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We analyze a suitable definition of Kéthe dual for spaces of integrable functions with respect to vector measures defined on §-rings.
This family represents a broad class of Banach lattices, and nowadays it seems to be the biggest class of spaces supported by integral
structures, that is, the largest class in which an integral representation of some elements of the dual makes sense. In order to check
the appropriateness of our definition, we analyze how far the coincidence of the Kothe dual with the topological dual is preserved.

1. Introduction

The aim of this paper is to extend the usual notion of Kéthe
dual of a Banach function space over a o-finite measure to the
general class of Banach lattices. Recall that the Kéthe dual or
associate space of a Banach function space X over a o-finite
measure y is defined by the set of all the functionals belonging
to the topological dual X* that can be represented as integrals;
that is, if ¢ € X" is such a functional, there is a measurable
function g,, such that f f 9o fdpequalsp(f)forall f € X.

Integration with respect to Banach space valued vector
measures on §-rings is at the basis of a fruitful representation
technique for abstract lattices that has been recently devel-
oped. Certainly, the spaces L' (v) of integrable functions and
L} (v) of weakly integrable functions represent a large family
of Banach lattices. Nowadays it is well known that each order
continuous Banach lattice can be written (isometrically and
in order) as an L' (v)-space of a certain vector measure v on a
d-ring, and an equivalent result holds for Banach lattices with
the Fatou property and some additional requirements with
the spaces Liu(v) (see [1, Theorems 4 and 8] and [2]; see also [3,
pp- 22-23]). Similar results follow also under the assumption
of p-convexity of the Banach lattices, using in this case spaces
of p-integrable functions (see [4-6]).

Far from being a formal requirement, the use of vector
measures on J-rings is essential for our purposes. The reason

is that this is the way of extending the classical representation
results—that hold for Banach function spaces based on o-
finite measure spaces—to the abstract case, that include for
instance representations of spaces £7(I') for an uncountable
set of indexes I based on an integration structure. On the
other hand, it must be said that the representation for the o-
finite case is completely covered by the integration structure
provided by vector measures on o-algebras. Regarding spaces
of integrable functions with respect to such vector measures,
several descriptions of the dual space of an L'-space (an L?-
space) of a vector measure are nowadays known (see [7-
10]). Notice that, since the spaces are order continuous, these
results give directly a description of the corresponding dual
spaces.

In this paper we propose a concrete definition of Kéthe
dual space for a general class of Banach lattices. Our purpose
includes two natural properties that one can expect for such
a space; that is,

(1) its elements must be—at least locally—integrals, that
is, functionals defined by integrable functions, and

(2) the set of such elements (the Kothe dual) coincides
with the whole topological dual whenever the original
lattice is order continuous.

As the reader may notice, we will give an easy descrip-
tion of such a space which covers the hole existing in



the mathematical literature regarding the notion of the space
of the integrals as elements of the dual space.

2. Preliminaries

2.1. Banach Lattices. We recall in this section the notions
concerning Banach lattices required for a suitable reading of
the paper.

Let E be a Banach lattice with order < and norm || - ||. A
linear subspace F of E is called an ideal of Eif x € F, |y| < |x]|
implies y € F. Anideal F in E is said to be super order dense
in E if for every 0 < x € E there exists an increasing sequence
(x,), € Fsothat0 < x,, T x in E. If this property holds by
means of upwards directed systems, F is said to be order dense
in E. An element 0 < e € E such that x A e = 0 implies x = 0
is said to be a weak unit of E.

The Banach lattice E is said to have o-order continuous
norm, or briefly, to be o-order continuous if for every
decreasing sequence (x,), | 0 it follows that |lx,[ | O.
Similarly, E is said to have order continuous norm, or briefly,
to be order continuous if this property holds for downwards
directed systems. We denote by E, the o-order continuous
part of E, that is, the largest o-order continuous ideal in E.
We will use E,,, for the order continuous part of E which in
this case is the largest order continuous ideal in E.

Finally, the Banach lattice E is said to have the o-Fatou
property if for every increasing sequence 0 < x,, T in E with
sup,llx,ll < oo, it follows that there exists x := sup,x, in
E and ||x|| = sup,,lx,|. Again, E is said to have the Fatou
property if this is the case for upwards directed systems.

