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Los dioses nos han revelado todas las cosas desde el principio. Pero el
hombre busca y con el tiempo encuentra. Supongamos que esas cosas son
como si fueran verdades. Porque, seguramente, ningiin hombre conoce ni

conocera jamas la verdad sobre los dioses y sobre todo aquello de lo que
hablo. Pues aun si da la casualidad de que dice la verdad perfecta no la

conoce, sino que la apariencia todo lo envuelve.

(JENOFANES (570-478 a. C.))
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Funciones Semi-Lipschitz, Mejor

Aproximacion e Hiperespacios Casi-Métricos
Fuzzy

José Manuel Sanchez Alvarez

En los ultimos anos se ha desarrollado una teoria matematica que permite
generalizar algunas teorias matematicas clasicas: hiperespacios, espacios de
funciones, topologia algebraica, etc. Este hecho viene motivado, en parte, por
ciertos problemas de analisis funcional, concentracién de medidas, sistemas
dindmicos, teoria de las ciencias de la computacién, matematica econdémica,

etc.

Esta tesis doctoral esta dedicada al estudio de algunas de estas generaliza-
ciones desde un punto de vista no simetrico. En la primera parte, estudiamos
el conjunto de funciones semi-Lipschitz; mostramos que este conjunto admite
una estructura de cono normado. Estudiaremos diversos tipos de completitud
(bicompletitud, right k-completitud, D-completitud, etc), y también analiza-
remos cuando la casi-distancia correspondiente es balancea-
da. Ademas presentamos un modelo adecuado para el computo de la com-
plejidad de ciertos algoritmos mediante el uso de normas relativas. Esto se
consigue seleccionando un espacio de funciones semi-Lipschitz apropiado. Por
otra parte, mostraremos que estos espacios proporcionan un contexto ade-
cuado en el que caracterizar los puntos de mejor aproximacion en espacios

casi-métricos.

El hecho de que varias hipertopologias hayan sido aplicadas con éxito en
diversas areas de Ciencias de la Computacion ha contribuido a un conside-
rable aumento del interés en el estudio de los hiperespacios desde un punto
de vista no simétrico. Asi, en la segunda parte de la tesis, estudiamos al-

gunas condiciones de mejor aproximacion en el contexto de hiperespacios
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casi-métricos. Por otro lado, caracterizamos la completitud de un espa-
cio uniforme usando la completitud de Sieber-Pervin, la de Smyth y la D-
completitud de su casi-uniformidad superior de Hausdorff-Bourbaki, definida

en los subconjuntos compactos no vacios.

Finalmente, introducimos dos nociones de hiperespacio casi-métrico fuzzy
que generalizan las correspondientes nociones de espacio métrico fuzzy de
Kramosil y Michalek, y de George y Veeramani respectivamente al contexto
de hiperespacios casi-métricos. Presentamos diversas nociones bésicas de
completitud, precompacidad y compacidad. Aplicamos esta teoria a varios
ejemplos y ponemos de manifiesto las ventajas del uso de casi-métricas fuzzy

en lugar de las métricas y casi-métricas clasicas.
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Funcions semi-Lipschitz, Millor Aproximacio
i Hiperespai Quasi-Metrics Fuzzy

José Manuel Sanchez Alvarez

En els darrers anys s’ha desenvolupat una teoria matematica que permet
generalitzar algunes teories matematiques classiques: hiperespais, espais de
funcions, topologia algebraica, etc. Aquest fet ve motivat,en part, per certs
problemes de analisi funcional, concentracié de mesures, sistemes dinamic,

teoria de les Ciencies de la Computacié, matematica economica, etc.

Aquesta tesi doctoral esta dedicada a I’estudi d’algunes d’aquestes genera-
litzacions des d’un punt de vista no simetric. A la primera part, estudiem
el conjunt de funcions semi-Lipschitz; mostrem que aquest conjunt admet
una estructura de con normand. Estudiarem diversos tipus de completesa
(bicompletesa, right k-completesa, D-completesa, etc), i també analitzarem
quan la quasi-distancia correspondent és balanceada. A més presentem un
model adequat per al comput de la complexitat de certs algorismes mit-
jancant I'is de normes relatives. Aix0 és aconsegueix seleccionant un espai
de funcions semi-Lipschitz apropiat. D’altra banda, mostrarem que aquests
espais proporcionen un context adequat en que caracteritzar els punts de

millor aproximacio en espais quasi-metrics.

El fet de que varies hipertopologies aixen segut aplicades amb exit a
diferents arees de Ciencia de la Computacid, ha contribuit a un considerable
aument del interés en l'estudi d’estos hiperespais des de un punt de vista
no simetric. Aixi, a la segona part de la tesi, estudiem algunes condicions
de millor aproximacio en el context de hiperespai quasi-metrics. D’altra
banda, caracteritzem la completesa d’un espai uniforme usant la completesa
de Sieber-Pervin, la d’Smyth o la D-completesa de la seva quasi-uniformitat

superior d’ Hausdorff-Bourbaki definida en els subconjunts compactes no

X



buits.

Finalment introduim dues nocions de hiperespai quasi-metric fuzzy que
generalitzen les corresponents nocions d’espai metric fuzzy de Kramosil i
Michalek, i de George i Veeramani respectivament al context de hiperespais
quasi-metrics. Presentem diverses nocions basics de completesa, precompa-
citat i compatacitat. Apliquem aquesta teoria a alguns exemples i posem
de manifest els avantatges de 1I'is de quasi-metriques fuzzy en lloc de les

metriques i quasi-metriques clasiques.



Semi-Lipschitz Functions, Best
Approximation, and Fuzzy Quasi-Metric
Hyperspaces

José Manuel Sanchez Alvarez

Motivated, in part, by some problems from functional analysis, concen-
tration of measures, dynamical systems, theoretical computer science, mat-
hematical economics, etc, in the last years a mathematical theory has been
developed in order to generalize classical mathematical theories: hyperspa-

ces, function spaces, topological algebra, etc.

This doctoral thesis is devoted to study some of these generalizations
from a nonsymmetric point of view. In the first part, we study the set of
semi-Lipschitz functions, we show that this set can be endowed with the
structure of normed cone. We also study different types of completeness, (bi-
completeness, right k-completeness, D-completeness), and we explore when
the corresponding quasi-distance is balanced. Using relativized norms we
present a model for computing the complexity of certain algorithms, which
is done with the help of a suitable space of semi-Lipschitz functions. On the
other hand, we show that our approach provides an appropriate setting to

characterize the points of best approximation of quasi-metric spaces.

The fact that some hypertopologies have been successfully applied to
several areas of Computer Science has contributed to increase the interest
of a nonsymmetric study of hypertopologies. Thus, in a second part, we
study some conditions on best approximation in the realm of quasi-metric
hyperspaces. By other hand, we characterize completeness of a uniform space
using Sieber-Pervin completeness, Smyth completeness and D-completeness
of its upper Hausdorff-Bourbaki quasi-uniformity, on the collection of its

nonempty compact subsets.
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Finally we introduce two notions of fuzzy quasi-metric hyperspace that
generalize the corresponding notions of fuzzy metric space by Kramosil and
Michalek, and by George and Veeramani respectively, to the quasi-metric hy-
perspace context. Several basic properties of completeness, precompactness,
and compactness of these spaces are obtained. We apply this theory to some
examples and we point out some advantages of the use of fuzzy quasi-metrics

instead of classical metrics and quasi-metrics.
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Chapter 1

Introduction and Preliminaries

1.1 Introduction

We begin with a short summary of the history of some concepts and we give
some references. The concept of a metric space was defined by Fréchet in
[36]. Sierpinski’s book ([125]) and Kuratowski’s book ([68]) contain general
results on these spaces. On the other hand, asymmetric distance functions
had already been considered by Hausdorff in the beginning of the last cen-
tury when in his classical book on set-theory ([49]) he discussed the Hausdorff
metric of a metric space. Although the notion of quasi-metric was formally
introduced in 1931 by Niemytzki ([85]) and Wilson ([138]), Niemytzki explo-
red the interplay of the various assumptions in the usual axiomatization of
a metric space. Kelly in [56] noticed that given a quasi-pseudo-metric d we

can associate its conjugate quasi-pseudo-metric d—*.

The notion of quasi-norm that we are using was introduced in ([28]). By
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6 CHAPTER 1. INTRODUCTION AND PRELIMINARIES

other hand Alegre, Ferrer and Gregori introduced this concept to the study

of functional analysis from a non symmetric point of view ([3, 4]).

The theory of uniformities was introduced by Weil. He wanted to develop
a tool which, in contrast to metrics, could be applied to spaces not necessarily
satisfying the axioms of countability. Bourbaki ([14]) developed the theory
of uniform spaces presenting an axiomatic theory parallel to the theory of

topological spaces.

The beginning of quasi-uniformities is due to Nachbin ([84]) in 1948, mo-
tivated by the study of the uniform preordered spaces. He called the studied
nonsymmetric structures semi-uniformities. The term quasi-uniformity was
lather suggested by Cséaszar in [20]. Krishnan ([58]) showed that every to-
pological space is quasi-uniformizable; subsequently, a proof of this result
were obtained by Csészar ([20]) in terms of syntopogenous structures, and
by Pervin ([87]), in a direct fashion.

Hausdorff started the study of topologies defined over a collection of sub-
sets of a topological space. In [49] he defined a metric on the space of all
nonempty closed subsets of a bounded metric space, called the Hausdorff
metric. If we extend this metric to every nonempty set we obtain the so-
called Hausdorff pseudo-metric. Later on, Bourbaki introduced in [13] the
so-called Bourbaki or Hausdorff uniformity, which generates a 17 topology
over the collection of all nonempty closed subsets of a uniform space. Other
authors (see [55, 135]) also studied these topologies which started to be called

hypertopologies and whose corresponding spaces were called hyperspaces.

On other hand, the best studied hypertopology from a nonsymmetric
point of view is the Hausdorff quasi-uniform topology. Levine and Stager
([69]) as well as Berthiaume ([12]) noticed that it can be defined, in the set of

all nonempty subsets of a set in the same way as it is done with the Hausdorff
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uniformity. The study of the Hausdorff quasi-uniformity was continued by
Cao, Kiinzi, Ryser, Reilly, Romaguera, etc ([16, 17, 64, 66, 67]).

Recently, the study of nonsymmetric structures has received a new drive
as consequence of their applications to Computer Science. This theory began
with Smyth (see [128, 129]). He tried to find a convenient category for
computation. The two main spaces used in semantics are Scott domains
([119]) and metric spaces. He wanted to unify these spaces and obtain their
advantages. He asserted that the more suitable structures are the quasi-

metric spaces and the quasi-uniform spaces.

Schellekens introduced in [116] a quasi-pseudo-metric on function spaces
which is suitable for the study of complexity analysis of programs, which is
called the complexity distance. He showed that the complexity distance is
weightable. Using this theory, he also proved that each Divide & Conquer
algorithm induces a contraction map on a complexity space (the sequential
Smyth completion of the complexity spaces). The complexity of such an
algorithm then is represented via the fixed point of the map obtained by the
Banach Fixed Point Theorem. As an application of this theory, he gave a new
proof showing that the mergesort program has optimal asymptotic average

time.

