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Abstract

We obtain two fixed point theorems for complete partial metric
space that, by one hand, clarify and improve some results that have
been recently published in Topology and its Applications, and, on
the other hand, generalize in several directions the celebrated Boyd
and Wong fixed point theorem and Matkowski fixed point theorem,
respectively.
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1 Introduction and preliminaries

In [2, Theorem 1], Altun, Sola and Simsek established the following fixed
point theorem for complete partial metric spaces.

Theorem 1 ([2]). Let (X,p) be a complete partial metric space and let
f: X — X be a map such that

ot ) < o (maox {pGe.). oo ). 000 ). 5 0o ) + 900 0 }).
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for all x,y € X, where ¢ : [0,00) — [0,00) is a continuous nondecreasing
function such that ¢(t) <t for all t > 0. Then f has a unique fized point.

In [1], Altun and Sadarangani observed that the proof of Theorem 1 was
wrong (in fact, the error occurs on page 2781, line 11, as the authors noted)
and then they proved the following modification of it.

Theorem 2 ([1]). Let (X,p) be a complete partial metric space and let
f: X — X be a map such that

p(fx, fy) < ¢ (max {p(%y),p(:ﬁ, fr),p(y, fy), % [p(z, fy) +ply, f@]}) ,

for all x,y € X, where ¢ : [0,00) — [0,00) is a nondecreasing function such
that the series Y -, ¢"(t) converges for all t > 0 (¢™ denotes the n-th iterate

of ¢). Then f has a unique fized point.

In this paper we show that, regardless, Theorem 1 above is true; in fact,
we prove a more general result by replacing the condition that ¢ is continuous
and nondecreasing by the condition that it is upper semicontinuous from the
right, obtaining, in this way, a result that generalizes in several directions
the celebrated Boyd-Wong fixed point theorem [3].

Furthermore, we modify Theorem 2 by replacing the condition that the
series Y >, @"(t) converges for all ¢ > 0 by simply that lim,,_, ¢"(t) = 0 for
all t > 0, obtaining, in this way, a result that generalizes in several directions
the celebrated Matkowski fixed point theorem [6].

In the sequel the letters N and w will denote the set of all positive integer
numbers and the set of all nonnegative integer numbers, respectively.

Let us recall that partial metric spaces were introduced by Matthews ([5])
to the study of denotational semantics of dataflow networks. In fact, (com-
plete) partial metric spaces constitute a suitable framework to model several
distinguished examples of the theory of computation and also to model metric
spaces via domain theory (see, for instance, [4, 5, 8, 9, 10, 11]).

Following [5], a partial metric on a set X is a function p : X x X — [0, c0)
such that for all z,y,z € X :

(i) z =y & plz,2) = plz,y) = p(y,y); (i) plz,z) < plz,y); (i)
p(z,y) = ply, x); (iv) p(z, 2) < p(z,y) +p(y, 2) — py, y)-

Observe that if p(x,y) = 0 then z = y.
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A partial metric space is a pair (X, p) such that X is a set and p is a
partial metric on X.

In the rest of this section we recall some properties of partial metric spaces
which will be useful later on.

Each partial metric p on X induces a T topology 7, on X which has as
a base the family of open balls {B,(z,¢) : x € X,e > 0}, where By(z,¢e) =
{ye X :p(x,y) <e+p(x,z)} for all z € X and € > 0.

If p is a partial metric on X, then the function p® : X x X — [0, 00) given
by p*(z,y) = 2p(x,y) — p(x,z) — p(y,y), is a metric on X.

Furthermore, a sequence (x,),en in a partial metric space (X, p) con-
verges, with respect to 7,5, to a point x € X if and only if

According to [5], a sequence (z,)nen in a partial metric space (X, p) is
called a Cauchy sequence if there exists (and is finite) lim,, y—o0 P(Zn, Tm),
and (X, p) is called complete if every Cauchy sequence (z,),ey converges,
with respect to 7,, to a point x € X such that p(x, ) = lim,, y—00 D(Tn, Tm)-

Example 1. Let X = [0,00) and let p : X x X — [0,00) given by
p(z,y) = max{x,y} for all z,y € X. It is well known and easy to see that
(X, p) is a complete partial metric space. In fact, p* is the Euclidean metric
on X.

