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Abstract

In this work, a three-dimensional finite element model of the staggered dis-
tribution of the mineral within the mineralized collagen fibril has been de-
veloped to characterize the lamellar bone elastic behaviour at the sub-micro
length scale. Minerals have been assumed to be embedded in a collagen ma-
trix, and different degrees of mineralization have been considered allowing
the growth of platelet-shaped minerals both in the axial and the transverse
directions of the fibril, through the variation of the lateral space between
platelets. We provide numerical values and trends for all the elastic con-
stants of the mineralized collagen fibril as a function of the volume fraction
of mineral. In our results, we verify the high influence of the mineral over-
lapping on the mechanical response of the fibril and we highlight that the
lateral distance between crystals is relevant to the mechanical behaviour of
the fibril and not only the mineral overlapping in the axial direction.
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1. INTRODUCTION

Hierarchical structure of bone is a major issue to be considered in or-
der to estimate its elastic properties (see Fig. 1). There are many works
on the mechanical properties of bone by including its hierarchical structure
in a multiscale model (e.g. Yoon and Cowin (2008); Hamed et al. (2010);
Mart́ınez-Reina et al. (2011); Hellmich et al. (2012)). The influence on the
mechanical properties of bone, of both the constituents properties and their
specific arrangement at every length scale, is nowadays an important inves-
tigation aim.

Figure 1: Hierarchical structure of cortical bone (reprinted from Reisinger et al. (2010)
with permission of Springer) (a) Compact bone (b) Secondary oseons or Harverian systems
(c) Single lamella of bone: composed by parallel layers (or sublayers) where fibrils rotate
defining the ”twisted plywood” assembly (d) Fibril-array (e) Mineralized collagen fibril,
where microfibrils (not shown in the figure) can be identified by grouping five collagen
molecules arranged in a staggered pattern (f) Extrafibrilar matrix

The collagen molecules in the fibril shown in Fig. 1-(e), are arranged in
a quasihexagonal packing (Orgel et al., 2006) in a cross-section to the longi-
tudinal axis of the fibril. There, the microfibrils are identified as repeating
pentameric structures within the fibril (Gautier et al., 2011). A very detailed
description of the collagen and mineral arrangement within the fibril is given
by Silver and Landis (2012).

Molecules of collagen Type I and crystals of carbonated apatite (see
Fig. 1-(e)) are the building constituents of mineralized collagen fibrils. The
staggered arrangement that collagen molecules follow in the axial direction
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of the fibrils is well established in literature, e.g. Hodge and Petruska (1963);
Katz and Li (1973); Weiner and Traub (1986); Landis et al. (1993); Rho et
al. (1998); Orgel et al. (2001). The length of the collagen molecule is 4.4D
(Boedtker and Doty, 1956) being D = 67 nm the periodic length between
adjacent collagen molecules in the axial direction of the fibril. 1D period
is composed by the gap or hole zone of 0.6D and the overlap zone of 0.4D
(Hodge and Petruska, 1963). Considering these dimensions, the total axial
length of a periodic fibril model will be 5D ≈ 335 nm (see Figs. 2,3,4). In
addition, the three dimensional assembled collagen molecules present a peri-
odic series of gaps or channels (George and Veis, 2008). The diameter of the
collagen macromolecule is about 1.23 nm (Landis et al., 1993) and the lateral
distance between adjacent molecules is 0.24 nm (Lees, 1987) in absence of
mineralization.

Collagen gap = 0.6D

4.4D+0.6D = 5D = 335 nm

Molecule length = 4.4D

D = 67 nm

Collagen overlap = 0.4D

1.23 nm

0.24 nm

Figure 2: Schematic illustration of collagen molecule staggered arrangement inside the
fibril based on Hodge and Petruska model. Diameter and lateral space between collagen
molecules are from Landis et al. (1993) and Lees (1987) (not to scale)

The aggregate of collagen molecules defines the framework or scaffold
where the hierarchical mineralization takes place under the control devel-
oped by basic protein functions (Liu, 2011). The periodic collagen structure
will be used as a template to the mineralization within the fibril. There is
evidence that, within the fibril, platelet-shaped minerals nucleate and grow
in the original collagen gaps (Weiner and Traub, 1986; Fratzl et al., 1991;
Silver and Landis, 2012). The platelets preferentially grow in the direction of
their principal crystallographic c-axis and then the collagen molecule deforms
(George and Veis, 2008). Platelet dimensions and their relative distance, are
represented in Figs. 3,4. The platelets can be larger than the initial hole
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zone between coaxial collagen molecules, penetrating the overlap zone. In
the literature, there is a wide range of values for the crystal length in the
direction of the c-axis, L, e.g. we find the range 40-170 nm in Landis and
Silver (2002) and 15-150 nm in Rubin et al. (2003). The platelet thickness,
T , is 4-6 nm in Landis and Silver (2002) and 2-5 nm in Rubin et al. (2003).
The platelet growth in the thickness direction is limited by the space between
adjacent collagen molecules. The platelet width, W , is 30-45 nm in Landis
and Silver (2002) and 10-80 nm in Rubin et al. (2003) and, in this direction,
the crystals can coalesce to form large platelets across 3D channels formed by
contiguous adjacent gaps that transverse the entire fibril (Weiner and Traub,
1986; Landis et al., 1993).

dLL

D = 67 nm

a = 335 nm

Collagen molecule Mineral

dT

dW /2

dW /2

T

W

Cell vol.: a×b×c

b

c

z

xy

z
x

y

z
x

y

Figure 3: Unit cell volume a× b× c and principal dimensions of the domain (in each view,
proportions are preserved)
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Figure 4: Three dimensional view of the unit cell volume a×b×c and principal dimensions
of the domain

