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Abstract

We study the Kothe dual spaces of Banach function lattices generated by ab-
stract methods having roots in the theory of interpolation spaces. We apply these
results to Banach spaces of integrable functions with respect to Banach space val-
ued countably additive vector measures. As an application we derive a description
of the Banach dual of a large class of these spaces, including Orlicz spaces of inte-
grable functions with respect to vector measures. Keywords: Banach lattice; vec-
tor measure; integration; Kothe dual space. AMSClassification: 46E30; 47B38;
46B42

1 Introduction

The integration of scalar valued measurable functions with respect to Banach space
valued countably additive vector measures has a very long history. The story begins
with the work of R. G. Bartle, N. Dunford and J. Schwartz [2]. After several years,
D.R. Lewis [15, 16] fixed the definitions and main results regarding this theory. The
spaces of integrable functions with respect to a vector measure find interesting appli-
cations in many areas of analysis, including the theory Banach lattices as well as the
theory of extension of operators from Banach lattices (see, e.g., [21]).

The interest on this area has grown in the last few years. This is due in part to the
fact that an abstract Banach lattices with order continuous norm and having a weak
unit is order isomorphic to a space of integrable functions with respect to some vector
measure (see [4]; see also Ch.3 in [21]). This result was extended in [8], where it was
shown that an abstract Banach p-convex Banach lattice with order continuous norm
and a weak unit is order isomorphic to a space L?(v) of p-integrable functions with
respect to some vector measure v. More results in this direction have been obtained
in recent years; for instance, in [5] a new representation theorem for a large class of
abstract p-convex Banach lattices is proved.

Since the introduction of the spaces LP(Vv) in [24], some effort has been made
for finding a good representation of their Banach duals when 1 < p < oo. The first
attempt made use of a topological tensor product formalism for giving a description of
these dual spaces ( [9, 10, 25]) following the original decomposition technique given



in [20] for representing the elements of the dual of the space L' (V) as combinations
of the elements of the range of v and some particular integrable functions. However,
a representation in terms of Kothe duals of Banach function spaces, i.e. as spaces of
integrable functions, was unknown until the recent relevant Galaz-Fontes’s paper [11].
In the present paper we provide a general approach which allows to describe the Kothe
dual of function spaces that are generated by procedures involving abstract unions and
intersections of families of Banach lattices. Applying our general results, we show
how to construct classes of Banach function lattices which are subspaces of the space
L'(v) of integrable functions with respect to a Banach space valued countably additive
vector measure V. We also describe the Banach duals for a large class of these type of
spaces. Actually, we believe that this unified approach will find further applications in
the study of topological properties of new classes of Banach lattices of vector measure
integrable functions.

The paper is organized as follows. In Section 2 we fix the notation used through-
out it and we show some basic results. In Section 3, we prove Kothe duality results
between lattices generated by families of Banach function lattices on a given measure
space by the so called A and X-methods. In Section 4, we define new general classes
of Banach function spaces of integrable functions with respect to Banach space val-
ued countably additive vector measures that includes well known ones. We present
applications of our general results of Section 3 for a new description of the K&the dual
as well as the Banach dual for a large class of these spaces. In particular we derive
such description for Orlicz and Nakano spaces of integrable functions with respect to
vector-valued measures. In the case of the power functions, we recover the results due
to Galaz-Fontes [11] for the spaces of scalarly p-integrable and p-integrable functions
with respect to Banach space valued countably additive vector measures.

2 Preliminaries

We start by providing some notions and terminology required later. We use the
standard notation from Banach space theory. If E is a Banach space, then by Bg and
Sg we denote the unit ball and the unit sphere of E, respectively. As usual E* denotes
the dual Banach space of E. Let E and F be now normed spaces. If E and F are
isomorphic, then we write E ~ F. If E is a subspace of F and the inclusion /: E — F
is continuous with ||/|| < ¢, then we write E < F. In the particular case ¢ = 1 we write
E—F IfE— Fand F — E, we write E = F. As usual by R, R; and N we denote
the set of real, non-negative real and natural numbers, respectively.