Finally, the following crucial facts are shown in [5]:

(a) A sequence in a partial metric space (X, p) is a Cauchy sequence if
and only if it is a Cauchy sequence in the metric space (X, p®).

(b) A partial metric space (X,p) is complete if and only if (X, p®) is
complete.

2 The results

In order to simplify the notation, given a partial metric space (X,p) and
f X — X a map, we define

[p(x, fy) +p(y,fx)]} ,

N | —

Py(,y) = max {p<x,y>,p<x,fx>,p<y,fy>,

for all z,y € X.



Lemma 1. Let (X, p) be a partial metric space and let f: X — X be a
map. Then, for each x € X, we have

Py(x, fr) = max{p(, fz),p(fz, f*z)}.
Proof. Let x € X. Then
max{p(z, fz), p(fz, )} < Py(x, fx)
= max{p(z, fz),p(fz, f*z),

< max{p(z, fz),p(fz, [*z),
= max{p(z, fz),p(fz, f*x)}.

[p(x, f*2) + p(fz, f2)]}
[p(x, fz) + p(fz, )]}

NN NN

The proof is complete. [J

Lemma 2. Let (X,p) be a partial metric space and let f: X — X be a
map such that

p(fz, fy) < 6(Pr(z,y)),

for all z,y € X, where ¢ : [0,00) — [0,00) is a function such that ¢(t) <t
for all t > 0. If x € X satisfies that f"x # f*a for all n € w, then the
following hold:

(a) Pp(fra, fra) = p(frax, f*Hx) for all n € w.
(b) p(frz, frtiz) < o(p(f" 'z, frz)) < p(f* 'z, f*x) for all n € N.

Proof. (a) Let z € X be such that f"z # f**lx for all n € w. Then
p(fx, frtz) > 0 for all n € w. By Lemma 1,

)
Py(frx, [P ) = max{p(f"x, [ ), p(f*H e, [10)}
Since

p(f" e, fr2) < G(Py(fra, 7)) < Pr(fra, f ),

it follows that Pp(f™x, f*ta) = p(fmax, f*1z) for all n € w.
(b) Taking into account (a), we deduce that

p(f"a, fr2) < Q(Pr(f" ", fr2)) = o(p(f* ", fr2)) < p(f*'a, fra),



foralln e N. [

Let us recall that a function ¢ : [0, 00) — [0, 00) is upper semicontinuous
from the right provided that for each ¢ > 0 and each sequence (t,)nen such
that ¢, >t and lim,,_, t, = t, it follows that limsup,,_,. ¢(t,) < o(¢).

Theorem 3. Let (X,p) be a complete partial metric space and let f :
X — X be a map such that

p(fz, fy) < o(Pr(z,y)),

for all z,y € X, where ¢ : [0,00) — [0,00) is a upper semicontinuous from
the right function such that ¢(t) <t for all t > 0. Then f has a unique fized
point z € X. Moreover p(z,z) = 0.

Proof. Let x € X. If there is n € w such that f"z = "z, then f"z is a
fixed point of f and uniqueness of f™x follows as in the last part of the proof
below.

Hence, we shall assume that f"z # f""lz for all n € w. Put 9 = «
and construct the sequence (z,)ne, where x,, = f"xy for all n € w. Thus
Tpr1 = fr, and p(zp, x4e1) > 0 for all n € w.

By Lemma 2 (b), there is ¢ > 0 such that

A8, P, Trer) =l Gp(Tn, Tnia)) =

If ¢ > 0, we have

¢ = lim sup $(p(a, 7nsn)) < () < o,

n—oo
a contradiction. So lim,, oo p(Zp, Tpi1) = 0.
Next we show that lim,, ;0o P(Tn, Tm) = 0.
This will be done by adapting a technique of Boyd and Wong [3, Theorem
1]. Indeed, assume the contrary. Then there exist ¢ > 0 and sequences
(7)) ken, (Mi)ken in N, with my > ny > k., and such that p(x,,,, ) > € for
all £ € N.

From the fact that lim, . p(x,, Z,+1) = 0 we can suppose, without loss
of generality, that p(x,, , xm, 1) < €.



For each £ € N we have

€ S p(‘rnkwrmk) S p(xnmxmk—l) +p(xmk—17xmk) < £ +p(l‘mk_1,xmk),

and, hence, limy_,o0 p(@n,, Tm, ) = €.