Most models found in the literature consider the staggered arrangement
including only overlapping in the longitudinal direction. However, after the
analysis performed in this work, numerical evidence shows that it is not
possible to obtain high volume fractions of mineral content (within the min-
eralized collagen fibrils) with only longitudinal mineral overlapping. This
poses the question of what the mineral distribution should be that leads to
the experimentally observed stiffness and mineral content, in addition to the
mineral presence in the extra-fibrilar matrix. To avoid unrealistic platelet
lengths (which should otherwise be too long), one explanation can be found
in the existence of transverse mineral overlapping. In the literature, con-
siderations about the lateral distance between neighboring crystals, dT , are
scarce. Several authors consider that this distance is of the same order than
the crystal thickness (Lowenstam et al., 1989; Yuan et al., 2011; Bar-On and
Wagner, 2013). On the other hand, the results shown in Fratzl et al. (1991),
indicate that crystals of mineral nucleate as thin layers of calcium phosphate
within the gap region of the collagen fibrils and then grow in thickness. In
that work, it is observed that the collagen molecules slightly compress in
the lateral space, so there could exist an overlapping between platelets in
the direction of their thickness T , i.e. the transverse direction of the fibril.
To the author’s knowledge, this topic has not been numerically investigated
yet. In the present work, this overlapping has been modelled using values for
dT ≤ 0.
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The distance between platelets in their width direction, dW , must be
considered very small. Following Bar-On and Wagner (2013), the width of
the platelets, W , is comparable with the width of the unit cell volume, b, (see
Fig. 3,4) because in many biological configurations the platelets are tightly
packed. So, the ratio W/b is usually considered almost one.

Crystal organization within the fibrils in lamellar bone is usually consid-
ered as a staggered structure of parallel layers that traverse the fibril (Katz
and Li, 1973; Weiner et al., 1999; Landis et al., 1996; Erts et al., 1994; Weiner
and Wagner, 1998), see Fig. 5. However, Yuan et al. (2011) consider that col-
lagen molecules are assembled in a concentric pattern (Hulmes et al., 1995)
so the platelets will grow in a concentric arrangement (Jäger and Fratzl,
2000). In recent works (Barkaoui and Hambli , 2011; Hambli and Barkaoui
, 2012; Barkaoui and Hambli, 2013; Barkaoui et al. , 2014), the mechanical
behaviour of bone is analyzed at the pentameric microfibril scale, by consid-
ering the collagen molecules embedded in a continuum amorphous mineral
matrix.

The staggered fashion in the mineralized collagen fibril has important im-
plications on both mechanical properties (stiffness, strength and toughness)
and the mechanisms of force transmission inside the fibril (Ji and Gao, 2004).
The variability and influence of the mineral shape, size and spacing between
the fibril constituents, have been important investigation targets in the lit-
erature. All these parameters are closely related with the mineral content
in bone whose distribution is an essential point involved in several bone dis-
eases (Roschger et al., 2008). Jäger and Fratzl (2000) develop a 2D approach
based on composite models to evaluate the influence of the distance between
minerals, their thickness and volume fraction on the elastic behaviour of the
fibril and how the stress is transferred depending on the distance between
platelets.

In the recent work by Bar-On and Wagner (2013) an idealized 2D cell
model is presented to calculate the Young’s modulus in the axial direction
of the fibril with analytical expressions. Halpin-Tsai equations are used for
transverse Young’s moduli and the results are applied to different hierarchical
biological tissues. Only the influence of the mineral overlapping in the axial
direction on the longitudinal Young’s modulus is addressed.

In the previous work of Vercher et al. (2014), the numerical homogeniza-
tion procedure by means of a finite element analysis was applied to a 4.4D
periodic model of the staggered mineralized collagen fibril to calculate the
stiffness matrix for three different volume fractions of mineral. By extending
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this procedure, and assuming that all the mineral content is concentrated
within the fibril, the stiffness of lamellar bone was calculated considering
the lamella definition of Weiner et al. (1999). Rotations of the mineral were
taken into account by Lekhnitskii transformation.

Figure 5: Hierarchical mineralization of collagen fibril: platelet distribution according to a
staggered arrangement in the axial direction and parallel layers across the fibril

According to Silver and Landis (2012), a repeating unit within the fibril
can be identified: five 1D-staggered collagen molecules layers. This corre-
sponds to the cell volume analyzed in this work: a 5D (D = 67 nm) periodic
model of the mineralized collagen fibril. Unlike the previous work of the au-
thors (Vercher et al., 2014), the collagen gap zone of 0.6D has been included
to calculate the length of the periodical model in the longitudinal direction
of the fibril.

In this work, the hierarchical mineralization within the fibril (Liu, 2011)
in lamellar bone has been modelled considering a staggered arrangement of
mineral platelets in the axial direction and a distribution of parallel layers
(see Fig. 5) in the transverse direction of the fibril.

A thorough study is provided to evaluate the influence of both the axial
and transverse mineral overlapping on the elastic constants of the fibril. By
increasing the platelet length in the preferred direction of the mineral growth,
L, we simulate the axial overlapping. The reduction of the lateral space
between platelets, dT , leads to the overlap in the transverse direction of the
fibril. The influence of the lateral overlap, reflected schematically in Fratzl
et al. (1991), has been highlighted in this work. In Section 2 the numerical
model and the analysis method are detailed.

In Section 3, the elastic constants of the fibrils assembly within a fibre
(or fibril-array) are estimated by considering the work of Rubin et al. (2003)
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as the standpoint. In that work, the mineral rotation about its own c-axis
is shown. To this end, the lower and upper bounds properties have been
averaged.

The most relevant results are presented in Section 4 and the conclusions
extracted and discussion are provided in Section 5. Finally, the Appendix
contains additional results.

