 0 < Ey < E; < ..., the latter
can be achieved by appropriately choosing the origin of the potential, which corresponds
to adding a physically irrelevant constant global phase to solution. If there is degeneracy, it
converges to a linear combination of eigenfunctions, and repeating this process with different
initial conditions, one can obtain a complete set of independent vectors of the subspace which
can be orthonormalized.

Normalization of the asymptotic value yields the eigenfunction ¢ and the corresponding
eigenvalue is computed via Ey = (¢polH ¢). Excited states can be obtained by propagating
different wave functions simultaneously (or successively) in time and using, for example, the
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Gram-Schmidt orthonormalization or diagonalization of the overlap matrix [1].

For simplicity in the presentation, the spatial dimension is set to one unless it is explicitly
stated, but our results also apply to higher dimensions.

The problem is further simplified by assuming x € [a, b] with the interval [a, b] sufficiently
large such that the wave function and all its derivatives of interest vanish at the boundaries.
For numerical computations, the infinite dimensional domain of H has to be truncated, which
is done by discretizing the spatial coordinate x: We fix N equally spaced grid points x; =
xo +kAx, k=0,1,2,...,N — 1, with a = xy and b = x,. In this way, the interval is divided
into N subintervals of size Ax = (b —a)/N.

The potential V is represented in this grid by a diagonal matrix and the periodicity of the
system (y " (a) = y"™(b) = 0, n = 0,1,2,...) allows for the use of spectral methods (in
space) for the calculation of 7, namely the Fast Fourier Transform after which the matrix
representation of T also becomes diagonal. The computational costs for the application of
V and T to a vector are thus proportional to N and N log N operations, respectively. In a d-
dimensional space with N mesh points on each dimension, their costs are proportional to N¢
and N log N, respectively.

5.2 Splitting methods for the Schrodinger equation

To approximate the time evolution (1.17), i.e., the computation of e~ 7 acting on a vector, we

propose to use splitting methods, cf. Section 1.3.3, in particular, compositions of the operators
e~™V and e~ 7T evaluated at different times. For convenience, we express the Strang splitting
(1.38) in these terms

\IJEZZ] = e_gve‘hre_gv, (5.3)

and verifies \I'ELZ] = e 4+ ©(h3) with h = At. A general composition is then given by

m
lI,Elp] = l—[e—a,-hT ebihV 5.4
i=1

where \IILP I'= ¢ hH 4 ©(hP+1) if the coefficients a;, b; are chosen such that they satisfy a
number of order conditions (with m sufficiently large). However, as mentioned earlier, split-
tings of order greater than two necessarily have negative coefficients. While this is usually not
a problem for the coefficients b;, having negative a; coeflicients makes the algorithm badly
conditioned (in the limit N — oo). Recall that this restriction applies to a more general class
of equations: Whenever the operator only creates a semi-group of solutions, the integration
has to be computed forward in time.

Composition methods with coefficients b; positive are also convenient for unbounded poten-
tials, e.g., V(x) = x2, since negative values of b; can generate large round-off errors in the
exponential e~?:V at the boundaries if the interval-size of the spatial discretization is not ap-
propriately chosen and the potential takes exceedingly large values.

Splitting methods are particularly appropriate for the numerical integration of this problem
since the choice of the time step, £, is not affected by the mesh size. Taking a finer mesh (i.e., a
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larger value of N) does not necessarily lead to a smaller time step, and the extra computational
effort originates only from the FFTs, whose cost is N 1og(N) (or N¥ log(N) in a d-dimensional
problem with N points on each coordinate). In contrast and as elaborated in the introduction,
the Chebyshev polynomial method approximates the exponential as

m
e~ TH = g~pH/IHI) ~ Z ar(p)Py (tH/p), (5.5)
k=0
where p = T|H|, ai(p) = 2I;(p), k > 0 and ay(p) = Iy(p), with I,, being the modi-
fied Bessel functions of the first kind and P, is the Chebyshev polynomial of degree k. The
truncation index m has to be such that m > p to reach accuracy. If we take into account that

d (- \?
VL ~ Vi = Vinin +jZ1 (A_xj) ~ N,

we observe that the number of FFTs is proportional to N2, and then its computational cost
scales as N2 x N 1log(N). Similar considerations apply to other polynomial approximations
such as Taylor or Lanczos methods. In fact, in the numerical experiments with d = 3 reported
in Ref. [89], splitting methods scale as N3-3 while Lanczos methods scale as N°-3 for a range
of values of N, in agreement with the previous estimates.

Nevertheless, from the results in Ref. [8§9] one might conclude that these polynomial approxi-
mations scale better than splitting methods for computing a larger part of the spectrum. Then,
splitting schemes are the methods of choice when only relatively few eigenvalues are desired,
especially if they are needed with high accuracy (implying a finer mesh, i.e., a larger number
of grid points). With this aim in mind, we next explore several families of splitting methods
to get approximations to (1.17).

One possible approach to derive the order conditions to be satisfied by the coefficients a;, b;
consists in applying the Baker-Campbell-Hausdorff formula to the composition (5.4), which
we assume consistent (3. a; = >, b; = 1) [65]. Thus we get \1127’] = exp(—hJ’), with

H=T+V+hfr [T,VI+h*(fs [T, [T.VI] + 5[V, [T, V]]) + -, (5.6)

where f; ; are polynomials of degree i in the coefficients ay, by. Condition f, ; = 0 leads
to second order methods, and this can always be achieved by taking a left-right symmetric
composition in (5.4) because all even terms automatically vanish. Methods of higher orders
require in addition f3 ; = f3, = 0. Taking into account consistency, these equations can be
written as [22]

1
f3’1 : Z aibjak = 6, (57)
1<i<j<ksm
1
fr2 Y by = ¢ (5.8)

1<i<j<k<m+1

These two conditions imply that at least one of the a; as well as one of the b; become nega-
tive (see [17] and references therein), so that only methods of order two can be used for this
problem.

There are several possibilities to circumvent this limitation, and in the following, we enumerate
some of them.