Now let ko € N such that p(zp, 41, %n,) < € and p(@pm, 11, Tm,,) < € for all
k > ko. Then

p(xnk’xmk> < Pf(xnk’xmk>

1
< p(Tny, Ty ) + §(p(xmk,:vmk+1) + (@11, Tny ),

for all k > ko. So limy_oo Pf(2p,, Tm,) = €.

Since Py(xy,, Tm,) > € for all k € N, and ¢ is upper semicontinuous from
the right, we deduce that

lim sup ¢(Ps(zp,, Tm,)) < ¢(e).

k—o0

On the other hand, for each k£ € N we have

e < p(xnkﬂ xmk) < p(xnkﬂ ‘rmﬁ-l) + p(xnk“‘l? xmk“‘l) + p(xmk-l-l? xmk)
< p(xnkv $nk+1> + ¢(Pf(wnk> xmk)) + p(xkarl? xmk)a

SO
e < 1im sup G(Py(tny, 2m,)) < H(e),

k—o0

a contradiction because ¢(g) < e.

Consequently limy, ;00 P(@n, Tm) = 0, and, thus, (2,)ne, is a Cauchy
sequence in the complete partial metric space (X, p). Hence, there is z € X
such that

lim p(z,,z,) = lim p(z,x,) = p(z,2) =0.

n,m—00 n—oo

We show that z is a fixed point of f.
To this end we first note that lim,,_, Pr(z, z,) < p(z, fz).

Moreover, since p(z, fz) < Pf(z,z,) for all n € w, we deduce that

p(z, fz) = lim Pr(z,x,),
n—oo

lim sup ¢(Pr(z,2,)) < ¢(p(z, f2)).

n—o0



On the other hand, since for each n € w,

Pz, f2) < pl(z,2n) + plan, f2),

it follows that

p(z, fz) < lim sup (p(z,2n) + p(wn, f2)) = lim sup p(z,, f2)

< lim Sl)lp O(Pp(xp-1,2)) < d(p(2, [2)).

Therefore p(z, fz) = 0 and thus z = fz.
Finally, let uw € X such that fu = w. Then,

p(u, 2) = p(fu, f2) < ¢(Pr(u, 2)) = o((p(u, ).

Hence p(u, z) = 0, i.e., w = z. This concludes the proof. O

Corollary 1. Let (X,p) be a complete partial metric space and let f :

X — X be a map such that

p(fz, fy) < o(p(z,y)),

for all z,y € X, where ¢ : [0,00) — [0,00) is a upper semicontinuous from
the right function such that ¢(t) <t for all t > 0. Then f has a unique fized

point z € X. Moreover p(z,z) = 0.

Corollary 2 (Boyd and Wong [3]). Let (X, d) be a complete metric space

and let f: X — X be a map such that

d(fz, fy) < ¢(d(z,y)),

for all z,y € X, where ¢ : [0,00) — [0,00) is a upper semicontinuous from
the right function such that ¢(t) <t for all t > 0. Then f has a unique fized

point.

The following is a typical instance where Theorem 1 (and also Corollary

1) can be applied but Theorem 2 not.



Example 2. Let (X, p) be the complete partial metric space of Example
1, and let f: X — X given by fo =2/2 for all z € X.
Now let ¢ : [0,00) — [0, 00) defined by

¢(0) = 0,
nt 1 i 1
o(t) = n+2+(n—|—1)(n—|—2) 1ft€[n+1,ﬁ),n€N, and

o) = % > 1.

It is routine to check that ¢ is continuous on [0, 00) with t/2 < ¢(t) <t for
all t > 0. Hence ¢ satisfies the conditions of Theorem 1 and thus of Corollary
1. Note that, in fact, the graph of the restriction of ¢ to [1/(n + 1),1/n],
n € N, is the straight line segment with origin at (1/(n + 1), 1/(n+2)) and
end at (1/n,1/(n+1)).

Nevertheless, since ¢(1/n) = 1/(n + 1) for all n € N, and ¢(t) = t/2 for
all ¢ > 1, it follows that )~  ¢"(t) = oo for all ¢ > 0. So ¢ does not satisfy
the conditions of Theorem 2.

Finally, we have p(fz, fy) = max{z/2,y/2} < ¢(max{z,y}) = ¢(p(z,y)),
for all z,y € X, and thus, all conditions of Theorem 1 (and also of Corollary
1) are satisfied.