2. FINITE ELEMENT ANALYSIS

The unit cell analyzed in this work (see Figs. 3,4) aims at representing
the repeating pattern in the mineralized collagen fibril: five 1D-staggered
collagen molecules parallel layers, with D = 67 nm. Microfibrils are included
here but are not modelled in detail. In this work, the collagen molecules in
the quasihexagonal packing and, consequently, the collagen molecules in the
pentameric microfibrils, are hypothesized to be a continuum matrix between
the discrete mineral platelets.

A representative volume of the mineralized collagen fibril has been mod-
elled by means of the finite element method. The numerical model considers
geometric boundaries according to the structure periodicity.

In order to apply periodic boundary conditions to ensure that the hexahe-
dron analyzed is a representative volume of the entire domain, the displace-
ment gradients along the corresponding external surfaces must be equal. In
this work, equations proposed by Hohe (2003) are used. Periodicity for the
three dimensional model, implies:

u1+ = u1− + a ϵi1 (1)

v1+ = v1− +
1

2
a ϵi6 (2)

w1+ = w1− +
1

2
a ϵi5 (3)

u2+ = u2− +
1

2
b ϵi6 (4)

v2+ = v2− + b ϵi2 (5)
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w2+ = w2− +
1

2
b ϵi4 (6)

u3+ = u3− +
1

2
c ϵi5 (7)

v3+ = v3− +
1

2
c ϵi4 (8)

w3+ = w3− + c ϵi3 (9)

The above equations are applied for load cases i = 1 to 6 (six unitary
strain fields). a, b and c are the hexahedron dimensions (see Figs. 3,4) and the
surfaces at opposite sides are indicated with symbols + and −. In addition,
it is necessary to constrain the model to avoid rigid solid translations and,
therefore, the central node of the finite element model is fully constrained.
Rotations are implicitly constrained by the imposed periodical boundary
conditions.

The fixed dimensions involved in the model are the following (see Fig. 3,4):
W = 30 nm, T = 5 nm, dW = 2 nm. dL is calculated as dL = 5D−L nm and
the platelet length L and the lateral distance between platelets dT have been
varied (see Figs. 6,7) inside the range proposed in literature with the aim of
evaluating the influence of the mineral staggering on the elastic properties of
the microfibril.

No mineral overlapping occurs in the transverse direction for positive
values of dT . The following values have been considered: 3, 2 and 1 nm,
ordered by an increasing volume fraction of mineral inside the fibril. The
criterion used to select these values of dT is that all they are of the same
order than the platelet thickness (2-4.5 nm in Lowenstam et al. (1989)). For
each positive value of dT , 12 analysis have been made increasing L from 40
to 150 nm with increments of 10 nm. Some of the cell volumes analyzed are
shown in Fig. 6.

In order to consider the mineral overlapping in the transverse direction
of the fibril, the following values for dT have been analyzed: 0, -1, -2, and -3
nm. This time, for each value of dT , only 4 cases of the platelet length have
been modelled: 40, 50, 60 and 66 nm (no axial overlapping) in order to avoid
contact between minerals (see Fig. 7).

This way, it is possible to consider a similar situation as pointed out
by Fratzl et al. (1991) in their work about the analysis of the nucleation
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Z
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Z
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Z

XY

Z

XY

Z

XY

Z

XY

Z

XY

Z

XY

Z

XY

Z

Mineral: Lx30x5 nm, dW = 2 nm, dT = 2 nm

No mineral overlapping

Mineral overlapping

Vf = 0,08

Vf = 0,12

Vf = 0,16

Vf = 0,20

Vf = 0,24

Vf = 0,28

L

Figure 6: Example of some cell volumes analyzed with different mineral length, from L =
40 nm to L = 140 nm with increments of 20 nm. Dimensions W , T and dW remain
constant. In this figure, dT = 2 nm. The mineral is represented in blue and collagen in
white

and growth of platelets. The lateral distance between collagen molecules
decreases, when fibril looses their water content or when the degree of min-
eralization increases. For instance, when demineralized bone collagen is con-
sidered, the lateral distance between collagen molecules is 1.52 nm and when
mineralization occurs, this distance becomes 1.24 nm (Bonar et al., 1985).
This evidence can explains that collagen molecules can be transversally com-
pressed when mineralization takes place.

In Fig. 8, a schematic representation of a possible arrangement that min-
eral crystals and collagen molecules can adopt in a portion of mineralized
fibril, is shown. In this figure, all the proportions are preserved. The dotted
box in Fig. 7 focuses on the approximate region of the cell volume depicted
schematically in Fig. 8. A cross section in the collagen gap region, contains
four collagen molecules and the distance between them.
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Mineral: 40x30x5 nm, dW = 2 nm, dT variable

dT = 0

dT = -1

dT = -2

dT = -3

dT = 2

dT = 1

XY

Z

XY

Z

XY

Z

XY

Z

XY

Z

XY

Z

XY

Z

XY

Z

XY

Z

XY

Z

XY

Z

XY

Z

XY

Z

XY

Z

dT = 3 Vf = 0,07

Vf = 0,08

Vf = 0,093

Vf = 0,112

Vf = 0,14

Vf = 0,187

Vf = 0,28

No lateral overlapping

Lateral overlapping

dT

Figure 7: Example of cell volumes analyzed varying the lateral space between minerals, in
the range dT ∈ [3,−3] nm. Dimensions W , T and dW remain constant. In this figure,
L = 40 nm. The mineral is represented in blue and collagen in white

This scheme can be generalized for several values of T and dT . The lateral
space between minerals in the section of collagen gap must be enough to host
the four collagen molecules and the space between them. Therefore, the need
of a minimum space implies that a certain fraction of the thickness, T , can
be overlapped.

On the other hand, the numerical homogenization procedure described
in Vercher et al. (2014) has been used to perform all the numerical analyses.
The periodic boundary conditions given in Eqs. 1 to 9 with six independent
unitary strain fields are applied in order to obtain the full stiffness matrix of
the fibril C.