This work is continued by Romaguera and Schellekens ([108]). They in-
troduced the dual complexity space which is isometric to the complexity
space and put their interest in this space rather than the complexity space
as the dual space admits a structure of quasi-normed semilinear space, so the
presentations of the proofs becomes somewhat more elegant. They proved
that the dual complexity space is a Smyth-complete Baire quasi-metric space
and that the complexity subspaces having lower bound are totally boun-
ded. Furthermore, the dual complexity space has the advantage that it res-

pects the interpretation usually given to the minimum in semantic domains.
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Investigation in this topic is being developed by Garcia-Raffi, Romaguera,
Sénchez-Pérez and Schellekens ([38, 106, 109]).

In 1965, the concept of fuzzy set was introduced by Zadeh ([139]). Many
authors have introduced and discussed several notions of fuzzy metric space
from different points of view ([32, 42, 43, 45, 47]). Kramosil and Michalek
introduced and studied in [57] an interesting notion of fuzzy metric space
which makes use of the concept of continuous t-norm ([118]); this notion of
fuzzy metric space is closely related to a class of probabilistic metric spaces,
the so-called (generalized) Menger spaces. Later on, George and Veeramani
started, in [42] (see also [43]), the study of a stronger form of metric fuzziness.
In [47] Gregori and Romaguera introduced two notions of fuzzy quasi-metric
space that generalize the corresponding notions of fuzzy metric space by
Kramosil and Michalek, and by George and Veeramani, to the quasi-metric
context, and in [92], a suitable definition for the Hausdorff fuzzy metric of a

fuzzy metric space in the sense of George and Veeramani is introduced.

This doctoral thesis is devoted to study some generalizations, from a
nonsymmetric point of view, of classical mathematical theories. We summa-

rize the whole investigation:

In Chapter 1, we comment on the origins of the asymmetric topology
and we briefly present the main results which will be developed in the thesis.

Notions and concepts which are used, will be defined in section 1.2 below.

In [103], S. Romaguera and M. Sanchis discussed several properties of real
valued semi-Lipschitz functions. In Chapter 2 we extend their study to the
space of semi-Lipschitz functions that are valued in a quasi-normed linear
space. Our approach is motivated, in part, by the fact that this structure

can be applied to study some processes in the theory of complexity spaces.

We show that the set of semi-Lipschitz functions can be endowed whit
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structure of a normed cone we also study different types of completeness,

(bicompleteness, right k-completeness, D-completeness)

We show that if (X, d) is a T} quasi-metric space and (Y, q) is a quasi-
normed linear space, then the normed cone of semi-Lipschitz functions from
(X,d) to (Y, q) that vanish at a point xy € X, is balanced. Moreover, it is

complete in the sense of D. Doitchinov whenever (Y, ¢q) is a biBanach space.

Let T" be the recurrence equation on N associated to a given algorithm.
If we denote by f the complexity function which is the solution of such a
recurrence equation, then f constitutes a total mapping defined recursively
that is, at the same time, the limit of a sequence { f,, }nen of partial mappings
also defined recursively. In Chapter 3 we present a model to compute the
complexity represented by f, by means of the values that take a certain
relativized norm on the sequence {f,},en and its initial segments. This is
done with the help of a suitable space of semi-Lipschitz functions which is

constructed here.

In Chapter 4 we show that the set of semi-Lipschitz functions, defined on
a quasi-metric space (X, d) with values in a quasi-normed linear space (Y, q),
that vanish at a fixed point xqg € X with the structure of a quasi-normed
semilinear space provides an appropriate setting in which to characterize the
points of best approximation of quasi-metric spaces. And apply our methods
to obtain some conditions on best approximation in the realm of quasi-metric

hyperspaces.

A celebrated theorem due to Morita states that a separated uniform space
(X,U) is complete if and only if its Hausdorff-Bourbaki uniformity is com-
plete on the collection of its nonempty compact subsets. In Chapter 5, we
show that completeness of (X,U) can be also characterized, among others,

by Sieber-Pervin completeness, Smyth completeness or D-completeness of its
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upper Bourbaki quasi-uniformity on the collection of its nonempty compact

subsets.

Finally in Chapter 6, we construct and discuss a notion of Hausdorff
fuzzy quasi-metric, based on the notion of fuzzy (quasi-)metric of Kramosil
and Michalek. We show that this new concept has several nice properties of
completeness, precompactness and compactness. We also consider a notion
of Hausdorff fuzzy quasi-metric, based on the notion of fuzzy (quasi-)metric
in the sense of George and Veeramani. Finally we apply the developed theory
to the domain of words and we point out some advantages of the use of fuzzy

quasi-metrics instead of classical metrics and quasi-metrics.
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1.2 Preliminaries

Next we recall some pertinent concepts. In what follows X will always denote

a nonempty set.

A quasi-pseudo-metric on a set X is a nonnegative real-valued function
d on X x X such that for all z,y,z € X:

(i) d(z,z) =0

(i) d(z,y) < d(z,z) +d(z,y).
If, in addition, d satisfies the condition:
(ili) d(z,y) = d(y,2) =0z =y,

then d is said to be a quasi-metric on X.

By other hand, if d can take the value oo then it is called an extended
quasi (-pseudo)-metric on X. In the case that d is an extended quasi-metric

we also refer to it as a quasi-distance.

A(n extended) quasi-(pseudo-) metric space is a pair (X, d) such that d is

a (n extended) quasi-(pseudo-)metric on X.

If d is a(n extended) quasi-(pseudo-)metric on X, then the function d—*
defined on X x X by d '(z,y) = d(y,z) for all z,y € X, is also a(n ex-
tended) quasi-(pseudo-)metric on X, called the conjugate (extended) quasi-
(pseudo-)metric of d, and the function d* defined on X x X by d*(x,y) =
max{d(z,y),d ' (x,y)} for all z,y € X, is a(n extended) (pseudo-)metric on
X.
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The following is a simple but paradigmatic example of a quasi-metric

space.

Example 1.1. Let ¢ be the real-valued function defined on RxR by ¢(z,y) =
max{z — y,0}. Then ¢ is a quasi-metric on R such that ¢° is the Euclidean

metric on R.

Each extended quasi-pseudo-metric d on X generates a topology T, on
X which has as a base the family of balls of the form By(z,r) = {y € X :
d(x,y) < r}, where z € X and r > 0. Note that if d is a quasi-metric, then

Ty is a Ty topology on X. Moreover, if condition (iii) above is replaced by

(iii") d(z,y) =0z =y,

then T, is a T} topology.

A topological space (X, T) is said to be quasi-(pseudo-)metrizable if there
is a quasi-(pseudo-)metric d on X such that 7" = T'(d).

A subset A of a quasi-(pseudo-)metric space (X,d) is called bounded if
A is bounded in the (pseudo-)metric space (X, d*).

A quasi-metric d is said to be bicomplete if d° is a complete metric.

An extended quasi-(pseudo-)metric d is said to be bicomplete if d° is a

complete extended (pseudo-)metric.

If d is an extended quasi-pseudo-metric on a set X, then the relation <,
on X given by x <,y if and only if d(x,y) = 0, is a preorder on X (i.e., <4

is reflexive and transitive).
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It is clear that d is an extended quasi-metric on a set X if and only if
<4 is a (partial) order on X (i.e., the preorder <; is antisymmetric, which
means that r <; y and y <, x, implies x = y). In this case, <y is called the

specialization order.

Note that in Example 1.1 the specialization order coincides with the usual

order on R.

Remark 1.1. The natural connection between asymmetric distances and
order, described above, provides some advantages in certain settings, if one
works with quasi-metrics instead of metrics. Thus, in modeling a computatio-
nal process on a collection X of elements (for example, chains of information,
words of an alphabet in a programming language, complexity functions in
analysis of algorithms, etc.) we can define an order < on X given by =z <y
if and only if the element y contains all the information provided by the
element x, and then it is possible, in many cases, to construct a suitable
(extended) quasi-metric d on X such that the order < is exactly the specia-
lization order of d, transmitting in this way the information provided by <

to the quasi-metric space (X, d) (see, for instance, [76, 116]).

For more information about quasi-metric spaces see [35] and [62].

Let us recall that a quasi-uniformity on X is a filter &/ on X x X such
that:

(i) for each U e U, A C U, where A = {(z,z) : z € X};

(ii) for each U € U there is V' € U such that V? C U, where V? = {(z,y) €
X x X : there is z € X with (z,2) € V and (z,y) € V}.

By a quasi-uniform space we mean a pair (X,U) such that U is a quasi-

uniformity on X. The members of U are called entourages.



14 CHAPTER 1. INTRODUCTION AND PRELIMINARIES

Each quasi-uniformity & on X generates a topology T;; on X such that a
neighborhood base for each point = € X is given by {U(x) : U € U}, where
Ulx) ={y e X : (z,y) eU}.

If (X,T) is a topological space, and U is a quasi-uniformity (resp. d is a
quasi-pseudo-metric) on X such that Ty = T (resp. Ty = T) , we say that U

is a quasi-uniformity (resp. d is a quasi-pseudo-metric) compatible with 7.

The filter Y, formed by all sets of the form U™! = {(z,y) € X x X :
(y,x) € U} where U € U, is a quasi-uniformity on X called the conjugate

quasi-uniformity of U.

If U is a quasi-uniformity on X, then the family {U* =UNU"': U € U}
is a base for a quasi-uniformity &* (in fact, it is a uniformity), which is the
coarsest uniformity containing both &/ and &/~!. Hence this uniformity is the

supremum of the quasi-uniformities & and U=, ie. U =U VU .

Of course, a quasi-uniformity & on X is a uniformity on X if and only if
U=u"

Each (extended) quasi-pseudo-metric d on X induces a quasi-uniformity

U, on X which has as a base the countable family
{{(z,y) € X x X :d(z,y) <27"} :n € N}.

In connection with this fact we have the following useful result which can be

found, for instance, in ([35, Theorem 1.5]).

Proposition 1.1. Let (X,U) be a quasi-uniform space. U has a countable

base if and only if there exists a quasi-pseudo-metric d on X such thatU; = U.
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On the other hand, one problem which arises when working with nonsym-
metric structures is that there are several theories about completion. Since
Reilly, Subrahmanyam and Vamanamurthy [89] began a systematized study
of several definitions of Cauchy sequence in quasi-pseudo-metric spaces, va-
rious authors have investigated different notions of completeness for these
spaces. We recall the notions of left K-Cauchy and right K-Cauchy sequence

respectively.

According to [89] a sequence {z,}neny in a quasi-pseudo-metric space
(X,d) is called right K-Cauchy if for each € > 0 there is k € N such that
d(xp, xy) < e forn >m >k, and {x, },en is called left K-Cauchy if for each
e > 0 there is k € N such that d(z,, x,) < e forn > m > k. (X, d) is said to
be left K-sequentially complete (resp. right K-sequentially complete) if each
left K-Cauchy (resp. right K-Cauchy) sequence is Ty-convergent.

