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REPRESENTATIONS FOR THE GENERALIZED DRAZIN
INVERSE IN A BANACH ALGEBRA

(COMMUNICATED BY FUAD KITTANEH)

J. BENITEZ!, X LIU2 AND Y. QIN2

ABSTRACT. In this paper, we investigate additive properties for the generalized
Drazin inverse in a Banach algebra «/. We give some representations for the
generalized Drazin inverse of a + b, where a and b are elements of &/ under
some new conditions, extending some known results.

1. INTRODUCTION

The Drazin inverse has important applications in matrix theory and fields such
as statistics, probability, linear systems theory, differential and difference equations,
Markov chains, and control theory ([Il 2, [I1]). In [9], Koliha extended the Drazin
invertibility in the setting of Banach algebras with applications to bounded linear
operators on a Banach space. In this paper, Koliha was able to deduce a formula
for the generalized Drazin inverse of a + b when ab = ba = 0. The general question
of how to express the generalized Drazin inverse of a + b as a function of a, b, and
the generalized Drazin inverses of a and b without side conditions, is very difficult
and remains open. R.E. Hartwig, G.R. Wang, and Y. Wei studied in [8] the Drazin
inverse of a sum of two matrices A and B when AB = 0. In the papers [3] [4, [5] [7],
some new conditions under which the generalized Drazin inverse of the sum a + b
in a Banach algebra is explicitly expressed in terms of a, b, and the generalized
Drazin inverses of a and b.

In this paper we introduce some new conditions and we extend some known
expressions for the generalized Drazin inverse of a+b, where a and b are generalized
Drazin invertible in a unital Banach algebra.

Throughout this paper we will denote by 2/ a unital Banach algebra with unity
1. Let &/~ and 79" denote the sets of all invertible and quasinilpotent elements
in o7, respectively. Explicitly,

dt={acd:Fr A ar=2a =1},
qnil __ . : n||l/n _
o —{CLE;Z/.HEIEOOHQ I/ =0}.
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If 4 is a subalgebra of the unital algebra 7, for an element b € %!, we shall
denote by [b71] 4 the inverse of b in Z. Let us observe that in general ! ¢ o7 ~1
(for example, if p € &/ is a nontrivial idempotent and 2 is the subalgebra po/p,
then the unity of 4 is p, and therefore, p € -1\ &/~ 1).

Let a € &7, if there exists b € &7 such that

bab = b, ab = ba, a(l — ab) is nilpotent, (1.1)

then b is the Drazin inverse of a, denoted by aP and it is unique. If the last condition
in (1) is replaced by a(1 — ab) is quasinilpotent, then b is the generalized Drazin
inverse, denoted by a? and is also unique. Evidently aa? is an idempotent, and it
is customary to denote a™ = 1 — aa¥. We shall denote

a4 ={aco:3a'}.

In particular, if a(1—ab) = 0 then b is called the group inverse of a. It was proved in
[9l Lemma 2.4] that a? exists if and only if and only if exists an idempotent ¢ € .27
such that aq = qa, aq is quasinilpotent, and a+ ¢ is invertible. The following simple
remark will be useful.

Remark 1.1. If the subalgebra B C o/ has unity, then =1 C &9 and ifb € B,
then b4 = [b=1)%. In fact, let e be the unity of B, since bb™]z = [b~|zb = e, it
is easy to see (b=l zb = b, b~ zbb sz = [b" %, and [b~ ] zb = bb~!]%.

Following [4], we say that & = {p1,p2,...,pn} is a total system of idempotents
in o if p? = p; for all i, p;p; = 0if i # j, and p1+- - -+p, = 1. Given a total system
& of idempotents in o7, we consider the set .4, (<, &) consisting of all matrices
A = [a;]7 =, with elements in < such that a;; € p;o/p; for all 4,5 € {1,...,n}.
Let us recall that p;o/p; is a subalgebra of &/ with unity p;. In [4, Lemma 2.1] it
was proved that ¢ : & — A, (o, P) given by

p1xp1r p1xp2 -+ P1IPn

p2xp1  p2xp2 - P2IPn
P(z) = . . , .