In order to state our next theorem we shall need the following well-known
and easy, but useful, observation.

Lemma 3. ([6, 7]). Let ¢ : [0,00) — [0,00) be nondecreasing and let
t > 0. If lim, o ¢"(t) = 0, then ¢(t) < t.

Theorem 4. Let (X,p) be a complete partial metric space and let f :
X — X be a map such that

p(fz, fy) < d(My(z,y)),

where Mjy(z,y) = max{p(z,y), p(x, f),p(y, fy)} for all z,y € X, and ¢ -
[0,00) — [0,00) is a nondecreasing function such that lim, . ¢™(t) = 0 for

all t > 0. Then f has a unique fized point z € X. Moreover p(z,z) = 0.

Proof. Let x € X. If there is n € w such that f"z = f""!z, then fmz is a
fixed point of f and uniqueness of f"x follows as in the last part of the proof
below.



Hence, we shall assume that f"x # f""lz for all n € w. Put 2y = =
and construct the sequence (z,)ne, where x,, = f"xy for all n € w. Thus
Tpt1 = [, and p(x,, x,41) > 0 for all n € w. By Lemma 2 (b),

p($n>$n+l) < ¢(p($nfl>$n))>

for all n € w. Then, since ¢ is nondecreasing, we deduce that

p<mnv xn-i-l) S (bn(p(x(h 171)),

for all n € w. Hence

lim p(x,, Tne1) = 0.
n—oo

Now choose an arbitrary € > 0. Since lim,,_,, ¢"(¢) = 0 it follows from
Lemma 3 that ¢(¢) < €, so there is n. € N such that

p(xmxn-&-l) <e-— ¢(5)7
for all n > n.. Therefore
p<In7 xn—l—l) + p(mn—l—l; xn+2)

e = o(e) + ¢(p(wn; Tny1))
e—¢e) +o(e) ==,

p(:l:n, xn+2)

IN AN

for all n > n.. So

p(In,xn+3) S p('rmxn—l—l) +p(£n+17xn+3)
< €= 9(e) + ¢(My(n, Tni2))
< e (e) + (o) = <,

and following this process
p<xn> anrk) <g,
for all n > n. and k € N. Consequently

lim p(x,,z,) =0,
n,M—00

and thus (z,)new is a Cauchy sequence in the complete partial metric space
(X, p). Hence there is z € X such that

lim p(2n, o) = lim p(z,2,) = p(z, 2) = 0.

n,m—oo n—oo
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We show that z is a fixed point of f.
Assume the contrary. Then p(z, fz) > 0. For each n € N we have

p(Z, fZ> S p(Zu xn) +p('rn7 fZ) S p(Z7 x’n) + Qb(Mf(Z, In—l))-

From our assumption that p(z, fz) > 0, it easily follows that there is
no € N such that My(z,z,-1) = p(z, fz) for all n > ny (observe that, in
particular, p(x,_1, f2) < p(x,_1, 2) +p(z, f2z) and that lim,, . p(z,, z) = 0).

So
p(z, fz) < p(z,2n) + ¢(p(z, f2)),
for all n > ng.
Taking limits as n — oo, we obtain that p(z, fz) < ¢(p(z, f2)) < p(z, f2),
a contradiction. Consequently z = fz.
Finally, uniqueness of z follows as in Theorem 3. 0

Corollary 3. Let (X,p) be a complete partial metric space and let f :
X — X be a map such that

p(fz, fy) < o(p(z,y)),

for all x,y € X, where ¢ : [0,00) — [0,00) is a nondecreasing function such
that lim, o, ¢"(t) =0 for all t > 0. Then f has a unique fized point z € X.
Moreover p(z,z) = 0.

Corollary 4 (Matkowski [6]). Let (X,d) be a complete metric space and
let f:X — X be a map such that

d(fz, fy) < ¢(d(z,y)),

for all x,y € X, where ¢ : [0,00) — [0,00) is a nondecreasing function such
that lim, o, ¢"(t) =0 for all t > 0. Then f has a unique fixed point z € X.

Remark. Note that Theorem 4 can be also applied to Example 2, because

in this example the function ¢ is nondecreasing and lim,, ., ¢"(t) = 0, for all
t>0
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