AnoperatorT : E — F between Banach lattices is said to
be an order isometry if it is a linear isometry which is also an
order isomorphism (i.e., T is also one to one, onto, |[Tx|r =
lxllgforall x € Eand T(x A y) = Tx ATy forall x, y € E).
In this case E and F are said to be order isometric.

For these other issues related to Banach lattices, see for
instance [11-15].

2.2. Integration with respect to Vector Measures on §-Rings.
We recall here the integration theory with respect to vector
measures introduced by Lewis in the context of o-algebras
[16] and extended by Masani and Niemi and Stefansson in
the context of §-rings [17-19]. We refer also to [2, 20].

Given X a §-ring of subsets of an abstract set (), that is,
a ring of sets of Q) closed under countable intersections, we
can consider %' the associated o-algebra to % defined by
FC={BcQ:BnAceR, for every A € R}. Take the
space M (%"°°) of measurable real functions on (Q, %'°°) and
denote by & (%) and S(R) the space of simple functions
with support in %'°° and &, respectively.

Consider also v : & — X a vector measure, that is, a
set function from the §-ring & to a real Banach space X for
which »(U,A,) = Y, v(A,) in the norm topology of X for
all sequences (A,) of pairwise disjoint members of % such
that U,A,, € %. Recall the definition of the semivariation
of v which is given by ||| : F°° = [0, 00] with [v]|(A) =
sup{|x*¥|(A) : x™ € By.}forall A € R, where X* denotes
the topological dual of X, By denotes the unitball in X*, and
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|x*| is the usual variation of scalar measure x*v : # — R.
The semivariation of v is monotone increasing, countably
subadditive, finite on %, and satisfying for all A € %',

% vl (A) < sup {llv(B)llx : Be Zn2%} < bl (4). (1)

We will say that a set B € R is y-null if |v|(B) = 0 and
that a property holds v-almost everywhere (v-a.e.) if it holds
except on a v-null set. Also, a vector measure v : % — E
with values in a Banach lattice E is positive if »(A) > 0 for all
AeR.

Taking into account the previous definitions, the integra-
bility with respect to a vector measure is defined as follows.
First, consider the space LL}(V) of functions in . (%'°°) such
that

J fd|x*v| < +c0 )
Q

forall x* € X* (i.e., which are integrable with respect to |x* |
for all x* € X"), where functions which are equal v-a.e. are
identified. Endow this space with the norm

Il = swp | 171d

5+

®
X v

3)

and the v-a.e. pointwise order. Then L}U(v) is a Banach
lattice containing §'(%) in which convergence in norm of
a sequence implies v-a.e. convergence of some subsequence
(see [18, Lemma 3.13]). Even more, the space LL}(V) is an ideal
of measurable functions in the sense that, if | f| < |g| v-a.e.
with f € M(R'%) and g€ LL)(V)’ it follows that f € Lh)(v).

Now, take the closed ideal L'(v) in L:U(v) of functions
which are integrable with respect to v, that is, the functions in
L} (v) for which there exists a vector denoted by f JfdveX,
such that

x" (JA fdv) = J-A fdx"v Vx" e X7, (4)

for each A € %', Then L'(v) is a Banach lattice with the
norm and the order inherited from Liu(v) in which &(X)
is dense. The space L'(v) is also an ideal of measurable
functions, and the space L'(») coincides with qu(v) whenever
X does not contain any linear subspace isomorphic to ¢, [16,
Theorem 5.1].

Regarding the lattice structure of these spaces, recall that
L' (v) has the o-Fatou property, L'(v) is order continuous,
L}U(v)a = L}U(v)an = L'(»), and L'(») is always order dense
in LL(V)'

Finally, recall the integration operator I, : L'(v) — X
given by I,(f) = IQ fdv which is linear and continuous with

IL(NHllx < 11,

3. Representation of Functionals on
Spaces of Integrable Functions with respect
to a Vector Measure on a §-Ring

Let # be a 6-ringand v : & — X be a vector measure.
Following [21, Section 2], we say that a countably additive
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measure A : A — [0,00] is a local control measure for v
if it satisfies the following conditions:

(D) limycp aca)—ollV(A)llx = 0, for every B € R,
(2) every v-null set in R is A-null.