The corresponding notions for filters were studied by Romaguera [98].

If (X,T) is a topological space, we denote by Py(X), Co(X) and Ko(X),
the collection of all nonempty subsets of X, the collection of all nonempty

closed subsets of X and the collection of all nonempty compact subsets of X.

It is well known ([12, 67, 69]) that, similarly to the theory of uniform
spaces ([78]), given a quasi-uniform space (X,U) we can construct three

quasi-uniformities U7, Uy; and Uy on Py(X), as follows:

For each U € U, put

and

Uy = {(A,B) € Po(X) x Po(X): ACUY(B)}.
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Then the collection {Uj; : U € U} is a base for a quasi-uniformity U}, on
Po(X), called the upper Bourbaki (or Hausdorff) quasi-uniformity of (X, )
on Py(X), and the collection {U, : U € U} is a base for a quasi-uniformity
Uy on Py(X), called the lower Bourbaki (or Hausdorff) quasi-uniformity of
(X,U) on Py(X).

The quasi-uniformity Uy = U}, V Uy is said to be the Bourbaki (or
Hausdorff) quasi-uniformity of (X,U) on Py(X).

Obviously, if (X,U) is a uniform space then Uy is exactly the Bourbaki
(or Hausdorff) uniformity on Py(X) of (X,U). It is interesting to note that
in this case, both U} and Uy are quasi-uniformities but not uniformities on

Po(X) unless | X| =1 ([69]).

Remark 1.2. Observe that for a uniform space (X, ), we have (U;) ™ = Uy
on Py(X). Therefore (U};)* = (Uy)* = Uy on Py(X).

Given a uniform space (X,U), the restrictions of Uj, Uy and Uy to
Ko(X) x Ko(X), will be also denoted by Uy, Uy, and Uy, respectively.

In the sequel the letters R, RT, N and w will denote the set of real
numbers, the set of nonnegative real numbers, the set of positive integers

numbers and the set of nonnegative integers, respectively.
The notion of a cone will be also useful.

As usual by a monoid we mean a semigroup (X, +) with neutral element.
Similarly to [54], by a cone we mean a triple (X, +,-) such that (X, +) is
an Abelian monoid, and - is a function from R x X to X such that for all
z,y € X and r,s € RT:

(i) r-(s-2) = (rs) -



1.2. PRELIMINARIES 17

(i) r-(z+y)=(r-2)+(r-y)
(iii) (r+s)-x=(r-x)+(s-x);

(iv) 1-2z==x.

A quasi-norm on a cone (X, +,-) [102, 103] is a function ¢ : X — R*
such that for all z,y € X and r € R™:

(i) x =0 if and only if there is —z € X and ¢(x) =0 = ¢(—x),
(ii) g(r-z) =rq(z),

(iil) g(z +y) < q(z) +q(y).

If the quasi-norm ¢ satisfies:
(i) g(z) = 0 if and only if z = 0,

then ¢ is called a norm on the cone (X, +,-).

A (quasi-)normed cone is a pair (X, q) such that X is a cone and ¢ is a

(quasi-)norm on X.

If (X,+,-) is a linear space and ¢ is a quasi-norm on X, then the pair
(X,q) is called a quasi-normed (linear) space (asymmetric normed linear
space in [38]). Note that in this case, the function ¢7' : X — RT given by
¢ '(z) = q(—=x) is also a quasi-norm on X and the function ¢ : X — RT
given by ¢*(z) = q(x) V¢ '(x) is a norm on X. As in [39], we say that (X, q)

is a biBanach space if (X, ¢®) is a Banach space.

A simple but crucial example of a biBanach space is the pair (R, u), where
u is the quasi-norm on R given by u(x) = max{z, 0} for all z € R. Note that

u®(x) = |z| for all z € R, so (R, u) is a biBanach space.
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It is well known that each quasi-norm ¢ on a linear space X induces a

quasi-metric d, on X defined as:
dy(z,y) = q(z — y) for all z,y € X.

The complezity (quasi-metric) space was introduced by M. Schellekens ([116])
to obtain a topological foundation to the complexity analysis of programs and

algorithms. This space consists of the pair (C, dc), where

:{f:w—>(0,oo]:;2nﬁ<oo}a

and d¢ is the quasi-metric on C given by
1 1
S (B
Z g(n)  f(n)

for all f,g € C, where we adopt the convention that 1/00 = 0. The elements

of C are called complezity functions.

It is well known that C is a cone when it is equipped with the pointwise

operations.

Following [116] the intuition behind the complezxity distance dc(f,g) is
that it measures relative progress made in lowering the complexity by repla-
cing the complexity function f by the complexity function g. Thus d¢(f, g) =
0 if and only if f < g, and, thus, condition d¢(f, g) = 0, with f # g, can be
interpreted as f is more efficient than g on all inputs. Observe that the above
information is not provided by using the metric (d¢)® because from the value
(de)®(f, g) is not possible to determine which complexity function would be

more efficient.

If (X, d) is a quasi-pseudo-metric space given A is a subset of X we denote

by A" the closure of A with respect to T, we define

Ca(X) = {A" NA"" A e Py(X)).
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Remark 1.3. In a quasi-pseudo-metric space (X, d) the following inclusions
are obvious: Co(X) C Cr(X) C Py(X). Moreover, if (X, d) is a metric space,
then KCo(X) C Co(X) and Co(X) = Cq(X). It is well known (see Example 1.2

below) that the situation is quite different for quasi-metric spaces).

Now, for each A, B € Py(X) let

H;(A,B) =supd(a,B), Hj(A,B)=supd(A,b),

a€A beB

and

Hy(A, B) = max{H; (A, B), Hf (A, B)}.

Then H;, H} and H, are extended quasi-pseudo-metrics on Po(X) (see, for
instance, [12, 67, 93, 94, etc|). Moreover H, is an extended quasi-metric on
Cr(X) (compare [67, Lemma 2]), and it is a quasi-metric on the set of all
bounded subsets of X that are in Cr(X). In this case we say that Hy is the
Hausdorff quasi-metric of d. Note that if (X, d) is a metric space, then Hy is
the extended Hausdorff metric of d (on Co(X)).

Example 1.2. Let X = {a,b,c} and let d be the quasi-metric on X given
by d(b,a) = d(c,b) = d(c,a) = 1, and d(z,y) = 0 otherwise. Let F' = {a, c}.
Then F ' nF ¢ = X, because d(b, c) = d(a,b) = 0. Therefore F' ¢ Cn(X),
and hence Ko(X) € Cn(X).
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Chapter 2

Semi-Lipschitz Functions that
are Valued in a Quasi-Normed

Linear Space

2.1 Introduction

Motivated, in part, by some problems from computer science and their ap-
plications (see for instance [38, 40, 101, 106, 116, 129]), the theory of com-
pleteness has received a certain attention in the recent years (see, among
other contributions, [24, 26, 34, 61, 97, 127, 132]). These advances have also
permitted the development of generalizations, to the nonsymmetric case, of
classical mathematical theories: hyperspaces, function spaces, topological

algebra, etc.

Let us recall that in [102] it was shown that the set of real-valued semi-

Lipschitz functions defined on a quasi-metric space (X, d) that vanish at a

21
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point zp € X can be structured as a normed cone. Applications of semi-
Lipschitz functions to questions on best approximation, global attractors on
dynamical systems, and concentration of measure can be found in [83, 102],
[101] and [130], respectively.

In [112], semi-Lipschitz functions that are valued in a quasi-normed linear
space have been discussed. This study was motivated, in great part, by the
fact that quasi-normed linear spaces provide suitable mathematical models

in the theory of computational complexity (see [38, 40, 106]).

The complexity quasi-metric space was introduced in [116] to study com-
plexity analysis of programs and algorithms. Later on, it was introduced in
[108] the dual complexity space. Several quasi-metric properties of the com-
plexity space were obtained via the analysis of the dual complexity space. In
[106] Romaguera and Schellekens show that the structure of a quasi-normed
semilinear space provides a suitable setting to carry out an analysis of the

dual complexity space.

This chapter is a contribution to the study of the set of semi-Lipschitz
functions from a nonsymmetric point of view. We show that this set can be
endowed with structure of a quasi-normed linear space when they are defined
on a quasi-metric space taking values in a quasi-normed space. We show that

this space is bicomplete and we also study other types of completeness.

Moreover we prove the somewhat surprising fact that when the quasi-
metric space is 7 this space is balanced in the sense of Doitchinov ([26]).
We also prove that it is complete in the sense of Doitchinov whenever (Y, q) is
a biBanach space. As an application of these results to asymmetric functional
analysis, we deduce that the dual space of a T7 quasi-normed linear space
is balanced and Doitchinov complete (see [99]). It is interesting to recall

that the study of balanced quasi-metric spaces from a fuzzy point of view
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has been recently discussed in [46, 105], and that, on the other hand, some
applications of balanced (extended) quasi-metrics to theoretical computer

science have been given in [96, 100].
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2.2 The Structure of the Set of Semi-Lipschitz

Functions

In this section we show a new concept of semi-Lipschitz functions, we are
going to define a quasi-distance and a quasi-norm on this set. Some internal
and external composition operations are defined, this operations give the
structure of normed cone. It will be interesting to know when this space has

the structure of normed cone it will be showed in some results in this chapter.

Definition 2.1. Let (X,d) and (Y, q) be a quasi-metric space and a quasi-
normed space, respectively. A function f : X — Y is said to be a semi-
Lipschitz function if there exists k > 0 such that

¢(f(z) = fy)) < kd(z,y)

for all z,y € X. The number k is called a semi-Lipschitz constant for f.
Another interesting set could be the following:

Definition 2.2. A function f on a quasi-metric space (X, d) with values in

a quasi-normed linear space (Y, ¢) is called <(q)-increasing if

q(f(z) — f(y)) = 0 whenever d(z,y) = 0.

By Y(fi( ;) we shall denote the set of all <(gq)-increasing functions from (X, d)
to (Y, q).

It is clear that if (X, d) is a T7 quasi-metric space, then every function

from X to Y is <(4) -increasing.
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If for each f,g € Yéq) and a € R * we define f 4+ ¢g and af in the usual

way; then it is a routine to show that (Yéq), +,-) is a cone.

This example shows that the set of <(44)-increasing functions is not ne-

cessarily a linear space:

Example 2.1. Let X = Z3, where, as usual, by Z3s we denote the quotient
field between the set Z integer numbers and 3Z multiples of 3. Let d be the

quasi-metric on X given by

1 ifz >y,
d(z,y) =
0 ifx<uy.

Let Y = R, ¢(x) = VvV 0 and take f such that f(0) = 0, f(1) = 1 and
f(=1) = —2. It is easy to see that f € Y(fiq) but —f ¢ Yj,. Thus Y, is

not a linear space.

A simple but interesting example of a semi-Lipschitz function is the fo-

llowing:
Example 2.2. Let (N, d) be a quasi-metric space where:
1 ify>ux,

d(z,y) =
0 ify<ux.