5.2 Splitting methods for the Schrodinger equation

Modified potentials If the kinetic energy operator in (5.2) is quadratic in momenta, then
the nested commutator
[V.[T.V]] = (VV (x))" (VV (x)) (5.9

is diagonal in coordinate space. For this reason, (5.9) is usually called modifying potential. In
consequence, [V, [V, [T, V]]] = 0 and we can replace the terms e bV in (5.4) by the more

general operator
e—b,-hV—c,-h3 [V.IT.V]]

involving two parameters. As a result, condition (5.8) becomes

m
f3,2 : Z bi(ljbk + Z c; = é
i=1

1<i<j<ksm+1

This equation can always be satisfied with a proper choice of the coefficients c;, so that the
constraints on the coefficients a;, b; reduce to the single condition f3 ;| = 0, allowing for posi-
tive coeflicients. In addition, solutions with positive c¢; coefficients also exist. A first example
is the 4th-order composition [86, 44]

_h _h _2hy_h3 _h _h
BV AT SBV-LSIVITVI 4T -4V

\11514] e e 3 72

e

(5.10)

It turns out, however, that 6th-order methods using the operator (5.9) necessarily have some
negative coefficients a; [43].

Near-integrable systems When the Hamiltonian can be considered as a perturbed system,
ie., H = Hy + ¢V (x) with an exactly solvable part Hy = T + Vj(x) and a small perturbation
eV, (x), we have already pointed out that it is advantageous to split the Hamiltonian into the
dominant part H, and its perturbation £V,. For example, if one is interested in the lower
excited states, which evolve near the minimum of the potential, it can be useful to separate the
quadratic part and to treat the remainder as a perturbation since the harmonic oscillator has a
simple and fast solution using FFTs, cf. Section2.1 and Refs. [47, 4].

Notice that in this case, the commutator
[eV,,[Hy V1] = €2 (VV, ()" (VV, (x))

depends only on the coordinates and modified potentials can also be applied as before. Then,
all compositions remain the same except for replacing 7 by Hy and V by £V ,.. We recall that for
potentials V (x) = |x|", the virial theorem (¢ |T ¢) = (¢ |VV (x)x ¢) leads to (T) = n(V) and
for large n, the potential can be considered the dominant part. This is especially relevant for
the imaginary-time propagation, since eventual rough initial conditions are smoothed quickly
by the diffusion part
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Complex coefficients A third possibility consists of considering complex coefficients in the
composition (5.4) (with or without modified potentials). In other problems where the presence
of negative real coefficients is unacceptable, the use of high-order splitting methods with com-
plex coefficients having positive real part has shown to possess some advantages. In recent
years a systematic search for new methods with complex coefficients has been carried out and
the resulting schemes have been tested in different settings: Hamiltonian systems in celestial
mechanics [41], the time-dependent Schrédinger equation in quantum mechanics [11, 12] and
also in the more abstract setting of evolution equations with unbounded operators generating
analytic semigroups [40, 66]. It is worth noticing that the propagator exp(zA) (z € C) asso-
ciated with the Laplacian is well-defined (in a reasonable distributional sense) if and only if
R (z) = 0 [40], which is the case for the presented methods.

Many of the existing splitting methods with complex coefficients have been constructed by
applying the composition technique (1.44) to the symmetric second-order leapfrog scheme
(5.3): For example, a fourth-order integrator can be obtained with the symmetric composition

[4] _ yl2] yl2] yl2]
W, =Y Y Yo (5.11)
where
1 21/3821'1{77/3
&= ST o1/32ika/3” L Y VE W T

and k = 1, 2. In both cases, one has R (a), R(B) > 0. Higher order composition methods with
complex coefficients and positive real part can be found in Refs. [40, 66, 20], where several
numerical examples are also reported.

5.2.1 New splitting methods for the ITP problem

In this section, we carry out a systematic search of methods within the classes (a)-(c) above
enumerated. The best methods for each subclass are stated online [5] with 25 digits of accuracy
whereas the methods used in the numerical examples (Section 5.3) are given in the subsequent
tables with 18 digits for simplicity.

We only consider symmetric methods and, since 7" and V have qualitatively different proper-
ties, we analyze both TVT-and VT V-type compositions, defined as

\I,ELP] — e—alhTe—bthe—a2hT .__e—athe—bthe—alhT’ and (512)

q,ElP] — e—b|I1Ve—a|hTe—b2hV e—bzhve—ulhTe—bth, (513)

respectively. In principle, both compositions have the same computational cost for the same
number of exponentials. Nevertheless, due to a projection step to the real part after each full
time-step, only in the VTV composition we can concatenate the last map in the current step
with the first stage in the next one. The TVT compositions thus require two additional FFTs
in comparison with the VTV composition, and this is accounted for in the numerical experi-
ments.

The methods we obtain are classified into two families: (I) methods without modified poten-
tials and (II) methods with modified potentials. For each class, we distinguish between meth-
ods for general problems (with the unique constraint that [V, [V, [T, V]]] = 0) and methods
for near-integrable problems (when the main dominant part contains the kinetic energy).



5.2 Splitting methods for the Schrodinger equation

We have explored both TVT and VTV compositions with different number of stages. In some
cases we consider extra stages to have free parameters for optimization. When the number and
complexity of the order conditions is relatively low, we get all solutions. We then select the
solutions having all of their coefficients with positive real part. Finally, we choose the solution
which minimizes

> (lagl + b)) (5.14)

1
and/or minimizes the absolute value of the real part of the coefficients appearing at the lead-
ing error terms. These methods are subsequently tested on several numerical examples. After
this process, we collect a number of schemes offering the best performance for most of the
problems considered. In practice, however, one has to bear in mind that the relative perfor-
mance between different methods depends eventually on the particular problem considered,
the desired accuracy, the initial conditions, etc.

5.2.2 Methods without modified potentials

TVT and VTV compositions with 3 up to 9 stages have been analyzed. To simplify the nota-
tion, we denote compositions (5.12) and (5.13) as

Ti’lm =ay bl ay - a2b1 ap,

Vﬂm = bl aj bz szll bl’
respectively. Here n indicates the order (or generalized order) of the method and m corre-
sponds to the number of stages, i.e., the number of b; coeflicients in the TVT composition or
the number of a; coefficients in the VTV composition. The coefficients of the selected TVT

methods are collected in Table 5.1, whereas those corresponding to the TVT methods are
displayed in Table 5.2.