Let (Q,.#,1) be a o-finite measure space, and let L° := L°(u) be the space of
(equivalence classes of y-a.e. equal) real valued measurable functions on Q equipped
with the topology of convergence in measure on sets of finite measure. We say that
(X, |- llx) is a Banach function lattice (for short a Banach lattice) on (Q,.%, 1) if X is
an ideal in L° and whenever f,g € X and |f| < |g| p-a.e., then || f||x < ||g]lx-

We recall that for any Banach lattice X on a measure space (Q,.%, it) it is possible
to construct (see [13, Corollary 1, p. 95] or [26, pp. 454-456]) a set Qx € . called the
support of X such that every element of X vanishes p-a.e. out of Qy and every mea-
surable set E C Qy with (t(E) > 0 has a measurable subset B of finite positive measure



with yp € X. Furthermore Qy is the union of an increasing sequence of measurable
sets (E,) such that xg, € X and u(E,) < e for each n. Notice that Qy is defined up to
a null set. As usual the support Qx of a Banach function lattice X is also denoted by
supp(X).

Let X be a Banach lattice on (Q,.%,it). An element f € X is called order continu-
ous if for every 0 < f,, < |f] such that f;, | 0 a.e. it holds || f,||x — 0. We denote by X,
the set of all order continuous elements of X. We will use the easily verified fact that
f € X, if and only if

lim [ fxE,[[x =0

for any sequence (E,) of sets in . such that E, N\, 0 (i.e., (E,) is a decreasing such
that y(E, NE) — 0 for every set E of finite measure).

The Banach lattice X is said to be order continuous if X = X,. It is said that X is
maximal if the unit ball By is closed in L°(u). It is well know that this is equivalent to
the so called Fatou property of X, i.e., if for any sequence (f,,) in X such that 0 < f;, 1 f
and sup || f,||x < o we have that f € X and || f,||x — ||f||x. X is said to have the weak
Fatou property (or equivalently that the norm of X is semi-continuous) whenever if f;,,
fE€X, ful fae.,then | fu]lx — ||x||x. Itis clear that order continuous Banach function
lattices have the weak Fatou property.

The Kéthe dual space X’ of X is the subset of all elements f € L?(u) such that

I/l = sup { [ \reldus gl <1} <

It is well known that X’ equipped with the norm || - ||y is a Banach lattice with supp(X’) =
supp(X). Furthermore X” = X with equality of norms if and only if X has the Fatou
property (see [13, Theorem 6, p. 190] or [26, Theorems 3 and 4, p. 472]). We will
use the well known fact that f € (X”), if and only if f € X, and || f||x» = || f|x, i.e.,
(X" = X,. We also recall that if a Banach lattice X on (Q,.%, it) is order continuous,
then for every x* € X* there exists a unique g = g,» € X’ such that

¥ (f) = /Qfgdu, fex,

and ||x*||x» = ||g|lx’. In particular the map X* > x* — g,» € X' is an order isometrical
isomorphism of X* onto X’. For more details and more information on Banach lattices
we refer to [13, 26].

We will also use the following definition. If v is an .’-measurable function v: Q —
[0,00] and F is a Banach lattice on (Q,.#, ), we denote by F(v) a Banach lattice on
(Q,.7, 1) with supp(F(v)) = supp(F) \ {t € Q; v(t) = 0orv(r) = oo} and equipped
with the norm || f|[() :== V| F-

Let us give now some notions on spaces of vector measure integrable functions.
Let (Q,.7) be a measurable space, E a Banach space, and v: . — E a (countably
additive) vector measure. The variation of the measure v is denoted by |v| and cor-
responds to the set function |v|: . — [0,0] given by |V|(A) := sup,; Y.zcr ||V(B)|E
for all A € ., where the supremum is taken over all the finite (disjoint) partitions 7
of A. We remark that the variation is the smallest [0, co]-valued measure dominating v.



