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Common fixed points of Ciric’—type contractions on partial
metric spaces

By Mujahid Abbas, Ishak Altun and Salvador Romaguera

Abstract. We obtain a common fixed point theorem of Boyd-Wong type for four
mappings satisfying a éiric’-type contraction on a complete partial metric space. Our
result generalizes and unifies, among others, the very recent results of L. Ciric’, B. Samet,
H. Aydi and C. Vetro [Common fixed points of generalized contractions on partial metric
spaces and an application, Appl. Math. Comput., to appear], S. Romaguera [Fixed
point theorems for generalized contractions on partial metric spaces, Topology Appl.,
to appear]|, T. Abdeljawad, E. Karapinar and K. Tas [Existence and uniqueness of a
common fixed point on partial metric spaces, Appl. Math. Lett. 24 (2011), 1900-1904],
and D. Ili¢, V. Pavlovi¢ and V. Rakocevi¢ [Some new extensions of Banach’s contraction
principle to partial metric space, Appl. Math. Lett. 24 (2011), 1326-1330].

1. Introduction and preliminaries

In his celebrated paper [6], Ciri¢ introduced a general kind of contractions
on metric spaces which he called A-generalized contractions. Since then, many
authors have introduced and discussed several extensions and variants of such
contractions, usually called now Cirié—type contractions, and have obtained, in
this way, a lot of fixed point theorems for complete metric spaces (see e.g. [4, 7,
15, 28] for some recent contributions in this direction). Related to our work we
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also mention the very recent paper [12], which was pointed out to the authors by
one of the referees.

On the other hand, it is now highly recognized that partial metric spaces
provide an efficient tool both in constructing quantitative computational models
for metric spaces and other related structures ([10, 18, 24, 26, 30], etc) and in
analyzing the complexity of programs and algorithms by means of contractive
self-maps and fixed point methods of denotational semantics on the so-called
complexity quasi-metric space ([9, 21, 23, 25], etc).

Partial metric spaces were introduced by Matthews [16] to the study of de-
notational semantics of dataflow networks. In particular, he proved in [16, The-
orem 5.3] a partial metric version of the Banach contraction principle. Later,
Valero [29], and Oltra and Valero [17] gave some generalizations of the result of
Matthews. In fact, the study of fixed point theorems on partial metric metric
spaces has received a lot of attention in the last three years (see, for instance,
[1, 2, 3, 8, 11, 14, 19, 20, 27] and their references).

Throughout this paper the letters RT, N and w will denote the set of all
non-negative real numbers, the set of all positive integer numbers and the set of
all non-negative integer numbers, respectively.

In the sequel we recall the notion of a partial metric space and some of its
properties which will be useful later on. The main part of them may be found in
[16] (see also [3, 19]).

Definition 1.1. A partial metric on a nonempty set X is a function p :
X x X — RT such that for all 2,7,z € X :

(p1) z =y < p(x,z) = p(z,y) = ply,y) (To-separation axiom),

p2) p(x,z) < p(x,y) (small self-distance axiom),

(p2) p
(p3) p(z,y) = p(y, ) (symmetry),
(Pa)

p4) p(x,y) < p(z,2) + p(2,y) — p(z, 2) (modified triangular inequality).

A partial metric space is a pair (X, p) such that X is a non-empty set and p
is a partial metric on X. It is clear that, if p(z,y) = 0, then, from (p;) and (p2),
x =y. But if z =y, p(x,y) may not be 0.

A basic example of a partial metric space is the pair (RT, p), where p(z,y) =
max{z,y} for all z,y € RT.

Other examples of partial metric spaces which are interesting from a compu-
tational point of view may be found in [16, 21, 22, 26, 30].