Then, the dual complexity space, is the quasi-normed space (B*, ¢), with

B*={f:w—R:> 27"(f(n)V0) < oo}
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and

a(f) =D 27"(f(n) v 0).

Let now F' : (N,d) — (B*,¢q) be the function defined by F'(0) = 0 and
F(n) = f, for all n > 0 (where {f,}nen is any strictly decreasing sequence
of functions in (B*, ¢), for the usual order, i.e, ¢ > h <= g(x) > h(z)for all
T Ew).

It is easy to check that F'is a semi-Lipschitz function, let see it:

Case 1: If x > y then d(x,y) = 0 and we have that ¢(F(z)—F(y)) = q(fa—f,) =

0 because F'is a decreasing function, thus
q(F(z) — F(y)) < kd(z,y).

Case 2: If z < y, then d(z,y) = 1 and we have that

a(F(z) = F(y) = a(fo = f,) = D 27" (faln) = fy(n) V0) <
D 27 (fo(n) VO) <D 27 (fi(n) V 0)
Since f € B*, then
Z2‘”(f1(n) V0)=k< o0

so that
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Given a quasi-metric space (X,d) and a quasi-normed space (Y,q), fix

r9 € X and put

S'CO(da Q) = {f S Yv(il(,q) : sup

<00, f(zg) =0;.
d(z,y)#0 d(l’,y) ( 0) }

Then SLy(d, q) is exactly the set of all semi-Lipschitz functions that
vanishes at xg, and it is clear that (SLq(d, q), +, -) is a subcone of (Yéq), +,-).

Now let p(aq) : SLo(d, q) x SLo(d,q) — [0, 00] defined by

o W —9)@) ~ (- 9)W)
paalhio) = d(z,y)

for all f,g € SLy(d, q). Then p(q) is a quasi-distance on SLy(d, q). However

P(d,g) 18 not a quasi-metric in general, as Example 2.3 below shows.
Furthermore, it is clear that for each f,g,h € SLy(d,q) and each r > 0,

p(d,q)(f + hag + h) = p(d,q) (f7 g)
and

P (Tfrg) =rpaq(f,9)

1.e., P, is an invariant quasi-distance. Moreover, it is easy to check that
Piaq) (f,0) =0 if and only if f = 0, where by 0 we denote the function that

vanishes at every z € X.

Consequently, the nonnegative function || - ||(4q) defined on SLy(d, q) by

”f”(d,q) = p(d,q)(fv 0)

is a norm on SLy(d, q). Therefore (SLy(d,q), | - [|(aq)) is a normed cone.
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Example 2.3. ([103]) Let d be the T} quasi-metric defined on R by d(z,y) =
x—yif x >y and d(z,y) = 1 otherwise. Then T} is the Sorgenfrey topology
on R. Now, let ¢ be the quasi-norm defined on R by ¢(x) = V0. Let 27 = 0.
If we denote the identity function on R by id and 0 denotes the function on

R that vanishes at every x € R, then p(44)(0, id) = oo.

Note that the above example shows that there exists f € SLy(d, q) such
that p(d7q)(0, f) = 0 but f 7& 0.

This example also provides an instance of a T} quasi-metric space (X, d)
such that (SLy(d,q),+) is not a group for some xy € X, which suggests the
question of characterizing when (SLy(d, q),+) is a group. In order to give
an answer to this question note that if z( is a point in the quasi-metric space
(X, d), then the set

o X q(f(x) = f(y)) _
el = 7 ¥ g, Ty < S =0)

has also a structure of a cone and (SLo(d™',q), || - ||(4-1,¢) is a normed cone,

where Hf”(d_l,q) = p(d—17q)(f, O), i.e.,

[fll@-19 = sup
( 2 d(y,z)#0 d(y7 ;C)

for all f € SLo(d™ 1, q).

Proposition 2.1. Let (X,d) and (Y, q) be a quasi-metric space and a quasi-

normed space, respectively. Then

f€SL(d,q) = —f €SL(d,q).

Proof. Let f € SLo(d,q) then there exists k € Rt such that

q(f(x) — fy) < kd(z,y)
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for all z,y € X. We change x by y and hence

q(f(y) — f(z)) < kd(y, )

and

¢(=f(z) = (=f(¥) < kd™ (2, y)

then —f € SLo(d !, q). The converse is analogous. O

This is the reason why we can say that the biggest set with group structure

in (SLo(d,q),+) is the intersection set.

Corollary 2.1. Let (X,d) and (Y, q) be a quasi-metric space and a quasi-
normed space, respectively. Then (SLo(d,q) N SLo(d',q),+,-) is a linear

space.

Proof. Tt follows from Proposition 2.1 that f € SLy(d, q)NSLy(d™?, q) if and
only if —f € SLo(d,q) NSLy(d™ 1, q). O

Remark 2.1. Note that for each f € SLo(d,q), ||fll@aq = | = fll@1,9-
Thus the normed cones (SLo(d, q), || - ||(4,)) and (SLo(d7 Y q), || - (a-1,9)) are

isometrically isomorphic by the bijective map
¢ SLo(d,q) — SLo(d™,q)

defined by o(f) = —f.

Furthermore, we have

SLo(d,q) NSLy(d ™", q) =
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feyX NnYs, .. sup
{ (dg)' ' 7 (d~ ") d(2.4)#0 d(z,y)

< 00, f(mg) =0}.

Hence (SLo(d,q) N SLo(d7Y,q),]| - ||B) is a normed linear space, where
| - ||z is the norm defined by

Ifll5 = sup ,
d(z,y)#0 d(fE, y)

for all f € SLy(d,q) NSLy(d7!,q).
Observe that || - || = || - [|@q) V || * l@a-1,9 o0 SLo(d, q) NSLy(d™*, q).

The next result, whose proof is very easy, provides a characterization that

will be useful, later on.

Proposition 2.2. Let (X,d) and (Y, q) be a quasi-metric space and a quasi-
normed space, respectively. Then f € SLo(d,q) NSLy(d™Y,q) if and only if
f(zo) = 0 and there exists k > 0 such that ¢°(f(x) — f(y)) < kd(x,y).

Remark 2.2. It is straightforward to see that f : (X,d) — (Y, q) belongs
to Yéq) N Y(iz(—l,q) if and only if f(z) = f(y) whenever d(z,y) = 0.

The next example shows that the intersection set is not “always interes-

ting”.

Example 2.4. Let (X,d) and (Y, q) be a quasi-metric and a quasi-normed
space, respectively, such that there is xy € X satisfying d(z, zo) Ad(xg,z) =0
for all z € X. Then SLy(d,q) NSLy(d™,q) = {0}.
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Now we see another example using a classical quasi-metric:

Example 2.5. Let X = [0,1] and let d be the quasi-metric on X given
by d(z,y) = y —z if < y and d(x,y) = 1 otherwise. Clearly T} is the
restriction of the Sorgenfrey topology to [0,1]. Let (Y, ¢q) be a quasi-normed
space and put xo = 0. Then, a function f : X — Y satisfies f € SLy(d, q)N
SLo(d!, q) if and only if there is & > 0 such that

q(f(x) = f) V a(f(y) — f(x)) < k(d(z,y) Ad(y, x))

for all x,y € X.

The next result characterizes when the semi-Lipschitz function space with

the internal composition law defined is a group.

Theorem 2.1. Let (X,d) and (Y, q) be a quasi-metric space and a quasi-

normed space, respectively. Then the following assertions are equivalent:

(1) SLo(d,q) = SLo(d ", q).
(2) SLo(d,q) is a group.

(3) SLo(d",q) is a group.
(4) SLo(d.q) C SLo(d™", q).
(5) SLo(d™,q) C SLo(d, q).

Proof. (1) = (2) By Corollary 2.1 (S£Ly(d,q) N SLo(d™*,q),+,-) is a linear
space. If SLy(d,q) = SLy(d™,q) then (SLy(d, q),+) is a group.

(2) = (3) Let f € SLuo(d™t, q). By Proposition 2.1 —f € SLy(d, q), since
SLo(d, q) is a group, f € SL(d, q), by Proposition 2.1 —f € SLy(d™!, q).
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(3) = (4) The proof is similar to the proof of (2) = (3).

(4) = (5) Let f € SLo(d"t,q). Then —f € SLy(d,q) C SLy(d1,q)
hence —f € SLy(d™!, q). Thus f € SLy(d, q).

(5) = (1) Is the same that (4) = (5). O

Let see that all this does not depend on the zy chosen:

Proposition 2.3. Let (X,d) and (Y, q) be a quasi-metric space and a quasi-
normed space, respectively. If there exists xog € X such that SLo(d,q) =
SLo(d7 Y, q), then SLy(d,q) = SLi(d71,q) for each x, € X.

Proof. Let f € SL£,(d, q). Define a function g on X by g(z) = f(z)— f(x¢) for
all x € X. Tt easy to check that g € SLy(d, q). Thus, g € SLo(d™ 1, q). Since
g(x)—g(y) = f(x)— f(y) for all 7,y € X we obtain that f € SLi(d"t,q). [
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2.3 Completeness Properties

In this section, we discuss the completeness properties of the semi-Lipschitz

function space.

Theorem 2.2. Let (X,d) and (Y, q) be a quasi-metric space and a biBanach

space, respectively. Consider the following conditions:

(1) (X,d) is a metric space.
(2) SLo(d,q) = SLo(d™",q) and || - l@g) = |- ll@-1.0)-
(3) (SLo(d,q), | - ll(aq) is a Banach space.

Then: (1) = (2), and (2) < (3).

Proof. (1) = (2) Obvious.

(2) = (3) From (2) SLo(d, q) = SLo(d™', q), thus SLy(d, q)NSLy(d, q) =
SLy(d,q) is a linear space, by other hand || - [[(aq = || - [[(a-1, therefore
|- ll@q = || - || 3 from Theorem 2.3 (SLo(d,q),|| - |/(a,)) is @ Banach space.

(3) = (2) Suppose that (SLo(d,q), | - ||(a,q) is a Banach space. Then
SLo(d,q) is a group, so SLo(d,q) = SLo(d™',q). Moreover | - ||(aq is a

norm on SLy(d, q), so that || fl(aq = || = fll(a,e for all f € SLy(d,q). Since
—f € SLo(d,q) it follows that || — fll@aq = [|fll@-1,. We conclude that
I Ny = [ la-1.q) o0 SLo(d, ). O

To see that in general (3) = (1) is not true we take ¥ = 0 for any

quasi-metric space (X, d) that is not a metric space.
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The following result allows us to prove that if (Y, ¢q) is a biBanach space

then (SLo(d, q), pa,q) is a bicomplete space:

Theorem 2.3. Let (X, d) and (Y, q) be a quasi-metric space and a biBanach

space, respectively. Then pagq) s a bicomplete quasi-distance on SLy(d, q).

Proof. Let {fn}nen be a Cauchy sequence in (SLo(d, q), paq))- Then, given
€ > 0 there is ng € N such that

Q((fn - fm)(x) - (fn - fm>(y))

sup <e¢ (*)
d(z,y)#0 d(IE, y)

for all n,m > ny.
If x = xg then f,(x) =0 for all n € N.
Let x # x7.We consider the following cases.