That is ||[v(A)|lg < |v|(A) for every A € .. As usual, for every x* € X* we denote by
(m,x*): . — R the scalar measure given by

(va")(A) = (V(A)x'), AEX,
The semivariation of v is the set function ||v||: . — R, defined by

IVII(A) = sup [(v,x")[(4), A€

x* EBp+

Notice that ||v||() < e. Throughout the paper we will denote by A a Rybakov (con-
trol) measure A : ./ — R for v. This means that A = |(v,x;)| for some x* € Bg+ and
A(A) =0if and only if || v|[(A) = 0. Such a measure always exists (see [7, Chapter IX,
Theorem 2.2]). To avoid trivial cases we will suppose that ||v||(Q) > 0.

Following Lewis [15], a function f € L%(Vv) is scalarly integrable if f € L' (|(v,x*)|)
for all x* € E*. The space consisting of all scalarly integrable functions with respect
to v is denoted by L} (v), which is a Banach function lattice over A with the Fatou
property and a weak unit when equipped with the norm

= sup | [fldI(v,x")].
Q

X*EBpx

A function f € L}V(v) is said to be integrable with respect to v provided for every
A € ¥ there exists an element of X denoted by |, 4 fdv, such that

([rav)= [ rawvr), x ek

The space of all integrable functions is denoted by L'(v). It is an order continuous
Banach function sublattice of L,(v).

A function f € L'(1) is called scalarly p-integrable (1 < p < o) with respect to v
if | f|P € L1(v), and p-integrable with respect to v whenever |f|? € L' (v). We denote
by Li(v) and LP (V) the corresponding spaces of p-integrable and scalarly p-integrable
functions with respect to v. These spaces are equipped with the norm

1= s ( [1sraiva)”

X*EBgx

for which both spaces are p-convex (for the definition of p-convexity of Banach lattices
see [17]). As usual L*(V) denotes the Banach lattice of the (classes of) real valued
measurable functions that are A-essentially bounded.

Notice that these spaces are particular instances of Orlicz spaces of integrable func-
tions with respect to vector-valued measures. In the final part of the paper we give
some applications of our results to the description of the Kothe dual of Musielak-Orlicz
spaces of integrable functions with respect to vector-valued measures.



3 Kothe duality formulas for A and X-methods

We will start by briefly recalling some basic definitions having their roots in inter-
polation theory (cf. [1], see also [3, 14]). Let {X } gcr be a family of Banach lattices
of measurable functions over the o-finite measure space (,.%, ). In what follows
we define the A and X procedures associated to this family of spaces. Although these
constructions can be done for general classes of Banach spaces, we center our attention
in the class of Banach lattices on a given measure space. For the sake of simplicity, we
also assume that the supports of all the Banach lattices in the family {Xg } oz coincide
with Q.

A family {Xg } ey Of Banach lattices is said to be compatible if there is a measure
space (Q,.7, 1) such that X is a Banach lattice over it. A family {Xy}gcor Over a
given measure space (Q,.%, 1) is called strongly compatible if there exists a Banach

lattice Y over (Q,.%, t) such that X <% ¥ with SUPg e Ca < .
Let {Xy } o be a compatible family of Banach function lattices over (Q,.7, i), and
let

A(Xa) = {x€ () X Ixlax,) = sup [lxllx, <=}
ocd acd

Then (A(Xa), || - [|a(x,) is @ Banach lattice on (€, .7, ) with the following properties:
(1) A(Xy) < Xq forevery a € .

(ii) If F is a Banach space such that F N X, forevery o € o, then F SN AXy)geor-

In the case where {Xy}qcor is a strongly compatible family, we let £(Xy) to be the
space of all x € L°(u) such that

x| < Z |xa| (X € Xg), where anaHXa < oo, (*)
oca o

It follows from the last condition that there are only countably many summands in
Y e Xq different from zero. We equipped X(Xg) with the norm

¥llsg =inf{ ¥ Ialle: ¥ < Y Jval}.

acd ace

Note that from () it follows that the series Xy ¢ s Xo converges absolutely in ¥, and
so x can be represented in the form
[xal

X = _—
acd Yocos Xa

In particular, this implies that £(Xy,) is the space of all x € L%(u) such that

x=Y xo (xa€Xq), where Y |xqllx, <o
oce @
equipped with the norm

Iells =inf{ ¥ lralixgix= ¥ %o},

acod ace



where the infimum is taken over all possible representations of x as above.