Each partial metric p on X generates a T topology 7, on X which has as a
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base the family open p-balls {B,(x,¢) : © € X,e > 0}, where By(z,e) ={y € X :
p(z,y) < p(x,z) + e}, for all z € X and € > 0.
If p is a partial metric on X, then the function p* : X x X — RT given by

p*(z,y) = 2p(z,y) — p(x, ) — p(Y,y),

for all z,y € X, is a metric on X.
The following well-known equivalence will be used later on.

lim p°(z,2,) =0 < p(x,z) = lim p(r,,z) = lUm p(zp, Tm). (1.1)
n—oo n—oo n,m—oo
A sequence (z,)nen in a partial metric space (X,p) is called a Cauchy se-
quence if there exists (and is finite) lim,, m— oo D(Tn, Tm)-
A partial metric space (X,p) is said to be complete if every Cauchy se-
quence (Z,)nen in X converges, with respect to 7,, to a point € X such that

p(x, I) = hmn,m—>oo p(fﬂn, xm)'
The following crucial fact was essentially shown in [16, p. 194].

Lemma 1.1 Let (X,p) be a partial metric space. Then:
(i) (zn)nen is a Cauchy sequence in (X, p) if and only if it is a Cauchy
sequence in the metric space (X, p®).
(i) (X,p) is complete if and only if (X,p®) is complete.

In [3, Theorem 1], Altun, Sola and Simsek proved the following fixed point
theorem for Cirié-type contractions on complete partial metric spaces.

Theorem 1.1 ([3]). Let (X,p) be a complete partial metric space and f :
X — X be a map such that

1
p(fz, fy) <o <max {p(r, y),p(x, fx),p(y, fy), 5 Ip(z, fy) +p(y, f@]}) ;
for all z,y € X, where ¢ : Rt — R* is a continuous non-decreasing function
such that o(t) <t for all t > 0 and the series Y .-, " (t) converges for all t > 0
(o™ denotes the n-th iterate of ¢). Then f has a unique fized point.

Recently, Ciri¢, Samet, Aydi and Vetro [8, Theorem 2.1] obtained the follow-
ing nice extension of Theorem 1.1 to four self maps.
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Theorem 1.2 ([8]). Let (X,p) be a complete partial metric space and
A, B, S, T: X — X be maps such that AX CTX, BX CSX and

pide, By) < ¢ (mox { (S0, 7o)l ). (B0 T). 5 S0, B9) + pian 7l | ) ]

for all z,y € X, where ¢ : Rt — R* is a continuous non-decreasing function
such that @(t) <t for all t > 0 and the series Y.~ @"(t) converges for all t > 0.
If one of the ranges AX, BX, SX and TX is a closed subset of (X,p), then
(i) A and S have a coincidence point
(ii) B and T have a coincidence point.
Moreover, if the pairs {A, S} and {B,T} are weakly compatible, then A, B, S
and T have a unique common fized point.

Generalizing Theorem 1.1, Romaguera obtained in [20, Theorem 3] the fol-
lowing fixed point theorem of Boyd-Wong type [5, Theorem 1].

Theorem 1.3 ([20]). Let (X,p) be a complete partial metric space and
f:X — X be a map such that

ot 1) < ¢ (max {pCo.) oo Fa).plo ). e £+ S0} )

for all z,y € X, where ¢ : RY — R* is a upper semicontinuous from the right
function such that (t) <t for all t > 0. Then f has a unique fixed point.

In this paper we prove a fixed point theorem of Boyd-Wong type for four
self maps on complete partial metric spaces that, on one hand, extends Theorem
1.3 and, on other hand, generalizes Theorem 1.2, in a unified approach. It also
improves, among others, very recent results of [1] and [11], respectively. We
illustrate our theorem with some examples.

2. Results and examples

In the sequel, for a partial metric space (X,p) and four maps A, B, S, T :
X — X, we define

M (z,y) := max {p(S% Ty), p(Az, Sx), p(By, Ty), % [p(Sz, By) + p(Ax, Ty)]} ,
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for all z,y € X.

To avoid repetition of arguments already developed in the proof of [8, Theo-
rem 2.1], we state a result that collects some claims obtained in such a proof and
that will be useful later on.

