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Abstract
We will present many strong partial results towards a classification of exceptional
planar /PN monomial functions on finite fields. The techniques we use are the Weil
bound, Bezout’s theorem, and Bertini’s theorem.
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1 Introduction

We present some new results on the classification of perfect nonlinear (PN) or planar
functions. These have connections to finite geometry, coding theory and cryptogra-

phy.
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Let p be a prime number, ¢ > 3 an integer, and let f;(z,y) the polynomial
file,y) = (@ +1)" —a' = (y+1)" +y' € Fplz,y].
Notice that = — y divides fi(x,y). We define another polynomial g;(x,y) by

(ac+1)t—act—(y+1)t+zﬁ6
r—y

9t(z,y) == Fplz, y].

In this paper we consider the following conjecture (see Section 2 for the back-
ground).

Conjecture PN3: Suppose t > 2. The polynomial g.(x,y) has an absolutely ir-
reducible factor defined over ¥, for all t not of the form p' + 1 (when p > 3) and
(31 4+1)/2 (when p=3).

Let t = p'4+r, where r is the remainder upon division of ¢ by p, and i = max{j :
p’ divides t —r}. We will see later that we may assume that ¢ is relatively prime to
p, i.e., we may assume 7 # 0.

The results in this paper are the following.

Theorem 1.1. The polynomial gi(x,y) has an absolutely irreducible factor defined
over F), in the following cases.

(A) t #1 mod p.
(a) FEither ged(p —1,t) >3 orged(p —1,t —1) > 2.
(a) If there exists m € N such that g;(x,y) does not factor over Fym and,
furthermore, either ged(p™ — 1,t) > 3 or ged(p™ — 1,t — 1) > 2.
(b) The number of singular points of the curve defined by g.(x,y) = 0 (over

an algebraic closure of F),) is less than %.

(c) tis even, (s — 1)!"1 ¢ Ty and (s — 1)EDC=D o 1 for all s # 1 in the
set of (t — 1)-roots of unity in al algebraic closure of ).
d) t is even and t — 1 divides p*¢ + 1 for some positive integer e.
g
e) t—1 > 3 is a prime number such that the multiplicative order o m
(e) p p p
Z/(t—1)Z is (t —2)/2.
(f) If e := ged(er—1, €r), en denoting the multiplicative order of p in Z/nZ,
(1) either there exists a divisor d > 2 of t such that ged(e,eq) =1 or
(2) there exists a divisor d > 1 of t — 1 such that ged(e,eq) = 1.
g) The polynomial gi(x,y) s irreducible over F, and gcd(eq | d € E) = 1,
P
where eq is defined as in (f) and E := {d € N | d > 2 and d divides either t ort — 1}.
(B) t =1 mod p.
(B.1) gcd(¢,p' — 1) < £ and at least one of these conditions holds:
—p>5,i>1and{ > 3,
—p>5,1>2andf >3,



—p=3,i>2and{ >3,
(B.2) ged(l,pt —1)={ and £ < p' — 1.

The conditions of Case (A) in the above theorem satisfy the following implica-
tions:

(d) v (e) = (¢) = (b).

Conditions (b) and (¢) concern an algebraic closure of the field F,. Conditions (d)
and (e) are weaker but they involve only integer arithmetic.

The layout of this paper is as follows. In Section 2 we give the background to
the problem and explain the motivation and origin of Conjecture PN3. Section 3
gives a more detailed background of the results and techniques we use. In Section
4 we analyze the singular points of the curve defined by g;(x,y) = 0, and in Section
5 we calculate or estimate the intersection multiplicities of hypothetical factors at
the singular points. Section 6 proves the Case (B) results under the assumption
that the curve is irreducible over [F,,. Section 7 removes this assumption using more
careful analysis. Finally Section 8 proves our results on Case (A).

2 Background and Motivation

In this section we present background to the problems under consideration in this
paper.

2.1 PN and Planar Functions

Let p be a prime number and let ¢ = p". Recall that any function F, — I, can
be expressed uniquely as a polynomial function (with coefficients in Fy) of degree
less than ¢. A polynomial function is called a permutation polynomial (PP) if it is
a bijective function Fy — [F,.

Definition 2.1. A function f : F;, — F, is said to be planar if the functions
f(z+a) — f(x) are PPs for all nonzero a € F,.

Planar functions are used to construct finite projective planes, and have been
studied by finite geometers since at least 1968 (Dembowski and Ostrom [6]). Note
that planar functions cannot exist in characteristic 2, because if D,(z) := f(z +
a) — f(z) and D,(x) = b then D,(z + a) = b also.

Definition 2.2. A function f : F;, — [, is said to be PN (Perfect Nonlinear) if
for every a,b € Fy with a # 0 we have

Ha €F, | flr+a) - f(x) = b} < L.

PN functions were first defined in 1992 by Nyberg and Knudsen [25], in a cryp-
tography paper. Note that PN functions cannot exist in characteristic 2, because if
x is a solution to f(x 4+ a) — f(x) = b then = + a is another solution.



It is clear that PN functions and planar functions are the same thing! They have
different origins; PN functions come from cryptography whereas planar functions
come from finite geometry.

We consider monomial functions in this article. Because z! is planar iff zP! is
planar, we may assume that ¢ is relatively prime to p.

The known planar monomials f(x) = z! are in the following table.

’ Characteristic ‘ Exponents ¢ ‘ Conditions ‘ Proved by
odd 2 None Classical

odd pi+1 n/(i,n) odd Dembowski-Ostrom

3 (3*+1)/2 | (i,n) =1,io0dd | Coulter-Matthews

Table 1: Known PN exponents ¢
It is conjectured that this list is complete:

Conjecture PN1: All planar functions of the form x! are listed in Table 1.

In this article we present some partial results towards this conjecture. We con-
sider the classification of functions z' that are planar/PN on Fyn for infinitely many
n. The known examples in Table 1 all have this property. Therefore, a weaker
conjecture than Conjecture 1 is the following:

Conjecture PN2: If 2! is a planar function on Fyn for infinitely many n, then
t is of the values listed in the table.

For monomial functions f(z) = ', it was shown in [4] that z' is planar over F,
if and only if (z+ 1) — 2! is a PP over F, i.e., for monomial functions we only need
consider the a = 1 case of Definition 1.

Definition 2.3. A PP f(x) € Fy[x] is called exceptional if f is a PP on infinitely
many extension fields of F,.

Exceptional PPs have been the subject of many papers, see [11] for example.
Their monodromy groups are of great interest and have been classified.

To prove Conjecture PN2, we consider the function f(x) = z' on the base field
Fp, and we would like to prove that (z + 1) — 2z is not an exceptional PP on F,
when ¢ is not one of the values listed.

Observe that (z + 1)! — 2! is not a PP over Fyn if there exist Fyn-rational points
(z,y) on the curve defined by

filz,y) = (x+ 1) =o' — (y+ 1) 44

with « # y. It is obvious that f;(z,y) has x — y as a factor. Therefore, we would
like to know whether the curve defined by

(x4+1) —a' —(y+ 1) +9f
r—Yy

gi(w,y) =



has rational points over Fp» with = # y. Note that g;(x,y) is defined over F,,.
The following is easily proved using the Weil bound.

Theorem 2.4. If g/(x,y) has an absolutely irreducible factor defined over F), then
gi(z,y) has rational points (o, B) € (Fpn)? with distinct coordinates for all n suffi-
ciently large.

Based on the known examples of PN functions in Table 1, we make the following
conjecture.

Conjecture PN3: Suppose t > 2. The polynomial gi(x,y) has an absolutely ir-
reducible factor defined over F, for all t not of the form p' + 1 (when p > 3) and
(3" 4+1)/2 (when p=3).

Clearly Conjecture PN3 implies Conjecture PN2. Therefore, the topic of this
paper is proving Conjecture PN3. We give some partial results, which are stated in
the introduction; the full conjecture is still open.

2.2  Small values of p and ¢

To demonstrate the power of our results, we have implemented MAGMA functions
for testing the conditions given in Theorem 1.1 and, using them, we have proved
Conjecture PN3 for a great many values ¢ < 1000 when p is either 3, 5 or 7. Condi-
tion (a) has been checked only for m = 2 and m = 3 and, to implement Condition
(d), we have used the equivalent formulation given in Corollary 8.8. Condition (b)
is quite strong but it involves computations with a variety which is computationally
intensive and the MAGMA function that implements it does not finish; so we have
not taken it into account for our tests.

Notice that the conditions concerning Case (B) involve only integer arithmetic.
However, in Case (A), conditions (a), (d), (e) and (f) are purely arithmetical condi-
tions relating ¢ and p (integer arithmetic) and the other conditions involve compu-
tations concerning elements in the algebraic closure of F),. Taking this observation

into account, we consider separately the following groups of conditions associated
with Case (A):

e Group 1: (a), (d), (e) and (f).
Group 2: Conditions of Group 1 and

9)-
c).
) (taking m = 2).
)

Group 3: Conditions of Group 2 and

Group 4: Conditions of Group 3 and

~

~—~ I~

e Group 5: Conditions of Group 3 and (taking m = 3).

Note that each Group includes the previous Group (except 4 and 5).

Tables 2, 3 and 4 show, for p = 3,5,7, the values of ¢, 3 < ¢ < 1000, for which
we are not able to prove Conjecture PN3 using the conditions in each group. Notice
that for p € {5, 7} conditions in Group 5 cover every ¢ from 3 to 1000 corresponding
to Case (A).



Of course we omit the exceptional values of ¢ when doing these computations.
Putting all our results together, these computations show the following.

Theorem 2.5. Conjecture PN3 is proved by Theorem 1.1 in the following cases.
1. p =3, all values of t < 1000 except 758 and t = 4 (mod 6)
2. p=2>5, all values of t < 1000 except 15 and 76
3. p=17, all values of t < 1000 ezcept 22 and 148

’ Conditions \ Excluded values of ¢ for p = 3 ‘

(B) 118 values of the form 4 + 6k
(A): Group 1 79 values
(A): Group 2 69 values
(A): Group 3 482, 758
(A): Group 4 482, 758
(A): Group 5 758

Table 2: Not included values in Theorem 1.2 for p = 3

] Conditions in Th 1.2 \ Excluded values of ¢t for p =5

(B) 16, 76
(A): Group 1 34 values
(A): Group 2 24 values
(A): Group 3 82, 218, 274, 322, 334, 442, 658, 898
(A): Group 4 218
(A): Group 5

Table 3: Not included values in Theorem 1.2 for p =5

We note that similar results involving Case (B) have also been achieved inde-
pendently by Robert Coulter [5]. Moreover a preprint has been posted on the arxiv
by Elodie Leducq [21] solving Case (B).