The volume fraction of platelet reinforcement Vf can be calculated by:

11



D = 67 nm

Lateral distance between collagen

molecule layers

Transverse mineral 

overlapping

T
c

L 

Zone of collagen

overlap = 0.4D

Zone of collagen

gap = 0.6D

Figure 8: Schematic staggered arrangement of the collagen and mineral within the fibril
with transverse overlapping of mineral. The space between adjacent parallel minerals must
host four collagen molecule layers (Silver and Landis, 2012). Proportions are preserved

Vf =
LWT

(L+ dL)(W + dW )(T + dT )
(10)

where L is the platelet length, W is the platelet width, T is its thickness and
dL, dW and dT are the longitudinal, transverse in-plane and transverse out-
of-plane distances between platelets, respectively (see Fig. 3,4). Considering
the geometrical variables of the problem whose influence has been analyzed
in this work, Eq. 10 has physical meaning for dT > −T .

3. FIBRIL ASSEMBLY WITHIN THE FIBRE

In the previous section we have described the procedure followed in order
to analyze the influence of both longitudinal and transverse overlapping on
the stiffness of a single mineralized collagen fibril. However, it is well known
that fibrils group into fibril-array at a larger scale (see Fig 1) and, within
the fibrils, the minerals can rotate around its own c-axis (Akiva et al., 1998;
Weiner et al., 1999; Rubin et al., 2003), see Fig. 10. Then, the spatial ar-
rangement of the minerals in the fibril assembly is different than in a single
fibril. As a consequence, the stiffness matrix of the fibril assembly will change
and the mechanical behavior of the fibril-array will be different from that of
a single fibril.
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3.1. The influence of Ψ2 angle

In lamellar bone, the fibrils are orientated unidirectionally with a plywood
angle due to the influence of the crystallographic axis of the platelet-shaped
minerals (Akiva et al., 1998; Vercher et al., 2014). This orientation changes
between adjacent layers of fibrils given a characteristic plywood motif of
lamellar bone. The variation of the stiffness in the lamellar bone of an osteon
(Franzoso and Zysset, 2009; Faingold et al., 2012) is mainly attributed to
the pattern followed by the fibrils rather than the bone mineral distribution
(Granke et al., 2012).

Collagen matrix

Hydroxiapatite crystal

Mineralized collagen fibril

c: Principal crystallographic axis 

of the crystal

2

1

2 = 0 

3

x

y

2 = /2 rad

1

2

3

2 y

z c-axis

Figure 9: Schematic representation of the platelet rotation ψ2 of the mineral

In addition, the mineral rotation about the c-axis of the crystal (angle
Ψ2 in Fig. 9) has been less thoroughly studied in the literature. In Akiva et
al. (1998), Ψ2 is constant in the fibrils that present the same unidirectional
orientation. On that base, in Vercher et al. (2014) was proved that the
anisotropic behaviour of the tissue is very influenced by the angle Ψ2.

In the work by Rubin et al. (2003) a more general description is presented
regarding Ψ2. This angle does not remain constant in the set of fibrils that
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follow the same unidirectional orientation. TEM observations of Rubin show
that platelets rotate around the c-axis in a circular pattern of 100-200 nm
(see Fig. 10). This approach allows to expect an averaged influence of Ψ2 for
a given set of unidirectional fibrils grouped together and embedded in the
extra-fibrilar matrix. From the TEM analysis of Rubin et al. (2003), it seems
reasonable that the whole set of fibrils inside a fibre will present a transverse
isotropic behaviour, independently of the extra-fibrilar matrix.

Figure 10: Schematic representation of the rotation of crystals within 200 nm region.
Reprinted from Rubin et al. (2003) with permission of Elsevier

3.2. Lower and upper bounds elastic properties

The numerically homogenized stiffness matrix of the mineralized collagen
fibril C is calculated by means of the finite element method in the coordi-
nate system (1, 2, 3) (see Fig 9). Then, considering the mineral rotation about
the c-axis, the stiffness, or the compliance matrix S, is projected in the same
coordinate system (x, y, z) through qT (Ψ2)Cq (Ψ2) and qT (Ψ2)Sq (Ψ2) re-
spectively, being q (Ψ2) the Lekhnitskii transformation matrix (Lekhnitskii,
1963).

The upper and lower bounds (Hill, 1952) of the elastic properties of the
fibril assembly within the fibre will be calculated by averaging the compliance
matrices in the Ψ2 range [0, 2π]:

CUpper =
1

2π

∫ 2π

0

q (Ψ2)
T Cq (Ψ2) dΨ2 (11)

SLower =
1

2π

∫ 2π

0

q (Ψ2)
T Sq (Ψ2) dΨ2 (12)
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where C and S are the stiffness and compliance matrices, respectively, of the
mineralized collagen fibril obtained from a finite element analysis and Ψ2 is
the angle that mineral rotates about its own c-axis depicted in Fig. 9.

It is worth noting that the integral function is calculated from 0 to 2π
because of the monoclinic behaviour of the fibril (see Vercher et al. (2014)).

The subscripts ”Upper” and ”Lower” refer to the corresponding upper
and lower bounds of the elastic constants. By averaging the matrices SUpper

and SLower, we define the compliance matrix STrans, which corresponds to the
behavior of the fibril assembly shown in Fig. 10. Results refer to transversely
isotropic elastic properties.