PnZp1 PnIpP2 -t PndPn | 4

is an isometric algebra isomorphism. In the sequel, we shall identify z = ¢(z) for
x € &/. Another useful (although trivial) identity is

n
x:Zpixpj Ve

1,j=1

If a € o is generalized Drazin invertible, then we have the following matrix
representations:

—1
o — aq 0 7 CLd _ [a1 ]pmp 0 , aﬂ. _ 0 0 ,
0 a2 |, 0 01, 0 1-p ],

where p = aa?, Z = {p,1 —p}, a1 € [p/p]~!, and as € [(1 — p)o/ (1 — p)]9"!. Let
us remark that if @ has the above representation, then a® = [a1 ™!y, = af.
The following lemmas are needed in what follows.
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Lemma 1.1. Let & = {p,1 — p} be a total system of idempotents in <7 and let
a,b € o have the following representation

{ z 0 ] [ z t }
a= , b= 0 .
Yl Yl
Then there exist (2,)22, C (1 — p)p and (t,)52 o C po/ (1 — p) such that
a"z[w On} and b"z[w tfl} vV neN.
Zn Y" | o 0 ¥ ],

The proof of this lemma is trivial by induction and we will not give it.

Lemma 1.2. [4, Theorem 3.3] Letb € /9, a € &%, and let ab™ = a and b™ab = 0.
Then a+b € o7 and

(a+0)* =b"+> ()" Pala+b)".
n=0
The following Lemma is a generalization of Theorem 1 in [6]. Although it was
stated for bounded linear operators in a Banach space, its proof remains valid for
Banach algebras.

Lemma 1.3. Let a,b € /¢ such that ab = ba. Then a +b € /4 if and only if
1 +a% € &79. In this case we have

(a + b)d _ ad(l + adb)bbd Y i(_b)n(ad)nqtl + i(bd)nqu(_a)nafr'
n=0 n=0

Lemma 1.4. [4, Example 4.5] Let a,b € o/ be generalized Drazin invertible and
ab =0, then a + b is generalized Drazin invertible and

(a + b)d —p" Z bn(ad)n-i-l + Z(bd)nﬁ-lanaﬂ'
n=0 n=0

Lemma 1.5. [4, Theorem 2.3] Let x,y € <7, p an idempotent of &/ and let x and
y have the representation

a 0 ] [ b ¢ }
x = , y= . (1.3)
{ ¢ b {p,1-p} 0 a {1-p,p}
(i) Ifa € [pa/pl® and b € [(1 —p)/ (1 —p)|4, then z,y € &9 and
ad 0 Woowu
l’d—{u bd] ) yd—{o ad] (1.4)
{p,1-p} {1-p.p}
where
u= Z(bd)’”rzca"a’r + Z b b"c(a®)"+? — bdcad. (1.5)
n=0 n=0
(ii) If x € @4 and a € [pa/p]?, then b € [(1 — p)o/ (1 — p)]¢, and 29 and y? are
given by (L) and (T3).

Lemma 1.6. [5 Lemma 2.1] Let a,b € &/ and let ab = ba or ab = 0, then
a+be .o/,
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2. MAIN RESULTS

In this section, for a,b € 7, we will investigate some formulas of (a + b)¢ in
terms of a, b, a¥, and b9.

Theorem 2.1. Leta,b € o be generalized Drazin invertible and satisfying b™a™ba =
0, b"aa%baa? = 0, ab™ = a. Then

(a+0b) =04 +u+ b,

where
v=a'+> @)"ba+0)", u=> (Y)""a(a+b)"(a+b)" - bav.
n=0 n=0

Proof. Let p = bbd and & = {p,1—p}. Let a and b have the following representation
L U N (2.1)
0 b2 P aq az @
where by is invertible in p&/p and be is quasinilpotent in (1 — p)</(1 — p). Since
ab™ = a and
welz 2] [0,
ag az |, 0 1—p »
we have as = a4 = 0. Hence
b1 0 0 a1 b1 a1
b= , = , b= (2.2
[0 bQLZ @ [OaQLZ ot [0a2+b2]@ (22)

By observing the representation of a given in (22) and a simple appealing of
Lemma [[H] yield

dy2
a"=[8 al(a(?) ] (2.3)
2 @
and
aw_l_(md_[p 0 ] _{0 a1} {0 al(ag)2] _{p —alag} '
0 1-p |, [0 a2, 0 af p 0 a5—p |,

(2.4)
To explain better the “southeast” block of a™ in the above relation, let us permit
say that aJ is defined as 1 — aga$, the element 1 — p — azad = a — p belongs to
(1 —p)eZ(1 — p), but af does not need belong to (1 — p)«Z(1 — p). In fact, since
aj —p € (1 —p)/(1 — p), one has (af — p)p = p(a] —p) = 0, or equivalently,
azp = paz = p.