Case 1. d(x,x0) # 0. Then, we deduce from (x) that given € > 0 there
exists ny € N such that if n,m > n{ then ¢(f.(z) — fn(z)) < € and if we
change n and m, then q(f,,(x) — fn.(x)) < . Therefore, {f.(z)} is a Cauchy

sequence in (Y, ¢%).

Case 2. d(x,19) = 0. Then d(zo,x) # 0 so q(fm(z) — fu(z)) < € and
q(fu(z) = fin(x)) < e

Consequently, { f,,(z) }nen is a Cauchy sequence in (Y, ¢%), thus { f,(x) }nen
converges in (Y, ¢°) and we define f as the function pointwise limit of { f,,(2) }nen

in (Y,q) for all x € X. We shall prove that {f,},en converges to f in
(8Lo(d;q), Piag))-

Indeed, given € > 0, since {f,(z)}nen converges to f(z) in (Y, q), for all
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x € X, then for each x,y there exists n’ such that if m’ > n’ then

¢°(f(@) = for(®) = (f(y) = fir (¥)))
d(z,y)

<

DO ™

and since {f,}nen is a Cauchy sequence, we can also find ngy such that if

m',n > ng then

qs(fm/(l') — fn(x) - (fm’(y) - fn(y))) < &
d(z,y) 2
for all z,y € X.
Thus we have
e CUE) — fwl@) = (F0) = fr )
2 d(z,y)

and hence

Since ng is independent from x and y, we obtain

qup LY@ = fal@) = (F(4) = 2(v))
d(a,y)#0 d(z,y)

<,

for all n > ng. Consequently p(q,q) is a bicomplete quasi-distance on (SLy(d, q).
O]
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Corollary 2.2. Let {fn}nen be a Cauchy sequence in (SLo(d,q), || - |laq)
then there ezists a convergent sequence {ky}nen in (R, Tg) such that k, is a

semi-Lipschitz constant for f,.

The following result allows us to prove that if (Y, ¢) is a biBanach space
then (SLo(d,q) NSLo(d,q), ]| - ||5) is a Banach space.

Corollary 2.3. Let (X,d) and (Y, q) be a quasi-metric space and a biBanach
space, respectively. Then (SLo(d,q) NSLy(d™1,q), || - I|5) is a Banach space.

Proof. Given {f,}nen € SLo(d,q) N SLy(d™,q) a convergent sequence, let
f be the limit of {f,, }nen respect to || - ||g. Given € > 0 there exists ng such
that if n > ng :

U = ) = () = )
d(z,y)#0 d(:l}, y)

<e,

then let see that f € SLo(d,q) NSLy(d" Y, q) :

¢*(fa(z) = fu(y))
 d(zy)#0 d(x,y) - d(igio d(x,y)

<t |flls < oo

Thus (SLo(d, ) NSLu(d™ 1, q), |- ]]) is a closed subset of (SLy(d, q), Plag):
by Theorem 2.3 is complete. O]
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2.4 Other Completeness Properties

In this section, we discuss other completeness properties of the semi-Lipschitz

function space.

Let us recall that right K-completeness and left K-completeness constitute
very useful extensions of the notion of completeness to the nonsymmetric

context.

In fact, they have been successfully applied to different fields like hy-
perspaces and function spaces, topological algebra and theoretical computer

science.

Definition 2.3. Let (X, d) be a quasi-pseudo-metric space. A net {x;s}sen in
X, is called left K-Cauchy provided that for each € > 0 there is Jy such that
d(zs,,xs,) < € for all §3 > §; > do, and {zs}sen in X is called right K-Cauchy
provided that for each € > 0 there exists dy such that d(xs,,zs,) < € for all
0 > 01 > 0.

Definition 2.4. A quasi-pseudo-metric space (X, d) is called left K-complete
(resp. right K-complete) space if each left K-Cauchy net (resp. right K-
Cauchy net) is Ty-convergent. (Compare with [65, Section 2]).

Remark 2.3. ([5, Remark 2]) It is clear that each right K-complete quasi-
metric space is right K-sequentially complete. However, the converse does not
hold even for quasi-metric spaces. In fact, in [131, Example 2.4], Stoltenberg
presented an example of a right K-sequentially complete quasi-metric space

that is not right K-complete. The space of this example fails to be regular.
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The following theorem allows us to prove that if (Y, ¢) is a biBanach finite
dimensional space then (SLo(d,q), p(a,q)) is right K-complete. We will need

an auxiliary lemma.

Lemma 2.1. Let (X, d) a quasi-metric space. If {xs}sen is a right k-Cauchy

net with a cluster point x in (X, d®), then {xs}scn converges to x in (X, d*).

Theorem 2.4. Let (X,d) and (Y,q) be a quasi-metric space and a biBa-
nach finite dimensional space, respectively. Then p(aq) is right K-complete

on SLy(d, q).

Proof. Let { fs}sca be aright K-Cauchy net in (SLo(d, q), p(4,9))- Then, given
g > 0 there is dy € A such that

9((fs, = f5)(2) = (f5, = [5,)(W))

sup <e ()
d(z,y)#0 d(l‘7 y)

for all (52 2 51 Z 50.

Let x # zo. We consider the following cases.

Case 1. d(z,x9) # 0 and d(zg,x) # 0. Then, we deduce from (xx) that
given € > 0 there exists J), such that if o > §; > 0 then ¢°(fs,(z) — fs, (7)) <
e. Therefore{ fs(x)}sca is a Cauchy net in (Y, ¢%).

Case 2. d(zg,z) = 0 and d(x,x¢) # 0. Then

q(f5,(2)) — a(fs, (7)) < q(f5,(2) = [, (x)) < ed(z, 20)
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for all 05 > 07 > dg. Since q(—fs(z)) = 0 for all § € A, it follows that
@*(fs,(z)) < ed(z,x0) + q(fs5,(x)) for all 69 > . Thus { f5(z)}s>s, is a boun-
ded net in the finite dimensional space (Y, ¢®), so it has a cluster point in

(Y, ¢°). Hence, by Lemma 2.1, {fs(x)}sea converges in (Y, ¢%).

Case 3. d(xg,x) # 0 and d(z,z9) = 0. A slight modification of Case 2
shows that {f5(z)}sea converges in (Y, ¢%).

We define f such that {f5(z)}sca converges to f(x) for each z € X. We

first note that f is <(44)-increasing.

Next we see that the net

q(fs(z) — f5(y))
{ d(z,y) Fiea

converges to

9(f(x) = f(y)
d(z,y)
for all z,y € X such that d(z,y) # 0.

For € > 0, for §; > §p and z,y € X such that d(z,y) # 0 we take §; € A,
with 92 > &7 such that

so that

_alf (@) = [ (@) — fo, () + f5,(x) — (f(y) — fo, (¥) — fau () + f5, (1))
d(z,y)
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< W (@) = fs(2) = (f(y) ~ f5 ()
B d(z,y)
Q(f52<$) — f51( ) ( 2(3/) f51 (y)>>
+ d(z.y) < E.
We conclude that
LU0 = fole) = (1) = S ) _
d(z,y)#0 d<x7 Z/) '
The proof is finished. O

Corollary 2.4. Let (X,d) and (Y,q) be a quasi-metric space and a quasi-

normed space respectively. Let { fs}sea be a right K-Cauchy net in (SLo(d, q), p

If for each v € X {fs(x)}sen converges to f(x) in (Y, q®) then {fs}sen con-
verges to f in (SLo(d,q), piaq))-

Theorem 2.5. Let (X,d) and (Y,q) be a T\ quasi-metric space and a biBa-

nach space respectively. Then pqq) s Tight K-complete.

Proof. Let { fs}sea be aright K-Cauchy net in (SLo(d, q), p(a,q))- Then, given
¢ > 0 there is dg such that

o((fs, = f5)(x) = (fs, = [5,)W)))

sup <e
d(z,y)#0 d(l’, y)

for all 6y > 6; > 6.

Let x # xy.
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Since (X,d) is Ty, d(z,z9) # 0 and d(xg,x) # 0 then, we deduce from
(xx) that given d(;mo) and d(mi’x) there exists ¢ such that if d > §; > §
then ¢*(fs5,(x) — fs5,(z)) < €. Therefore {fs(z)}sca is a Cauchy net in (Y, q)
for all z € X. Thus {fs(z)}sea is a convergent net in (Y, ¢*) and we define f
such that {fs(x)}sea converges to f(x) for each z € X. Let {fs}sen a right
K-Cauchy net in (SLo(d, q), p(a,q))-

Let us see that the net

converges to

q(f(x) = f(y))
d(z,y)

for all z,y € X such that d(z,y) # 0.

Since {fs}sea is a right K-Cauchy net, given ¢ > 0 there exists dy such
that if 52 Z 51 Z 50 then

o((fs, = f5,)(@) = (f5, = [5,)(¥))

sup <
d(z,y)#0 d(l‘, y)

DN ™

Since {fs(x)}sea converges to f(z) for all x € X, then for each z,y € X
there exists d( such that if 6] > §{ then

¢ (f(x) = f5,(x) = (f(y) — f5,(v)))
d(z,y)

<

Do M

Thus given € > 0, for all 6’ > ¢y and for each z,y € X such that d(z,y) #
0 and we take §; > ¢’ and 9, > d; then

q(f(z) — fo(x) = (fy) — f5(y))
d(z,y)
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q(f(x) — for(x) = f5,(x) + f5,(x) = (f(y) = fsr(y) — f5,(y) + f5,(v)))
d(z,y)

(@) = f(@) = (F0) + I @) alfsn(a) = file) = o) + Fin))) _

d(z,y) d(z,y)

<

for all z,y € X such that d(x,y) # 0

sup W@~ fol@) = (fy) = fo )
d(z,y)#0 d(&?, y)

<e,

for all 9], > . O
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2.5 On Balancedness and D-Completeness of

the Space of Semi-Lipschitz Functions

In this section we suppose that all quasi-metrics are T} quasi-metrics.

In [26] Doitchinov introduced an important property of symmetry in
quasi-metric spaces, namely balancedness, in order to develop a satisfactory
theory of completion. He observed that paradigmatic examples of quasi-
metric spaces, as the Sorgenfrey line, the Kofner plane and the Pixley-Roy
spaces are balanced, and proved that every balanced quasi-metric generates

a Hausdorff and completely regular topology.

Recall that a(n extended) quasi-metric space (X, d) is balanced if for each
pair of sequences {y, }nen, {®n nen in X such that n}iriloo d(Ym, x,) = 0, and
each z,y € X and r1,r, € RT satisfying d(z, z,) < 77”1 and d(y,,y) < 1o for
all n € N, it follows that d(z,y) < r; + ro. In this case, d is called a balanced

quasi-metric.

We say that the normed cone (SLy(d,q),| - |lag) is a balanced normed

cone if the extended quasi-metric pg, is balanced on SLy(d, q).