4. RESULTS

4.1. Influence of mineral staggering in the fibril elastic constants

In this section, the results obtained for the analysis of Section 2 are
presented. The three dimensional model has been meshed with linear solid
hexahedra and the length of the largest edge is 1 nm. In Fig. 11 the Young’s
moduli are represented as a function of the volume fraction of mineral that
changes as a consequence of an increasing platelet length in the range L ∈
[40, 150] nm with increments of 10 nm. In this case, the lateral space between
platelets remains constant dT = 2 nm. Collagen and mineral have been
assumed isotropic and two sets of material properties, widely used in the
literature, have been considered in this analysis. The properties referenced
as ′′Prop 1′′ are taken from Mart́ınez-Reina et al. (2011): Ecol = 1.2 GPa,
Eap = 114 GPa, νcol = 0.35 and νap = 0.28. The properties denoted as
′′Prop 2′′ are taken from Reisinger et al. (2011) and were used in the previous
work of Vercher et al. (2014): Ecol = 5 GPa, Eap = 110.5 GPa, νcol = 0.3
and νap = 0.28.

Fig. 11 shows an abrupt change in the slope of Ex and then, the curve
intersects the transverse Young’s modulus, Ey. This trend is also noticed
in the work of Gao et al. (2003) and Bar-On and Wagner (2013,b). From
the intersecting point rightwards, the mineralized collagen fibril begins to
benefit from the mineral stiffness. For dT = 2 nm, this situation occurs
when the platelet length is close to 67 nm, causing the initial longitudinal
mineral overlapping. However, in general, this value of the platelet length
varies as a function of the dT distance, as we will see later. In addition,
the Young’s modulus Ez is completely governed by the collagen matrix and
shows, similarly to Ey, a very linear behaviour with respect to Vf .
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Note that the constituent properties have a quantitative (but not qual-
itative) influence on the results, principally in the results of Ex. A change
in the slope of Ey and Ex is observed. We note in passing that this should
be carefully analyzed if the materials were not isotropic. As a consequence,
the remaining results of this Section are obtained considering only the set of
properties named ′′Prop 1′′ and it will be hypothesized that this set of data
includes the effect of the water content (a typical Young’s modulus value
for hydrated collagen is between 300 MPa and 1.2 GPa, see Gautier et al.
(2011)). The wet/dry properties are very important for the good character-
ization of the elastic constant of the fibril. In the present work, isotropic
behavior and wet properties are assumed.

In Fig. 12, the Young’s moduli evolution is represented as a function of
the volume fraction of mineral, by varying the lateral space between platelets,
dT ∈ [3,−3] nm with increments of 1 nm. For the sake of clarity, only the
results for the platelet length of L = 66 nm are depicted. It is noticeable
that again a steep change occurs in the behaviour of Ex. By reducing the
lateral space between platelets, the mineralized collagen fibril can exhibit a
higher stiffness in the axial direction of the fibril as a consequence of the
platelet alignment. However this behaviour is also dependent on the platelet
length: there exist lengths for which this phenomenon never occurs, as it
will be shown later. From Figs. 11,12 it can be observed that both mineral
length and lateral distance between layers have an important role in the
elastic behaviour of the fibril. In this sense, it will be shown below that both
variables can be closely related.

So far, only one variable has been varied each time, L and dT respectively.
In successive figures, both variables have been considered simultaneously so
three dimensional graphics will be used. The surfaces result from the linear
interpolation of the discrete analysis (shown with markers on the surfaces).

In Fig. 13, the same analysis as in Fig. 11 is represented but for one
material only, ′′Prop 1′′. The Young’s moduli variation is represented as a
function of two variables: the lateral distance between adjacent platelets dT
in the x-axis, and the platelet length L in the y-axis. The dimension dT is
varied in the range [1, 3] nm with increments of 1 nm. The dimension L is
varied in the range [40, 150] nm with increments of 10 nm. If we consider
zero or negative values for dT , there would be contact between platelets for
values of L greater than 67 nm and this is avoided in the analysis. The
general trend is repeated again but now it is observed that the intersecting
points between the surfaces Ex and Ey moves, meaning that when minerals

16



get closer (dT is reduced) the platelet length L to give a stiffer fibril in the
longitudinal direction is lower. As dT decreases, the change in the slope of
Ex is much more abrupt.

Fig. 14 shows the variation of the volume fraction of mineral Vf , with the
dimensions dT and L that take values in the same ranges than in Fig. 13.
In agreement with Eq. 10, for closer minerals (lower dT ), the increase of Vf

with L follows a greater slope.
Results shown in Fig. 15 represent the variation of the Young’s moduli

with the lateral distance between adjacent platelets dT in the x-axis, and
the platelet length L in the y-axis. The dimension dT is varied in the range
[−3, 3] nm with increments of 1 nm so, the mineral overlapping in the trans-
verse direction of the fibril is considered. The dimension L takes the values
L = 40, 50, 60, 66 nm.

These results highlight that mineral overlapping in the axial direction is
not strictly necessary to make the fibril stiffer in the longitudinal direction
of the fibril (Bar-On and Wagner, 2013), provided that a lateral overlapping
can exist. However, by reducing dT to negative values is not enough to make
the fibril stiffer in the axial direction. In other words, a minimal platelet
length is necessary.

Fig. 16 shows the variation of the volume fraction of mineral Vf with the
dimensions dT and L that takes values in the same ranges than in Fig. 15.
It is interesting to observe that the lateral space between platelets dT , is a
factor that strongly affects the mineral content in the fibrils, more than the
length of platelets.

By interpolating the discrete results, the volume fraction, the platelet
length and the Young’s modulus (Ex = Ey) corresponding to the crossing
points between the surfaces Ex and Ey in Figs. 13,15 are summarized in
Table 1.

Table 1: Values of the volume fraction of mineral Vf , platelet length L (nm) and Young’s
modulus (GPa) for the crossing points between the surfaces Ex and Ey at the discrete
analysis dT = −3,−2,−1, 0, 1, 2, 3 (nm)

dT -3 -2 -1 0 1 2 3
Vf 0.425 0.284 0.214 0.175 0.151 0.137 0.129
L 60.8 60.9 61.1 62.7 64.8 68.4 73.8

Ex = Ey 13.47 9.32 7.31 6.23 5.49 5.10 4.88
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It can be noted that, as the platelets get closer laterally (dT < 0), a lower
mineral length is needed to make the fibril stiffer in the axial direction and,
at the same time, the mineral content increases.