In view of the last representation in ([2.2)), we shall apply Lemma to find
an expression of (a + b)9. To this end, we need prove b; € [pa/p| and as + by €
[(1—p)eZ(1—p)]¢. The fact by € [po/p]? follows from b € &7 and the representation
of bin (2, in fact, we have b = [b; '], = b. We shall study (ag + b2)? in the
following lines. Let us represent as and by as follows:

ai; 0 bi1 b2
= N b = y 25
@2 { 0 a22:|g 2 [b21 bao ]Q (25)
where ¢ = adas and 2 = {q,1 — p — ¢} (which is a total system of idempotents

in the subalgebra (1 — p)<Z(1 — p)). Observe that since ¢ € (1 — p)&/(1 — p) and
1 — p is the unity of (1 — p)&/(1 — p), then ¢(1 —p) = (1 — p)g = q, or equivalently,
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gp = pqg = 0. Recall that in the above representation of as in (2.5]), the element a1;
is invertible in ¢7q and a9 is quasinilpotent.
Since b™a"ba = 0 and by (2.2), (Z4), we have

0 = b a"ba
B {O 0 } [p —alag] [bl 0] {O al]
o 0 1-p |10 af—=p|,[ 0 b2],[0 a2 |,

_Jo 0
0 (a —p)baas P
= (a3 —p)baaz.

But observe that by € (1 — p)«/(1 — p), and thus, pbe = 0. Therefore, 0 = aJboas
holds.

It seems that we can use (Z0) and 0 = afbsas to get some information on
bi;, but observe that we cannot represent a3 in the total system of idempotents
2 since in general af ¢ (1 — p)o/(1 — p). To avoid this situation, let us define
Z = {p,q,1 — p— q}, which in view of pg = gp = 0, it is trivial to see that Z is a
total system of idempotents in <. Since af = 1 — azad =1 — ¢,

p 0 0 0 0 0 0 O 0
0 = a;erCLQ: 0 0 0 0 bll b12 0 a1 0
0 0 1—p—q @ 0 b21 b22 % 0 0 ang %
0 0 0
= 0 0 0
0 baranr baraz |,

Thus, ba1ai; = 0. Since aq; is invertible in go/q and be; € (1 — p — q)«7q (this last
assertion follows from the representation of by given in (Z1))), we get

by = 0. (2.6)

Let us calculate b™aa9baal.
d d
b”aadbaad _ 0 0 0 alag b1 0 0 alag
Ol—pg,OazaQ@ObgyOagaQ@
_ 0 0
o 0 asalbsasal P

Thus, b"aa%baad = agagbgazag = gbaq; hence representation (2.5) entails b;; = 0.
Since (2.6]) holds, then

0 0 O p 0 0 0 0 O
bgag = 0 0 b12 0 0 0 = 0 0 b12 = b2
0 0 b22 % 0 0 1-— pP—q @ 0 0 b22 %

Thus, the following conditions
(i) ag € & (ii) b is quasinilpotent (iii) boal = by (iv) aZbaas = 0.

are satisfied. Hence, we can apply Lemma to get an expression of (by + as)?
obtaining

(ag + b2)? = a$ + Z(ag)"+2b2(a2 + bo)™.

n=0
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By Lemma applied to the representation of a + b given in ([2.2]) we obtain

(a+b)? = b Yo (2.7)
0 (a2+b)? |,
where
u = Z(b?)n+2ﬁl (CLQ + bz)n((ZQ + bz)ﬂ + Z b?b?&l[(ﬂdz + bQ)d]n+2 — bclitll (CLQ + b2)d.
n=0 n=0
(2.8)