3 Detailed Background Results

We wish to prove Conjecture PN3. The idea is to show that Bezout’s theorem cannot
possibly hold, when applied to two (or more) putative factors of the polynomial g;.
This proof depends heavily on analyzing the singular points of the curve g;.



’ Conditions in Th 1.2 \ Excluded values for p =7

(B) 22, 148
(A): Group 1 54 values
(A): Group 2 41 values
(A): Group 3 362, 818
(A): Group 4 362, 818
(A): Group 5

Table 4: Not included values in Theorem 1.2 for p =7

3.1 Background on curves

Let F,, be an algebraic closure of F,. A polynomial h(z,y) € Fpy[z,y] defines an
affine plane curve

Cn:={(a,8) € F, | h(a,8) = 0}.
Given a point P = (o, 3) € ﬁi we write
Wz +a,y+B) = Ho(z,y) + Hi(z,y) + Ha(z,y) + -+,
where each H;(z,y) is either 0 or a homogeneous polynomial of degree i.

Definition 3.1. The multiplicity of h at P is the smallest m with Hy, # 0, and is
denoted by mp(h) or mp(Cp,).

In particular, P € C}, if and only if mp(h) > 1.

We say that P is a singular point of h (or of Cy) if mp(h) > 2. The linear
factors of Hy, are the tangent lines to the curve C} at the point P. The collection
of tangent lines is called the tangent cone.

We consider the projective plane P? over E, and take homogeneous coordinates
(X :Y : Z) such that z := X/Z and y := Y/Z are affine coordinates in the chart
defined by Z # 0. Let Fi(X,Y,Z) (resp., G¢(X,Y, Z)) be the homogenization of
the polynomial fi(x,y) (resp., g:(z,y)) and denote by x; the projective curve over
F, defined by the equation G¢(X,Y, Z) = 0. Notice that g:(z,y) has an absolutely
irreducible factor over F,, if and only if G¢(X,Y, Z) does so.

3.2 Background on intersection multiplicity

Bezout’s theorem is a classical result in algebraic geometry and appears frequently
in the literature (see for example chapter 5 of [8]).

Bezout’s Theorem: Let r and s be two projective plane curves of degrees Dy
and Dy over an algebraically closed field k having no components in common. Then,

> I(P,r,s) = DiD;. (1)
B



The sum runs over all points P in the projective plane P2(k), and by I(P,r,s) we
mean the intersection multiplicity of the curves r and s at the point P. Notice that
if r or s does not go through P, then I(P,r,s) = 0. Therefore, the sum in (1) runs
over the singular points of the product rs. In our case, the sum will run over the
singular points of g;.

Using properties I (P, 1172, 8) = I[(P,71,8)+1(P,r3,s) and deg(r1ry) = deg(r1)+

deg(ry) one can generalize Bezout’s Theorem to several curves fi, fa, --- ,f, as
follows:
>N IP s f) = > deg(f;)deg(f;). (2)
P 1<i<j<r 1<i<j<r

We refer the reader to chapter 5 of [8] for the definition of the intersection
multiplicity I(P,r,s) of two curves r,s at a point P. The following property of
the intersection multiplicity will be useful for us. It is part of the definition of
intersection multiplicity in [8]. We state it as a Corollary.

Corollary 3.2.
I(Pv T, S) > mp(T)mP(S), (3)

and equality holds if and only if the tangent cones of v and s do not share any linear
factor.

We note that the degree of g; is t — 1. Therefore, if g; = uv then our strategy
is to show that ) p I(P,u,v) < (degu)(degv) by analyzing the singular points P.
We usually lower bound the product of the degrees, and upper bound the sum of
intersection multiplicities, and show that the upper bound is strictly less than the
lower bound, to obtain our contradiction.

3.3 Background on pencils and clusters of base points

Let P? be the projective plane over E). Given a positive integer d, the projectiviza-
tion of a vector subspace P of H°(PP?, Op2(d)) with (projective) dimension 1 is called
a pencil on P2, where Op2 denotes the structure sheaf [17, I1.2] of P? as an algebraic
variety over Fp-

Let us fix projective coordinates (X : Y : Z) on P2. Using them, such a pen-
cil can be seen as the space of projective curves with equations oF(X,Y,Z) +
BG(X,Y,Z) =0, where F(X,Y,Z) and G(X,Y, Z) are fixed homogeneous polyno-
mials of F,[X,Y, Z] of degree d and (« : 3) varies along P!, the projective line over
F,. The pencil generated by polynomials F and G will be denoted by P(F, G). Also,
from now on, we shall assume that all considered pencils have no fixed components,
that is, there is no curve that is component of all the curves of the pencil. A base
point of a pencil P is a (closed) point P € P? that belongs to all the curves of P.

Let us consider any sequence of morphisms

X1 25 X, =50 2 x, T X = P (4)

where 7; is the blow-up of X; at a closed point p; € X;, 1 < ¢ < n. The associated
set of closed points C = {p1,p2,...,pn} Will be called a cluster (of infinitely near



points) over P2. For each point p € C, set Ep (resp., Ey) the strict (resp., total)
transform on X, 1 of the exceptional divisor created by the blowing-up at p. For
any curve C' on P? it holds that

Ccr=C+ > m(O)E;, (5)
pEBP(P)

where C* (resp., C) denotes the total (resp., strict) transform of C' on Zp and
my(C') is the multiplicity at p of the strict transform of C' on the surface to which p
belongs. See, for instance, [7, IV.2], for the definition and properties of the blow-up,
strict transforms and total transforms.

Given a pencil P(F,G), the quotient F'/G gives rise to a rational map fp :
X ... — P! that is independent from the chosen basis {F,G} up to composition
with an automorphism of P!. The closures of the fibers of fp are exactly the
curves of the pencil P. Moreover, there exists a minimal composition of blow-ups
mp : Zp — X (as in (4)) eliminating the indeterminacies of the rational map fp,
that is, the map hp := fponp : Zp — P! is a morphism [1, I1.6]. The set of centers
of the blow-ups giving rise to mp, that we denote by BP(P), is called the cluster of
base points of P.

Set (x := %, Y= %) affine coordinates in the affine chart defined by Z # 0. Let
us consider two homogeneous polynomials of the same degree P(X,Y, Z),Q(X,Y, Z) €
F,[X,Y,Z] (and without common components) and the associated pencil P =
P(P,Q). Tt is said that this pencil is composite if there exists a rational func-

tion of P!, r = g;gg (R and Ry being homogeneous polynomials of the same

degree > 2) and a rational function g of P? such that fp = rog. Also, P(P,Q)
is irreducible if all but finitely many curves of P(P, Q) are (absolutely) irreducible
curves. A classical theorem of Bertini (valid in characteristic 0) that characterizes
reducible linear systems was generalized for positive characteristic (see, for instance,
either [19] and references therein, or [18, Th. 7.19], or [2, Th. 2.2]) giving rise, in the
particular case of pencils (which are linear systems of dimension 1), to the following
result:

Theorem 3.3. Let P(X,Y,Z) and Q(X,Y,Z) as above. If the pencil P(P,Q) is
not composite, then P(P, Q) is irreducible.

The following corollary will be used in the proof of Lemma 8.10.

Corollary 3.4. Let P(X,Y,Z) and Q(X,Y,Z) as above and let p be a base point
of the pencil P = P(P,Q) such that the multiplicities at p of all but finitely many
of the curves in P are equal to 1. Then P is irreducible.

Proof. We shall reason by contradiction. Therefore, assume that P(P, Q) is not

irreducible. Then, by Theorem 3.3, P(P, Q) is a composite pencil. So, there exists

P'(XY,Z)
XY 7) of P2

(P" and Q' are homogeneous polynomials of the same degree) such that fp =rog.
This implies that, on the one hand, p is a base point of the pencil P(P’, Q') and,
on the other hand, each element of P(P, Q) is a product of elements of P(P’,Q").

a rational function r of P! of degree > 2 and a rational function g =



These two facts lead to a contradiction because the multiplicity at p of a general
element of P(P,Q) is 1.
O

Consider a cluster of infinitely near points C over P? and a map m : C — N. For
each positive integer d we shall denote by £4(C, m) the projectivisation of the vector
space over E? of all homogeneous polynomials in E)[X Y, Z] of degree d defining
curves C of P2 such that the divisor C* — > pes m(p)Ey (on the surface obtained
after blowing-up the points in C) is effective. The following lemma is proved in [3,
Prop. 3.4] in a more general framework.

Lemma 3.5. Assume that P(P,Q) is irreducible and set d := deg(P) = deg(Q).
Let m : BP(P) — N be the map that assigns, to each p € BP(P), the multiplicity
at p of a general element of P(P,Q). Then L;(BP(P),m) =P(P,Q).

Lemma 3.6. Let K be a subfield of F), and consider a cluster C over P? such that
every p € C is a K-rational point of the surface to which it belongs. Let d be a
positive integer and let m : C — N be a map. Then the projective space (over Fp)
L4(C,m) has a basis whose elements are polynomials with coefficients in K.

Proof. Consider an homogeneous polynomial of degree d with indeterminate coeffi-
cients. If one imposes the conditions defining £4(C, m) to this “generic” polynomial,
it is obtained a system of linear equations with coefficients in K whose solution set
is £4(C,m). The result follows trivially from this observation.

O

4 Analysis of Singularities

Before we begin the proofs of our results towards Conjecture PN3, we need to study
the singular points of the curve x;. The proof follows the same lines as the proof in
[12], [13]. We first analyze the singular points, we find a description of them, count
their number and multiplicity.

Let r be the residue of ¢ modulo p, so we may write

t:piﬁ—{—r with 0<r<p
and where /¢ is not divisible by p. We similarly also write
f=ps+j with 0<j<p

where this time s could be divisible by p.

Because z! is planar iff 2P is planar, we may assume that ¢ is relatively prime
to p, i.e., we may assume 1 # 0.

We proved Conjecture PN3 in the case that t = 1 mod p and £ = 1 mod p in
[13].

Theorem 4.1. x +y + 1 divides fi(x,y) if and only if t is odd.