In Fig. 17, the values given on Table 1 are represented. Actually, this
curve indicates the minimum platelet length for a fixed dT that yields a fibril
stiffer in the axial direction, x, than in the wide transverse, y, where Ex ≥ Ey.
This interpretation can be done inversely, i.e. for a given platelet length L,
the maximum lateral space in the thickness direction, dT , is given. Any
couple of points (L, dT ) that falls within the blue shadowed area provides a
mineralized collagen fibril stiffer in x direction (axial) than in the y direction.
At the markers, the Young’s moduli (Ex = Ey in GPa) and the volume
fraction of mineral Vf , are indicated.

In the Appendix, the element stress components Sx and Sxz are repre-
sented, when a uniform positive strain is applied in the x direction. The
plots help to analyze the load transfer through the collagen matrix when
both transverse and longitudinal mineral overlapping occurs. Additionally,
results obtained for the shear moduli Gxy, Gyz, Gxz and the major and minor
Poisson ratios are summarized. The trend of the results is consistent with
the behaviour observed for the Young’s moduli.

4.2. Transverse isotropic behaviour of fibril assembly within the fibre

In this section, the results obtained for the analysis described in Section 3
are presented. The Young’s moduli, shear moduli and Poisson ratios of the
fibril assembly have been estimated from the transversely isotropic compli-
ance matrix, Strans. In Figs. 18-20 all the constants are represented as a
function of the volume fraction of mineral.

The results correspond to the following dimensions and properties: W =
30 nm, T = 5 nm, dW = 2 nm, dT = 2nm. The platelet length has been
varied in the range L ∈ [40, 150] nm with increments of 10 nm considering
the set of constituents properties referenced as ′′Prop 1′′.

In the y − z plane, the fibril assembly exhibits an isotropic behaviour
as expected. Ey and Ez are equal and lower than the Young’s modulus in
the axial direction, Ex (see Fig.18). The anisotropic trend increases as the
volume fraction of mineral does. In other works (e.g. Akkus (2005); Reisinger
et al. (2010); Mart́ınez-Reina et al. (2011)) analytical based models arrive to
the same conclusion for the fibre or fibril-array. In Reisinger et al. (2011),
the ratio Ex/Ey = 1.33 calculated using nanoindetation, is provided. This
ratio is an important variable to address the Young’s moduli variation across
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the whole osteon (Franzoso and Zysset (2009); Faingold et al. (2012)), not
only the fibril orientation pattern.

Variation of the shear moduli with the volume fraction of mineral (see
Fig.19), shows a local change of behaviour as the platelet length increases.
Even so, the values of Gxy, Gzx and Gyz remain quite similar in magnitude
and trend, and Gxy = Gzx in accordance with a transversely isotropic ma-
terial. The intersecting point between curves is observed for all the lateral
spaces, dT , analyzed in this work and it always corresponds to the instant
when the fibril becomes stiffer in the axial direction. Obviously, this point
changes with different volume fraction of mineral. Variation of the Poisson
ratios is shown in Fig.20. Results are completely compatible with the trend
shown by the other elastic constants.

The results for all the elastic properties considering different dT have been
also calculated. Results shown above prove that the monoclinic single fibril
behaves mechanically in a different way when a set of them are considered
following the circular pattern of the angle Ψ2 proposed by Rubin et al. (2003).

5. CONCLUSIONS AND DISCUSSION

In the present work, a three-dimensional finite element model of the min-
eralized collagen fibril under periodic boundary conditions has been per-
formed, to calculate the homogenized elastic properties (see Vercher et al.
(2014) for details). The numerical results enable to quantify the influence of
the staggered fashion on the elastic constants of the fibril by considering two
geometrical variables in the model: the mineral length, L, and the lateral
space between minerals, dT . Both are involved in the mineral overlapping in
the longitudinal and transverse directions of the fibril, respectively.

The distance dT is measured between the most proximal faces of the
platelets in adjacent parallel layers. If transversal overlapping occurs, dT
becomes negative. Scarce values for dT have been found in the literature.
However, a geometrical restriction exists: there are four collagen molecule
layers between successive parallel platelets (accordingly to the 5D-period
model), so if we consider that the distance between collagen molecule axis
in the mineralized fibril is approximately 1.25 (Fratzl et al., 1991), we need
more than 3.75 nm to host four molecules and their lateral distances. So, the
degree of compaction of the mineral, here related with dT , is bounded by T
and the minimal space to contain four collagen molecules: for example, by
considering the value given by Fratzl mentioned above, dT must be higher
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than (3.75 − 4T )/5. For the numerical case where T = 5 nm, dT must be
greater than -3.25 nm. In other words, for platelet thickness T = 5 nm
and fully mineralized fibril, dT = -3.25 nm will provide the maximum degree
of compaction of mineral. A higher transversal overlapping cannot occur
because the four collagen molecules layers would not fit.

Certainly, to avoid the direct contact between the minerals, there are
some geometrical restrictions in the model presented in this work: for values
of L greater or equal than 67 nm, dT must be positive and, for values of L
lower than 67 nm, dT can be either positive or negative.

This is a simplification that has been made because it is supposed that the
section L−T of the platelets remains in the same plane in adjacent collagen
molecules layers and, if we consider a compact quasi-hexagonal packing of the
collagen molecules, this is not strictly necessary and two kinds of overlapping
could occur. However, this situation would seem to be contradictory with
the presence of channels in the fibril if minerals are platelet-shaped. Another
situation that would deal with the two kinds of overlapping simultaneously
is an irregular shape of the minerals, at least at their ends. Images of this
situation have been observed and can be found in Landis and Song (1991).
Empirical evidence of the existence of the transversal overlapping can be
found in literature (Fratzl et al., 1991; Landis and Song, 1991).