The first condition is equivalent to ¥(A) = 0 whenever A € %
with A(A) = 0 (see [18, Proposition 3.6]), and this happens
if and only if every A-null set in & is v-null, due to the
properties of the semivariation. Consequently, the countably
additive measure A is a local control measure for v if and only
if A has the same null sets as v. From [21, Theorem 3.2], there
always exists such a measure, so LL)(V) and L'(v) are Banach
functions spaces related to A. Here, by a Banach function space
related to A, we mean a Banach space X ¢ L°(A) satisfying
that, if | f| < |g| with f € L°(1) and g € Xthen f € X
and | fII < lgll, where L°(1) denotes the vector lattice of all
measurable real functions on Q (functions which are equal A-
a.e. are identified) endowed with the A-a.e. pointwise order.

In the proof of [21, Theorem 3.2], it is shown that there
exists a maximal family {A} ., of nonnull sets members of
R satistying that A, N Ag is v-null for a # B. Considering
that, for each o € A the class of sets ZN A, := {A € R :
A c A,}, we have that £ N A is a §-ring as a collection
of subsets of () and a o-algebra as a collection of subsets of
A . Taking v, the restriction of vto £ N A, it is known that
there always exists a finite local control measure A, (called a
Rybakov control measure and of type |x"v,]|) for v,. For this
measure and for each B € %, it is proved that A, (A, NB) =0
for all @ € A except on a countable set. Now, the set function
At R — [0,00] givenby A(A) = Y ca A (ANA,) isalocal
control measure for v.

We start our study looking for a suitable definition for the
Koéthe dual space of L'(»). Not only the existence of a local
control measure A for v but also its particular construction
will be the key of our work. Firstly, we establish a useful
representation of functionals on spaces L'(v). So, let % be
a 0-ring and consider a (countably additive) vector measure
v : R — X.Fix a decomposition {A,} ., of the measure
space as the one explained previously and take a countable
family {A,}  of elements of {A,},c,. In order to avoid
misunderstandings, we advise that, throughout all the paper,
the families {A, } . are supposed to be v-a.e. disjoint; that
is, all the indexes «, are supposed to be different. Let A
be a local control measure for v with the properties of the
ones constructed by Brooks and Dinculeanu. Since by the
construction A is finite in all A € &, we have that it is o-finite
in C = Uy Ag, € B

Lemma 1. Let {A,} | in {Ag}ep and C = [,y A, as
explained above. Then there is a finite measure Ao : %" N

C — R such that, for each ¢ € (Ll(v))*, there is a measurable
function g, - € L°(A¢) such that

o (1) = | fapedic ©

forall f e L'(v) so that supp{f} ¢ C.

Proof. Let A be a fixed local control measure for v con-
structed as explained previously. For each n € N, consider
the measure A, : 2N C — Rgivenby A, := A, . Note
that all these measures are finite by the construction of A.
Consider the finite measure A : #'°° N C — R given by
Ae(B) = Y21 (A, (A, NB)/2"A,(A,)), Be R nC.

Define also the finite measure A, : R°°NC - Rby
AocB) = Y021 (@(xa, np)/2"IVI(A,,)), B € Z°° 0 C. Note
that this measure is well defined and absolutely continuous
with respect to Ai : Z2'°°NC — R. By the Radon-Nikodym
theorem, there is an integrable function gg’c € L'(A¢) such
that

Ay (B) = L PAedre, BeZ™ncC. (©)

Thus, for each f € §(X), we have that

J JdAyc = IB fgg,cd/\c- (7)

Take the function he = Y2, 2"[v[I(A «,)Xa, »and note that,
for such an Z%-simple function f, we have that

[ rredr,c
C

o0 (8)
= Lf ( Zz” (Il (Aocn) Xa,, ) dAyc =9 (fxc)-

Thus, for such a function f we obtain that
o ()= [ shedryo= [ shegpedic. ©

Write g, := hcgg,c. A direct calculation using the order
continuity of L' (v) gives the result for this function goc- U