Let us note that (X(Xe), || - [l(x,)) is the smallest Banach lattice with the property
Xg — L(Xq) forevery B € o7.

In what follows we describe Kothe duals of the Banach lattices X(Xg) and A(Xy)
generated by strongly compatible families {X, } of Banach lattices on a given measure
space. Recall that we require that the support of all the spaces coincide with Q.

We start with the following lemma.

Lemma 3.1. Let {Xy}qcs be a strongly compatible family of Banach lattices on
a measure space (Q,.,1L). Then the following Kéthe duality formula holds:

L(Xo) = A(Xg).

Proof. Since Xy < L(Xq), Z(Xo)' < X, for all o € 7. This implies
2(Xa) = A(Xy).

To prove that the converse continuous inclusion holds we fix € > 0 and f € A(X},).
Let g € X(X) withnorm ||g|| < 1. Then |g| is representable in the form |g| = Zye o |gal
(convergence in L°(u1)) with

Y lgallx, <1+e.
acd

Thus combining with Holder’s inequality yields

Lireldn< ¥ [ ifealdu< ¥ 1flx,lgalxe

acd acd
< fllaxy) X lgallxe < T+l fllaxy)-

acd

This shows that f € £(Xg) and

[ llzxay < (L4 &) fllacxs)-

Since € > 0 was arbitrary, the proof is complete. O
The main corollary of this result is the following.

Lemma 3.2. Let {Xq}gco be a strongly compatible family of Banach lattices on
a measure space (Q,.7,1L). Then the following statements are true:

() (Z(Xa))" = AXa)"

(ii) IfXq has the weak Fatou property for all a € &7 and supp(A(Xy)) = supp(Z(Xy))
(in particular if supp(A(Xy)) = Q), then

AXa) = (X))



(iti) If Xo is maximal for every a € < and ¥(X},) is maximal, then A(X¢) is maximal,
and
AXe) 2 E(X)).

Proof. (i1). From Lemma 3.1 we have
AXy) = A(Xy)') = (Z(Xa))" ()

Since A(Xy) < A(X]),
A(Xa) = (X(Xg))'
and this yields the required continuous inclusion.
(ii). The weak Fatou property implies that A(Xy) is a closed ideal in A(X])) and
so in (2(X}))’; then our hypothesis gives (by supp(X(X},)) = supp((£(X},))’)) order
density of A(Xy) in (2(X},))" and so

AXo) =Z(Xg)".
(iii). Since X = X7, for every a € 7, (*) gives
AXa) = (2(X5))"

In particular this implies that A(Xy, ) is maximal; further our hypothesis gives the duality
formula. O

A natural question appears: for which classes of strongly compatible families of
Banach lattices {X,} has the Banach lattice £(X,) the Fatou property or the weak
Fatou property? We shall present general cases where the answer is positive. However,
we can not expect this to be true in general even in the case of countable families, as
the following theorem shows.

Theorem 3.3. For every 1 < p < oo there exists a strongly compatible family {X,},en
of maximal Banach lattices over N with the counting measure such that X, ~ (P for
each n € N and

Z(XVJ .

In particular, this implies that £(X,,) is not a maximal Banach lattice even when all X,
are maximal Banach lattices.

Proof. We construct space X, for each n € N by renorming £, (1 < p < o) as follows:
Il = max i+ y |x,|”) L x=(m) el
i=n+1

Then X, ~ ¢, by
n= P xllg, < 2'7VP)x]lx, < [lxlle, -



It is straightforward to see that X, is a maximal Banach lattice and X,, < ¢¢ for each n.

We claim that £(X,,) 2 ¢o. To see this, let (x;) be a norm one element in ¢y and
€ > 0. Consider an increasing sequence of indexes i; such that |x;| < €/2/ for all
k > i;. Take a decomposition of (x;) as follows,

w)=Y v
=1

where y; = Zi’: i1 Xiei for each j € N with iy = 0, and (¢;) is the canonical basis of

/P. Then we have
. = .
Y lyillx, <1+Y —~=1+e.
=1 ! =%

Since € is arbitrary, cop — X(X,). Clearly £(X,,) < co by X,, < c¢o for each n € N and
so the claim is proved. To conclude we note that cq is not maximal. O

The following lemma shows that order continuity is preserved by the X-method.