Lemma 2.1 ([8]). Let (X,p) be a partial metric space and A, B,S,T : X —
X be maps such that AX CTX, BX CSX. Then, for each xq € X there exist
two sequences (Tn)new and (Yn)new n X such that

(1) yon = Txont1 = Az, and yopt1 = Stopro = Bropty for all n € w;
(ii1) M(x2n, T2ng1) = max{p(yen—1,Y2n), P(Y2n, Y2n+1)} for all n € N;
(ii2) M(x2n,x2n—1) = max{p(y2n—2, Y2n—1), P(Y2n—1,y2n)} for all n € N.

If, in addition, there is a function ¢ : RT — RT such that

p(Az, By) < p(M(z,y)),

for all x,y € X, then

(iii) p(Yn, Yn+1) < @(max{p(Yn—1,Yn), P(Yn, Yn+1)}) for all n € N.
Moreover, if @(t) <t for all t > 0, then

(iv) if p(y2k—1,y2k) = 0 for some k € N, it follows that y,, = ym for all
n,m > 2k — 1.

Remark 2.1. In [8, Theorem 2.1] it was proved that under the hypothesis
of Lemma 2.1, one has M(zay,, Zon+1) < max{p(y2n—1,Y2n), P(Y2n, Y2n+1)} for all
n € N. Then, the equality given in Lemma 2.1 (ii;) holds from the facts that
P(Y2n—1,Y2n) = P(ST2n, TT2n41) and p(Yan, Y2nt1) = P(TT2n41, Brany1), and
the definition of M (xoy,,x2,+1). The equality in (iiz) is proved similarly. Con-
sequently, we can deduce claims (iii) and (iv) of Lemma 2.1 without using the
condition that ¢ is non-decreasing (see the proof of [8, Theorem 2.1]).

Let us recall that a function ¢ : RT — R¥ is upper semicontinuous from the
right provided that for each ¢ > 0 and each sequence (t,)nen such that ¢, > ¢
and lim,, oo t,, = ¢, it follows that limsup,, . @(tn) < @(t).

On the other hand if X is a non-empty set, f,g : X — X are self maps of
X and fz = gx for some x € X, then z is called a coincidence point of f and g.
The pair {f, g} is said to be weakly compatible if fz = gz implies fgz = gfz.
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Theorem 2.1. Let (X,p) be a complete partial metric space and A, B, S, T :
X — X be maps such that A X CTX, BX CSX and

p(Az, By) < (M (z,y)), (2.1)

for all z,y € X, where ¢ : RY — R* is a upper semicontinuous from the right
function such that o(t) <t for all t > 0.

If one of the ranges AX, BX, SX and TX is a closed subset of (X, p®), then

(i) A and S have a coincidence point

(ii) B and T have a coincidence point.

Moreover, if the pairs {A, S} and {B,T} are weakly compatible, then A, B, S
and T have a unique common fized point.

Proof. Let xg be an arbitrary point of X. By Lemma 2.1 (i), we can construct
two sequences (Zp)new and (Yn)new in X such that

Yon = T$2n+1 = A.Tgn and Yon+1 = SI2n+2 = B$2n+1 for all n € w.

We shall show that (y,)necw is a Cauchy sequence in (X, p).
Indeed, by Lemma 2.1 (iii), we have

PWUns Ynt1) < @(max{p(Yn—1,Yn), P(YUn, Yn+1)}), (2.2)

for all n € N.

Moreover, if p(yar—1,y2r) = 0 for some k € N, then y,, = y,,, for all n,m >
2k—1, by Lemma 2.1 (iv). So, in this case, (yn )new is obviously a Cauchy sequence
in (X,p).

Hence, we shall assume that p(yn, yn+1) > 0 for all n € w.

If p(ynmyno-‘rl) = max{p(yno—layno)vp(ynmyno-‘rl)} for some nyg € w, we
deduce, from (2.2), that

P(Ynos Yno+1) < (P(Ynos Yno+1)) < P(Yng» Yno+1)

a contradiction.
Therefore p(ynfla yn) = max{p(ynfh yn)up(yru yn+1)} foralln € w, and thus

P(Yns Ynt1) < 2(PYn—1,Yn)) < P(Yn—1,Yn), (2.3)

for all n € N. Hence (p(Yn, Yn+1))necw is a decreasing sequence in RT, so there is
¢ € RT such that
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hmn%oo p(yna yn+1) =C.