(1) Let us consider now the following construction in
order to define the Kéthe dual of L' (v). Fix again a maximal
R-decomposition {A,} ., and A : R — [0,00] a local
control measure for v. For every countable family {A,}
in {Ay},ep> we can define the following: the set C = J, A, ,
ad-ring R of subsets of Cby B :={A e £ :ACCl,anda
countably additive positive measure 1. : (%) — [0,00]
given by Ac(A) = ¥, A(ANA, ), A € (%)™

Notice that the measure A is well defined; although the
measure A is defined just for elements of &, using classical
arguments, it can be immediately seen that this formula

loc

extends it to the whole (%)*".
Note also that Z- = % N C and remark that (%.)" is

loc

computed with respect to the target space C thatis, (%) :=
{A cC:ANB € R,B € R} In order to clarify
the relation between the measurability with respect to the
different o-algebras involved, let us establish the following
notation. If B is a subset of Z'°°, we write (% B)l°cB for the o-
algebra associated with % using as target space the set B. No
explicit reference is made when B = Q. The relation between
(%) and %' is now done by the following lemma. The
proof is straightforward.



Lemma 2. Let C = Ugil A“n_ Then (‘%C)IOCC — t%loc nC.
In particular, the measurable functions in J(Q, B'°°) when
restricted to C are measurable with respect to (C, (R)°),

and L°(\) when the functions are restricted to C coincides with
L°Me).

For a given function f € L'(v), we can find a countable set
{0}, e Of different elements of A such that the support of f
outside Cy= U, Aq isv-a.e.null (and so I/XI(Q\Cf) 0; see
[20, Theorem 3.6]), and we can consider the o-finite measure
A fi= AC Therefore, for a given function f € L'(v), we find

asetCy,ad-ring Re,» and a o-finite measure )t .

We describe now the adequate family of functions—like
objects necessary to define the Kothe dual of an abstract space
L'(»). For « € A, define the sets L?X(A) of classes of A-a.e.
equal # N A, -measurable functions in R*«. Consider the
Cartesian product [],coL>(A). For each countable set C of

subsets A, , consider g an element of [, AL2(A) that is a
measurable function in each A, and 0 out of C. Take the
vector space J*O—w1th the 0bV10us sum and product of the
families G := {gc} of elements g- € [[,caL’(A) that are
compatible; that is, for each couple of countable families C and
C', if there is an & € A such that A, belongs both to C and
C', then the respective “a-coordinates” (g¢) a, and (go) 4

coincide A|, -a.e. A natural norm-type function to consider
for the elements of this space is given by

IGll 5=

= sup {L gcflc d}AtC : f € By (10)
C countable union of A'as} , GeZF,.

It can be easily seen that this expression is a norm for the space
F of all the elements of F, for which || - || is finite. This
construction allows to write the extension of the definition
of Kothe dual for the setting of the abstract L'(v) spaces as
(Z, 1l - l&#); that is, we define

(L' o))
loce, ~
={G€9~”:gcf-f|cfeL1<Cf,<,%Cf) f’/\f>’

VfelL (v }
(1)

with the dual norm ||G||(L1(V))' =Gl .

(2) In what follows, we will consider a slightly different
context in order to obtain a better representation of the
Kéthe dual space defined as in previous. Using the fixed
decomposition given by {A,} 4, define the §-ring X, of the
elements A = Uﬁ:l A,, A, € R such that thereisan o, € A
with A, € A, ,k € N. Note that Z, € & and so we have that
R ¢ (3?0)1“. We can then define the measure A : %, — R
given by A(A) := Zﬁzl A(A,,), where A € R is decomposed
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as mentioned earlier. The variation || of this measure is well
defined and allows its extension to (9’20)105. Note also that
ﬂ(%lOC) C ﬂ(%())loc-

Proposition 3. For a vector measure v, consider a maximal
R-decomposition {A} . Then

(L' o))

aeA”

={GeFgo fel' ((@)]), )
vfel'm},
and the norm for this space can be computed by
IGlz = sup j gc, fa[A]
fEBLl( ) Cf