Methods for general problems

Analogously to (5.6), the symmetric compositions (5.12) and (5.13) can be formally expressed
as a single exponential 11/£ZP = exp(—h’) with polynomials f; ; in a;, b; multiplying commu-
tators E; ;:
H=T+V+h(f31E5 1 +f32E3,)
+h*(fs 1Es 1 +f52Es +fs 3Es 3 + f5s 4Es 4)
+hO(f11E7 1 + f10E70 + ) + -,

where the E; ; are chosen to form a basis of the algebra of commutators of length i. The chosen
basis elements relevant for our exposition are

Es, =[T,[T,V]], E3, = [V,[T,V]],

Es, =[T,[T,[T,[T, VI, Es, = [V,[T,[T,[T,V]]]],
Ess=[T,[V,[T,[V,T]]]], Es 4 =[V,[V,[T,[T, V]I,
E;y =[T,[T,Es,]], E;, =[V,[T,Es;]]

Here, we summarize some of the methods which have been analyzed:

115



116

Chapter 5. The ground state: Imaginary time propagation

3-stage compositions A 3-stage composition has sufficient parameters to build 4th-order
methods. There is one real solution and two complex solutions (conjugate to each other). For
example, the VTV method corresponds to the composition (5.11) when \PLZ] is given by (5.3).
The TVT version is obtained by interchanging 7 and V.

5-stage compositions Fourth-order methods with two free parameters can be obtained using
5-stage symmetric compositions. These two parameters can be used to build methods of effec-
tive order 6 (i.e., 4th-order methods that are conjugate to 6th-order methods by a near-identity
change of variables). This requires to impose some additional constraints on the leading error
terms, f5;, j = 1,2,3,4. Specifically, these are f5 | — f5, = 0 and f53 + f5 4 = 0 [27]. We
have found six solutions for the TVT composition and three solutions for the VTV compo-
sition with coefficients having positive real part. The solutions with smallest error terms at
order 5 are denoted by T45 and V45[5].

7-stage compositions In principle, there are sufficient parameters to build 6th-order meth-
ods with 7 stages. For the TVT composition, there are 11 solutions with all coefficients having
positive real parts. The solution leading to a minimum value of the norm of the error at order
7 can be found online [5].

With respect to the VTV composition, the best method we have found is identical with the
most efficient sixth-order method obtained by Chambers [41], where it has been presented as
a symmetric composition similar to (5.11) but with 7 stages instead of 3, and with \11512] given
by (5.3).

Methods for near-integrable problems

Proceeding analogously as before, we arrive at the following methods. We recall that in all
compositions one should replace T by Hy and V by £V,..

n-stage compositions of generalized order (21,2) This class of compositions has real and
positive coefficients [94, 87]. A 4-stage VTV composition of generalized order (8, 2) is given
by scheme V84MYR in Table 5.4 with ¢; = 0.

S-stage compositions To build a method of generalized order (8,4) the following conditions
must be satisfied by a consistent and symmetric method: f3; = f3, = fs1 = f7; = 0.
It requires at least 5 stages, and in this case only one solution with all coefficients having
positive real part is found both for the TVT and VTV compositions. The coefficients of these
methods, denoted by T845 and V845, are collected in Table 5.1 and Table 5.2, respectively.
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(8,6,4) methods To build a (8,6,4) method, the coefficients of a consistent and symmetric
method must satisfy the following order conditions: f3 | = f3, =fs1 =fs2 =fs3 =f7.1 = 0.
They therefore require at least 7 stages. In this case, it is possible to get all solutions. Scheme
T864, corresponds to the solution minimizing (5.14), whereas V864, provides the minimum

value of [fs 3 + f5 4l.

(8,6) methods Increasing the number of stages to 9 we have two free parameters, which are
used to satisfy in addition the following conditions: f5 4 = f7, = 0. In this way, methods
of generalized order (8,6) and effective order (10,8,6) are obtained. Two efficient schemes
correspond to T86¢ and V864 in Table 5.1 and Table 5.2, respectively [102].

5.2.3 Methods with modified potentials

Fourth-order methods incorporating modified potentials do exist with real and positive co-
efficients. In fact, two- and three-stage schemes have been extensively studied [43, 104, 45].
Methods of generalized order (n,4) also exist with positive real coefficients [87]. Here we con-
struct new methods of generalized order (6,4) and (8,4) with this property and generalize the
treatment to 6th-order schemes with complex coefficients. In all cases, we take compositions
TVT and VTV with up to 5 stages and denote them as

TnM,, = aj(bjcy)ay - ay(bycy)ay,
Vl’le = (b] cl)a] (szz) (szz)al (bl C]).

Here, the parenthesis is used to help counting of the number of exponentials, and the letter M
indicates that the methods use modified potentials. Notice that the number of free parameters
can differ for the TVT and VTV sequences with the same number of exponentials because
the exponent of a modified potential contains two parameters. The coefficients of the selected
methods are collected in Table 5.3 and Table 5.4 for the TVT and VTV compositions, respec-
tively.

Methods for general problems

4-stage compositions Under the restriction of having real positive coefficients, we have
obtained the fourth-order VIV method OMF-4M, already discovered in Ref. [104] (eq. (36)
therein).

The VTV composition allows one to build 6th-order methods, whereas the TVT needs an
extra stage. There is only one solution (and its complex conjugate) with all coefficients having
positive real part. It is denoted by VM, and can be found within the supplementary material

[5].
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Methods for near-integrable problems

We first consider (n, 4) methods with real and positive coefficients. For schemes of generalized
order (8,6) we collect only complex solutions with positive real part.

(6,4) methods They require at least 3 stages to satisfy the following order conditions: f3 ; =
f3.2 =f5.1 = 0. The coeflicients a; and b; correspond to the methods (6,2) obtained in Ref. [94]
(without modified potentials). We have also considered methods with 4 stages in order to
have additional free parameters. As previously mentioned, there is the same number of order
conditions as parameters to get a method of order 6 for the VTV sequence, but there are no
solutions with coefficients being real and positive. To get a sixth-order method the following
conditions must also be satisfied: fs, = fs3 = fs4 = 0. The coefficients ¢; only appear
in f5 3 and f5 4 and can only be used to cancel these terms. The VTV sequence has three
free parameters which can be used to annihilate f5 3 and f5 4 and to minimize the absolute
value of f5, under the constraint that all coeflicients must be real and positive. The TVT
sequence has only two free parameters which can be used to annihilate f5 3 and to minimize
the absolute value of the dominant term, f5 ,, under the same constraint on the coefficients.
The best methods we have obtained are denoted by T64M, and V64M, and are published
online [5].