10



Proof. We substitute y = —x — 1 in fi(z,y) = (x+1)! —2* — (y + 1) + ¢ obtaining
(x4 1) — 2t — (=1)!(z)! + (=1)"(x + 1)" which is identically zero if and only if ¢ is
odd. O

Therefore, if ¢ is odd then g;(z,y) = @(%5) has an absolutely irreducible factor

over [, so z' it is not a PN function over Fyn for infinitely many n.

We will assume from now that ¢ is even. This implies that ¢ is odd.
Moreover ¢ > 3, because for £ = 1, ¢ is known to be PN (see Table 1).

Notice that _ _
(2 +a)' = (@ +a)(z+a) =

(xpiﬁ n (f) PPN (ﬁ f 1>xpiapi(£—1) + apif) %

(" + (;>xr1a+~"+ <r i 1>xa’"1 +a).

To study the singularities we expand at the point P = («, ), so then we need
to study

filr+a,y+B)=@+a+) —(z+a) —(y+ B8+ 1)+ (y+B).
We write this as a sum of homogeneous parts
fie+ay+B)=F+F+F+- -

where F; = F;(z,y) is 0 or is a homogeneous polynomial of degree i. This notation
is fixed for the entire paper. By definition, a point P is a singular point (or
singularity) if and only if Fy = F} = 0 at P. We compute that

FO _ ((a + l)pif—i-r _ Oépiﬁ-&-r o (6 + l)piﬁ-&-r + 5pi€+r7
Fi(r,y) = ( . 1) (a4 Pt — Pl — (54 1 gy
F2 (:L', y) — (7« i 2) [((Oé + 1)pi€+r—2 _ api£+r—2)w2 _ ((B + 1)pi€+r—2 _ Bp’iZ—l—r—Q)yQ]’
Fu(z,y) = (T - u) (a4 1P — QP = — (B 4 1P — gy,
Fr(z,y) = ((a+1)P"—alz — ((B+ 1P - gr')y,
Fy(ey) = ja? (a4 )P0 — ol 03 — gy (5 4 1 (01— gD,

" - i (0— r— i(0— r—
Fin(zy) = (T_1>[]xp+1((a+1)l’ (E=Dtr=1 _ o' (E=1)+r—1)

—jy? (B DI g,

Lemma 4.2. If Fi(x,y) = Fa(z,y) =0 then r =0 or 1.

11



Proof. Fi(z,y) = 0 implies that (a + 1)P'+—1 — o?' -1 = 0 o (O‘TH)Pierr—l =1.
— 0 impli r—2 tr—2 _ +1\pHltr—2 _
Fy(z,y) = 0 implies that (o + 1)P 772 — P 7772 = 0 & (S5)P 772 = 1,
Hence

a+ 1 iorr1,, 0t ipip, o atl —
=1& 11=0.
( o ) /( ) ( o )

But this is impossible. So, the only possibilities are:
e Fi(z,y) # 0 and the coefficient (") =0 in Fy(z,y), i.e., r =0 or 1.
e Both coefficients are zero, (,",) = (,",) =0<r =0.

This completes the proof. O

A point P is singular iff Fy = F; = 0 at P. Thus, we need to expand the
expression ((a 4 1)P"r—1 _ op'ttr=1)

apif—i-r—l _‘_japi(ﬁ—l)-i-r—l 4. _'_japi—&-r—l + ar—1+

r—1 apie+r—2+j r—1 api(571)+r72+.“+j r—1 aP' =2 4 r—1 o2
1 1 1 1
-1 i -1 i -1 3 -1
" o'ttt 4 (" aP' D (T P ot
r—2 r—2 r—2 r—2

Pl 4 japi(f—l) I japi 41— QP =D+,

This is a complicated expression, therefore we distinguish different cases. Recall
t = pl +r. Because 2! is planar iff 2P is planar, we may assume that ¢ is relatively
prime to p, i.e., r # 0.
(A) r#1.

(B) r =1. We divide this case into two subcases:
(B.1) ged(f,p* —1) < .
(B.2) ged(f,p' —1) = L.

In this paper we will prove many cases of (A) and essentially all of case (B).
Next we describe the singular points in the various cases.

4.1 Affine Singular Points in Case (A)
The analysis is straightforward in this case.

Lemma 4.3. If P = («,3) is a singular point and we are in case (A), then the
multiplicity is mp(f;) =2 and mp(g¢) =2 if a« # B and mp(g;) = 1 otherwise.

Proof. Since P is a singular point we have Fj(z,y) = 0. The multiplicity must be
two because otherwise Fy(x,y) = 0 and then Lemma 4.2 would be false.

Moreover, if a = g then P is a point on the curve x — y so the multiplicity
decreases by one for g;(z,y). O
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Lemma 4.4. If P = («, ) is a singular point and we are in case (A), then the
homogeneous component Fy(x,y) is a product of two different lines.

Proof. Remember that

Fyz,y) = (

We can rewrite this as

Fato) = (|, )l + ) (e — )]

. i 2> [((O& + l)pi€+r—2 - api€+r—2)x2 _ (</8 + 1)p2‘£+r—2 _ Bpié—&-r—Q)yQ].

where a = ((a+ 1)pié+r—2 _apiﬁ+r—2)1/2 and b= ((B+ 1)pi€+r—2 _IBpiE—l-r—Q)l/Q. 0

4.2 Affine Singular Points in Case (B)

We always use the notation P = («, 3). Looking at the homogeneous components
in fi(x,y) we obtain equations for the singular points.

Lemma 4.5. P = («a, ) is a singular point of f; if and only if
(a + 1)pi£+1 - ap’[-i—l _ (ﬁ + 1)piﬂ+1 + ﬁp’[-i-l -0 (6)
(a+1)f =o' =0;(8+1) -8 =0 (7)

It follows from it that f;(z,y) has at most (¢ — 1)? singular points.
We need to compute the multiplicity of the singular points. The homogeneous
component Fy (x,y) is non-zero except when

(@ + 1P EDFL_ gpi e+ g 8)

and ‘ ,
(ﬁ + l)pl(ﬂ—l)-‘rl - Bpl(ﬁ—l)-i-l —0. (9)

Hence we conclude the following.

Lemma 4.6. Let P = (a, ) be a singular point of f;. Then F, =0 if and only if
equations (6) and (7) hold together with

af =g (10)
o' 1 = gr'-1 (11)

Proof. From (6) and (7) we clearly have that of = §°.
Using (8) and (9) in (6) we obtain

o O (a4 1) — o] = gD (B4 1) - 7] =0,

which is equal to _ _
Oépl(f—l)—‘,—l _ Bp’(é—l)—l—l —0.

Multiplying it by o?' Bpi we get,
apiﬁ-ﬁ-lﬁpi _ Bpi€+1api —=0.

Since af = B¢ the latter is equivalent to aﬂpi = ﬁapi —0s Pl = Bpi_l. O

13



Thus a singular point (a, ) has homogeneous component Fj; = 0 if and only if
o = BE where B =1, and d = gcd(¢,p' — 1).
How many such points there are is the next issue.

Lemma 4.7. In case (B) there are at most (d —1)? singular points (v, ) such that
F,i =0, where d = ged(l,pt —1).

Proof. Fi(r+ a,y+ B) =0 if and only if

(a+1) —a'=0;(8+1) ~p =0
(a+ l)pi(z—l)ﬂ _ oD+ g
(8 + 1)p2‘(£71)+1 _ Bpi(éfl)Jrl —0.
Equivalently
(/)" =1
(1+1/a) =1(1+1/8) =1
(1+1/a)P" @D+ =1,
(1+ 1/3)pi(€—1)+1 -1
Doing the change of coordinates 1/a = a and 1/ = b we get
(b/a)f =1
1+a)f=101+b"=1
(1+4aP D4 =1,
(14 )P D+ =

Doing the change of coordinates a = a7 — 1 and b =b; — 1 we get

Moreover for any pair (a1, b;) satisfying this equations with aj,b; # 1 there is a
singular point (a, 8) with Fi(z + a,y + 8) = 0.
Notice that ‘ _
(al)ﬁ/(al)p (L=1)+1 _ azl) -1 _ 1

and _ ,
(b)) /(o) T = b =1,

Therefore af = 1 = b{, where d = ged(¢,p' — 1). So we conclude that there is at
most (d — 1)? singular points (o, 8) with F,; = 0. O
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Corollary 4.8. In case (B.1) there are at most (£/3 — 1)? singular points («, 3)
with o # B and F,; = 0.

Proof. Since t = p'f+1is even then / is odd, so d is odd as well. Since ged (¢, p'—1) <
¢ both odd then d < ¢/3. Hence we have at most (¢/3 — 1)? points. O

Finally, we have a lemma concerning the component of degree p’ + 1. We will
come back to use this in Section 4.5.

Lemma 4.9. F,i | = Az?' 1 — Byt where A = (a4 1)P' D — o' 1) gpg
B=(B+1)P'¢-D _ gpi=1),

So the multiplicity is at most p® + 1, and it is actually p’ 4+ 1 unless equations
(10) and (11) hold.

4.3 Singular Points at Infinity

Next we consider singular points at infinity. The projective curve we are working
with is fi(z,y,2) = [(z + 2)! — 2! — (y + 2)! + ¢!] /2. After cancelling terms we get,
fe(z,y,2) = tat=t — ty'~! + z(lower order terms). The next result explains when
there are singular points at infinity (the chart where z = 0).

Lemma 4.10. There are no singular points at infinity in case (A). In case (B.1)
(o, 1,0) is a singular point of fi(x,y,z) if and only if o'~1 =1, which is equivalent
to of =1.

Proof. The dehomogenization of fi(z,y,2) = [(z+2)! — 2! — (y + 2)* + y!] /2 relative
toyis fl(x,2) = fi(x,1,2)/2. We compute

fllx4+a,2) = [z+z+a) —(z+a) —(z+ 1) +1]/2

= 1/z[(z+2)" + (t 1)(x+z)“a+~-+ <§)(x+z)ozt1 +at

S (t ! 1)(x)t_1a - G (@)al! — ol

- (tf1>(z)t—1— <tf2>(z)t—2—---— G)(z)—uq

- G) (@™t -1)+ <;) (@2 — 1)z + 2022

+higher order terms.