- (13)
= sup “Cgcfd A|: f € By, C= UA%} .
n=1

Proof. Itis a consequence of the following equivalences. Let C
be a countable union of elements A, .IfG € Fand f € L'(»)
such that supp{f} < C, the functlon f- 9gc, can be supposed

to be 0 outside the set C, and so gc f = gc, f- Then f-gc €
L'(A;) if and only if

(o9

j foo,dAs =Y L fgc,dA s < oo. (14)

n=1 on

Write A, for the measure A, (-) = A(‘NA, ), where A,
and note that

eCf,

(]

Jfgcfd/A\f = Z J fgcfd)L

n=1
00

X[ foc = | sac,afy] 09

- L facd .

Therefore, integrability of fgcflC with respect to A ¢ s
!

equivalent to integrability of fg. with respect to [A], and the
proof is complete. O

, (L' o)
isometrically, where (L' (v))' is defined from any maximal %-
decomposition {A .}

Theorem 4. For a vector measure v, (Ll(v))* =

aeA®

Proof. Itisaconsequence of Lemma 1, and Proposition 3. Let
us show the proof in two steps.

Step 1. Let ¢ € (Ll(v))* and C = (J72, A,, . Then using
Lemma 1 we find a function g, representing the Radon-
Nikodym derivative of the set function ¢(:|)—that is a
measure by the order continuity of L' (v)—in a way that

¢(f)= L f9pcdAc (16)
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forall f € L'(v) such that supp{ f} ¢ C. Therefore, computing
in each C the Radon-Nikodym derivative 7 of the measure

Ac appearing in Lemma 1, with respect to A, and writing
0 (1) = | fapedic
17)
= | fopctedic= | focred N

whenever supp{ f} < C, we obtain a family G of the space F,,.
Moreover, note that for such G, we have that

IG5

<ol 1 < B = U |

n=1
(18)

=sup ‘” L gcfd/A\c

and so G € %. In fact, it can be easily seen that the
identification ¢ v G is linear, continuous, and injective.

Step 2. Let us show now that this identification is also
surjective. We use Proposition 3. Let G be a compatible family
of elements of |, such that |G|z < co. For each f € L'(v),
define

o(f) = L fac,d|A], (19)
f

and notice that, for each countable union C of sets A, , «,, €
A, such that C; € C,

Jo, fac = | faca . (0)

as a consequence of the compatibility of the elements of F
that define the family G. This allows to prove that ¢ is well
defined and linear; the finiteness of |G|l gives also that
SUPfep,, )I(p(f)l < |Gllg < 00, and so ¢ is an element of the
dual space (L'(v))

Thus, we have proved that (&, [-[%) =
((Ll ('V)) > ” . ”(L‘(v))*) isometrically. D

Remark 5. Notige that (Ll(v)), is a Banach lattice with the
order of (L'(»)) . It can be easily seen that it coincides with
the natural order in & ,.

Remark 6. Note that, for the case that the §-ring % is a
countable union of o-algebras (i.e., the o-finite case), a better
representation for the Kothe dual is possible. Instead of
defining it as the space of families of countable supported
elements of a Cartesian product, a single function can play
the role; that is,

(L' )
= {g €eL’M):g- flg, L' (Cf’ (%cf)loccfjf>’

erL%w}.
(21)

This is a trivial consequence of the definition of the families,
since in the o-finite case just a function defines a family.
Taking into account the definition of the measures involved in
the expression above, it is clear that this representation equals

(L' ®)

={gel’Wig-fel'M), Vel 0},

(22)

that is the well-known definition of Kothe dual for the o-finite
case.