The distance between successive parallel platelets (the distance c in the
model (see Fig. 8) is given in literature: at least 4.2 in Landis et al. (1993).
However, the values provided in the literature correspond to an initial stage
of mineralization and there are no values for a fully mineralized collagen
fibril, like the one supposed in our model.

Results of the first part of the work reveal that both dimensions, L and
dT are closely related in the calculus of the elastic constants of mineralized
collagen fibrils. The mineral overlapping in the axial direction is not enough,
and it is not the only way, to guarantee a higher stiffness of the fibril in the
axial direction than in the wide transverse direction (Bar-On and Wagner,
2013). Results in this work show that as the mineral platelets get closer
(low dT ), the mineral length that makes the fibril stiffer in the axis direc-
tion decreases, even below the necessary length to achieve the longitudinal
overlapping. Explicit values for all the variables are given (see Fig. 17). A
general trend that is observed is that low values of dT and high values of L
lead to a stiffer fibril (in agreement with Jäger and Fratzl (2000)).

The results of this work show that a platelet length unusually high (L
greater than 100 nm) is necessary to achieve typical values of volume fraction
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of mineral within the fibril (e.g. 0.238 in Mart́ınez-Reina et al. (2011), 0.3 in
Fritsch and Hellmich (2007)), if only longitudinal overlapping is considered.
For these typical volume fraction, the Young’s modulus of the mineralized
collagen fibril in the longitudinal axis reaches values between 12 − 20GPa.
This range is in a good agreement with Akkus (2005), despite the collagen
Young’s modulus is different in this work (we compare the stiffness in the
direction governed by the mineral). In turn, if transverse mineral overlapping
occurs, then the Young’s modulus in the axial direction is in the range 4 −
16GPa, for these cases the platelet length L is lower than 66 nm (values
commonly found in literature). It is noticeable that the Young’s modulus Ey

is greater than Ex for lower values of L what is in contrast with Mart́ınez-
Reina et al. (2011). The results of the present work follow the trend given by
Bar-On and Wagner (2013b) but are not directly comparable because in their
work, a periodical length of 2L is considered (being L the platelet length) in
the longitudinal direction of the fibril. In the model of this work, we assume
a value of 335 nm (5D, D = 67 nm) for this dimension, according to a five
1D-staggered collagen molecule layers (Silver and Landis, 2012).

For the Poisson ratios, there are few results in the bibliography. The re-
sults provided in this work are in agreement with the results of the analytical
approach of Akkus (2005).

On the other hand, the transversely isotropic elastic constants of the
fibrils assembly within a fibre have been estimated considering the observa-
tions of Rubin et al. (2003). This study provides the elastic constants of
an equivalent fibril where the rotation of the minerals around the principal
crystallographic c-axis is included.

Results in the second part of this work show that the influence of the
rotation angle Ψ2 on the elastic constants of the fibrils assembly within the
fibre-array, by considering the observations of Rubin et al. (2003), is very
high. In this case, a transverse isotropic behaviour is obtained (in agreement
with Reisinger et al. (2010)) that tends to be more anisotropic when volume
fraction of mineral increases. Following the array proposed by Rubin et al.
(2003), results shown in this work reveal that the fibril assembly inside the
fibre is stiffer in the axial direction regardless the presence of mineral over-
lapping in the individual fibrils. This allows to conclude that the influence
of the angle Ψ2 can not be neglected. In the present work, the consideration
of the extra-fibrilar matrix is not addressed.

In future works it will be necessary to address the mechanisms involved
in the load transmission within the fibril. To model the cross-links between
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collagen molecules is an important feature that merits a detailed study. They
all play a fundamental role in load transfer. An interesting goal is to under-
stand the failure mechanisms associated with the stress state generated for
different constituents configurations in the staggered arrangement. Another
important point to be considered in a future work is the influence of non
isotropic wet constituents.

6. APPENDIX: Influence of the axial mineral overlapping on shear
moduli and Poisson ratios of the mineralized collagen fibril

In order to analyze the load transfer through the collagen matrix, the
element stress components Sx and Sxz are represented in Figs. 21,22 respec-
tively, when a uniform positive strain is applied in the x direction of the
cell volume. In both figures, a constant platelet length L = 66 nm is con-
sidered for two different lateral space between platelets: dT = 3 nm on the
left and dT = −3 nm on the right. Additionally, in Figs. 23,24, the same
stress components are shown under the same load case but a constant lateral
space between platelets dT = 1 nm is considered for two platelet lengths:
L = 60 nm on the left and L = 70 nm on the right.

When lateral overlapping exists (dT ≤ 0) and L is sufficiently large (see
Fig. 21), we have observed that the collagen matrix that is present in the
regions between the crystals on the loading direction, is highly loaded in
tension as a consequence of the large local strain. In the interface between
collagen and the highest dimension of the mineral, L, the load is transferred
through shear stress (see Fig. 21). Otherwise, when longitudinal overlap
exists (L > 67 nm) and dT is positive, but sufficiently low (see Figs. 22,24),
then the collagen matrix confined in the lateral space between crystals is
highly loaded in shear as a consequence of the reduction of the resistent
cross area. It can be observed that the increment of the shear stress in this
section produces a local bending moment near the ends of the crystals.

On the other hand, results for shear moduli and Poisson ratios are shown.
For the sake of brevity, only the results corresponding to the influence of the
longitudinal mineral overlapping are depicted. Different positive lateral space
between minerals, dT ∈ [1, 3] nm have been considered, with increments of
1 nm. For each value of dT , the platelet length has been increased from
L = 40 nm to L = 150 nm with increments of 10 nm.