Consequently

limy, o0 Sp(p(yn; ynJrl)) =¢
by (2.3).
If ¢ > 0, it follows limy,—co @(P(Yn, Yn+1)) < ¥(c), a contradiction, because
p(c) < c. We conclude that

Jim p(yn, yni1) =0
Thus, by (p4) in Definition 1.1, we have limg_,o0 P(Yn,, s Yny+j) = 0 for every
subsequence (Yn, )kcw Of (Yn)new and j € N fixed. This fact will be used in the
sequel without explicit mention.

Next we prove that for each € > 0 there is n. € N such that p(yan, yom+1) < €
whenever m > n > n..

Assume the contrary. Then there is ¢ > 0 and sequences (ng)reny and
(mg)ken in N such that my > ni > k and p(y2n,,, Yam,+1) > € for all k € N.

Since limy,— oo P(Yn, Ynt+1) = 0, we can suppose, without loss of generality,
that p(Yon,, Yoam,—1) < € for all k € N.

We show that limg_,co M (22, , T2m,+1) = €-

Indeed, from the contraction condition (2.1) and the fact that ¢(t) < ¢ for
t > 0, it follows that

e < p(y2nk7y2mk+1) :p(Ax2"k7Bx2mk+1)
< @(M(z2ny, T2my+1))
< M($27Lk7$2mk+1)
= maX{P(yznrl, Y2my, )a p(ank ’ y2nk71)7 p(mek+1a yka)a
1
i[p(ank—17 y27nk+1) + p(yQTLk s y2mk)}}’
for all £k € N.

Since for each § > 0 there is ks € N such that

p(y2nk—17y2nk) < 5a p(mek—l, y2mk) <d and p(y2mkay2mk+1) < 57
whenever k > ks, we deduce, by using (p4) in Definition 1.1, that

1
e < M(zan,, Tam,+1) < max{2d +¢,4, 4, 5[(3(5 +e)+(0+e)]}=20+e,
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for all k > ks. Thus limg_,oc M (22n,, Tam,+1) = €. Hence
khnolo sup SD(M(x?ﬂkax?mk-H)) < 90(5) <g,

which contradicts that e < (M (z2n,, Tam,+1)) for all &k € N.

We conclude that for each € > 0 there is n. € N such that p(yen, yom+1) < €
whenever m > n > n,.

By using Lemma 2.1 (iiz), we obtain, similarly, that for each ¢ > 0 there is
n. € N such that p(yan—1,y2m) < € whenever m > n > nl..

From these two facts and lim,,—, o0 p(Yn, Yn+1) = 0, we deduce that

lim  p(Yn, ym) = 0.

n,m— oo

Since (X, p) is complete, by Lemma 1.1 there exists y € X such that

lim p°(y,yn) = 0.

n—oo

In particular

Jim p*(y, Azgn) = lim p*(y, Twant1) =0, (2.4)
and
lim p*(y, Brop—1) = lim p°(y, Sxa,) = 0. (2.5)

Moreover, from (1.1) we deduce that
p(y,y) = lim p(y,yn) = lim p(yn,ym) = 0. (2.6)
n— oo n,1Mm— 00

Now, assume, without loss of generality, that SX is closed in (X, p®). Then,
by (2.5), y € SX, and thus there is © € X such that y = Su.

We claim that p(y, Au) = 0. Suppose p(y, Au) > 0, and then choose 6 €
(0, p(y, Au)/2). By (2.6) there exists ng € N such that

Py, yn) < 9 and p(Yan, Yan+1) < 6,

for all n > ng. Since

M(u,2on41) = max{p(y,yen), (Y, Au), p(Y2n, Yon+1),

1

5Py yon1) + p(Au, yon)1},
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we deduce that, for each n > ng,

1
M(“v x2n+1) < maX{5,p(y, Au)a 57 5[6 + (p(Au7 y) + 6)]} = p(y7 A’LL),
s0 M (u, Xon+1) = p(y, Au) for all n > ng. Hence

p(y, Au) < p(y, yant1) + p(AU, yon11)
S p(ya y2n+1) + (P(M(ua x2n+1)) = p(yv y2n+l) + @(P(ya A’LL)),

for all n > nyg.