We extend now the definition of the Kothe dual to
abstract Banach lattices. Let E be an order continuous Banach
lattice. Then it is possible to define its Kothe dual by means
of an integral representation (using vector measures over
0-rings) which can be described as follows. First, by [12,
Proposition 1.a.9], E can be decomposed into an uncondi-
tionally direct sum of a family of mutually disjoints ideals
{E}xen» €ach E, having a weak unit. Each E, is now an order
continuous Banach lattice with a weak unit and so, from [22,
Theorem 8], there exist a o-algebra X, of parts of an abstract
set Q, and a positive vector measure v, : X, — E, such
that the integration operator I, : L'(v,) — E, isan order
isometry. Consider the set Q = [, {a} X Q, and the §-ring
R of subsets of Q) given by the sets | J {0} x A, satisfying
that A, € Z, for all « € A and there exists a finite set I ¢ A
such that A is v, -null for all « € A\ I. Then, take the vector
measure v : & — E defined by

v ( | {a} Aa> =Y 7, (4,) (23)

a€A a€EA

and compute the integration operator I, : L'(v) — E. This
operator is an order isometry (see [1, Theorem 4] and [3, pp.

22-23]). Let (Q, (%0)1“, [A]) be the measure space associated
with v. The definition of the Kothe dual of E is done using this
integral representation adequately:

E=(L'0)

={GeF 901, (0 e L' (0, (%) |A]), Ve e E}.
(24)

Corollary 7. Let E be an order continuous Banach lattice. Let
v be the vector measure which appears in the representation
explained previously. Then E* = E'.

Let us prove now a related result regarding the Kothe
dual of qu(v). The representation of the Kothe dual of L'(v)
given in Proposition 3 suggests the following definition of

Kothe dual space for any Banach lattice L of [A]-a.e. classes

of (Q, (@O)IOC)—measurable functions, in particular, for Llw(v).
We define the Kothe dual of L as

U={GeF:go fel'(a(R)" ), vFeLl,
(25)



endowed with the norm

11, = sup | gcsdfi]. (26)

feBy,

Let us show that, as in the finite measure case—that is, in the
case of a vector measure on a o-algebra—, the Kéthe duals of
L'(v)and LL)(V) coincide. For a Banach function space onao-
finite measure space, this is the well-known fact that (X,)* =
(X,) = X'—where X, is the order continuous part of X—,
whenever X, is super order dense in X.

Corollary 8. Let v be a vector measure on a §-ring. Then one
has that (L',(v)) = (L'(»))’ = L'(»)".

Proof. The inclusion (L',(v)) < (L'(»)’ is obvious. If G ¢
L'(v)', for each countable family C, we have that g fl. €
L'(|A]) for each f € L'(»).

Consider the restriction of L!() to functions with sup-
port in C. For every function 0 < h € L! (v) with support
in C, we have that there is an increasing sequence 0 < s, in
S8 () converging a.e. to h (see the proof of [2, Theorem 4.8]).
Notice also that, for all »,

“sn"Ll(y) < ”h"LL(V) < 00. (27)

Ifh € Llw(v), we have that the restriction |gchl|- can
be approximated |A|-a.e. using an increasing sequence s, of
simple functions with support in C as previously mentioned:
|gcls, increases a.e. to |g-h| where the sequence is clearly in
L'(JA]). The monotone convergence theorem when applied to
the sequence (|gcls,,), of LA gives that g-hl, € LY(JA]).
Theorem 4 completes the proof. O

Corollary 9. Let v be a vector measure on a §-ring and
consider L an ideal of L (v) containing L'(v). Then L' =

(L'().

Let E be a Banach lattice with the Fatou property having
its o-order continuous part E, as an order dense subset. As
explained for the order continuous case, it is again possible
to define its K6the dual using a suitable representation for E
by means of a space of integrable functions. Let us describe
briefly the elements we need. Consider the vector measure v
associated with E,,, = E,, as in Corollary 7, then I, : L' (v) —
E,, is an order isometry. Extend now I, to the space L (v)
as follows. For every 0 < f € L. (v), choose (¢,) ¢ S(%')
such that 0 < ¢, T f. For eachnand I C A finite, take §, ) =
PuXU, ()x0, € S(R)and consider e = sup, I,(&(, ) in E.
Finally, define T',(f) = e and extend to the general case. The
extension T, defined in this way is again an order isometry
between LL;(”) and E (see [1, Theorem 8]). Consequently,
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the definition of the Kothe dual of E can be done using this
representation; that is,

E = (1, )

={GeF :gc T, (@€l (Q, (%)™, N]), VeeE},
(28)

where (Q, (920)1“, |A]) is the measure space associated with ».