Notice that the linear part cannot be zero, unless the coefficient (;) = 0, which
implies r = 0 or 1. Therefore, there are no singular points in case (A). And if r = 1,
then P is a singular point iff o/~! — 1 = 0. O

The ' notation always refers to expansions at infinity.
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Lemma 4.11. In case (B) let (a,1,0) be a singular point of g;(x,z) at infinity.
Then: ' '
FI;_I = P (@ (D ),

o @ i(f—l) . i1 i i(f—l)
Fp =27 (af 1)+ (z2F 7 + 2P )a? )
Proof.

fleta+lz) =1/ +2+a) - (@+a) = (z+ 1) +1] =
1/2[((z 4 2)P" 1 4 j(a + 2P EDHP po (a4 2)P e D (24 2)a

(x + z)piea +j(z+ z')f’i(g*l)()cpurl +-Fjx+ z)]"ioﬁ’i@*mrl 4Pt

()P ()P DGR ()P L (D) ()
()Pl — j(z)PEDQP L ()P ol D g
_(Z)pie+1 _ j(z)pi(e—l)ﬂ I j(z)piﬂ —(2)
~(P = = = P - 1)

Therefore we get:

Fli_y =2 "oV (70 ),

I LN L (2 VI (P 1t P (1)

Fi=j2"(a 1)+ j(xz + 2P ) :
O
Lemma 4.12. In case (B) let (a,1,0) be a singular point of g;(x,z) at infinity.

Then the multiplicity at P is p* if o € F,i, and is pt — 1 otherwise.
Proof. Since P = (a,1,0) is a singular point at the infinity we know that ot =1
Moreover F,; = 0 iff P =D+1 _ 1 — 0. Multiplying the last equation by o' we
equivalently obtain a? Ol — ' =0 o’ 1=l ac F,i. This completes the
proof. O

4.4 The Multiplicities

Next we pin down the multiplicities of these singular points P = («, 5) on fi(x,y),
and how things change for g;(x,y). Recall that the ' notation always refers to
expansions at infinity.

We classify the points into the following types:

1) a?=p ie., F, =0.

(A1) o # B4, ie., F, #0.

(ITI) (e, 1,0) is a singular point at infinity.
(IILA) a € F,, ie., F, | =0.
(IILB) o ¢ Fy, i, Fl,_, #0.
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We note that if £ =1 and ¢ > 1, the only singular point is (—2, —2).

Defining w(z,y) :=  — y we note the following multiplicities on w: mp(w) =1
if P = (o, ) (Type II), and mp(w) = 0 for all other singular points P = (a, ).
We now have the multiplicities for g(x,y).

Type Number of Points mp(fr) | mp(gt)

I Ny < (0/3-1)2ifged(b,p' — 1) <l] pP+1 [ <p'+1
Ny < (0 —1)%if ged(l,p' —1) =4

11 S(U-1°-MN P <p’

IIIL.A Ny </ Pt < pt

I11.B ¢ — N, pr—1 | <p'—1

4.5 Further Analysis

Next we need some further analysis of the singularities and the homogeneous com-
ponents.
The following result is clear, because we are in characteristic p.

Lemma 4.13. F, = (ox — Ty)pi where oP = ((a + 1)1"1(6_1)*1 — api(g_l)ﬂ) and
" = (B + )P D+ gr(t=1)+1), leﬂ = (Uz)P" where UP" = j(a?" =D+ 1),

Lemma 4.14. Fi .y (resp F;l/ﬂ) consists of p' + 1 (resp p') different linear factors.

Proof. We have seen that Fji,, = AxP't1 — ByP'*+1 Consider h(z) = Fii(z,1) =
AzP"t1 — B. If h(x) has a repeated root at a then h/(a) = 0. Consider the derivative
h'(x) = AxP" which is never zero only for = 0 which is not a root of h therefore

there are no repeated factors in F,; ;. Same arguments may be used to prove the
result for F IQ i O

Next we make a crucial observation for our proofs. For the rest of this paper, we
let L = ox — 7y, so that F,; = LP". Suppose g:(z,y) = u(z,y)v(x,y), and suppose
that the Taylor expansion at a singular point P = (a, 3) is

wrz+a,y+B)=L" +up, vie+a,y+p5)=L"%+v

where wlog 71 < ro. Then Fji g = L™ (v1+L"™ " uy). From Lemma 4.14 we deduce
the following.
Lemma 4.15. With the notation of the previous paragraph,

(i) Either ri =1 orry =0.

(ii) If 1 = 1 then ged(L, vy + L™ uy) = 1.

We next make two quick remarks to aid us in moving between fi(x,y) and
gt(z,y). Suppose that P = (a, ) # (1,1) is a singular point of g;(z,y) such that
Fui(z,y) # 0 at P (type II). We will need to know the greatest common divisor
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(Gm(z,y), Gmy1(x,y)) where m = mp(gy). This can be found from (Fy,i (x,y), Fit1(z,y))

p
as follows.

Again letting w(z,y) = = — y, we have
filx+a,y+B) =w(x+a,y+ B)g(z+ o,y + B),
and so
Fui(z,y) + Fpipa(z,y) + - = (Wo + Wiz, y))(Gm(2,y) + G (z,y) + ).

where polynomials with subscript ¢ are 0 or homogeneous of degree i.
Remark 4.1. We get:
If Wy #0,ie., a#0

Fy = WoGpi = (ox + Ty)2i

Fpi+1 = Wlei + WOGpi+1 (12)

then it follows from these equations that (Fyi, Fyiy 1) = (Gai, Gaiiq).
If Wy =0, ie., a=0,

Fpi = Wlei,1 = (ox + Ty)Qi

it is clear that (up to scalars) Wi = ox—7y, and so (F, F,i 1) = ox—T7y because

Fpitq(w,y) has distinct linear factors (Lemma 4.14). Hence (Gi_q1,G,i) = 1. The

same result is true for the points at infinity of type I11.B, i.e., (G;i_l, G;i) =1.

5 Intersection Multiplicity

In this section we compute and give bounds on the intersection multiplicities.

Lemma 5.1. Let h(x,y) be an affine curve. Write h(x+a,y+8) = Hp+Hpmp1+- -
where P = («, ) is a point on h(x,y) of multiplicity m. Suppose that H,, and Hy,+1
are relatively prime, and that there is only one tangent direction at P. If h = uv is
reducible, then I(P,u,v) = 0.

Proof: See [16].

5.1 Typel
We upper bound the intersection multiplicity at the Type I point.

Lemma 5.2. If g;(x,y) = u(x,y)v(z,y) and P is of Type I then I(P,u,v) < (piTH)?

Proof: Let P be of Type I. We know that mp(g;) = p* + 1 = mp(u) + mp(v).
From Lemma 4.14 we know that Fpi; has p' + 1 different linear factors. Thus,
I(P,u,v) = my(u)mp(v). This quantity is maximized when mp(u) = mp(v) and in

this case my,(u)my,(v) = (E51)2.
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5.2 Typell

We show that there are two possibilities for the intersection multiplicity at a Type
IT point.

Lemma 5.3. Suppose we are in case (B). If gi(z,y) = u(x,y)v(z,y) and P = («, 5)
is a point of type (II) then either I(P,u,v) = p* or I(P,u,v) = 0.

Proof: Assume ¢:(z,y) = u(z,y)v(z,y). Since P is not on w(x,y) = = —y by
Lemma 4.15 we know that mp(u) is either 1 or 0. If mp(u) = 0 then I(P,u,v) = 0.
If mp(u) =1 we proceed as follows.

Let L(x,y) = ox + 7y and suppose (from the proof of Lemma 4.15) we have the
following Taylor expansions at P:

u(z + oy + B) = L(x,y) + Us(z,y) + -
vz +a,y+8) = Lz, y)" "L+ Vy(z,y) + -
It follows that
u(@ + o,y + B)L(z,y)" "2 —v(z + o,y + B) = L(w,y)" “2Us(w,y) — Vylz,y) + - .
By definition of intersection multiplicity we have
I(P,u,v) = I(0,u(z + o,y + B), u(z + a,y + B)L(z,y)" =2 — v(z + a,y + §))

so we compute the right-hand side. Notice that L(z,y) { Lz, y)? 2Us(z,y) —
Vai(x,y) because if L(z,y) divides L(x,y)? ~2Us(x,y) — Vyi(x,y) then L(l‘ y) also
divides V,i(z,y). Hence, L(z,y)?* divides L(z,y)(L(z, )P 20Uy (2, y) + Vii(z,y)) =
Gpit1(z,y) which is a contradiction.

Therefore, u(z+a,y+ B) and u(z 4o, y+B8)LP' ~2 —v(z 4, y+ ) have different
tangent cones. It follows from a property of I(P,u(z,y),v(x,y)) that

Iwmu+aw+ﬂxMx+my+ﬁw“”fv@+aw+5»:

mo(u(z + o,y + B))mo(u(z + a, y+ﬂ)Lp 2 _v(z4ay+B)

5.3 Type III

Next result is equivalent to Type I with using multiplicity p’ instead.

Lemma 5.4. If g(x,y) = u(z,y)v(x,y) and P = («, B) is a point of type (III.A)
then I(P,u,v) < p* /4.

We show that intersection multiplicities at Type III.B points are 0, so these
points may be disregarded.

Lemma 5.5. If g(x,y) = u(x,y)v(x,y) and P = (a, ) is a point of type (II1.B)
then I(P,u,v) = 0.

Proof: Notice that gcd(F’Z 1,FI;) = 1 and therefore gcd(G’
Remark 4.1. The proof concludes using Lemma 5.1.

11,G’):1by
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5.4 Case A

Lemma 5.6. If P is a singular affine point, and we are in case (A), and g, =
g1 - - - gr over the algebraic closure Fy,, then there are at most two indices i, j such that
9i(P) = gj(P) = 0 with multiplicity mp(g;) = mp(g;) = 1. Moreover I(P, g;, gj) <
1.

Proof. From Lemma 4.3 we know that mp(g:) < 2 therefore there are at most 2
factors of g; containing P, otherwise it would have more multiplicity. Moreover from
Lemma 4.4 we know that the tangent cone of g, at P is a pair of different lines,
then I(P, gi, gj) = myp(gi)mp(g;) < 1. O

6 Case B: Proof assuming ¢(z,y) irreducible
over [,

Here is a well known result, its proof can be found in [20].

Lemma 6.1. Suppose that p(x) € Fylx1,...,z,] is of degree t and is irreducible
in Fylai,...,x,]. Let K be a finite field extension of Fy. Then there exists a K-
irreducible polynomial h(z) such that the factorization of p(z) into K-irreducible
polynomials is

plz) = ¢ [] o(hl@)),

where G = Gal(K/F,) and c € F,. Furthermore if p(z) is homogeneous, then so is
h(z).