According to [26], by a Cauchy sequence in the sense of Doitchinov in a
quasi-metric space (X, d) we mean a sequence {z, }nen in X for which there
is a sequence {y, tney in X satisfying lim  d(ym,, x,) = 0. The quasi-metric

,M—00

space (X, d) is said to be complete in the sense of Doitchinov if every Cauchy

sequence is convergent with respect to T'(d).

Later on, Doitchinov proved that each balanced quasi-metric space (X, d)
is isometrically isomorphic to a T'(d) and T'(d~!)-dense subspace of a balanced

complete quasi-metric space.
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Following the modern terminology of [62], Cauchy sequences in the sense
of Doitchinov will be called, in the sequel, D-Cauchy sequences and complete
quasi-metric spaces will be called D-(sequentially) complete quasi-metric

spaces.

Theorem 2.6. Let (X,d) be a quasi-metric space, (Y,q) be a quasi-normed

linear space and xo € X. Then (SLo(d,q), | - ||laq) is a balanced normed cone.

Proof. Let { fy. }nens {gn }nen be sequences in SLo(d, ¢) with im  pa4(gm, fr)
=0, and let f,g € SLo(d,q) and r1,ry € RT such that pg,(f, fn) < 1 and
Pd.g(gn,g) < 1o for all n € N. Choose z,y € X with x # .

Then
q((f = fo)(@) = (f = fa)(y) < md(z,y),

and
q((gn — 9)(x) = (g0 — 9)(y)) < rod(z,y),

for all n € N. Moreover, for an arbitrary € > 0 there is ng € N such that

q((gn — fa) W) — (gn — fu) (7)) < ed(y, ),

for all n > ngy. Consequently
q((f =9)(=@) = (f = 9)(¥))
< Q((f - fno)(x> - (f - fn0>(y)) + Q((fno - gno)(x) - (fno - gno)(?/))

+q((9no — 9)() = (gny — 9)(y))

< Tld(x7 y) + 6d(y7 [E) + TQd(xv y)
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Since ¢ is arbitrary, it follows that

q((f —9)(x) = (f = 9)(y)) < rd(z,y) + rod(z, ).

Therefore
paqg(f,9) <1+

We conclude that (S£Ly(d, q), || - ||4,4) is balanced. O

Corollary 2.5. Let (X,d) be a quasi-metric space, (Y, q) be a quasi-normed
linear space and xy € X. Then (SLo(d,q),T(pa,)) is a Hausdorff and com-

pletely regular topological space.

Theorem 2.7. Let (X, d) be a quasi-metric space, (Y, q) be a biBanach space
and xo € X.Then (SLo(d,q), | - |laq) is D-complete.

Proof. Let {f.}nen be a D-Cauchy sequence in SLy(d, q). Then, there is a
sequence { g, tnen in SLy(d, q) such that

lim pd,q(gma fn) = 0.

n,m—00

Thus, given € > 0 there is ny € N such that pg,(gm, fn) < € for all

n,m > ng.
Now fix z € X. Then

q((gm — fu)(2)) < ed(x,20) and  q((fn — gm)(2)) < ed(0, ),

S0,

C((gm—fn)(x)) < ed®(z,29) forall n,m > ny.
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Therefore, for each n,m > ny,

¢ ((fu = fn)(@) < (o = Gno) (@) + @ ((gny — fn)(¥)) < 2ed*(x, x0),

and, since (Y, ¢) is a biBanach space, the sequence { f,,(z) },en is convergent
in (Y, ¢°). Then, we can construct a function f : X — Y such that {f, },en
is pointwise convergent to f with respect to the norm ¢°. Observe that, by
condition (%), the sequence {g,}nen is also pointwise convergent to f with

respect to ¢°.

We shall prove that f € SLy(d) and that im pg,(f, f) = 0. Indeed, we
first note that f(zo) = 0 because f,(zo) = 0 for all n € N. Now, for the given
e > 0, for n > ny and for z,y € X with z # y, there exists m > n such that

¢((f = gm)(x)) <ed(z,y) and ¢ ((f — gm)(y)) < ed(z,y).

Hence

o((f = fu)(@) = (f = f)(¥))

_ ¢ ((f = gm) (@) + ¢ ((f = gm)(y))

+ e < 3e.
d(z,y)

It then follows that

A () — fW) 1o (@) = foo®))
Ty B B

Thus, we have shown that f € SLy(d,q) and pa,(f, fn) < 3¢ for all
n > ng. Consequently (SLo(d, q), || - ||aq) is D-complete. O



2.5. BALANCEDNESS AND D-COMPLETENESS 47

As an application of the previous results we next show that if (X, p) is
a T} quasi-normed linear space (i.e. the quasi-pseudo-metric d, induced by
the quasi-norm p is actually a quasi-metric), then the dual space (X*, p*) of
(X, p) is balanced and D-complete in the natural sense that we explain in

the following.

Let us recall ([2, 39]) that if (X, p) is a quasi-normed linear space then
the so-called algebraic dual of (X,p) is the cone X* consisting of all linear
real-valued functions on X that are upper semicontinuous on (X, T'((d,)™")).
Equivalently, X* consists of all linear real-valued functions on X that are
lower semicontinuous on (X, 7(d,)) ([103, p. 58]). It immediately follows
(183, 103]) that X* = L(X) N SLy(dy, u™"), where L(X) denotes the space
of all linear real-valued functions on X and SLy(d,,u™") denotes the space
of all semi-Lipschitz functions from (X, d,) to the quasi-normed linear space
(R,u~!) that vanish at 0. Note that in this case we have

Pd,u-1(f,9) = sup (f —9)@) = (f—9)(y) VO
d(x,y)#0 p(x —y)

b

for all f,g € SLo(dy,u™").

Let us also recall that p* is the function from X* to R* defined by p*(f) =
sup{f(z) : p(x) < 1} for all f € X* (]2, 39]), and thus (X*,p*) is a normed
cone which is said to be the dual space of (X, p).

It is routine to see that X* is a closed subspace of the metrizable space

(S£0<dp7 u_1)> (pdp,u—l )S)

From the preceding facts and Theorems 2.6 and 2.7 we immediately de-

duce the following.

Theorem 2.8. Let (X, p) be a T\ quasi-normed linear space. Then (X*,d,»)

1 a balanced D-complete extended quasi-metric space.
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In the light of Theorem 2.8 it seems interesting to recall that there exist T}
(actually Hausdorff) quasi-normed nonnormable linear spaces in abundance.

See for instance:

Example 2.6. ([37, Example 1]) Consider the linear lattice (Eg, <) defined
by all the sequences of real numbers that are different from zero only in a finite
set of indexes endowed with its natural order, and the function ¢ : Eg — R*
defined by:

qo(x) = [l V Of] + [l A Of2.

We prove that this function is in fact an asymmetric norm. Since z =
xVO0+ax A0 for all x € Ey, we have that ¢(x) = 0 if and only if z = 0.
Furthermore, it is obviously positively homogeneous. We just need to show

that it satisfies the triangle inequality.

First note that for a pair of elements x,y € Ey, (z+y)V0 < zV0+yVO0.
For each 1 < p < oo, the norm properties related to the order operations of
the normed lattices (Ej, || - ||,, <) (see Chapter I, Vol.II, in [70]) leads to the
inequality

Iz +y) VOll, < [lzVOl[p + [ly v O]
The following equalities are also satisfied for every x € Ey and for each

1 < p < oo (Chapter I, Vol. 11, in [70]),

[l A Ol = [| = (2 A Ol = [| = (=((=2) VO)lp = | = = VOl

Then
q(z+y)=[(x+y) VOl +[(z+y) A0l

= [Itz +y) VOl + [(=2 = y) V0|2
< [lzVOll + ly VOlls + I =2V Olls + [| =y V Oll2 = qo(2) + qo(y)-

Clearly (FEy, qo) is and asymmetric normed linear space.
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Note that (Ey, o) is a Hausdorff space since for every x € Ejy, the norm w,
given by w(z) := ||V 0|2+ ||z A0]|2 is equivalent to || - ||z, and w(z) < go(x).
This means that the open balls defined by ¢y are contained in the open balls
defined by the norm w on Ej, and then (FEy, qo) is a Hausdorff space. The
proof of the fact that (Fp,qo) is not isomorphic to any normed space is a

consequence of Theorem 7, [37]. Straightforward calculations show that in

this case
= inf —
ol = inf {ao(r — )
= [l vV Ollz + [z A 0|2,
| - llg is equivalent to || - ||2, and gj(x) is exactly || - |;. The condition for

(Eo, qo) to be isomorphic to a normed space given in Theorem 7 of [37] would
imply that ¢* and || - ||, are equivalent. But this is not true, since || - ||; and
|| - |l are not equivalent in Ey. Note that the construction provides more
examples of the same situation just by replacing the norms || - ||; and || - |2

by || - || and || - ||s respectively for any 1 <7 < oo and 1 < s < 00, r # s.
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Chapter 3

Norms on Semi-Lipschitz
Functions: An Approach to
Computing Complexity by

Partial Functions

3.1 Introduction

As we indicated in Chapter 2 the notion of a semi-Lipschitz function was
introduced and discussed in [102]. In particular, it was proved that the
set of semi-Lipschitz functions, defined on a quasi-metric space (X, d), that
vanish at a point xg € X can be structured as a normed cone. From then,
semi-Lipschitz functions have been successfully applied to some questions in
asymmetric functional analysis [81, 82, 103], concentration of measure [130],

global attractors on dynamical systems, and theoretical computer science

o1
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[101].

In this chapter we show that semi-Lipschitz functions also provide an
efficient tool to compute the complexity of certain algorithms in the following
sense: If T is the recurrence equation on N associated to a given algorithm
(with T'(n) > 0 for all n € N) and denote by f the complexity function
which is the solution of this recurrence equation, then the complexity of
this algorithm is represented via f. Moreover, f constitutes a total mapping
defined recursively that is, at the same time, the limit of a sequence {f,, }nen

of partial mappings also defined recursively.

Here, we present a model for computing the complexity represented by f
by means of the values that take a certain relativized norm and its induced
quasi-metric on the sequence {f,}nen and its initial segments. This is done
with the help of a suitable space of semi-Lipschitz functions which is cons-
tructed here; in particular, the induced quasi-metric will permit us to easily
measure progress made in lowering complexity when the sequence { f,, }nen is

replaced by any initial segment of it.
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3.2 Computing Complexity by Semi-Lipschitz

Functions and Partial Functions

Let (X,d) and (Y, d’) be two quasi-metric spaces and let f : (X,d) — (Y,d');
then f is said to be a semi-Lipschitz function ([102]) if there exists £ > 0
such that d'(f(z), f(y)) < kd(z,y) for all ,y € X. The number k is called a

semi-Lipschitz constant for f.

A function f : (X,d) — (Y,d’) between two quasi-metrics spaces is ca-
lled <(gqy-increasing (compare ([103, 102])) if d'(f(x), f(y)) = 0 whenever
d(z,y) = 0. By Y(ff ) We shall denote the set of all <(4 #)-increasing functions
from (X, d) to (Y, d).