Since lim, o0 p(Y, Y2n+1) = 0, we deduce that p(y, Au) < o(p(y, Au)), which
contradicts our assumption that p(y, Au) > 0.

Therefore p(y, Au) = 0, and thus, y = Au.

Since y = Su, we conclude that Au = Swu, i.e., u is a coincidence point of A
and S.

From AX C TX it follows that y € TX, so y = Tv for some v € X.

Exactly as in the proof of [8, Theorem 2.1], we deduce that y = Bv = T'v, so
v is a coincidence point of B and T.

Finally, suppose that the pairs {A, S} and {B,T} are weakly compatible.
Then, in particular, we have Ay = ASu = SAu = Sy.
We show that p(y, Ay) = 0. Indeed, we first observe that

Mly.0) = max{p(Sy Te), p(Ay, 59), p(Bv, To), 5[p(Sy, Bo) + p(Ay, To)])

= max{p(Ay, ), p(Ay, Ay), ply,v), 5 [P(Ay.y) + p(Ay, )]}

p(Ay,y).

Then
p(Ay,y) = p(Ay, Bv) < (M (y,v)) = ¢(p(Ay,y)),
and consequently p(Ay,y) = 0. We conclude that y = Ay = Sy.

Exactly as in the proof of [8, Theorem 2.1], we deduce that y = By = Ty,
and that, in fact, y is the unique common fixed point of A, B, S and T. O

In his excellent paper [13], Jachymski showed, among others, the following
result.

Lemma 2.2 ([13, Lemma 1]). Let D be a (non-empty) subset of Rt x RT.
Then, the following are equivalent:
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(i) there exist two continuous and non-decreasing functions 1, ¢ : RT — R*
with ¥=1(0) = ¢~1(0) = {0}, such that D C {(t,u) € RT x R : ¥(u) <
Y(t) = o)}

(ii) there exists a continuous and non-decreasing function ¢ : R* — RT with
o(t) <t for all t >0, such that D C {(t,u) € RT x RT : u < ¢(¢)}.

Combining Theorem 2.1 and Lemma 2.2, we obtain the following.

Corollary 2.1. Let (X, p) be a complete partial metric space and A, B, S, T :
X — X be maps such that A X CTX, BX CSX and

Y(p(Az, By)) < p(M(x,y)) — ¢(M(z,y)),

for all z,y € X, where ¥,¢ : Rt — RT are continuous and non-decreasing
functions such that 1¥=1(0) = ¢~1(0) = {0}.
If one of the ranges AX, BX, SX and TX is a closed subset of (X,p), then

(i) A and S have a coincidence point

(ii) B and T have a coincidence point.

Moreover, if the pairs {A, S} and {B, T} are weakly compatible, then A, B, S
and T have a unique common fized point.

Proof. Put D = {(M(z,y),p(Az,By)) : z,y € X}. By Lemma 2.2, (i)=(ii),
there exists a continuous and non-decreasing function ¢ : RT — RT such that
o(t) < t for all t > 0, and p(Azx, By) < (M (z,y)) for all z,y € X. Theorem 2.1
concludes the proof. (I

Remark 2.2. Theorem 2.1 generalizes Theorem 2.1 of [8], whereas Theorem
3 of [20] is a special case of Theorem 2.1 when A = B and S = T = id. On the
other hand, Theorem 5 of [1] is a special case of Corollary 2.1 when S =T = id,
and ¢ (t) =t for all t € R*, and Theorem 3.2 of [11] is a consequence of Theorem
2.1 when A=B,S=T=id and ¢(t) =t for all t € RT.

We conclude the paper with some examples that illustrate Theorem 2.1.
Example 2.1. Let X = RT and p(x,y) = max{z,y} for all z,y € X. It

is well known that the partial metric space (X, p)is complete (in fact, p° is the
usual metric on RY). Let A, B,S,T : X — X defined by Az = Bz = z/(1 + z),
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Sz = Tx = zx for all x € X. Clearly, the pairs {A, S} and {B,T} are weakly
compatible. Moreover AX CTX = X and BX C SX = X.