Corollary 10. Let E be a Banach lattice with the Fatou
property having its o-order continuous part E, as an order
dense subset. Let v be the vector measure which appears in the
representation explained previously. Then (E,)* = (E,)' = E'.

4. Some Examples and Applications

(1) Consider 1 < p < oo and the space £°(T) for a
noncountable index set I'. It is an order continuous Banach
lattice. Consider the §-ring % defined by the finite subsets
of ' and the vector measure vyt Rr o €P(T). Then the

space Ll(vp) can be directly computed and coincides with

£P(T) isometrically and in order (see example 2.2 in [20]
and example 4.1 and the comments before Theorem 5.1. in
[2]). Fixing the maximal decomposition of I' given by the
singletons A, := {y}, y € I' and after Proposition 3, we get
that its Kéthe dual space is given by

() = (66 gc: () €0 ¥lon) 70},
29

since L' (T, (%F)IOC, %) is in this case €' (T'), taking into account
that the variation of the local control measure A in this
case can be taken to be the counting measure and also that
obviously #, = %r. Since the maximal decomposition that
we are considering is given by all the singletons, we can
identify each element G € % with an element of R", and so

(L (v)), can be written as

(1 (7)) = {() = () - (wr) € €' @), ¥ (or) € €2 (D)}
(30)

This characterization and Theorem 4 give that the dual
space coincides with this Kéthe dual space. This description
has been frequently used in examples and computations
of general Banach space theory. The reader can find these
arguments for instance in [23] (see Remark 2.1), where the
computation of the Kothe dual is based on the fact that the
related measure space is discrete.

The same construction can be done for the case when the
vector measure defined previously takes its values in £*°(T).
Then it is known that L' (v.) = ¢,(I') and Lh}(voo) = ¢°().
Thus the (Banach) lattice £,°(T) of the elements of £°°(T') with
countable support satisfies ¢o(I') < £°(I) < £%°(T). The
constructive arguments given previously for ¢,(T') instead of
£ () together with Corollaries 8 and 9 give that all the spaces
appearing in the inclusion ¢,(I') € £;°(T') < £%°(T) satisfy that
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their Kéthe duals coincide and are equal to €' (I), providing in
this way a description of the K6the dual of the relevant space
£,°(D).

(2) Although the construction of (1) regards discrete
vector measures, the results in this paper can also be applied
for general Banach lattices of functions involving measures
that are not discrete. Let us write the Kothe dual of the space
appearing in Remark 22 of [4]. Consider a family of disjoint
probability spaces (Q,, %, /"V)yer’ where I' is an uncountable
set of indexes. The §-ring X is defined by finite unions B =
UL, A,,A, €ZX,. Weconsider the vector measurex : £ —
(D) given by x(B) = Y, ty, (A} ) Xy As in example 2.2 of
[20], it can be easily shown that the space L'(k) is the direct
sum @%(F)Ll(yy). Consequently, the support of an element
of this space is contained in a countable union of sets Q,,
y € T. However, L} (x) = @ew(r)Ll(y},) and the functions
of this space can be even strictly positive in all points of
Uyer ©,. This is suggested by the symbols P, 1) and P o r
that we use: in the first case, countability of the support of
each element is assumed but not in the second. Thus, we can
describe an element f € L'(x) as a sequence ( fyi)z’l, where
each fw € Ll(yyi). Let us consider the variation |¢| of the
local control measure # for « that is defined for each element
B=UL A, € Zasy(B) = Y., u,(A,). The Kothe dual of

L'(x) is then given by
(L1 (K)),

={Ge F i go f el (2 (R nl), VF e L' 0},
(31)

that can also be written as

(L' ()

_ <IG cF - gc'(fy,-): eL! (Q (%)10C>|W|)’ (32)

OA%ngeL%m},
i=1

where each g of an element G of & can be identified with
an element of the direct sum P, )L*(y,) in the usual
manner. Note that, in this case, £ and %, coincide. After
Theorem 4, we know that this provides a description of the
dual space % (K))*. By Corollary 8, this space coincides also

with (L (x))’.
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