(8,4) methods They require at least 4 stages. The coefficients a; and b; correspond to the
methods (8,2) without using modified potentials and obtained in Ref. [94]. There is one co-
efficients ¢; in the TVT composition which can be used to cancel fs 3, and two coefficients
¢; in the VTV composition which can be used to annihilate f5 3 and f5 4. The solution with
¢, = c3 = 0 was already obtained in [87]. We have collected the corresponding coefficients
for this method, V84M£;R, in Table 5.4. We have also considered methods with 5 stages in
order to have an additional free parameters. There is the same number of order conditions as
parameters to get a method of order (8,6) (which would be of order 6 for a general problem) but
obviously, there are no solutions with coefficients real and positive. As in the previous case,
the term f5 , can not be zeroed using real positive coefficients. Then in both TVT and VTV
compositions, we have chosen the method which, while having real and positive coefficients,
minimize its absolute value. The best methods we have obtained are denoted by T84M5 and
V84Ms.

(8,6) methods They require at least 5 stages and do not admit real and positive solutions
for the coeflicients and we are forced to consider complex solutions. We have found only
one solution with positive real part in the coefficients for both TVT and VTV compositions.
The coefficients for the methods denoted by T86M5 and V86Mj are given in Table 5.3 and
Table 5.4, respectively.



5.3 Numerical results

Table 5.1: Compositions TVT without modified potentials.

T84s =a,bya,br,asbzaz bya, b, a,

a, = 0.071401131540044698 + 0.010155431019886789i
b, = 0.178696854264631978 + 0.028197506313218021i
a, = 0.236383805190074736 + 0.070427007139534522i
b, = 0.198453474708154649 + 0.082962314733854963i
as =1/2 - (a, +a,) = 0.1922... — 0.0806...i

by =1-2(b, +b,) =0.2457... —0.2223...i

T864, =a,b,a,b,asbza,bya,bsasbya, b, a,

a, =0.055705821110864236 + 0.018670384565085049i
b, =0.115779449626990422 + 0.046131356173382847i
a, =0.118843282163492564 — 0.024151805322796634i
b, =0.129128920804026450 — 0.119039413303774209i
a; =0.158591515575195578 — 0.076302551893579599i
by =0.184643464154438944 — 0.003053761445376182i
a, =1/2 - (a; +a, +az) =0.1669... + 0.0818...7

by, =1-2(b, + b, +b3) =0.1409... + 0.1519...i

T86¢ =a,b,a,b,asbsa,b,asbsasb,a,bsasbra> b, a,

a, =0.042257897299860339 — 0.014215780224181831i
b, =0.094894869367770736 — 0.037963806472588094
a, =0.095260398471830494 + 0.004518725891475591i
b, =0.097374660381711248 + 0.088518877931710497i
as = 0.099960578944766657 + 0.090271995071312563i
b3 =0.118584793520055816 + 0.038356250608401259i
a, =0.148695530402608487 + 0.011438117187614089i
b, =0.136865119760326031 — 0.023587404969570006i
as=1/2—-(a, +a, +a;+a,) =0.1138... - 0.0920...7
bs=1-2(b; +b, + by +b,) =0.1046... - 0.1306...i

5.3 Numerical results

As test bench for the numerical methods, we consider in the following two qualitatively dif-
ferent cases, the Poschl-Teller potential and a perturbed harmonic oscillator, the latter being
a classic example of a near-integrable system and of practical interest [112]. These two prob-
lems can be numerically integrated using modified potentials. However, we compare the rel-
ative performance of the methods (with and without modified potentials) separately in order
to study the performance of the methods when it is not feasible to compute the gradient of the
potential.

The numerical integration proceeds as follows: Starting from random initial data, we iterate
with fixed time-step until the sufficiently large final time 77 = 100 and compare the result
with the exact solution, y (T), which has been obtained by integrating with a much smaller
time step. The spatial interval is fixed for all experiments to [—10, 10] and is discretized with
N = 128 equidistant mesh points. Similar results are obtained for larger N = 256,512, 1024.
At each step, we project the obtained vector to its real part and normalize it to one in ¢, (R),
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Table 5.2: Compositions VTV without modified potentials.

V864, =b,a,bya,byasb,a,b,a3b5a,b,a, b,

b, =0.060017770752528926 — 0.009696150746907738i
a, =0.108904710931114447 — 0.075700232434276860i
b, =0.067017987316853817 + 0.003927567742822542i
a, =0.106594114300156182 + 0.139651903644940761i
b; =0.189300872388005476 + 0.091055103879530385:
a; =0.204897016414416105 + 0.009719057955143112i
b, =1/2—- (b, +by+b3) =0.1837... —0.0853...i
a,=1-2(a; +a, +az) =0.1592... - 0.1473...i

V86y = b,a,bya,bsasb,a,bsasbsasb,azbsa,bra; by

b, =0.032497706037458608 + 0.010641310380458924
a, =0.087895680441261752 + 0.036052576182866484i
b, =0.094180923422602148 + 0.023866875362648754i
a, =0.095351855399045611 — 0.065128376035135147i
b3 =0.101132953097231180 — 0.112201757337044841i
a; =0.121865575594908413 — 0.054974002471495827i
b, =0.160941382119434892 - 0.016127643896952891i
ay =0.141506882718462097 + 0.024607229046524026i
bs=1/2—- (b, +by, +b3+b,) =0.1112... + 0.0938...7
as=1-2(a; +a, +as+a,) =0.1068... + 0.1189...7

Table 5.3: Compositions TVT with modified potentials.

T84Ms = a; (b ¢y)a, (bycy) az (bscz)az (bycy)a, (bycy)ay

a, =0.058520963359694865

b, =0.145381537601615725, c; =0.000245906549261228
a, =0.207903047442871771

b, =0.244351408696638327, ¢, =0.000259178561419125
az =1/2—-(a; +a,) =0.2336...

by =1-2(b, +b,) =0.2205..., ¢3 =0.000938105701711153

T86Ms = a, (b, cy)a, (bycy)as (bycz)as (brycy)a, (b cy)a,

a, =0.063556051997493102 + 0.010606890396680920i
b, = 0.156939525347224563 + 0.027931306200415819i
¢, = 0.000133739181746125 + 0.000085540153220213i
a, = 0.208998817231756322 + 0.040240203826523395i
b, = 0.222383136675982213 + 0.026033262090035938i
¢, = 0.000484323504408882 + 0.000241671051573332i
as = 1/2 - (a, +a,) = 0.2274... - 0.0508...i

by=1-2(b, +b,) =0.2414... - 0.1079...i

5 = 0.000179180363327321 — 0.000858304413034511i
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Table 5.4: Compositions VTV with modified potentials.