Lemma 3.4. If {Xq}qec.r is a strongly compatible family of order continuous Banach
lattices on (Q,.7, 1), then £(Xg) is also order continuous.

Proof. Fix f € £(Xy). We claim that f has order continuous norm. To show this fix
a sequence (E,) in . such that E, N\, 0.

Given € > 0 there exist sequences (0%) in 7 and (fi) € IT;_, Xy, such that |f| =
Yo |fil (convergencein L°(u)) and

Y fillxg, <o
k=1

This implies that there exists m € N such that

oo

Y g, <e/2.

k=m+1
Since |fxg,| = Yiti [fxXE,| + Xrepmit | fiXE,| for each n € N, the above inequality
yields

fixellxa, + X e, lxg,

1 k=m+1

IA
M=

IfxE, |5 (xq)

ol
ER

IN

lficxEn | xo, +€/2-
1

»
Il

Combining our hypothesis with the estimate above now gives that there exists ny such
that

IfxENsxg) <€ 1> no.

In consequence limy, ;e || f XE, ||5(x,) = 0 and so the claim is proved. O



Corollary 3.5. Let {Xq} .y be a strongly compatible family of maximal Banach lattices
such that X}, is order continuous for every o € &/. Then the following conditions are
equivalent:

(i) X(X},) is @ maximal Banach lattice.
(i) A(Xa)" = E(Xg).

(iii) A(Xy)' is order continuous.

Proof. (1)=-(ii). From Lemma 3.2(ii) and taking into account that maximality implies
the weak Fatou property we have

A(Xy) = E(Xg)" (*)

and so we get the desired formula provided (i) holds. Clearly, (ii)= (iii) follows by
Lemma 3.4.
(iii) = (i). From the formula (x), it follows that

(AXa)")a = (2(Xg)")a-

Combining our assumption with the general fact that for any Banach function lattice X
we have X, = (X"),, we obtain

A(Xg) 2 X(X)).

Since by Lemma 3.2(iii) A(X,) is a maximal Banach lattice, £(X,) is also maximal.
O

We now provide some sufficient geometrical conditions, which ensure that one of
the three equivalent conditions of Corollary 3.5 is satisfied. We first recall that a Banach
lattice X is said to satisfy an upper p-estimate (where 1 < p < ), respectively a lower
p-estimate, if there exists a constant C such that for any disjoint fi, ..., f;, € X we have

£ 4], <c (S )"

respectively,
n l/p n
(LIAE) "= X s
i=1 i=1

The smallest constant C satisfying the above inequalities is called the upper, respec-
tively, lower p-estimate constant of X and is denoted by u,(X), respectively, £,(X).

It is well known (see [17, Proposition 1.f.5]) that a Banach lattice satisfies an upper,
respectively, lower estimate if and only if its dual X* satisfies a lower, respectively,
upper g-estimate, where 1/p+1/g = 1. Notice also that a Banach lattice which satisfies
a lower g-estimate is automatically both maximal and order continuous since it cannot
contain an isomorphic copy of c¢y.

X.



Corollary 3.6. Let {Xy } o be a strongly compatible family of maximal Banach lattices.
Assume that all Xq satisfy an upper p-estimate with sup ¢ ., up(Xe) < oo. Then A(Xy)
satisfies an upper p-estimate and as a consequence,

A(Xe) = Z(Xg).

Proof. PutC =supg¢ ., up(Xq). Our hypothesis implies that for any disjoint fi,..., f, €
A(Xy) and all & € o7 we have

|2, <wo(Eisi) " <e (L)

This shows that A(Xy) satisfies an upper p-estimate with u,(A(Xy)) < C. Combining
the above mentioned results, we conclude that the dual A(Xy)* and so also A(Xy)' is
order continuous and thus Corollary 3.5 applies. O

Remark 3.7. Fix 1 < p < oo and q such that 1 = 1/p+1/q, let us define the family
{Ys}nen of Banach lattices over N equipped with the counting measure, where Y, is
equipped with the norm

fell, = max {3 el (X batt) L x= e,

i=1 i=n+1

Now observe that Y, = X,, for each n € N, where the family {X, } ey was constructed
in the proof of Theorem 3.3. A simple calculation shows that sup, .y u,(X,) = co. From
Theorem 3.3, £(X,) = co. Thus we conclude that the assumption sup ¢ ., up(Xe) < oo
is essential in general in Corollary 3.6, by the fact that X(X},) is a maximal Banach
lattice under this requirement.