In particular, there exists v | t and an absolutely irreducible polynomial m(x) €
Forl1, ..., xy] of degree L such that

where G' = Gal(Fyr /F,) and d € Fy,.

Remark 6.1. Notice that if u(z,y) = . a; j2'y’ then o(u(z,y)) = 3 o(a; )y
where o € G is the Frobenius map (or a power of it). Therefore, u and o(u) have
the same monomials and only differ in some coefficients. This means that both u
and o(u) have the same degree.

Theorem 6.2. Suppose we are in case (B.1) and that gi(x,y) is irreducible over
F,. Then gi(x,y) is absolutely irreducible whenever:

e citherp>5,i>1andl>1,
e orp=3,1>2and > 1.

Proof. Suppose not, then g(x,y, z) = u(z,y, 2)v(z,y, z). Using Remark 6.1 we have
that deg(u) = deg(v) = (pf — 1)/2 . We apply Bezout’s Theorem to u and v:

Z I(P,u,v) = deg(u)deg(v) = ((p4 — 1)/2)2. (14)
PeSin(g)
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We can bound the left hand side as follows,

Z I(P,u,v) Z[Puv Z (P, u,v) Z I(Pyu,v)  (15)

PeSing(gr) Pel PelT PellT.A

e VY S NI ST

We have that (14)<(16) by Bezout’s Theorem, so if we prove that (14)>(16) we
get a contradiction. The inequality (14)>(16) is

<

PP —2p 041 > (pP42p 1) (02 /9—2/30+1)+4p (02 —2041—£%/9+2/30—1)+p*4
(17)

PP —0%/942/30—1—10) > p'(20—2(02/9—2/30+1)+4(£2 —20+1)) +(£2/9—2/30)

(18)
in(gKQ - %e s pi(%“e? - %45 +2) 4 (29— 2/30) (19)
. (302 — Hr+2) (€2/9 — 2/30) (20)

p’(%ﬁ2 — %E -1) p%(gﬁ2 — %E -1)
Notice that in one hand we have that
(32 — L+ 2) _ 3
(3e2—10-1) — 8

34 14
@(352—§£+2) ( 52—75 34/8)

< 78/24¢ > 50/8 < £ > 150/78 ¢ > 3.
In the other hand we have that

(2/9—12/30) 1 1
Sp_Ii-1) <3® (12/9 —2/30) < (552 5l %)

1 1
—5 £>—- (>1
24>8<:)> >5 =

So the right hand side in equation (20) is less than = 2 4
if either p > 4 for any ¢ > 1 or p = 3 for any ¢ > 2.

it is less than one

827,
0

Theorem 6.3. Suppose we are in case (B.2) but { < p'—1, and suppose that g;(z,y)
is irreducible over I, then gi(x,y) is absolutely irreducible.

Proof. First of all notice that since ged(¢, p* — 1) = £ < p* — 1 then ¢ | p* — 1, hence
p—1>20&pt>2(0—1)+3.

Suppose not, then g;(z,y,2) = u(z,y, z)v(z,y,2). Using Remark 6.1 we have
that deg(u) = deg(v) = (p'¢ — 1)/2 . We apply Bezout’s Theorem to u and v:

Z I(P,u,v) = deg(u)deg(v) = ((p'4 — 1)/2)2. (21)

PeSin(g)
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We can bound the left hand side as follows,

Y I(Puw) =) I(Puw)+ Y I(Puv)+ > I(Puv) (22

PeSing(ge) Pel Pell Pelll.A

Since d = ¢ then all the singular points are of type I and no points of type II.
Between the points of type I we have (¢ — 1)(¢ — 2) with both coordinates different
and (¢ — 1) with both coordinates equal and therefore intersection multiplicity at
most p?'/4.

PP+ 2"+ 1)(0 —1) (¢ —2) N P2t —1) N Pl

4 4 4
We have that (21)<(23) by Bezout’s Theorem, so if we prove that (21)>(23) we get
a contradiction.

(22) < ( (23)

PP =20 1> (PP 42"+ 1) (12 =30+ 2) +p* (0 — 1) + p*U (24)

PP —1) > 2" (12 =20+ 2) + (12 =30 +2) = 2p' (L — 1) +2p" + ({2 — 3L +2) (25)

; 2 £—2
> 20— 1 — . 26
P2 (26)
Remember that p* > 2(¢ — 1) 4+ 3 and £ > 3 then .
2 {—2 1 ,
2W—1) 4 F — = <l—1)+1+=<2({—1)+3<pl.
-1 p 2

U

Remark 6.2. Notice that the latter proof does not hold for £ = 1 as it should be,
because it is already known that t = p’ + 1 is a exceptional number.

Remark 6.3. Only left to prove the case £ = p' — 1, i.e., t = p* — p’ + 1.

7 Case B: Proof assuming ¢;(z, y) not irreducible
over I,

Suppose g; = fi--- fr is the factorization into irreducible factors over F,. Let
fi = fj1--- fin; be the factorization of f; into n; absolutely irreducible factors.
Each f;s has degree deg(f;)/n;.

Lemma 7.1. If P is a point of type I1 then one of the following holds:
1. mp(fjs) =0 forallje{l,...,r} ands € {1,...,n;} except for a pair (ji,s1)

Y2

with mp(fj.s1) =D
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2. mp(fjs) =0 forall j € {1,...,r} and s € {1,...,n;} except for two pair
(41,51) and (jo2,s2) with mp(fj, ;) =1 and mp(fj, ) =p" — 1.

Proof. This is a consequence of Lemma 4.13 and Lemma 4.15. Consider u = f43
and v = [];, 4 fj,s from Lemma 4.15 we know that mp(fy) is either 0 or 1 or
p' —1or p' (resp my(v) is either p* or p* —1 or 1 or 0). But this is true for any pair
(a,b).

Clearly no two components f, , and f, ;» has multiplicity greater than or equal to
p' — 1 because the total multiplicity mp(g;) = p’. And there are no two components
fap and forp with multiplicity equal to 1, because then u = f,  fo i has L two times

in the tangent cone and v = g/u has LP? in the tangent cone which is impossible.
Hence the only possibilities are:

(i) There exists (a,b) with mp(fap) = p', and mp(fjs) = 0 for (j,s) # (a,b).
(ii) There exist (a,b) and (a’,b') with mp(fap) = 1 and mp(fop) = p' — 1, and
mp(fjs) =0 for (j,s) # (@,b) , (s) £ (1),

O]

Lemma 7.2. If P is a point of type I or I11.A, then for any two components fqp
and fa’,b’ we have that I(P, fa,ba fa’,b’) = mP(fa,b)mP(fa’,b/)-

Proof. From Lemma 4.14 the tangent cones of f,; and fu iy has no common factors.
O

Lemma 7.3. If P is a point of type I111.B, then for any two components fq; and
far - we have that I1(P, fop, forp) = 0.

Proof. Consider u = f, and v = gy, /u. From Lemma 5.3 we know that I(P,u,v) =
0=2"Gs)%ap) [Pt fjs), then I(P, fop, farpy) = 0. O

Lemma 7.4. Let P is a point of type II and gi(z,y) = HJ V2, fis- The inter-
section multiplicity 1(P, fop, forp) of any two components fop and fory is either 0
or p*.

Proof. Consider u = f,; and v = gp,/u. From Lemma 5.3 we know that either
I(Pu v) =0 =3 oy L(Pu fis), then I(P, fap, fary) = 0 or I(P,u,v) =
20 = =2 (j.s)£(ap) L(Pu, fjs) using Lemma 7.1 we have that there exits (a’,0") with

(P fa,bafa/,b/) :pZ Il

We need some more technical results for the main theorem, which give us some
upper bounds.

Lemma 7.5.

(1) If g¢(z,y) does not have an absolutely irreducible factor over F, then,

> deg(f;)*/n; < deg(g:)* /2. (27)

J=1
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I(Pa fj,i?fj,s) +

IR IEEDY

1<j<I<r 1<i<n; PeSing(gt)
1<s<n;  Pell

<p((0-1)" —

I(Pa fj,i7 fl,s)

Ny)

Z Z ZI(Pvfj,iafl,s))

1<j<i<r 1<i<n; Pel
1<s<ny

<@ +1)(E)/2 M

2 2 2

1<j<i<r 1<i<n; Pelll.A
1<s<ny

I(P7 fjﬂ'v fl,S))

<p'(p'—1)/2 No.

/2 =1/2(deg(f1)*+ - +deg(f)?) < 1/2deg(g;)*

(iii)

From Lemma 7.4 we know that if P is a point of type II then I(P, f;;, fis) =0
for every j,l € {1,...,r} and 1 <i < n;,1 <s <mn;. From Lemma 7.4 we now
that for each point P of type II there is at most two components f,;, and fu/ i
for which I(P, fop, farp) = p' and zero otherwise. Taking into account that
there are ((¢ — 1)2 — Ny) points of type II we get the result.

From Lemma 7.2 we have that if P is a point of type I, then for any two
components f,p and for iy we have I(P, fo b, farpr) = mp(fap)mp(far ). Hence
we have to prove the following,

Z Z mp sz mp fjs

J=11<i<s<n;

Z Z mp f], mP(fJ,)

1<5<i<r 1<i<n;
1<s<n;

<@ +1)@")/2

Notice that the left hand side is a maximum when mp(f;s) = 1 for every
je{l,...,r},se{l,...,n;}. The latter equation is

Z Z mp f]z mp fjs

7=11<i<s<n;
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Z Z mp sz mP(ij)

1<5<i<r 1<i<n;
1<s<n,;



r
<202 > >
J=11<i<s<n; 1<j<i<r 1<i<n;
1<s<n,;

("3 =000

(iv) Same proof as (iii) but taking on account that has Na singular points of this
type with multiplicity p°.
O

Lemma 7.6. Let ft(a:, y) = f1f2 cee fr = (fl,l v fl,nl)(fQ,l ce f2,n2) o (f’/‘,l s fr,n,-)

then
D> deg(fia)deg(fie)+ Y. D deg(fi) deg(fis)

j=11<i<s<n; 1<j<I<r 1<i<n;
1<s<ny
1 " deg(fi)?
=3 <deg(gt)2 - Z 7§J) > deg(g¢)?/4.
=t

Proof.