V84Ms = (b cy)ay (bycy)a, (b3 c3)as(bsc3)as (bycy)ay (bycy)

b, =0.042308451243127365, c; =0.000232966269565498

a, =0.142939324267716184

b, =0.219303568753387110, ¢, =5.56677120231130- 1077
a, =0.242474508234531493

by =1/2—- (b, +b,) =0.2292..., 3 =0.000794490777479431

az;=1-2(a; +a,) =0.2384...

V8AMIR = (b, cy)ay (bycy)a, (bycs3)as (bycy)ay (bycy)

by = 1/20, ¢y = B6LTOLBL g = 1/2 - 3/28
b, = 49/180, ¢ =0, ay=1/2-a, =3/28

by=1-2(b, +by) =16/45, ¢;=0

V86Ms = (b c;)a, (bycy)a, (bycz)as(bscy)as (bycy)ay (bycy)

b, = 0.046213625838152095 — 0.007824529355983 108
¢, = 0.000035830461339520 + 0.000074370857685421i
a, =0.152650950104799817 — 0.030279967 163699065
b, = 0.224258052678856384 — 0.050879282402761772i
¢, = 0.000338053435041382 — 0.000490508913279372i
a, = 0.226364275186039762 — 0.016537249619936515i
by =1/2 = (b, + by) = 0.2295... + 0.0587...i

¢5 = 0.000408311644874003 + 0.000484371967433683i
as = 1-2(a, +ay) = 0.2420... + 0.0936...i

i.e., given the method \PL" J"and initial conditions, ¢, € RN, we compute ¢, as

$n+1 = ‘I’E,p] ns

then, since ¢,,, is a complex vector (but @ (h”) away from a real vector) we project on the
real space by removing the imaginary part

(ﬁrwl = ER(qgnJrl)

and then normalize the solution ¢,,.| = ¢,,.1/l¢,.1, where the norm is given by

N-1
Iwl|?> = Ax Z WJZ, W= (Wg,....wy_1) € RV,
Jj=0

The computational cost is estimated by the number of Fourier transforms necessary until the
final time. In addition, the methods using complex coefficients are penalized by a factor 2
in the computational cost, which comes from the use of complex Fourier transforms instead
of real FFT. We repeat the numerical integrations for different values of the time step, i.e.,
h = T /M for different values of M and denote the approximate solution by ¢(7) = ¢,, in
each case. The error is measured as

error = [ly (T) — ¢ (T)].

121



122

Chapter 5. The ground state: Imaginary time propagation

This procedure will allow us to determine the efficiency of the new splitting methods, which
will depend on the desired accuracy, and thereby choose the methods which are most appropri-
ate for implementation with a more efficient algorithm that is based on variable time step and
order. We distinguish two types of problems: On the one hand, methods that include modified
potentials, the reference methods being Chin-4M (5.10), OMF-4M [104] and V84M4R [87]
given in Table 5.4 as well as a differently optimized scheme with three modified potentials
SCB-4M[113] and on the other hand, methods without modifying potentials with the refer-
ence methods V82 [94], the fourth-order complex triple-jump scheme (5.11), referenced as
Yoshida 4 and a 6th-order complex coefficient method by Chambers [41]. As a reference, we
also include the results obtained by a 6-stage sixth-order extrapolation method which takes
the Strang splitting (5.3) as the basic method with the same decompositions like the other
methods (T + V and H, + £V, for the perturbed problem, respectively), and it is used with
time steps &, 7/2 and /3. We remark that all relevant methods in the cited papers have been
tested and the most efficient ones for this problem are included in the plots.

Poschl-Teller potential

We have chosen the well-known one-dimensional Poschl-Teller potential for the availability
of analytic solutions of the eigenstates

2
H = —%% - w (sech(x)? - 1), (5.15)
with 2(4 + 1) = 10. The results of our computation are shown in Figure 5.1a. The higher
order of the complex coefficient methods outweighs their extra cost starting from moderate
accuracy. The optimizations of the error terms can be clearly appreciated in the comparison
with the 4th order triple-jump (5.11). When we consider methods with modified potentials,
we observe that the new methods show only slight improvements with respect to the method
OMF-4M since both parts of the splitting 7 and V are of comparable size. As the desired

precision is increased, the new sixth order methods dominate in efficiency.

Perturbed harmonic oscillator

To illustrate the benefits of methods designed for near integrable systems, we use the Hamil-
tonian

192 1 ,,
H _§ﬁ+§w X +8V£(x),
and splititin a large part Hyo = —% % + %a)zxz and a small part £V, (x). The trap frequency

is setto w = 1 and the perturbation ¢V, is given by the Poschl-Teller potential in (5.15), with
A(A + 1) = 2/5. The harmonic part Hyo can be solved exactly via an exact splitting using
Fourier transforms, cf. Section 2.1, from which we recall

—i % tan( L) x?

. S
e i0Huo = ¢ 2 e >

-5 sin(Sw) p? e—zg tan(22) x2

2

bl

2
for < g and p?=-292.
[Sw| < p pre



5.3 Numerical results
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Figure 5.1: In the first row, efficiency curves (error vs. number of FFTs) for methods without force
evaluations are presented, with the new methods (triangles) performing best for high accuracies. The
middle row depicts methods based on modified potentials. In the right column, T86Mj intersects with
V84My3 at precision 10~!3, whereas it already improves on T84My at 10~° for the left column. SCB-4M
has the parameters (cf. Ref. [113] for notation) #, = 0.1215 and a, = 0.33 and overlaps with Chin-4M
in the right plot and has thus been omitted. In the bottom row, the random initial conditions (green), the
ground states (black) and the potentials (dashed blue), scaled by 1/5 to fit the axis, are shown.
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Chapter 5. The ground state: Imaginary time propagation

From the computational point of view, it is suggested [4] to consider the VTV split instead
of the TVT split because it can be concatenated with the perturbation which only depends on
the coordinates and no additional FFTs are necessary, i.e.

. e_ J+1 Tgvg_a./THHOe_l).iTSV ee

In Ref. [47], this decomposition is generalized to the two-dimensional problem H = %(p% +
py) (w%x2 + w2y 2)-Q (xpy — ypy) and in Ref. [4] to the non homogeneous and possibly
time- dependent one-dimensional problem H = 1 p2 + w )x2 + f(t)p + g(t)x. For a more
complete discussion, see Chapter 2.