Recall that b = b9, Easily we have bb%a = a1, bbb = by, and b™b = by. From (2.3)
we get b"a? = ad. By Lemma [Tl and the representations of a + b and a? given in
Z2) and (Z3)), respectively, we have b™(a + b)* = (a2 + b2)¥, and b™(a)* = (ad)*
for any positive integer k, Hence

(az +b2)* =b"a + > b™(a®)"2H"bb" (0 + b)".
n=0
This last expression can be simplified by observing that b"bb™ = b™b and that by
Lemma [[T] there exists a sequence z,, € & such that

0 z 0 0 0 z
d\n+2;7 __ n o n _ d\n+2
O I Ao O e LR e B
Therefore,
(ag 4+ by)d = b7 (ad + Z(ad)"+2b(a + b)") . (2.9)
n=0

Now we will simplify the expression of u given in ([Z.8]). Observe that for any n > 0,
one has

n>0 = (b 2a; = (6" 2bbda = (09" 4. (2.10)
Moreover, by (Z2]) we have
(a+b)™ = 1-(a+b)(a+b)
KR P RN K e
T Lo 1=p |, [0 axtby |, | 0 (aa+ba) |,
B { p — bb¢ —biu — aj(ag + by)d ]
N 0 1—p—(az+b2)(az +b2)? |,

Thus, and by using Lemma [Tl and (Z7), there exists a sequence (z,)22; in &7
such that

b™(a +b)"(a+b)"
- [ 0 0 ] [ by Ty ] { p—bbd  —biu—aj(az + be)?
Tl 0 1-p @ 0 (ag+b2)" P> 0 (az+b2)" —p P

= (a2 + b2)" [(a2 + b2)™ — pl,

but recall that as + b2 € (1 — p)o/(1 — p), and thus, if n > 0, then (ay +
ba)" [(a2 + b2)™ — p| = (ag + b2)" (a2 + b2)™. Thus

n>0 = bﬂ-(a—Fb)n(CL—Fb)ﬂ- = (CLQ +b2)n(CL2—|—b2)ﬂ-. (211)
Now we can prove that
(b‘lj)"+2a1(a2 +b2)"(ag +b2)" = (bd)"+2a(a +b)"(a+b)" (2.12)
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holds for any n € N. Since, as is easy to see, ab™ = a, then we have for any n > 0

that (2I0) and 2.11)) lead to
(b)) 2ay (ag+b2)" (ag+bo)™ = (b4 2ab™ (a+b)"(a+b)™ = (b4)" 2a(a+b)" (a+b)".
Now, we will prove that ([2I2) holds for n = 0:

)2 0 0 a p—bibd —biu—aj(az + b2)?
bd2 +b7‘r — |:(1 :| |: 1:| |: 191 1 1(02 2
(b°)"a(a +) 0 0],]0 a |, 0 (az + bs)™ — p

= [ 8 (b(lj)2a1 [(a20+ b2)7r _p] ]y — (b(11)2a1 [(a2 + b2)ﬂ— _p] )

P

But observe that a1 € po/(1 — p), and hence a;p = 0. Thus, we have proved
(b9)%a(a + )" = (b9)%a1(as + bo)™.

And thus, (2I2) holds for any n € N.

Now, we are going to simplify the expression > - bTbTa1(az+b2)" "2 appearing
in (Z8). Recall that b7 = b™ and a; = bba were obatined. Observe that if n > 0,
then bTb} = b™b7 = (1—p)b} = 0 since by € po/p. Furthermore, bTa; = b™bb% = 0.
Thus

> bibta[(az + by)4)" = 0. (2.13)
n=0
From 23), b = b9, a; = bba, and ab™ = a we get
b‘lial(ag + bg)d =
= bdpbdab™ <ad +) (@) 2b(a + b)") =bda <ad + ) (a®)"2b(a + b§2>4)
n=0

n=0
Now, 27), (Z8), 9), (Z12), @I3), and ZI4) prove the theorem. O
Remark 2.1. If b is group invertible, then the condition b™a™ba = 0 implies
b"aa%baa® = 0. In fact, since bb™ = 0, then b™aa%baa® = b™(1 — a™)baa? =
—b"a"baa® = 0.
Remark 2.2. Theorem[Z1 extends LemmalL.2 If b is quasinilpotent, then b4 = 0
and b™ = 1. Notice that ba™ = b clearly implies aa®baa® = 0.