Z > deg(fia)deg(fi)+ >, Y deg(fia)deg(fis)- (28)

7=11<i<s<n; 1<5<i<r 1<i<n;
1<s<n;

Since each f;, has the same degree for all s, the first term is equal to

Zdeg fgzn]n deeg (f) —Zdei@.

j=1 j=1 J

Note that

T 2
(@esa? = (X dextry)
j=1
= Zdeg(fj)2+2< > deg(fj)deg(fz))

=1 1<j<i<r
= Safr a2 3 (Sdestsn) <Zdeg<fl,i>)
=1 1<j<I<r “s=1 =

= Zdeg f] +2 Z Z deg(f,i) deg(f1,s)-
1<j<i<r 1<i<n;
1<s<n;
Substituting both of these into (28) shows that (28) is equal to

3 (deston? - 30 O, (29)

e
j=1 J
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Using (27) we get

r e N2
(deg(gt)2 - W) > ;(deg(gt)Q - deg(gt)2/2> = deg(g)*/4.  (30)

n
j=1 J

N | =

O
Finally, here is our main result.

Theorem 7.7. In case (B.1) g:(x,y) always has an absolutely irreducible factor
over IFp, if eitherp >5,i>1and{ >3 orp>5,i>2andl >3 orp=3,1>2
and £ > 3.

Proof. We apply Bezout’s Theorem one more time to the product

Nfao fr= (e fin) (21 foms) - (oo frns )

The sum of the intersection multiplicities can be written

S S @i+ Y Y Y P S f)

j=11<i<s<nj PeSing(gt) 1<j<I<r 1<i<n; PeSing(ge)
1<s<ny

where the first term is for factors within each f;, and the second term is for cross
factors between f; and f;. Using Lemma 7.5, part (ii), (iii) and (iv), the previous
sums can be bounded by

<@ +DE)/2 N +p((1—1) = N) +p'(p' —1)/2 Ny (31)

Since N1 < (¢/3 —1)? and Ny < £ we get

< +1@)/2 (3 -12+p((1-1)° = (/3-D)*) +p'(' —1)/2¢  (32)

On the other hand, we know from Lemma 7.6 that the right-hand side of Bezout’s
Theorem is bigger than deg(g;)?/4.

Hence, so far we have shown that Bezout’s Theorem implies the following in-
equality:

deg(ge)?/4 < (0" + 1)(P")/2 (¢/3 =12+ p' (1 — 1) = (¢/3—1)*) +p'(p' = 1)/2 ¢

Let us now show that the opposite is true, to get a contradiction. Suppose

(¢/3-1)%+ 4ffi((l L1231y 20,

PP —2pi+ 1 2(p* 4 p')
4 T

PP (02 —2(0/3 — 1) —20) > p'(=2(£/3 = 1)*) +4(£ - 1)*) — 1

; - 3442 204

21 i

— =9 R ) |
p(g 3 )>P(9 3 )
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Is enough to see when

3402 20¢ 3502 104 I 104
9~ 3 T2 g -5 10 5 -5 +12

i 9 _ 3
P> 0222w 9 T2 2 o 02 o9
9 3 9 3 9 3
=02 _ 10¢
pi>5+7—?+12
7020
9 3

Notice that if £ = 3 the numerator is positive and if £ > 3 then it is negative.
Therefore, we need p > 5,9 >1land ¢ >3orp>5i>2andf>3o0rp=3,7>2
and ¢ > 3.

O
Lemma 7.8. If ¢ | p' — 1 but £ # p' — 1, then
pl>2(0—1)+3.

Proof. Since £ | p' —1 but £ # p' — 1, then p' — 1 > 20 & p' >2(£ — 1) + 3. O

Here are some more lemmata we will use.
Lemma 7.9. Given N € N the values x1,...,x, that mazximize the function
H(xzy,...,2,) = Zngan x;xj subject to the constraint v + --- + 2, = N are
xlz---:mn:N/n.l#

Lemma 7.10. If ¢ | p' — 1 but £ # p' — 1, then

deg(g)® > Y mplg:).

PeSing(gs)

Proof: We are going to prove that deg(g;)? = (p°¢ —1)? is bigger than an upper
bound of > peging(g) myp(ge)?

ST omple)? <+ 120 1)+ pHe
PeSing(gt)

Notice that all the singular affine points are of type I. We have to prove that ,
(p?0? — 20 +1) > (PP + 2p° + 1) (0 — 1)% + p*U

Equivalently, ‘ ‘
PP —1)>p 20— 1) +20) + (L —1)* =1

Dividing by p*(¢ — 1) we get

| 1 (=1 1
'>2(0—1 2 — — —
p'>2(0—1)+ +€_1+ pe =)
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We know from Lemma 7.8 that p’ > 2(¢ — 1) 4 3 so is enough to prove that

1 (-1 1
20143201424 g+
o 1 (=1 1
1 ——L _ — :
>e—1+ pr z(e—1)
) 1
Since ¢ > 3 then — = T )— Z(e S P
Again since p 2 2(0 — )+3we get
(¢ —1) 1 1
1/2+ — — — <l——< 1.
(VA

Let us prove an auxiliary result.

Lemma 7.11. AllF,-irreducible components fi(x,y) of g:(x,y) satisfy the following
conditions:

deg(fr)> < > mp(fi) (33)
PeSing(gt)
* —1
Ki%;nkmp(sz)mp(fk,g) mp (i (34)

Proof: Applying Bezout’s theorem to fi gives

ng — 1
Y. X IPfuafe)= Y des(fua)deg(fing) = deg(fi) =
\<i<j<ny, PeSing(f) 1<i<j<n k
(35)
Since for every i,j € {1,...,n;} the tangent cones of fi; and f}, ; consist of different

lines by Lemma 4.14, the left hand side of (35) is

YooY IPfahg)= Y, > me(fr)me(fey)  (36)

1<i<j<ng PeSing(fx) PeSing(fy) 1<i<j<ny

because I(P,u,v) > mp(u)mp(v). We fix P a singular point. Applying Lemma 7.9
to
> mp(fei)me(fry)

1<i<j<ny,
subject to > % mp(fri) = mp(fi) we get that

S melfiedme(fig) < me(fi)

= 2nk
1<i<i<nyg

which proves (34). Summing over P then proves (33). O
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Theorem 7.12. If ged({,p' — 1) = ¢ (case B.2) and £ < p' — 1, gi(x,y) always has
an absolutely irreducible factor over Fy,.

We apply Bezout’s Theorem one more time to the product

fAfeoo o= fim)(fore fome) o (fr1e o frn,)-

The sum of the intersection multiplicities can be written

> > > IPhaha+ 2 > Y 1P fuifiy)

k=11<i<j<ny PeSing(g:) 1<k<i<r i<7,<nk PeSing(gt)
Sy

where the first term is for factors within each fi, and the second term is for cross
factors between fj, and f;. Since for every k£ and 7 the tangent cones of the f ;
consist of different lines by Lemma 4.14, the previous sums can be written

> [Z S omplfrdme(fry) + > > mp(fea)mp(fiy)]. (37)

PeSing(gt) "k=11<i<j<ny 1<k<i<r 1<i<ng
1<i<n

Note that
T 2
(mp(g))* = mp(fr)
plg <; P k)
Zmp(fk)2+2< Z mP(fk)mP(fl))
k=1

Zmp fk + 2 Z Z mp(fr,i mP(fl,])

1<k<I<r 1<i<ng
1<]<TL[

Substituting, (37) becomes

> [ X melameti) + 5 (mela -

PeSing(gt) “k=11<i<j<ny

T

me(h?) |- @9

Substituting (34) this is

< > {Z mp(fr Qngn - <mP(9t) - ZmP(fk)2>] (39)

Pe Sing(ge) “k=1 k=1
1 " m 2
= 3 > [mp(gt)2— Pygfk) } (40)
PeSing(gt) k=1 k

29



On the other hand, from Lemma 7.6 we know that the right-hand side of Bezout’s
Theorem

Do > deg(fra)deg(fi)+ >, D deg(fri)deg(fiy).  (41)

k=1 1<i<j<ny 1<k<I<r 1<i<ny
155<m

is equal to

1 2> - deg(fi)?
B <deg(9t) - ; A (42)
Comparing (42) and (40), so far we have shown that Bezout’s Theorem implies the
following inequality:

r

e 2 r m 2
I Sk CE Sl AR Sl 2k

n n
k=1 k PeSing(g:) k=1 k

Finally, using (33) and Lemma 7.10 to compare both sides term by term, this is a
contradiction. [J

Remark 7.1. t = % is an exceptional number over Fgm whenever p { k and
(m.k) = 1. The latter result it is not a contradiction because we are ssuming

t=p'(l)+ 1.
Notice that then LQH = pi({) + 1 < 3% = pi(2¢) + 1 which is imposible since th
right hand side it is not divisible by 3.

Remark 7.2. Note that this proof fails if £ = p’ — 1. This case remains still unproven.

8 Results on Case (A)

Throughout this section we shall assume that we are in case (A), i.e., p does not
divide either ¢ nor ¢t — 1.

The proofs in this section use the theory of pencils and Bertini’s theorem. The
background was given in section 3.3. We also use some of the previous methods,
singularities and Bezout’s theorem.

Let us consider the projective plane P? over Fp and take homogeneous coordi-
nates (X : Y : Z) such that z := X/Z and y := Y/Z are affine coordinates in the
chart defined by Z # 0. Let Fy(X,Y, Z) (resp., G¢(X,Y, Z)) be the homogenization
of the polynomial fi(x,y) (resp., g:(z,y)) and denote by x; the projective curve
over ), defined by the equation G¢(X,Y, Z) = 0. Notice that g;(x,y) has an abso-
lutely irreducible factor over IF,, if and only if G¢(X,Y, Z) does so. For any subfield
K CF,, x+(K) will denote the set of K-rational points of ;.

By Lemma 4.3 one has that, in case (A), the singularities of x; are exactly those
singular points of the curve F;(X,Y, Z) = 0 which do not belong to the line X =Y
moreover all of them are in the chart Z # 0. As a consequence the singular locus of
X¢ is defined (in the affine coordinates x, y) by the condition x # y and the equations

(z+1) -2t =0, (43)
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(y+ 1) =yt =0 and (44)
Tyl =0 (45)

Taking into account that all the coordinates of a singular point must be non-zero,

set
r+1 y+1
s = —.

x ) y
Conditions (43) and (44) mean that

Condition (45) means that
(r—1)"1 = (s — 1)L (47)

From these considerations it is straightforward that the map defined by

(T’S)H<ri1:si1:1>

provides a bijection between the set

Q= {(r,s) € Fﬁ il =t =1, = D) = (s =D)L r £ 1,5 # 1,r # s}

and the set of singular points of y;. Moreover, by Lemma 4.4, all these singularities
are nodal. The following lemma will be a key tool for our results.