Results for shear moduli are represented in Fig. 25. The Gxy modulus is
the largest and shows a slope increment in a similar trend to Ex (see Fig. 13).
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Both Gyz and Gzx show a similar behaviour and remain always lower than
Gxy.

The variation of Poisson ratios with the volume fraction of mineral is
shown in Figs. 26-28. These figures represent by pairs, the major and minor
Poisson ratios. All the values and trends are in agreement with the results
presented in Section 4, since all the values are extracted from the symmetric
stiffness matrix. It can be observed that:

- The Poisson ratios νxy and νyx curves intersect following the same be-
haviour as Ex and Ey.

- Since Ex is larger than Ez, the curve of νxz remains always above νzx.

- νyz is highly dominated by the collagen matrix and is higher than νzy
because Ey is greater than Ez.

- νyx and νzx present the highest reduction at a similar Vf at which the
fibril becomes stiffer in x direction.

The model proposed in this work presents one plane of symmetry (plane
x − z) and that is why the mineralized collagen fibril shows a monoclinic
behaviour. The rest of terms (coefficients of mutual influence and Chentsov
coefficients) that wholly characterize the elastic behaviour of the fibril, are
quantitatively much lower than the other engineering constants.
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for a constant platelet length, L = 66 nm
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Figure 13: Variation of Young’s moduli with the lateral distance dT , in the range [1, 3] nm,
and the platelet length L, in the range [40, 150] nm
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Figure 14: Variation of volume fraction of mineral Vf with the lateral distance dT , in the
range [1, 3] nm and the platelet length L, in the range [40, 150] nm
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Figure 15: Variation of Young’s moduli with the lateral distance dT , in the range
[−3, 3] nm, and the platelet length L values L = 40, 50, 60, 66 nm
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Figure 16: Variation of volume fraction of mineral Vf with the lateral distance dT , in the
range [−3, 3] nm, and the platelet length L values L = 40, 50, 60, 66 nm

35



3 2.5 2 1.5 1 0.5 0 0.5 1 1.5 2 2.5 3
60

61.4

62.8

64.2

65.6

67

68.4

69.8

71.2

72.6

74

cruce

3-3 -2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 2.5

dT (nm)

W = 30 nm, T = 5 nm, dW = 2 nm

61.4

64.2

65.6

67

69.8

72.6

62.8

68.4

71.2

74

60

Ex = Ey in (GPa)

Ex > Ey

L (nm)

E = 5.49,  Vf = 0.15

E = 5.10,  Vf = 0.14

E = 4.88,  Vf = 0.13

E = 6.23,  Vf = 0.18

E = 7.31,  Vf = 0.21
E = 9.32,  Vf = 0.28

E = 13.47,  Vf = 0.42

Platelet direct contact
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Figure 18: Variation of Young’s moduli with the volume fraction of mineral for the
fibril assembly within the fibre, by considering different platelet lengths in the range
L ∈ [40, 150] nm. Inset: schematic representation of the fibril set reprinted from Rubin et
al. (2003) with permission of Elevier
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Figure 19: Variation of shear moduli with the volume fraction of mineral for the fib-
ril assembly within the fibre, by considering different platelet lengths in the range L ∈
[40, 150] nm. Inset: schematic representation of the fibril set reprinted from Rubin et al.
(2003) with permission of Elevier
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Figure 20: Poisson ratio variation with the volume fraction of mineral for the fibril assem-
bly within the fibre, by considering different platelet lengths in the range L ∈ [40, 150] nm.
Inset: schematic representation of the fibril set reprinted from Rubin et al. (2003) with
permission of Elevier
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Figure 21: Detail of the element stress component Sx when a uniform strain is applied in
the x direction. It has been considered a constant platelet length L = 66 nm. Two different
lateral spaces, dT , between platelets are shown to analyze the load transfer through the
collagen matrix: dT = 3 nm on the left and dT = −3 nm on the right
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Figure 22: Detail of the element stress component Sxz when a uniform strain is applied in
the x direction. It has been considered a constant platelet length L = 66 nm. Two different
lateral spaces, dT , between platelets are shown to analyze the load transfer through the
collagen matrix: dT = 3 nm on the left and dT = −3 nm on the right
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Figure 23: Detail of the element stress component Sx when a uniform strain is applied in
the x direction. A constant lateral space between platelets dT = 1 nm has been considered.
Two platelet lengths are shown to analyze the load transfer through the collagen matrix:
L = 60 nm on the left and L = 70 nm on the right
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Figure 24: Detail of the element stress component Sxz when a uniform strain is applied in
the x direction. A constant lateral space between platelets dT = 1 nm has been considered.
Two platelet lengths are shown to analyze the load transfer through the collagen matrix:
L = 60 nm on the left and L = 70 nm on the right
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Figure 25: Variation of shear moduli with volume fraction of mineral by considering dif-
ferent platelet lengths, in the range L ∈ [40, 150] nm. Results are obtained for positive
lateral space between platelets, dT = 1, 2, 3 nm
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Figure 26: Variation of major and minor Poisson ratios νxy, νyx with volume fraction of
mineral by considering different platelet lengths, in the range L ∈ [40, 150] nm. Results
are obtained for positive lateral space between platelets, dT = 1, 2, 3 nm
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Figure 27: Variation of major and minor Poisson ratios νxz, νzx with volume fraction of
mineral by considering different platelet lengths, in the range L ∈ [40, 150] nm. Results
are obtained for positive lateral space between platelets, dT = 1, 2, 3 nm
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Figure 28: Variation of major and minor Poisson ratios νyz, νzy with volume fraction of
mineral. Results are obtained for positive lateral space between platelets, dT = 1, 2, 3 nm
and different platelet lengths, L ∈ [40, 150] nm
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