Theorem 2.2. Let a,b € &/ be generalized Drazin invertible. Assume that b™ab =
b"ba and ab™ = a. Then

(a+b)4 =0+

o0

+0" Z(_l)n(ad)ngn + i(bd)"”a(a +b)"(a+b)" —ba i(_l)n(ad)n-‘rlbn'

n=0 n=0 n=0

Proof. As in the proof of Theorem 2.1], if we set p = bb?® and by using ab™ = a, then
the representations given in (2Z2]) are valid, where &2 = {p,1 — p}, b; is invertible
in poZ/p and by is quasinilpotent. Since

b ab — 0 0 0 ay b
0 1=p],[0 a2 |,

0
- . 0 0 by 0 0 a o
bba_{o 1—p]@{0 b2]@[0a2]@_{

H
Nalk=)
—_ 1
Q

Il
| —

0 0

0 agbe |’
0

0
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and b™ab = b™ba, then asbs = baas. Lemmall3 guarantees that bo+-as is generalized
Drazin invertible if and only if 14 bdas is generalized Drazin invertible; but observe
that by is quasinilpotent, and therefore b3 = 0. So, by + ay is generalized Drazin
invertible. Also, b5 =1 — bgb$ = 1 and Lemma [[3] lead to
(b2 +a2)* = (a9)" " (=bo)".
n=0

By 23) and Lemma [[T] there exist a sequence (z,)5%; in poZ(1 — p) such that
(a)™ = z,, + (a$)™ for any n € N, thus

0 0 0 z b 0
e = 8.0 [8 ][4 2]
(a%) 0 1=p ), 0 (a)" |, [ 0 by |,
0 0 nilin
= |: 0 (a’czi)n+lbg :|3z = (ag) +1b2.
Thus,
(az +b2) =b" > (=1)"(a®)"o". (2.15)
n=0
By employing Lemma for the representation of a + b given in ([Z2) we get
(a+b)4 =0 + (by + a2)? +u, (2.16)
where
u = Z(b‘;)n+2a1 (CLQ + bQ)n(CLQ + b2)7'r + Z b'{rb?al[(ag + b2)d]n+2 — b‘fal (CLQ + b2)d.
n=0 n=0

As in the proof of Theorem 2.1] we have that (212) and b7bTa; = 0 for any n > 0
hold. Furthermore, since a1 = bb%a and ab™ = a, then

bay(ag + b2)? = b9bb?ab™ i(—l)”(ad)”“b” = bdai(—l)"(ad)”“bn.
n= n=0
Therefore, i
u = i(bd)"JrQa(a +b)"(a+b)"™ —bla i(—l)”(ad)mrlb". (2.17)
n=0 n=0
Expressions (2.10), 2.16]), and [2I7) permit finish the proof. O

Theorem 2.3. Let a,b € & be generalized Drazin invertible. Assume that they
satisfy aba = 0 and ab®> = 0. Then

atbed? <= a"(a+b) € F? <= b"a"(a+b) € F? < a"b"(a+b) € .
Furthermore, if b™ab =0 or b"ba = 0, or b™ab = b"ba, then a +b € &% and
(a+b) =4 +v+b"a® + u+ 0" (a¥)?b + ua’d,

where -
u="b"a"b" Z(a + ba”)"bb”(ad)"+2,
n=0
v = Z(bd)"+2a(a +b)"[1 — s(a + b)] — b%aal,
n=0

where s = b"a® +u + b™(a)?b 4 uadd.
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Proof. Since ab? = 0, then a and b have the matrix representation given in (2.2)).
Now, we use 0 = aba.

ba — 0 aq bl 0 0 aq . 0 a1b2a2
ava = 0 as P 0 b2 P 0 as P o 0 a2b2a2 g.
Thus a;baas = asbsas = 0. Let ¢ = azad and 2 = {¢,1 — p — ¢} (a total system of
idempotents in the algebra (1 — p)o/(1 — p)). We represent