After the substitution § = —ih, we have

e~MHio = tanh(%)x2 —sL sinh(hw)p e —tanh(T‘”)xz

e e 2o

s

for [3(h)w| < o and R(h) > O (for numerical stability) and the perturbation part is easily
propagated after discretization by the exponential of a diagonal matrix. In this setting, the
higher order in the small parameter is amplified and the efficiency plots in Figure 5.1b indi-
cate that the new methods outperform the existing ones when high precision is sought and
overall when modified potentials are allowed. We observe in both examples that, when mod-
ified potentials can be computed without exceedingly large computational cost, they should
be used.

Further numerical experiments show that the efficiency curves are independent of the mesh
size, i.e., the norm of 7', and the cost only increases as N log(N) as expected. The reason for
this can be understood by following the evolution of the state vector along the iterations of
the algorithm. Whereas in the beginning one has a non-smooth configuration u, after a few
steps the vector u; is close to an eigenstate and thus smoothened.

It is important to remark that the methods proposed in this work can be implemented in an
algorithm which uses variable step, variable order, variable mesh size and variable simple-
double precision. The best implementation can depend on the class of problems to be solved.
For illustration, we present an implementation with variable time steps.

5.3.1 Variable step method

The previous examples show that for low accuracies and large time steps, the (8,2) method
(with real coefficients) performs best. However, if we allow for variable time steps, as pro-
posed in [1, 89], the computational cost is drastically reduced. We propose an improved time-
stepping algorithm that is based on two different estimators for the eigenvalue.

Recall that fixing the time-step and iterating to convergence will yield an eigenvector with the
error being of the order of the method @ (h”) since we are computing exactly the spectrum of
a perturbed Hamiltonian. Assume now that we are close to convergence, i.e, one has obtained
an eigenvector u,, = vy + O (hP) and we consider the decomposition in the basis of exact

eigenvectors v; of H,
N-— N-1
2 _
Z Vi, where Z |d;|© = 1.
i=0 i=0



5.3 Numerical results

It is clear that d; = @ (hP), i > 1 and due to the normalization dy = 1 + © (h3P)). Then, an
energy estimation is given by

E,; = ulHu, = Eqy + O (h?P).
Alternatively, the energy can be estimated by the loss of norm in each time step,
iy = e My, + ©P*) = e oy, + O (hPH1),

which gives

Eh’z = 10g(||Zn+1”) _ EO +ch? + O (hp+l) )

Combining both expressions yields an error estimate for the energy,
AE, = Ej5 — Ejq = ch? + O (hPHY).
The convergence in energy is measured by comparison with the previous time step,
SE; = Ep | — Ejil = dh® + O (h?P*1).

The time stepper then works as follows: Starting from a large step size, the time step is de-
creased by a factor 1/2 whenever the actual reduction in energy of the iteration S E falls below
the maximally reachable precision AE, i.e., |8E| < (AE) 2 and the iteration is terminated once
the error estimate AE has reached a given tolerance.

For the numerical experiments, we use the same configurations as for constant time step but
terminate the algorithm when convergence in energy is reached at AE < 10~'°, The itera-
tions are initialized with random normalized data and a time step of v = 10. The results are
displayed in Figure 5.2a for the Poschl-Teller potential and in Figure 5.2b for the perturbed
harmonic oscillator with the same parameters as in the fixed-step size experiments. The error
is measured as the ¢, norm of the difference between the current value of the algorithm y ()
and the exact ground state ¢ (T) as in the previous experiments, error = |y (¢) — ¢ (T)].

As expected, it is apparent that lower order methods show better smoothing behavior for the
first steps, when the wave function is still rough (recall that the algorithm is initialized by
a worst-case wave function). For higher precisions, the new methods clearly outperform the
existing ones, with the sole exception of the unperturbed setting with modified potentials,
where the globally optimized OMF-4M method can hardly be improved unless extremely
high precision is sought and the 6th-order methods of Table 5.4 and 5.3 become favorable
(not shown). Finally, if one is interested in very high accuracies, high order extrapolation
methods [46, 24] can be used for the last part of the time integration.

The results indicate that for low precision, i.e., for the first iterations, a lower order method
should be used and then, after a certain precision is reached, e.g., when the higher order
methods exhibit their superiority the algorithm should change to the optimal method, either
V864, or V86M5 until convergence. Further preliminary experiments on this adaptive order
strategy have shown that there is plenty of room for optimization, e.g., by changing the initial
step-size, adjusting the step-size by a different factor or by modifying the control criterion.
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Figure 5.2: Evolution of precision in the discrete L? norm of the position vector with the variable
time step algorithm described in Section 5.3.1. As in Fig. 5.1, the top row gives the results for standard
methods whereas the bottom rows shows methods with modifying potentials.

Each of which has certain advantages and disadvantages, depending on the initial conditions
and the range of precision.

For excited states, one expects an even better performance of the new methods since several
states have to be computed to high precision in order to avoid error accumulation and the
gains of the new methods are thus amplified. We have confirmed this conjecture by numerical
experiments. The results thereof are omitted since they do not contribute insight beyond the
presented experiments: They are qualitatively identical.



Chapter

CONCLUSIONS AND OUTLOOK

We summarize the contributions and conclusions of each chapter and end with a brief intro-
duction to a future line of work that for which this thesis serves as foundation.

6.1 Harmonic oscillators and rotating traps

The first part of this work contains contributions to the solution of a very common problem in
quantum mechanics, the harmonic oscillator. Fourier methods have shown a high performance
in solving many different problems which can be split into the kinetic part and a remainder
that is diagonal in the coordinate space. We have extended the Fourier methods to perturba-
tions of the time-dependent harmonic potential, and refer to them as Hermite-Fourier methods.
We introduce a new technique, based on algebraic correspondence between the quantum Lie
algebra and its classical mechanical counterpart, to find an expression for the exact solution
which is computable using fast Fourier transforms only. The technique extends to arbitrary
dimension and is compatible with time-dependencies after some time-averaging like the Mag-
nus expansion has been applied. Due to the finiteness of the harmonic oscillator algebra, the
averaged Hamiltonian is shown to be exactly exponentiatable using only FFTs. The decompo-
sitions prove to be highly efficient in numerical experiments and should be preferred over the
more commonly used expansions in Hermite polynomials. Similar considerations have been
applied to Hamiltonians that contain angular momenta. For non-autonomous potentials, the
(Magnus-)averaged Hamiltonian is still tractable by our method and we show how to compute
efficient approximations for the most general case of quadratic Hamiltonians in two dimen-
sions.