Lemma 8.1. Let K be a finite subfield of F,,. If there exists P € x¢(K) such that P
s not a singular point of x¢ then there exists an absolutely irreducible homogeneous
polynomial H(X,Y,Z) € K[X,Y, Z] such that H(X,Y, Z) divides G¢(X,Y, Z).

Proof. Let G4(X,Y,Z) = Ri(X,Y, Z)--- R (X,Y, Z) be the decomposition of G¢(X,Y, Z)
as a product of irreducible homogeneous polynomials R; € K[X,Y, Z], 1 < i < m.
Assume, without loss of generality, that Ri(P) = 0. By Lemma 6.1 there exists

a finite extension L of K and an absolutely irreducible homogeneous polynomial
H(X,Y,Z) e L[X,Y, Z] such that

Ri(X,Y,Z) =c |] c(H(X,Y, 2)),
ceG

where ¢ € L and G = Gal(L/K). The point P must be a zero of any of the above
factors o(H(X,Y,Z)). But, since P is a non-singular point of x;, it holds that
L = K and, therefore, R1(X,Y, Z) is absolutely irreducible. O

Theorem 8.2. If either ged(p — 1,t) > 3 or ged(p — 1,t — 1) > 2 then G4(X,Y, Z)
has an absolutely irreducible factor over Fy,.
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Proof. Assume first that ged(p — 1,¢) > 3. Then the equation z! — 1 = 0 has, at
least, 3 solutions in [F,. This implies the existence of r1,ry € F, \ {1} such that
r1 # ro and rf =7} = 1. It is straightforward that P = (1/(ry — 1) : 1/(ro — 1) : 1)
is an Fp-rational point of the curve x;. Moreover it is clearly non-singular (see the
paragraph before Lemma 8.1). Therefore G¢(X,Y, Z) has an absolutely irreducible
factor over I, by Lemma 8.1.

Assume now that ged(p — 1, — 1) > 2. Then the equation z/~! — 1 = 0 has, at
least, 2 solutions in F,,, say 1 and r # 1. It is straightforward that the F,-rational
point (r : 1:0) belongs to x;; moreover it is non-singular because it is on the line
at infinity Z = 0. Applying again Lemma 8.1 one has that G;(X,Y,Z) has an
absolutely irreducible factor over [F),. O

A natural generalization is given in the following result:

Theorem 8.3. If there exist m € N such that G¢(X,Y, Z) does not factor over Fym
and furthermore either ged(p™ —1,t) > 3 or ged(p™ —1,t —1) > 2 then Gi(X,Y, Z)
has an absolutely irreducible factor over Fy,.

The next result shows an upper bound for the number of singular points of y;:

l(z’ro)[()os§tion 8.4. If t is even then the number of singular points of x; s, at most,
t—2)(t—4
2

Proof. Let us define
Q) = {(r, s) € FIZ, it =t =1 r £ 1,5 £ 1, (r— 1) = (s - 1)t_1}

and A :={(r,r) € RQ, | 7=t = 1,7 # 1}. Observe that A C €} and €, = Q) \ A.
From the sequence of equalities (1/s—1)"! = —(s = 1)1 /st7l = —(s —1)71 =
—(r — 1)1, it follows the implication

(r;s) € Q= (r,1/s) & Q.

Then #9} < 152(t — 2) and therefore

(t—2)2_(t_2): (t—2)(t—4)‘
2

#U = #0 — #A < 5

The result holds because there is a bijection between €2, and the set of singular
points of ;.
O

o2
U227 then gi(x, y)

Theorem 8.5. If the number of singular points of x: is less than
has an absolutely irreducible factor over Fy,.

Proof. As in the proof of Theorem 7.7, let g;(z,y) = H;Zl fj be the decomposition
nj

of g¢(,y) as a product of irreducible polynomials in F,, [z, y]. Let also f; = [[,2; fj
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be the decomposition of f; as a product of absolutely irreducible polynomials, 1 <
j < r. Applying Bezout’s Theorem we have that

Z ZI(P’ fj1,k17fj2,k2) = Z deg(fjl,kl)deg(fj%b)a

(1,k1)#(2,k2) P (91,k1)#(52,k2)

where P varies over the set of singular points of the affine curve g.(x,y) = 0 (notice
these are all the singular points of x¢). Since all the singularities are nodal, each in-
tersection number I(P, f}, k1 fjaks) is equal to 1 (resp., 0) if fj, 1, (P) = fjs ke (P) =
0 (resp., otherwise). Therefore we have the inequality

Ny > Z deg(f]i,h) deg<fj2,k2)7

(d1,k1)#(52,k2)

where N; denotes the number of singular points of y;. Taking into account that,
for each j = 1,...,r, all the absolutely irreducible components of f; have the same
degree, we know from Lemma 7.6 that the right hand side of the above inequality
is

T

ST deg(fia)deg(fis)+ Y D deg(fyi) deg(fis)

j=11<i<s<n; 1<j<i<r 1<i<n;
1<s<n,;
1 —~ deg(f;)’ (t—2)°
=-(d 2 ¢ d 2/4 =
5 (dee(a > ) > aotatfa = 5

and this is a contradiction with our assumption N; < (t — 2)%/4.
O

Denote by u(t —1) the set of (t—1)-roots of unity in F,. We define the following
equivalence relation in pu(t —1) \ {1}:

r Ry sif (r— 1) = (s — 1)1

Lemma 8.6. Let {Ry,..., Ry} be the quotient set of R;. Assume that £ > 4 and,
for each j1 € {1,2,...,L}, there exists a subset {j1,J2,7J3,j1a} C {1,2,...,€} of
cardinality 4 such that the equivalence classes R;, , R;,, Rj, and Rj, have the same
cardinality. Then gi(z,y) has an absolutely irreducible factor over Fy,.

Proof. For each m € {#R1,#Ra,...,#Ry} let A,, be the union of all those classes
R; with cardinality m. Consider the partition of p(t — 1)\ {1} given by A := {4, |
#R; = m for some i}. Notice that, by hypothesis, each A € A is the union of, at
least, 4 equivalence classes R;. Then the number of singular points of the curve x:
admits the following expression:

40, = 3 c(An(A)” — (t - 2),

AcA
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where ¢(A) > 4 denotes the number of equivalence classes R; whose union is A and
n(A) denotes the cardinality of any of these classes. Notice that ), 4 c(A) = ¢
and > 4o 4 c(A)n(A) = t — 2. Using repeatedly the inequality (z + y)* > 2% + y?
for z,y € R, it is not hard to prove that the sum Y, , c(A)n(A)? achieves (for
fixed t) the maximum value when there is only one summand and with coefficient

4. Therefore:
t—2\?
#0 < 4 I —(t—-2) <

Now the result follows from Theorem &.5.

(t—2)?
o

O]

Remark 8.1. Assume that ¢ = I’ZTH for some ¢ > 1 and that t is even. Then
2(t — 1) = p* — 1 and, therefore, the set of 2(t — 1)-roots of unity of F, is the
multiplicative group F7,. Hence (r —1)2=D =1 for any r € u(t — 1) \ {1} because
r—lel,. Since (r —1)=t = —(1/r — 1)!~! this means that (r — 1)=! =1 (resp.,
(r—1)"=1 = —1) for 152 elements r of u(t —1)\ {1}. So, the relation R; has exactly
two equivalence classes; then Lemma 8.6 cannot be applied to this case. Further,
the number of singular points of x; is

2
g0 =2("52) —-p = LAY,

which is the maximum number of possible singular points by Proposition 8.4. Then
the existence of an absolutely irreducible (over FF,) factor of g.(z,y) cannot be
proved, for these values of ¢, by bounding the number of singular points (that is,
applying Theorem 8.5).

Theorem 8.7. If t is even, (s — 1)""1 ¢ F, and (s — 1)EDE=D £ 1 for all
s € pu(t—1)\ {1} then then g:(x,y) has an absolutely irreducible factor over Fp.

Proof. Fixr € pu(t—1)\ {1} and set b := (r—1)*~1. Denote by R(r) the equivalence
class of r with respect to the relation R; (analogously with R(1/r), R(rP) and
R(1/rP)). These 4 classes are distinct because the elements b, (1/r — 1)~ = —b,
(rP — 1)) = b and (1/rP — 1)!=1 = —bP are distinct due to the hypothesis in the
statement. The map ¢; : R(r) — R(1/r) (resp., 2 : R(r) — R(rP)) (resp., ¢3 :
R(1/r) — R(1/rP)) defined by s — 1/s (resp., s — sP) (resp., s — sP) is injective.
1 is clearly surjective. Conjugation provides injective maps R(rpeil) — R(rP") for
e > 1; taking e as the cardinality of the conjugacy class of 7 one has an injective map
R(rpeil) — R(r), and this implies that the map 9 is a bijection. Analogously ¢3
is bijective. Therefore R(r), R(1/r), R(rP) and R(1/rP) are 4 distinct equivalence
classes of the relation R; with the same cardinality. Since all these facts are valid
for an arbitrary element r € p(t—1)\ {1}, applying Lemma 8.6 we have that ¢;(z,y)
has an absolutely irreducible factor over [Fp,.

O

Remark 8.2. Notice that the following condition implies the hypothesis of Theorem
8.7: (s — 1)1 ¢ Fp2 forall s € u(t — 1)\ {1}.

34



Corollary 8.8. Assume that t is even. Then gi(x,y) has an absolutely irreducible
factor over Iy, if the following equivalent conditions are satisfied:

(a) t —1 divides p** + 1 for some positive integer e.

b) The order u of p in Z/(t — 1)Z is a multiple of 4 and t — 1 divides p*/% + 1.
( p ple of 4 p

Proof. Let us prove first that (a) implies that g¢(z,y) has an absolutely irreducible
factor over Fp. If (s —1)'"1 ¢ F 2 for all s € pu(t — 1)\ {1} then, by Theorem 8.7 and
Remark 8.2, g¢(x,y) has an absolutely irreducible factor over [F,,. Otherwise, there
exists 7 € pu(t — 1)\ {1} such that (r — 1)1t—1 = b € F,2. Consider the polynomial
P(z) = (z — 1)""! — b € Fj2. Notice that 7 = 1/r because, by assumption, ¢ — 1
divides p? + 1. So, 1/r is a conjugate of r over F,2 and, then, 1/r must be a root
of P(z). But this is a contradiction because P(1/r) = —2b # 0.