4y = { ann 0 } 7 by = [ bir b2 ] , (2.18)
0 axn |, bar ba2 |,
where a1; is invertible in the subalgebra ¢o/q and ass is quasinilpotent. We use
CLQbQ(ZQ =0

asbaas = | 1 0 bir bia a0 _ | anbnian  anbizazn

0 a22 | 4 ba1  baa 2 0 az | 4 azoba1a11  agzbasass ,02'
Thus, 0 = a11b11a11 and 0 = a11b12a22. The invertibility of a1 in the subalgebra
qa/q and b1y € q#/q ensure by; = 0. In a similar way we have bisazs = 0. Using

ab? = 0 leads to azbg = 0. Hence a11b12b21 = 0 and a11b12b25 = 0. The invertibility
of a11 (in qo7q) leads to bi2be; = 0 and biabes = 0. Now let us define

| 0 bi2 | a1 0
x—[o 0 L@ and y—[b21 a3y + by ],@ (2.19)

From (ZI8) and b1; = 0 one trivially gets as + by = x + y. From biabs; = 0,
b12a22 = 0, and b12b22 = 0 we have Ty = 0.
Let us prove

a+be = a22+bz2€[(1—]9—(1)437(1—]9—(1)](1- (2.20)

=: Assume that a +b € &79, then by the representations given in ([2.2]) we have
that az + by € [(1 —p) (1 —p)|¢, ie, aa +bo =2 +y € [(1 —p)Z(1 —p)]¢. We
can apply Lemma [[4lto y = —x + (x4 y) because —z € &7¢ (since (—z)? = 0) and
—z(z +7) = 0 obtaining y € &¢. Lemma and the representation of y in (219)
ensure that age + boo is generalized Drazin invertible.

<: Assume in this paragraph that ass + bos is generalized Drazin invertible.
By recalling that a;; is invertible in the subalgebra ¢<7q, the representation of y
in ZI9) leads to y € [(1 — p)&/(1 — p)]?. Since 22 = 0, 2y = 0, and = +y =
as + b, Lemma [ yields as + bz € [(1 — p)«/(1 — p)]¢. Now, Lemma [[H and the
representation of @ + b in (Z2)) ensure that a + b € &79.

Our next goal is to express the right side of the equivalence (Z20) in terms of a
and b. To this end, let us define Z = {p,q,1 — ¢ — p}, which is easy to see that it
is a total system of idempotents in 7. First we notice that

" p 0 0 0 0 0
aj(az+b2) = 0 0 0 0 ann+bn bi2
100 1=p—q |, [0 ba1 az2 +b2 |,
[0 0 0
- o 0 0 : (2.21)
L0 (I-p—qlas1 ax+bxn |,

which, in view of Lemma [[.5] ensures that ags + bay is generalized Drazin invertible
if and only if af(ag + b2) is generalized Drazin invertible. Now, we shall use (24)),
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by € pp, a1 € pe/ (1 —p), and ag,be € (1 — )/ (1 —p),

d d
- | p —aag b1 ay | b1 a1 —aral(as + be)
“(‘“Lb)_[o az;—p]g,[o a2+b2]a_{o aZ(az + ba) '

- _ 0 0 b1 al—alag(az—FbQ) _ 0 0
b“(‘”b)_{o l—p]@[o aZ(as + by) s L0 af(aa+by) |,

and

d
T _ p —aiag 0 0 bl al
a’biatd) = [0 a’g—p]@[o 1_p]9[0 a2+b2]9

[ 0 —aial(az + ba) }
0 a%(ag + be) & ’

an appealing to Lemma [[.7 leads to
a3 (ag+be) € 7% = a™(a+d) € Z¢ = b"a"(a+b) € F! < a"b"(a+b) € F°.
We shall prove the second part of the Theorem. Since

ey [0 0 0 wool _Jo o] _ .
a_Ol—pQOagg, 0 by 9_0a2b2 g—azz

and

- [o o by 0 0] _[O o0 B
bb“_[o 1—p]9[0 bQLZ[o aQLZ_[o anQL_bm’

then

b"ab=10 or b"ba =0 or b"ab="b"ba = ashby =0 or bsas =0 or asby = baas.
The representations given in (ZI8) lead to

asba = 0 or baag = 0 or asby = baas = ag3bas = 0 or bagass = 0 or asabas = bosass.