4 The duals of function spaces generated by vector mea-
sures

As it was mentioned, Banach spaces of integrable functions with respect to vector
valued measures has been intensively studied in the past decades. A particular topic of
interest has been the description of the Banach dual spaces. The purpose of the present
section is to obtain several new results of this flavor.

Let (Q,.7) be a measure space and let v: . — E be a countably additive vector
valued measure on a Banach space E. Let A be a Rybakov measure for v. Throughout
the rest of the paper we let R: E* — L!'(1) to be defined using the Radon-Nikodym
derivative of |(v,x*)| with respect to A for every x* € E* as follows.

df{v,x" A—
R(x*)::KTxH—i—xQ, x"€E".

10



We note here that we add the function Y in order to the supports of all the spaces
appearing equal Q, which was a requirement for the results of the previous section.
We will present examples of strongly compatible families of Banach lattices { X+ }r-cs,..

on (Q,.7, 1) contained in the Banach lattice L. (v) for which the following Kéthe du-
ality formula holds,
AX) 2 X(XL).

Given be a Banach lattice F on (Q2,.%,A) with supp(F) = Q and a function u: Sg+ —
L' (1), let F(¢@,u) be the space of all f € L°(A) such that f € F(u(x*)) for all x* € S+
equipped with the seminorm

I lFy) == sup [lu(x")fF-

X*ESpx

Notice that in the case F = L? for 1 < p < co, and u(x*) = |R(x*)|'/? for all x* € Sg+
the space F (u,v) = LP(|R(-)|"/P) coincides with the space L, (V) of scalarly integrable
functions with respect to a vector measure v (see [21, Ch. 3]) with equivalence of
norms: if f € L(v),

i71= sw ([ israiey)”

X*EBpx

d|{v,x* 1/
< s ([ G gaan) " <2 )

Notice also that the norm given by the new expression is also a lattice norm.

We will use the following theorem proved by Lozanovskii [18], which states that if
X is a Banach function lattice on (Q,.#, ) with supp(X) = Q, then every f € L'(u)
has, for every € > 0, a decomposition f = fy f1 with fy € X, f1 € X' and

[ follx [l fillxr < (L) fll11 (-
Moreover in the case when X is maximal there is a decomposition f = fy f] such that
1 follx 1A llxr = 11l -
Observe that the set {R(x*); x* € Sg+} is norm bounded in L' (1) and

sup [[RO) [y < IVIHQ) +A(Q).

[Ille<1

Thus, based on Lozanovskii’s result, for a given € > 0 (resp., € = 0) we can find a de-
composition such that for all x* € Sg+ pu-a.e.

R(x*) = Ro(x™) Ry (x*)
with

[Ro(x")|lr =1 and [[Ri(x")[|p < (1+€)([[V[[(Q) +A(Q))

11



(resp., with
[Ro(x")[r =1 and |[[Ri(x")|[p < [[V[[(Q)+A(2)

provided F' is a maximal Banach lattice).

Notice that if F is a strictly convex maximal Banach lattice we have an unique
decomposition. We include a proof of this fact for the sake of completeness.

Proposition 4.1. If X is a strictly convex maximal Banach lattice on (Q,., 1) with
supp(X) = Q, then for every f € L' (1) with || f|| .1 (u) = 1 there exist unique 0 < fo € Sx
and 0 < f| € Bys such that |f| = fof1.