These results have then been combined to introduce Fourier methods for the numerical inte-
gration of perturbations of the time dependent harmonic oscillator which are useful for both
the Gross-Pitaevskii equation as well as for the linear Schrédinger equation. They solve the lin-
ear Schrodinger equation with a time-dependent harmonic potential to the desired order using
corresponding Magnus expansions and up to the accuracy given by the spatial discretization.
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These methods are fast to compute since FFTs can be applied and show a high accuracy when
the problem is a small perturbation of a quadratic Hamiltonian, an important application is
the propagation of rotating Bose-Einstein condensates. The principal ingredients were the
finiteness of the underlying algebra and the availability of the solution in the corresponding
classical mechanical system. Future research could identify other classes of problems where
similar algebraic structures allow to find decompositions that are easy to exponentiate by solv-
ing the problem in a simpler matrix setting.

6.2 Nonlinear Schrodinger equations

In the third chapter, modified potentials for the nonlinear Schrodinger equation have been de-
veloped and successfully applied in numerical examples. Nonlinear modified potentials arise
from commutators of Lie derivatives of the separable parts in the Gross-Pitaevskii equation
and after suitable reformulation, we show that they can be computed using FFTs only.

Furthermore, complex coefficient splittings have been studied and we have shown how to solve
the nonlinear SE in complex time. However, the constraint S(a;) < 0 and the consistency con-
dition, )’ a; = 1, necessarily require a; € R, while b; can be complex. We observed stability
problems for unbounded potentials which make current methods impracticable. A large num-
ber of new methods have been explored, but the superiority is not yet clear since there exist
highly efficient methods with real coefficients for perturbed problems [21, 27] and using mod-
ified potentials [25]. These results are pointers to future work, which falls in three classes: —
For which kind of nonlinearities is it possible to find cheaply computable perturbations, such
as the present modified potential? — Can we find efficient methods with real coefficients a;
and complex bj that are more efficient than the current (all real) standards? And lastly, how
to cure the instabilities that are caused by complex a; (or equivalently, complex b; for un-
bounded potentials)? Numerical results indicate that introducing a cut-off in the exponents, or
somewhat similar, an appropriate shrinking of the domain, eases the stability issue. However,
it lacks an analysis with respect to the implications on the accuracy.

6.3 Semiclassical Schrodinger equations

The difficulty when treating semiclassical Schrodinger equations arises from the presence
of a small parameter ¢, which can be interpreted as a long-time integration. Higher-order
methods are particularly suitable for this problem since larger time-steps are allowed. The
number of exponentials for classical splittings, however, grows exponentially with the order
of the method. We show how to apply the symmetric Zassenhaus algorithm to produce arbi-
trary order methods that grow only linearly in the number of exponentials, but come at the
expense of computing commutators. Working in the algebra of linear operators, we show that
the commutators can be exponentiated using only a few Lanczos iterations since the Zassen-
haus algorithm has already reduced their size drastically. Subsuming the spatial and temporal
discretization parameters, Ax and A, respectively, into powers of the semiclassical variable &,
we explicitly derive algorithms of local error O (£7/2) for h = © (V&) and Ax = O(¢).

Thereafter, we briefly address methods that originate from a discretization using Hagedorn-



6.4 Imaginary time

wavepackets, i.e., shifted and scaled eigenfunctions of the harmonic oscillator. It turns out,
that methods recently published [54, 60] can be understood as Magnus integrators and we
propose to solve the classical mechanical system for parameters IT using higher-order RKN
splitting methods and approximate the evolution of the weights ¢, by Magnus integrators.

In the last part, non-autonomous potentials in the semiclassical Hamiltonian are considered.
We distinguish between two qualitatively different cases, (£-independent) slow and fast time-
dependencies. It is shown how the Zassenhaus method can be applied in both situations after
a previous averaging using the Magnus expansion, for which the truncation error is studied.
The initial step of the algorithm consists of an asymmetric splitting in order to guarantee a
decrease in size of the exponents along the course of the method. This can be understood as
a combination of standard splitting methods with the Zassenhaus-split and can possibly be
generalized to standard Magnus integrators in order to reduce the number of commutators.
Methods for both situations have been derived explicitly for both cases, using Taylor expan-
sions of the slow potential or integrals of the fast potential. The former can also be carried
out using momentum integrals in a straightforward fashion. In the latter case, the fast time-
dependency has been assumed to be scalar, and future studies could extend the methodology
to more general potentials. Furthermore, it remains to be seen whether the constructions can
be turned into efficient algorithms for particular problems, when no closed-form solutions of
the spatial and temporal derivatives and integrals of the potential are available.

6.4 Imaginary time

In Chapter 5, we have studied the Schrodinger eigenvalue problem by the imaginary time
propagation method and proposed splitting schemes with positive real coefficients using mod-
ified potentials as well as with complex coefficients that can overcome the order barrier for
parabolic problems since the coefficients have only positive real parts. The obtained sixth or-
der methods are clearly superior to any classical ones for high precisions. On the other hand,
when the gradient of the potential can be cheaply evaluated, the high order methods with com-
plex coeflicients are efficient only at very high accuracies due to the double cost caused by
complex arithmetic.

We have proposed different high order methods to reach highly accurate results. An efficient
implementation should take into account, for example, a preliminary time integration on a
coarse mesh using simple precision arithmetic in order to get, as fast as possible, a smooth
and relatively accurate solution from a random initial guess, and next consider a refined mesh
using arithmetic in double precision. For simple precision arithmetic and low accuracies, it
suffices to consider only low order methods, and when higher accuracies are desired, we turn
to double precision, variable time step and variable order methods. The best algorithm could
depend on the class of problems to solve.

Itis also important to remark that the form of the exponent allows that the techniques presented
in this work can also be transferred to other areas whenever splitting is appropriate and the
integration has to be performed forward in time, e.g., statistical mechanics of quantum systems,
where one has to compute the Boltzman operator exp(—H), with § = (kT)~! or quantum
Monte-Carlo simulations [11].
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6.5 Outlook

Many of the presented techniques can be applied to problems arising in the extremely active
field of quantum optimal control. In a preliminary study, we have applied geometric integrators
to classical mechanical control problems to demonstrate their superiority [7], and we expect
that one can improve on the commonly used methods of Rabitz et al., see the review articles
[128, 36]. The dynamics of a controlled quantum system are governed by

i, x, 1) =(T+Vx) —e(Hpx) wx,t), wx0) =),

)
with the usual operators for kinetic energy 7' = — % and the dipole moment y (usually u = x).