Since age and boy are quasinilpotent, then the above implications and Lemma
lead to

b"ab=0 or b"ba=0 or b"ab=>b"ba = ass + byo is quasinilpotent.

In particular, by employing equivalence (Z.20) we get that a+b € <79, Furthermore,
by using Lemma [[.4], 22 = 0, and 2y = 0, one gets

(a2 +b2)* = (x+y) =y Zy ”“+Z ) HateT =yt 4 ().

From (219) and Lemma [[.5 we get

yd = af; 0 _ af; 0
u  (ag +b2)! |, u 0 ],’

where
u = Z(agz + bgz)nbgl (aclil)n+2. (2.22)
n=0
So

(4)2z = aj; 0 ady 0 0 b2 _ |0 (all) bia (2.23)
w 0], w 0],[0 0 ], |0 waibp |, 7
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In view of [Z2) and (ZIS) it is simple to obtain b™a¢ = ad = a¢; and b"(a?)? =
(a9)? = (ad;)%. We have

a+ba" = 0 a + bi 0 p —aiag _| b a1 — biaiag
0 as P 0 bo @ 0 ag_p P 0 a2+b2a727

By Lemma [[1] there exists a sequence (w,, )52 in 7 such that

P

T\ b711 Wnp,
(a+ba™)" = [ 0 (az + bpad)" ]@
and thus, b™(a + ba™)™ = (a2 + b2aj)™. But another appealing to Lemma [[.T] and
some computations as in (ZZI) lead to (1 — p — ¢)(az + b2a3)™ = (a2 + baa)™.
Observe that (Z4) yields b™a™ = af —p = 1 — ¢ — p. Thus b"a™b™(a + ba™)" =
(ag2 + b22)™. In view of (ZI]) and b3 = 0 we get ba; = bag. But, it is simple to
prove b™aa® = agag = ¢ and by = bb™. Hence by = bb™b"aad = bb™aa®. Moreover,
(ad1)F = (a$)¥ = b™(a®)* holds for any k € N in view of Lemma[[Il If we take into
account that ab™ = a9 holds, then (Z22)) becomes

u=>b"a"b" Z(a + ba™)"bb"a(a)" T = bTa™b" Z(a + ba™)"bb" ()" 2. (2.24)
n=0 n=0

From by, = 0, 2.I8), and a’b™ = a? we have bjs = gby = b"aa’b"b = b"aab. This
observation allows us to simplify the entries of (y¥)2z given in (Z.23):

(af,)?b12 = [b™(a%)?] [b"aab] = b™(a%)?b

and
uad by = [b”a”b” D (a+ ba”)”bb”(ad)"“] [b™a%] [b"aab] = uab.
n=0
Therefore,

(a2+b2)d = yd—|—(yd)2:1: = a‘fl +u—|—(a‘f1)2b12+ua?1b12 = b”ad+u+b”(ad)2b+uadb.

(2.25)
By Lemma [[5]
(a+b) = { b v ] (2.26)
0 (as+bo) |,
where
v="> ()" Pai(az +bs)"a5 + Y bTbTar[(az + bo)*]" T — blas(as + ba)".
n=0 n=0

Since b9 = b4, a; = bbla, (a2 + b2)" = b™(a + b)", az,bs € (1 — p)(1 — p),

af =p+bTa”, ab™ = a, a’b™ = a and ub™ = u (this last equality is obtained from
@24)) we have
(a2 +b2)" = 1—(az+b2)%(az +b2)
1= (ba® +u+b"(a®)’b + uab)b”™ (a + b)
= 1— (b a® + u+b"(a%)b + uab)(a + b)
and
D" 2a1(ag + by) (az + b2)™ = (D" T26b%ab™ (a + b)"(az + by)"

= (Y 2a(a+b)"(ag + by)".
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As is easy to see, bT b = 0 for any n > 1. Moreover, bTa; = b (bb%a) = b™(1—b")a =
0, and bfaiad = (b4)(bba)(b™a?) = bdaad. Thus, v reduces to

v = Z(bd)”+2a(a +b)"[1 — s(a + b)] — b%aal, (2.27)

n=0
where s = b"a + u + b™(a?)?b + uadb. Expressions (2.25)-(Z.27) allow finish the
proof. O
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