Now define ¢ : Rt — R* by ¢(t) = ¢/(1 +t). Then ¢ is continuous on R
and ¢(t) < t for all ¢ > 0.

For each z,y € X with > y we have

z y
Az, By) =
p(Az, By) max{1+x,1+y}

o
14z

= (@) =p(p(Sz,Ty)) < p(M(z,y)).
This shows that the contraction condition of Theorem 2.1 is satisfied, so all the
required conditions of that theorem are verified. Hence A, B,S and T have a
unique common fixed point in X. Note that ¢"(t) = t/(1 + nt) for all t € RT
and so > ° " (t) is not convergent for ¢ > 0. Therefore, we can not apply [8,
Theorem 2.1] to this example.

Example 2.2. Let X = [0,1] and p(z,y) = max{z,y} for all z,y € X.
Then (X, p) is a complete partial metric space (in fact, p® is the Euclidean metric
on X). Let A, B,S,T: X — X, defined by Az = x/8, Bx = x/4, Sz = 52/8 and
Tx = 3z/4 for all z € X. Then, clearly AX C TX and BX C SX, and AX, BX,
SX and TX are closed subsets in (X, p®). Moreover, the pairs {4, S} and {B, T}
are clearly weakly compatible.

Now define ¢ : Rt — RT by p(t) = ¢/(1 +t) for all ¢ > 0. Then ¢ is
continuous on RT and satisfies that ¢(t) < ¢ for all ¢ > 0. Note also that it is
non-decreasing.

For all z,y € X, with x < y, we have

zy Yy oY
= — 2l =2 K
p(Ar,By) = max{G, {h=< g0
Yy 3y
= —_ < —_
o(¥)=+()
= <p<max{58,3f ))

= »(p(Sz,Ty))

< @(M(z,y)).
If z > y, we distinguish two cases: (i) z/8 > y/4, and (ii) z/8 < y/4.
In case (i) we obtain, as in the case that = < y, that

5%
8+ b

p(Az, By) = % < = (5;) < o(p(Sz,Ty)) < p(Mz,y)).
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In case (ii) we obtain

Yy 3y 3y 5z 3y
p(Az, By) 15173y ® < 1 ) <y (max{ )>

= o(p(Sz,Ty)) < p(M(z,y)).

Hence, the contraction condition is satisfied. Thus all the conditions of Theorem

2.1 are satisfied and 0 is unique common fixed point of A, B, S and T in X.
Note that >-°7 , ¢™(¢) is not convergent for ¢ > 0; in fact, ¢™(t) =t/ (1 + nt)

for all t € RT. Therefore, we can not apply [8, Theorem 2.1] to this example.

Example 2.3. Let (X, p) be the complete partial metric space of Example
2.2. Let A,B,S,T : X — X, defined by Az = 2/6, Bx = x/9, Sz = 22/3 and
Tz = 5x/6 for all © € X. Then, clearly AX C TX and BX C SX, and AX, BX,
SX and TX are closed subsets in (X, p?). Moreover, the pairs {A, S} and {B, T}
are clearly weakly compatible.

Now define ¢ : Rt — RT by p(t) = t/2 for all t € [0,1) and ¢(t) =
n(n+1)/(n+2) for ¢t € [n,n + 1), n € N. Then ¢ is non-decreasing and (right)
upper semicontinuous on RT, with ¢(t) < t for all ¢ > 0. However it is not
continuous at ¢ = n for all n € N, so we can not apply [8, Theorem 2.1] to this
example.

For all z,y € X we have

p(ABy) = max(E, b} < Somax(, 22y
= wlmax{3, 22} = o(p(se, Ty)
< p(M(z,y)).

Thus all the conditions of Theorem 2.1 are satisfied. Note also that, in this case,
the series Y7 " (t) is convergent for all ¢ € R™.

Acknowledgment. The authors are grateful to one of the referees for calling
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