Finally we will prove that (a) implies (b) (the converse implication is trivial).
So, assume that ¢ — 1 divides p?¢+1 for some positive integer e. A clear consequence
of this is that 4e is a multiple of .

We claim that 4e = uk, where k is odd (and, in particular, 4 divides u). Indeed,
reasoning by contradiction, if k is even then 2e is a multiple of u and, therefore,
p?** = 1 (mod t — 1), a contradiction. Then 4e = u(2m + 1) for some m € N.
Therefore

-1 2e

=p¥* =—2m+1) = p""p*/? = p*/2 (mod t — 1).

)RS

O]

Corollary 8.9. Ift — 1 > 3 is a prime number such that the multiplicative order
ofpinZ/(t—1)Z is (t —2)/2 then gi(x,y) has an absolutely irreducible factor over
F,.

Proof. On the one hand, since ¢ — 1 is prime and, by [23, Ex. 3.36], the (¢ — 1)-th
cyclotomic polynomial Q-1 is irreducible over [F2, we have that all the elements
in pu(t — 1)\ {1} are conjugate over F,2. On the other hand, by Theorem 8.7
and Remark 8.2, we can assume that there exists » € u(t — 1) \ {1} such that
b:= (r—1)""! € F,2. These two facts imply that the ¢ — 2 elements of p(t — 1)\ {1}
are roots of the polynomial (z —1)*~! — b € F,2[z] and, therefore, the equivalence
relation R; has only one equivalence class. Then the number of singular points of
Xt, that is, #Q, is (t — 2)? — (t —2) = (¢t — 2)(t — 3). This is a contradiction with
Proposition 8.4 because this number is strictly greater than (¢ —2)(t —4)/2.

O

For each natural number n denote by K™ the cyclotomic extension of F, given
by the splitting field of the polynomial 2™ — 1 € F,[x].

Lemma 8.10. Set gi(x,t) = hi(z,y)h2(z,y) - he(z,y), where hi(x,y) € F, is an
absolutely irreducible polynomial for each i € {1,2,... 4}, and consider the field
K= KO n KD,

(a) For each i € {1,2,...,£}, it holds that hi(z,y) = vihi(z,y), where hi(z,y) €
Kilz,y] and ~; € F).
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(b) For each positive divisor d of t such that d > 2, there exists i € {1,2,...,¢}
such that hi(x,y) = arhii(z,y), where hi1(x,y) € KDz, y] and oy € F,.

(c) For each divisor d > 1 of t—1 there existsi € {1,2,...,¢} such that hi(x,y) =
ashia(x,y), where hia(z,y) € K[z, y] and ag € F,.
Proof. Let us consider the pencil P(P,Q), where
(X +2)t - Xt (Y +2) -Y!
Z Z '

Notice that P — @ = F;, where F;(X,Y, Z) is the homogeneization of the (affine)
polynomial f;(z,y). It is straightforward to show that the cluster of base points of

P(P,Q) is
1 1 t t 2
C:= —_ 1) |rt=s"=1landr,s#1; CP-.

7"—1:3—1

P(Xa Y? Z) = and Q(X,Y:Z) =

The curve defined by P(X,Y,Z) = 0 (resp., Q(X,Y,Z) = 0) is a union of lines
which are transversal to those defined by P(X,Y,Z) = 0 (resp., Q(X,Y,Z) = 0).
Therefore, the multiplicity of a general curve of the pencil at each one of the base
points is 1 and, by Corollary 3.4, P(P, Q) is an irreducible pencil.

Let hi(z,y) be any of the (absolutely) irreducible components of g;(x,y) and
denote by H;(X,Y,Z) its homogenization. Let d; be the degree of H; and let
v : C; — N be the map such that, for each points p € Cy, v(p) is equal to 1 if H;
vanishes at p and 0 otherwise.

We claim that the vector space Lg4,(Ci,v) is spanned by H;. Indeed, it is
obvious that H; € L4,(C,v) and we shall reason by contradiction assuming that
dimg Ly, (C1,v) > 2. In this case, there exists T(X,Y,Z) € L4,(I'1,v) such that
{H;,T} is linearly independent over F,. This contradicts the irreducibility of the
pencil P(P, Q) because [aH; + BT]|(X —Y)][];,; H; belongs to L4(C1,m) for any
(o, 3) € P! (where m(p) := 1 for each base point p) and this space is equal to
P(P,Q) by Lemma 3.5. Now, applying Lemma 3.6 to Lg4,(C1,v), one has that
hi(z,y) = vhi(x,y), where hi(x,y) € K®[z,y] and 7 € F,.

Let us consider now the pencil P(F;, Z!=1). The set of its base points is {s, :=
(r,1,0) | 7=t = 1} and, localizing a general member of the pencil at any of the
points s, and analyzing the evolution by blow-ups, it is easy to deduce that the
cluster of base points of P(F}, Z!) is Cy := U,-S,., where r varies in the set of (t —1)-
roots of unity of F, and

Sy = {Sr,l = SrySr2y- -0 Sr,t—l})

sr,; being the intersection point of the exceptional divisor of the blow-up centered at
sr,i—1 and the strict transform of the line at infinity Z = 0, 2 <4 <t — 1. Therefore
any point of Cy is K~ Y-rational. Using a similar reasoning as above (but now
considering the strict transforms at the points of Co of the curves H; = 0 in the
definition of the map v) it holds that, for any ¢ € {1,2,...,¢}, hi(z,y) =7/ bl (z,y),
where W/ (x,y) € KDz, y] and 7 € F,.
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Hence, we have deduced that, for each i € {1,2,...,¢},

where hf(z,y) € K®[z,y] and b (z,y) € K¢ V[z,y] and 4,7 € Fp. If a € K®
is one of the coefficients of A} it is clear from the above equalities that § := %a €
K=Y, Taking h;(z,y) := 1hi(z,y) € KOz, y] one has that h;(z,y) = %h”(x,y) €
KDz 4] and, therefore, hi(z,y) € K[z,y]. Part (a) follows by observing that
hi(z,y) = viahi(z,y).

To prove (b), observe that C; contains non-singular K (@)_rational points of the
curve x; for any cyclotomic field K49 with d dividing ¢ and d > 2 (specifically the
points (1/(r —1) : 1/(s—1) : 1), r # 1 and s # 1 being two distinct d-roots of
unity). Now the result follows by Lemma 8.1.

The proof of (c) is similar taking into account that Cy contains non-singular
K@_rational points of the curve y; for any cyclotomic field K (9 with d dividing
t —1 and d > 1 (specifically the points (r: 1:0), r # 1 being a d-root of unity).

O

In the next theorem, for every positive integer n that is not divisible by p, we
shall denote by e, the degree of the cyclotomic extension K (%) /Fp, that is, the
multiplicative order of p in Z/nZ.

Theorem 8.11. Set e := ged(es—1,€) and assume that at least one of these condi-
tions holds:

(1) There exists a divisor d > 2 of t such that ged(e, eq) = 1.
(2) There ezists a divisor d > 1 of t — 1 such that ged(e,eq) = 1.
Then the polynomial g.(z,y) has an absolutely irreducible factor in Fpz,y].

Proof. Let K; be as in Lemma 8.10. Then e = |K; : F,| and, therefore, K; = Fpe.
Suppose that there exists a divisor d > 2 of ¢ such that ged(e, eq) = 1. This implies
that K9 N K; = Fyea NFpe = F,. On the one hand, by Part (b) of Lemma 8.10,
there exists an absolutely irreducible factor h(z,y) of gi(x,y) such that h(x,y) €
K@[z,y]. On the other hand, by Part (a) of Lemma 8.10, Bh(x,y) € K|z, y]
for some 3 € F,. Take a coefficient a of h(x,y) and define h(z,y) = Ln(z,y) €

K@[z,y]. Then ﬁ(x,y) = a—lﬂﬁh(x,y) € K[z,y] because fa € K; and, therefore,

ﬁ(m,y) € Fplz,y]. Hence, ﬁ(m,y) is an absolutely irreducible factor of g¢(x,y) in
Fp,[z,y]. The reasoning is similar assuming that condition (2) holds.
O

Assuming the irreducibility of g,(z,y) in F), it is possible to relax the hypotheses
involving the numbers e; (associated with the divisors of ¢ and ¢t — 1) given in
Theorem 8.11. This is shown in the next lemma and theorem.

Lemma 8.12. Assume that g:(x,y) is irreducible over Fy,. Let K be an extension
of F), such that there exists a non-singular point P € x;(K). Then the absolutely
irreducible factors of gi(x,y) have coefficients in K.
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Proof. Applying Lemma 6.1 we have that there exists a K-irreducible polynomial
H(X,Y, Z) such that the factorization of G¢(X,Y, Z) into K-irreducible polynomials

1S
Gt(Xa Y, Z) =c H U<H(X7 Y, Z)):
oeG

where G = Gal(K/F,) and ¢ € F,. We can assume, without loss of generality, that
H(P)=0.

We claim that H(X,Y,Z) is absolutely irreducible. Indeed, reasoning by con-
tradiction we have that, if we assume that H(X,Y, Z) is not absolutely irreducible
and applying again Lemma 6.1 to H, it holds that H(X,Y, Z) factorizes into n > 2
absolutely irreducible polynomials which are conjugate over Gal(K'/K) for some
extension K’ of K. Since P is a K-rational point, this implies that any of these
n factors vanishes at P and, therefore, the multiplicity of H at P must be greater
than 2. This is a contradiction because P is a non-singular point of y;.

Therefore the above given factorization of G¢(X, Y, Z) is, in fact, its factorization

into absolutely irreducible polynomials. The result follows taking affine coordinates.
O

Theorem 8.13. Assume that gi(x,y) is irreducible over F), and consider the set
E:={deN|d>2 andd divides either t ort — 1}.

If ged(eq | d € E) =1 then gi(x,y) is absolutely irreducible.

Proof. Let d € F and assume first that d is a divisor of ¢. Let n be a primitive
d-root of unity. Since d > 2 one has that n ¢ {1, —1} and, then, it is clear that the
point (—271: ﬁ : 1) € P? is a non-singular point of x¢(Fe,).

Assume now that d divides t — 1 and let § be a primitive d-root of unity. Since
d > 2 we have that § # 1 and, then, (0 : 1:0) is a non-singular point of x;(F,).

By Lemma 8.12, the absolutely irreducible factors of g:(x,y) have coefficients in
the intersection of all the fields F,, for d € E, that is F, taking into account our
assumptions.

O
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