Proof. Let0< fy, go € Sx and 0 < fi, g1 € Sy’ be such that | f| = fo f1 and |f| = gog1-

Thus if we set g = /fogoand h=+/f1 g1, then0 < g < (fo+g0)/2,0<h<(f1+g1)/2
and whence ||g||x < 1, ||A||x < 1. Since |f] = gh,

1Ay < Mlellx l17lx-

This yields 1 = ||g|lx < ||(fo+&o)/2||x. Thus we conclude || fo + go||x = 2 and so the
strict convexity of X gives fo = go. This completes the proof. O

Lemma 4.2. Let v: . — E be a countably additive vector valued measure in a Ba-
nach space E and let A be a Rybakov measure for v. Assume that F is a Banach lattice
on (Q,.%, 1) with supp(F) = Q. For a given € > 0, let Ry: Sgx — F be the first factor
of a Lozanovskii’s decomposition R: Sg+ — L'(A) as above. Then we have

L™(A) = F(Ro, V) = Ly(v),

where ¢ = (||v[|(Q)+A(Q))(1 +¢€). As a consequence {F (Ro(x*)) }xes,. is a strongly
compatible family of Banach lattices on (Q,.7,A) such that

A(F(Ro(x"))) = F(Ro, V).

Proof. Since |Ry(x*)||r = 1 for every x* € Sg+, we have the continuous inclusion
Lw(l) — F(Ro, V).
Now observe that for every f € F(Ro,V),
/Q [f1dI(v,x)| < /Q [f1Ro (™) Ry (x™) dA < || fRo (™) ||| Ry (") [|

SN 1lFre.w) (VL) +A(Q)) (1 +€).

and so the second required continuous inclusion holds. As a consequence we get the
second statement. U

12



Combining the Kothe duality results from Section 3 with Lemma 4.2 yields imme-
diately the following result.

Theorem 4.3. Assume that the assumptions of Lemma 4.2 are satisfied for a maximal
Banach lattice F having a lower p-estimate for some 1 < p < oo. Then for the strongly
compatible family {F (Ro(x*)) }x+es,. of Banach lattices on (Q,., 1), we have that

F(Ro,v) ~X(F'(1/Ro(x"))).

As an application, we obtain the description of the dual space of L, of a vector
measure given by Galaz-Fontes in [11]. We note that in this case, R(x*) is given by

A 4 2o and Ro(x*) by R(x*)!/7 for all * € S+

Corollary 44. If1 < p<ooand 1/p+1/q=1, then

Li(v) ~E(LI(1/R()P)).

In order to show how far the procedure that we have presented can be used for
obtaining representations of dual spaces of vector measure integrable functions, we
give in what follows the application of our results to the description of the Kothe dual of
Musielak-Orlicz spaces of integrable functions with respect to vector-valued measures.

We need some definitions. A function ¢ : R, — R is said to be an Orlicz function
if @ is a convex continuous function at zero such that ¢(u) = 0 if any only if u = 0.
Let (Q,.%, 1) be a measure space and let ®: Ry x Q — [0, 0] be an Orlicz function
with parameter or a Musilak-Orlicz function, i.e., u — ®(u,t) is an Orlicz function for
p-ae. t € Qandt s ®(t,u) € L°(u) forany u € R

Given a Musielak-Orlicz function the Musielak-Orlicz space L® is defined to be
the space of all f € L°(u) satisfying

lo(2f) = [ SR <o

for some A > 0. It is well known that Ly = Lo (1) is a Banach lattice equipped with
the norm

| f]| = inf{e > 0: Io(f/€) < 1}.

If ¢ is an Orlicz function, then L? is called an Orlicz space (we refer to [19] for more
details on Musielak-Orlicz spaces). If p € L%(u) and p > 1, the space generated by
Musielak-Orlicz function ®(u,z) := u?"") for all (u,r) € Ry x Q is called the Nakano
space.

The Orlicz spaces of vector measure integrable functions were studied in [6, 23]. In
a natural way we introduce the class of the Musielak-Orlicz space of a vector measure.
Let E be a real Banach space, v: . — E a vector measure and A a Rybakov measure
for v.