It is clear that if T, is a T} topology, then every function from X to Y is

<(d,a’) -Increasing.

If we denote by SL(d,d') the set of all semi-Lipschitz functions from the
quasi-metric space (X,d) to the quasi-metric space (X,d') then it is clear
that

SL(d,d)={f€YSy: sup —r 22

(d.d) d(z,y)#0 d([E, y)
In the following, we shall apply the structure of the space SL(d,d’) of semi-
Lipschitz functions to the case that (Y, d’) is the complexity quasi-metric
space as defined above. To this end, we shall consider the quasi-metric space
(w,d,) where a > 0, d, is the quasi-metric on w, given by d,(n,m) = 0 if

n > m, and dy(n,m) = a if n < m.

Thus

1
SL(do,de) ={F € C{, ac) o SL<1p de(F(n), F(m)) < oco}.
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Next we observe that SL(d,, dc) can be structured as a relativized normed
cone, where by a relativized normed cone we mean a pair (C, ||.||) such that
C(= (C,+,-)) is a cone and [|.|| is a nonnegative real-valued function on C

satisfying the following conditions for all x,y € C' and r > 0 :

@) -l = fll /7,

(i) flz+yll < llzll + lyll -

In this case, we say that ||.|| is a relativized norm on C.

Indeed, given F,G € SL(dy,dc) and r > 0, define (F + G)(n) = F(n) +
G(n) for all n € w, and (r- F)(n) = r- F(n) for all n € w, where F(n)+ G(n)

and r - F\(n) are pointwise defined.

We also define || - ||(4..dc) : SL(da, dec) — R by
1
17l = 50D de(F (), F(m),
nm
for all ' € SL(d,,dc). Then we have the following result.

Theorem 3.1. (SL(da,dc), [|-ll(4, 4.)) s a relativized normed cone.

Furthermore, it is immediate to see that the nonnegative real valued

function D defined on SL(d,,dc) X SL(dq,dc) by

D(F, G) = (|Gl (darde) = 1l @ de)) v 0),

is a quasi-pseudo-metric on SL(d,,dc). It is called the quasi-pseudo-metric

induced by ||.[/(4, 4 -
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In the rest of the chapter we shall apply the relativized norm .|, 4. and
the quasi-pseudo-metric D to analyze the complexity of algorithms having

an associated recurrence equation .

Let T be the recurrence equation on N associated to a given algorithm and
denote by f the complexity function which is the solution of this recurrence
equation (we assume that f(0) = co). Then f constitutes a total mapping

defined recursively.

Of course, the function f can be approximated by a sequence {p,}nen
of partial functions, where each p, : {0,1,....,n} — (0,00] is defined by
pn(0) =00, pp(k) =T (k) for k=1,...,n

It is clear that each function p, can be identified with a complexity fun-

ction f,, defined as follows:

fn(0) =00, fu(k) =T(k) for k=1,...,n, and f,(k) = oo for k > n. (x)

Then we have that f < f,, and f,,1 < f, for all n € N.

First we show that the sequence { f,, }nen converges to f both with respect
to the quasi-metric de and its conjugate, which agrees with the computational

interpretation of the partial functions p,.

Indeed, since f < f, it immediately follows that de(f, f,) = 0 for all
n € N. On the other hand, since f,(k) = f(k) for k =0,1,...,n, we obtain

o0 —-n

1 1
deln.f) Z“m%—; et

k=n+1

Consequently de¢(f,, f) — 0.

Next we show that the complexity represented by f can be derived by

computing the relativized norm ||. |, 4.) on certain semi-Lipschitz functions
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that take values on the sequence {f,}.en and its initial segments; thus we
obtain the advantage to calculate on finite sums (those that they come re-
presented by the initial segments of {f,, }nen), avoiding to have to calculate

with infinite series.

Indeed, let F': w — C given by F(n) = f, for all n € N and F(0) = f

where fo(n) = oo for all n € w.

Note that in certain sense F' can be identified with { f,, }nen and thus with
f. On the other hand, F' € SL(d,, d¢) because de(F(n), F(m)) = 0 whenever
do(n,m) =0, and

AR

L sup de(F(n), F(m)) = = lim de(foe, f) =

O n<m o m—oo

- 1
-k -
;2 10 < 0.

We also obtain that

1 — 1
1 F | (dade) = o kz_: [0}

Now construct a sequence {Fj}jen of functions from w to C as follows:
F;(0) = fw, Fj(n) = f, for 0 < n < j, and F;(n) = f; otherwise. Observe
that /' < F; and Fjy; < Fj for all j € N. Moreover, it is easy to see that
F; € SL(d,, dc). In particular

1550 e 22 i

and consequently

jh_fgo 15 1 ey = 1 e -

More exactly, we have

1 (dasde) = I1F5 || (i)
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11 k( 1
:_22 G +a22 fj(k))

k=j+1 k=1
> 1
Ly
a & fk)
and thus
1E o dey = 1E5 (o aey = = de(fs: f)-
Hence

1
W ey = 15l ey < aT(1)

Finally, note that the use of the induced quasi-pseudo-metric D also pro-

vides a satisfactory interpretation in this context because the relations

D(F, F]) =0 and D(Fj+1,}7j) =0

agree with the facts that F' is more efficient than F; and that Fji; is more
efficient than F} for all j € N.

We conclude the chapter with and example which illustrates the method

developed above.

Example 3.1. Consider the average case of Quicksort as discussed in ([59]),
where the following recurrence equation for this algorithm is obtained: 7'(1) =

1 and 5 5
n -+ n

T = Tn—1
(n) e (n—1)+

for all n > 2.

It well know that there is f € C which the unique solution for this recu-

rrence equation.
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Let {f,}nen defined as in (*).

Hence in this case we obtain for the three first terms £}, F» and Fj :

3 111
|| =0 Bl = — d || = —.
IFl=0, IRl =5 and [F]= g

Then, the relativized norm || - [[(4,.4c) Yields us a quantification of the
nearness of the algorithm to the solution in each step. Thus given an error
level we can obtain the number of steps that we must give to come near to

the real solution as much as we wish.

Therefore if we consider an error level € = 0.003 we can obtain the number

of steps:
27
— < 0.003
Q@

and then for « = 1 we obtain that 7 > 9.



Chapter 4

Semi-Lipschitz Functions and
Best Approximation in

Quasi-Metric Spaces

4.1 Introduction

This chapter is a contribution to the study of semi-Lipschitz functions and
best approximation from a nonsymmetric point of view. We show how the
quasi-normed space structure provides an appropriate setting to characterize
the points of best approximation. In this way our results generalize the quasi-

metric theory of semi-Lipschitz functions and best approximation [102].

29
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4.2 Best Approximation in Quasi-Metric Spa-

ces

Let (X, d) be a quasi-metric space and let a € X. We shall denote by clz{a}
the closure of the subset {a} in the topology Ty, i. e., clgfa} = {zv € X :
d(z,a) = 0}. As usual, if A C X, by d(p, A) we shall denote the inf{d(p,a) :
a € A} for each p € X.

Definition 4.1. Let (X, d) be a quasi-metric space. Let A C X and p € X.
An element ay € A such that d(p, A) = d(p, ap) is said to be an element of

best approximation to p by elements of A, it it exists.

Note that if d(p,ag) = 0 for some ag € A then qq is obviously an element
of best approximation to p by elements of A. Therefore we focus our attention
on those points p ¢ (J{cls{a} : a € A}.

Proposition 4.1. Let (X,d) be a quasi-metric space. Let A C X, 9 € A
and p ¢ \J{cla{a} : a € A}. Then ag € A is an element of best approzimation
to p by elements of A if and only if for any quasi-normal space (Y, q) such that
there exists a e € Y with q(e) =1 and q(—e) = 0, then there is f € SLy(d, q)
such that:

(1) | fllg =1
(2) fla=0
(8) d(p,a0) = q(f(p) — f(ao))

Proof. Suppose first that ag € A is an element of best approximation to p by
elements of A. Let (Y, ¢q) be a quasi-normed space and let e € Y such that
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q(e) = 1 and g(—e) = 0. Define f : (X,d) — (Y,q) by f(x) = d(z, A)e for
all x € X.

Let see that f € SLy(d,q) :
If To € A then f(l’o) =0.

Now, given two points x,y € X with d(z,y) = 0 the triangle inequality
say that d(z,a) < d(y,a) for each a € A, that is d(z, A) < d(y, A). Thus

q(f(z) = f(y)) = qd(z, A)e — d(y, A)e) = q((d(x, A) — d(y, A))e)

Then

q((d(x, A) — d(y, A))e) = (d(y, A) — d(z, A))q(—e) = 0.

Given z,y € X such that d(z,y) # 0; we have:

o If d(z,A) <d(y,A), then

¢(f(x) — fly)) _ (d(y, A) —d(z,A)g(=e) _

d(x,y) d(z,y)

o Ifd(y,A) <d(x,A), then

q(f(z) = fly)) _ (d(z,A) —d(y, A))q(e)

d(z,y) d(z,y)

but d(z, A) — d(y, A) < d(z,y).

Thus




62 CHAPTER 4. SEMI-LIPSCHITZ FUNCTIONS AND BEST APPROXIMATION

for all z,y € X such that d(x,y) # 0 then

[ fll(.q = sup <
(%.0) d(z,y)#0 d(z,y)

(1) Let see that || f|/4,q = 1. We know that | f[/@aqe < 1. On the other
hand d(p, ag) # 0. Then

9(f(p) = fao)) _ d(p, A)g(e)
d(p, ao) d(p, ap)

(2) By definition, f(a) = d(a, A)e, so f|a = 0.

=1

1fll@q =

(3) We know that

Then (f(p) — f(a0)) = d(p, ao).

Conversely, for each a € A, d(p,a) # 0, and hence

d(p, a) = [|fllaqgd(p, a)

p,a) =q(f(p) — f(a))
=q(f(p)) = q(f(p) — flao)) = d(p, ao).

Therefore, for each a € A, d(p,a) > d(p,ap). Hence d(p, A) = d(p, ap),
which proves that ag is an element of best approximation to p by elements

of A. ]

Let (X,d) and (Y, q) be a quasi-metric space and a quasi-normal space
respectively, let A C X and zy € A. Put

Ag={f: X — Y : f€SLo(dq) and fl4=0},
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and let us define for each x,y € X such that d(z,y) # 0,

(f(x) = f(y))
1/l .0y

q
dao(2,y) = sup{ :f e Ao and [ fllaq # 0}

Given x,y € X, for all f € SLy(d,q), if d(x,y) # 0 then

q(f(x) = f@) < [ fll@qd(z,y).

Thus

(f(z) - f(¥))
1/l

day (2, ) < sup{Z . f € 8Lo(d,q) and [|f]| g # 0} < d(,y).

We now have the following result.

Proposition 4.2. Let (X,d) and (Y, q) be a quasi-metric space and a quasi-
normed space, respectively. Let A C X, ag € A and p ¢ J{cla{a} : a € A}.