A suitable objective functional to be maximized is

T
J = (V/(T)|OV/(T)) - ay fO E(l)zdt
T a
- 2% |:f0 <Z(”|E +l[T+ V — /lg(t)] |W(l)>d[ ,

with the Lagrange multiplier y (¢). The components lead to maximizing the expectation value
of the sought observable O at the final time, minimizing the energy-input in the system, pe-
nalized by a¢ > 0 and the error in the Schrodinger equation. Setting the variation to zero,
8J = 0, one obtains the set of coupled PDEs

d

iy (@) =[T+V-pe®]y), w(0) = wy,
d

i@){(t)= [T+V - pue)] x (), x(T) = Ow(T),

ape(t) = =3y (O)lpy (1)),

or, equivalently

.0
50 = [T+ VL3O v o, v =yo, 6D
14
520 = T4V GOy 20, 2 =opm. 62

This system is usually solved by iterative methods, e.g., [132, 129, 70]: Initialize with some
guess for the laser field £(¢) (e.g. ¢ = 0) to compute 1//[0] (1) and then,

1. integrate (6.2) backwards using [0 to obtain y['!(¢), with final condition y!'1(T) =
oy 01(T).

2. integrate (6.1) forwards using y[!! to obtain w11,

It can be shown that this method is monotonically convergent, increasing the value of func-
tional in every step. In usual implementations, the Schrédinger equations (6.1),(6.2) are solved
with the Strang splitting, however, the procedure requires many iterations until convergence
and more accurate, faster converging procedures would be of high impact.



Appendix A

ALGEBRAIC TOOLS

A.1 Algebra
Terms up to order seven of the symmetric BCH formula expressed in a Hall basis.

SBCH(hX,hY) = h(X +Y) = b3 (L [[Y.X].X] + L[[Y.X].Y])
+ (s LI, X1, X1 X1, X] + 2 [0V X1, X] X1.Y1+ g5 L[V, X1.X1.Y1, Y]
LY. X1, Y1, [Y,X]])

+ LS HILY, X1, YL YL YT+ s lIY, X1, X1, [V, X1] - 545
+ 17 (~ 5L LY. X1, X1, X1, X1, X1, X] - 720 [[[[[[Y. X]. X].X],X].X]. Y]
— 2 Y. X). X1, X1, X1, Y], Y] = 33 [[[[[Y.X].X].X]. Y], Y].Y]
oo LY, X],X],Y],Y]YLY] - %0240[[[[[[ XLYLYLYLYLY]
3 LY, X1, X1, X1, X1, [V, X1] = 55 [[[[[Y, X1, X1, X1, Y1, [¥, X]]
- s LY, X1, X1, Y], Y], [Y,X]] - 10(')80[[[[[Y XLYLYLYL[Y,X]]
~ o5z LY, X1, X1, [V, XTI, [Y, X1] = 55 [II[Y, X1, Y1, [Y, X1, [Y, X]]
- o LY, X1, X1, X1, [[Y, X1, X1] = 155 [[[[Y, X1, X1, Y], [[Y, X], X]]
+ o5 LY. X1, YL YL (1Y, X1, X1] = 235 [1I1Y. X1, X1, X1, [[Y,X], Y]]
- 1 LY. X1, X1, Y1, [[Y, X1, Y]] - T{‘O[[[[Y,X],Y],Y],[[Y,X],Y]])
o(h%). (A1)
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Chapter A. Algebraic tools

A.2 Structure coefficients for rotating oscillator

Table A.1: Structure coefficients for the basis elements E; defined in (2.61). The coefficients have to be
read from left to right and multiplied with the imaginary unit i, e.g., [E |, E,] = [x,p,] = iE;5 = i.

E\x) E Es E, Es E, E, Eq
E, 0 Eys 0 2E,  E 0 0 0
E -1 0 2E, 0 -E, 0 0 0
Es 0 2E 0 4E5  2E, 0 0 0
E, -2, 0 —4Es 0 -2E, 0 0 0
Es “E, E, -2E; 2E, 0 0 0 0
Eq 0 0 0 0 0 0 Es 0
E, 0 0 0 0 0 -1 0 -2E¢
Eg 0 0 0 0 0 0 2E¢ 0
Eo 0 0 0 0 0  —2E, 0  —4E
Eqo 0 0 0 0 0  -E, E, -2E
E 0 Eq 0 2B, Ey 0 E, 0
Ey,  -E 0 —2Es O -E, -E, 0 -2E,
Eis 0 E; 0  2E, Es -E 0 —2E,
Eu -Eg 0 2B, 0 <-E, 0 E, 0
Ey Eyo Eyy Ey Ey3 Eyy
E, 0 0 0 E, 0 Eq
E, 0 0 _E, 0 _E, 0
E; 0 0 0 2E,s 0 2,
E, 0 0 O, 0 2, 0
Es 0 0 —Eyy Ey —Ey3 Eyy
E, 2E,  Eg 0 E, E, 0
E, 0 -E _E, 0 0 E,
Es  4E,, 2Fs 0 2E,, 2, 0
Eo 0 2B,  —2E 0 0 2E,
Eyo 2Ey 0 —Eyy Ey Ey3 -E4
Ey 2E;;  Ep 0 (Es + Eyo) E3 Eg
Ey 0 -E\» —(Es+Ej) 0 —E —Ey
Eis 0  —Ep _E, Eo 0 (Eyo — Es)
Eyy 2E\;  Epy —Eg Ey (Es — Eyo) 0
E; =x, E; =p,, Es=1x*,  E;=1ipi.  Es=1(p,+pex),
E¢ =y,  E7=py, Eg =1y Ey=3py. Eig=3 0 +1y).
Ell =Xy, Elzszpy’ E13=X[7y, El4:ypx’ E15: 1
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A.3 Composition for the rotating oscillator

A.3 Composition for the rotating oscillator

The composition of flows of classical mechanical systems corresponding to the Hamiltonians
given in the exponents can be written as

2 2 2 2 P2 2 )2
X il +g E—e X gy terxp, f3i+gilE-e
ST S1 T T8 T eIk 2t 8 rea Dy f3 5 483 e _ g R4x4, (A2)

with coefficients of the matrix A = (a; J),

ar
ar.y
asy
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ar
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asn
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aps
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as3

a4
a4
as 4
aq 4

1 —eje; - f28)
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o+ (=1 +eer +f281)n

—exf1 —eif>

exf3g1 +es(=1+/fr81) +e (=1 +ezes3 +f387)
1 —eze3 —f38
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ereazfs — f3 +ejexfs +fi(—1+exes +f382)
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The expressions can be derived easily as shown for the the first two exponentials,
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