Let ®: Ry x Q — R, be a Musielak-Orlicz function. The Musielak-Orlicz space
L$(v) of scalarly ®- integrable functions with respect to v is defined to be the space
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of all f € L%(1) such that

1Al ey = sup (1l vy < oo

X GSE*

The closure of the set of simple functions in LY (v) is said to be the Musielak-Orlicz
space of ®-integrable functions with respect to v and is denoted by L®(v).

Let us use this setting for computing the duals of Orlicz spaces of v-integrable
functions. Given an Orlicz function @, we define a family of Musielak-Orlicz spaces
{L% }yics,. on (Q,7,1), where @y is given by @ (u,t) := @(u)R(x*)(¢) for all
(u,t) € Ry x Q, where R is the same function used above in this section. It is straight-
forward to see that L?(v) = A(L?) by

1A lzocvy < Iflagoy <20 f oy, F € LE(V).

Theorem 4.5. Let ¢ be an Orlicz function such that the Young conjugate function @*
satisfies condition Ay at oo (i.e., there exist C > 0 and ug > 0 such that ¢(2u) < Co(u)
Sor all u < ug). Then the following duality formulas hold:

LE(v) ~E((L)),  LP(v)" ~Z((L™)),

where { @y }y+es,. is the family of functions defined above.

Proof. Notice first that if an Orlicz function y satisfies the Aj-condition, then there
exist 1 < g < oo, C=C(y) >0 and up > 0 such that y(Au) > CA9y(u) forall A > 1
and u > ug. It is well known that this inequality implies that an Orlicz space LY on any
finite measure space satisfies a lower g-estimate (see [17]).

We now consider the family {L%" } +cg,. of Musielak-Orlicz spaces on the finite
measure space (Q,.,1). Applying the above fact, we conclude by duality that there
exists 1 < p < oo such that all L%* satisfy an upper p-estimate with constant uni-
formly bounded. Since Musielak-Orlicz spaces are maximal, the first result follows
from Corollary 3.5.

To conclude, observe that L?(Vv) is order continuous for any Orlicz function (see
[6, Proposition 4.1]) and that L*(v) < L?(v). Thus the order density implies

LO(VY 2 LO(v) ~ LO(v)*.

This completes the proof. O

Let us recall how to give an explicit description of the dual spaces (L%*)’ that ap-
pear in the representation given by Theorem 4.5 of the dual of the Orlicz spaces L*(V).
Let @ be a Musielak-Orlicz function ®: R, x Q — R, (for instance the functions
@ (u,1) = @(u)R(x*)(¢) appearing in the theorem). Then (L?)' = L, where LY is
the Musielak-Orlicz space L equipped with the Orlicz norm ([19, 22])

1+ Ip+ (kf)

. feL®.
Z f

I£1l = inf
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Here as usual ®* is the Young conjugate of ® defined by the formula:
D" (u,1) = sup{us — P(s,1); s >0}, (u,t) e Ry x Q.

The general analysis of the case of the Musielak-Orlicz spaces of a vector measure
with lower p-estimates as well as with upper p-estimates (see [12]) yields variants of
duality results for Musielak-Orlicz spaces Lﬁ(v) and L®(v) and is left to the reader.
However, notice that the same technique that has been shown above for Orlicz spaces
just changing adequately the Musielak-Orlicz functions appearing there gives the result
for this general case. We only state here the result for Nakano spaces for finishing
the paper. To analyze the corresponding duality formulas for this case we need to
observe thatif 1 < p < p(¢) p-a.e. (resp., p(t) < g < oo u-a.e.), then the Nakano space
LP1) satisfies an upper p-estimate (resp., a lower g-estimate) (see [12]). Below the
corresponding Nakano spaces generated by a vector measure are denoted by Lﬁ<’)(v)
and L") (v), respectively.

Theorem 4.6. Let v: . — E be a countably additive vector valued measure in a Ba-
nach space E and let A be a Rybakov measure for v. Assume that p(-) € L°(1) satisfies
1 < essinfieq p(t) and essup,cq p(t) < . Then the following duality formulas hold:

Ly =2 2(@®)),  OWv) =x(L)),

where {®,} is the family of Musielak-Orlicz functions defined by ®y (u,t) = uP") R(x*)(r)
Sor all (u,t) € Ry X Q and x* € Sg».
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