Then ag, is an element of best approrimation to p by elements of A if and

Only Zf dAo (p7 Clo) = d(p7 aO)‘

Proof. Suppose that ag is an element of best approximation to p by elements
of A. By Proposition 4.1 there is f € Ag such that || f||(a,q = 1 and d(p, ap) =

q(f(p) — f(ap)). Therefore

(h(p) — h(ao))
17l @)

_ AU ) ~ f(a)
=7 Mo

da, (p, ap) = sup{ L f € Ay and ||hjag # 0}

= d(p, ap).

Since da,(p, ap) < d(p, ap), we denote that d,(p,ap) = d(p, ap).
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Conversely, for all a € A, we have:

(f(x) = f(y))

d(p, ap) = d.a, (p, ag) = sup{ L . f € Ay and ||f]/(aq # O},

[Ralrem
— f(a
= sup{ T gy ) g # 0} = da(p,0) < dip,a),
/1l .0
so that ag is an element of best approximation to p of A. O]

We shall denote by Pa(p) the set of all point of best approximation to p
by elements of A, where A C X satisfies ({cla{a} : a € A} # 0. Then A is
said to be semi-Chebyschev if card P4 (p) < 1 for each p ¢ ({cla{a} : a € A}.

Proposition 4.3. Let (X, d) and (Y, q) be a quasi-metric space and a quasi-
normed space, respectively. Let A, M C X|0. Then M C Pa(p) if and only if
there is a f € SLo(d, q) such that

(D) | fll@aq =1
(2) fla=0

(8) d(p,a) = q(f(p) — f(a)) for alla € M.

Proof. Suppose M C P4(p). Fix ag € M. By Proposition 4.1 there exists

f € SLo(d,q) satistying (1) and (2) and d(p,ap) = q(f(p) — f(ap)). Let
a € M. Then

d(p,a) = d(p, A) = d(p, ao),

SO

d(p,y) = q(f(p) — f(ao))-
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Since f|a = 0 we obtain that d(p,a) = q(f(p)) = ¢(f(p) — f(y))-

Conversely, suppose that there exists f € SLy(d, q) satisfying (1), (2) and
(3) and let ag € M. By Proposition 4.1, ay € P4(p). Hence M C P4(p). O

From the Proposition 4.3 we obtain the next corollary:

Corollary 4.1. Let (X,d) and (Y,q) be a quasi-metric space and quasi-
normal space, respectively. Let A C X and ag € A. Then A is semi-
Chebyshev if and only if there does not exist f € SLy(d,q), p1 € X and
ay,as € A, a1 # ag, such that

(1) I fll@q =1
(2) fla=0

(3) Q(f<p1)) =d(p1,a1) = d(ph az).
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4.3 Best Approximation in Quasi-Metric Hy-

perspaces

In this section we apply our methods to obtain some conditions on best

approximation in the realm of quasi-metric hyperspaces.

Proposition 4.4. Let (X,d) a quasi-metric space, given A,, A € Py(X) if
there exist a sequence {a, }nen in X and a in Zd, such that {a, }nen converges
to a in (X,d '), the sequence {A,}nen converges to A with respect to Hj
and d(p, a,) = d(p, A,,) then d(p,a) = d(p, A).

Proof. We first going to see that d(p, A) < d(p,a). If a € A% we obtain that
d(a,A) =0 and d(p, A) — d(p,a) < d(a, A) = 0 thus d(p, A) < d(p,a).

By other hand, by the convergence of {a, }nen to a in (X,d™!) we obtain
that for each € > 0 there exist ny € N such that if n > ng then

d<p7 CL) - d<p7 a’n) <

DO ™

If {A,}nen converges to A with the H; quasi-metric and d(p,a,) =
d(p, A,) for each € > 0 we can take the same ny without loss of genera-

lity, and for each n > nyg :
d(p, an) — d(p, A) = d(p, Ay) — d(p, A)

= Hy(p, An) — Hy (p,A) S H (A 4,) <

DO ™

Thus
d(p,a) —d(p, A)

<d(p,a) — d(p,a,) + d(p,a,) — d(p, A)



4.3. BEST APPROXIMATION IN QUASI-METRIC HYPERSPACES 67

<d(an,a)+ H (A A,) =¢,
then d(p,a) < d(p, A). O

Corollary 4.2. If (X,d) a metric space, given A,, A € Po(X) if there exist
a sequence {an tnen in X and a in A, such that {a, }nen converges to a, the
sequence { Ay, tnen converges to A with respect to H; and d(p, a,) = d(p, Ay)
then d(p,a) = d(p, A).
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Chapter 5

Completeness of the Upper
Bourbaki Quasi-Uniformity of a

Uniform Space

5.1 Introduction.

In [52, p. 31], Isbell gave an example of a complete uniform space whose
Bourbaki uniformity is not complete on Py(X). Answering a question posed
by Csészar ([22, p. 199]), Burdick characterized in [15] those complete uni-
form spaces (X,U) for which the Bourbaki uniformity is complete on Py(X),
and Kiinzi and Ryser obtained in [67, Proposition 6] a nice quasi-uniform

version of Burdick’s theorem in terms of right K-completeness.

On the other hand, Morita proved in [79] that a separated uniform space
(X,U) is complete if and only if (Ko(X),Uy) is complete. Attempts of ob-

taining a satisfactory quasi-uniform extension of Morita’s theorem may be

69



70 CHAPTER 5. COMPLETENESS OF THE UPPER BOURBAKI QUASI-UNIFORMITY

found in [17, 64, 113], where partial positive results were obtained for diffe-

rent notions of quasi-uniform completeness.

Here we show that a careful examination of the proof of Morita’s theorem
which is based on the analysis of the properties of the filter associated to a
Cauchy net in (Ko(X),Up), allows us to characterize any separated complete
uniform space (X,U) in terms of many kinds of completeness of the quasi-
uniform space (KCo(X),U;;), like convergence completeness, Sieber-Pervin
completeness, Smyth completeness, left K-completeness, D-completeness and
half-completeness. In this way, we obtain an apparently unexpected link bet-
ween completeness of a (separated) uniform space (X,U) and several types
of quasi-uniform completeness of Uy;. We also give an example of a complete
uniform space (X,U) for which (Ko(X),U};) is not right K-complete.
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5.2 The Results

In order to help the reader, we start this section by giving some pertinent

concepts.

Let (X,U) be a quasi-uniform space and let F be a filter on X. Then F

is said to be:

(i) SP-Cauchy (Cauchy in [35, 124]) if for each U € U there is © € X such
that U(x) € F.

(ii) left K-Cauchy ([98]) if for each U € U there is F' € F such that
U(x) € F for all z € F.

(iii) D-Cauchy ([27]) if there is a filter G on X such that for each U € U
there are G € G and F € F with G x F' C U.

Following [62] (see also [98]), a quasi-uniform space (X,U) is called con-
vergence complete (respectively, left K-complete, D-complete) if every SP-
Cauchy (respectively, left K-Cauchy, D-Cauchy) filter is convergent in
(X, T(U)). (X,U) is called Sieber-Pervin complete if every SP-Cauchy fil-
ter has a cluster point in (X, T(U)); it is called half-complete (respectively,
bicomplete) if every Cauchy filter on (X,U*) is convergent in (X, T'(U)) (res-
pectively, in (X, T(U?®)), and it is Smyth complete provided that every left
K-Cauchy filter on (X,U) converges (equivalently, has a cluster point) in
(X, T(U?)) (see, for instance, [62, 98]).

Convergence complete quasi-uniform spaces are called complete in [124]
and SP-complete in [19]. Sieber-Pervin complete quasi-uniform spaces are

called complete in [80] and MN-complete in [24], and bicomplete quasi-
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uniform spaces are called doubly complete in [21], pair complete in [71] and
L-complete in ([24]).

Remark 5.1. It is well known, and easy to see, that the above notions of

quasi-uniform completeness are related as follows:

(i) convergence complete = Sieber-Pervin complete = left K-complete =

half-complete;
(ii) convergence complete = D-complete = half-complete;
(iii) Smyth complete = left K-complete;

(iv) Smyth complete = bicomplete = half-complete.

Moreover, none of the other possible implications are true (see, for ins-

tance, [98, Remark 3] for some counterexamples).

Since in the realm of the Bourbaki (quasi-)uniformity is convenient, in
many cases, working with nets instead of filters, we recall the notions of

Cauchy kind corresponding to nets.

Let (X,U) be a quasi-uniform space and let {x, }aecn be a net in X. Then

{Za}aen is said to be:

(i) SP-Cauchy if for each U € U there are x € X and oy € A such that

zo € U(x) whenever a > ay.

(ii) left K-Cauchy if for each U € U there is ay € A such that (z,,z3) € U

whenever 3 > a > ay.

(iii) D-Cauchy if there is a net {yg}gea such that for each U € U there are
v € A and ay € A with (yz,x,) € U whenever § > Gy and o > ay.
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Then, the following facts are well known, and easy to shown (see, for
instance, [61, p. 325] for the left K- case).

A quasi-uniform space (X,U) is convergence complete (respectively, left
K-complete, D-complete, half-complete) if and only if every PS-Cauchy (res-
pectively, left K-Cauchy, D-Cauchy, Cauchy in (X,U®)) net is convergent in
(X, T(U)). Furthermore (X,U) is Sieber-Pervin complete if and only if every
SP-Cauchy net has a cluster point in (X, T(i)), and it is Smyth complete
if and only if every left K-Cauchy net converges (equivalently, has a cluster
point) in (X, T(U)?).

Note that in a first attempt to characterize completeness of a separa-
ted uniform space (X,U) in terms of completeness of (Ko(X),Us;), a direct

application of Morita’s theorem provides the following restatement of it.

Proposition 5.1. A separated uniform space (X,U) is complete if and only
if (Ko(X),Us) is bicomplete.

Proof. By Remark 1.2, (U;})* = Uy, so, we obviously have that (Ko(X),Ux)
is complete if and only (Ko(X),U;,) is bicomplete. Then, the result follows

from Morita’s theorem. L]

From the above Proposition we deduce that (Ko(X),U};) is half-complete

whenever (X,U) is a separated complete uniform space.

Clearly, and contrarily to Proposition 5.1, it is not possible to deduce in a
straightforward way convergence completeness of (Ko(X),U3) from comple-
teness of (X,U) via Morita’s theorem. In fact, it is easy to give examples of
SP-Cauchy (actually, convergent) nets in (Ko(X),U;,) which are not Cauchy
in (ICo(X),Un), as we show below.
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Example 5.1. Denote by U the uniformity induced on R by the Euclidean
metric. Of course (R,U) is a separated complete uniform space. Let {4, }nen
be the sequence in ICo(R) defined by

Ago1=100,1/n] and  As, =12,2+1/n],

for all n € N. Put B = [0, 3]. Since A,, C B for all n € N, then {A,, },,en con-
verges to B in (Ko(R), T'(U}})), so, as a net, it is PS-Cauchy in (ICo(R),U};).
However {A,},en does not converges in (KCo(R), T(Uy;)), because for each
n € N, we have U(Ay,) NU(As,_1) = 0, where

U={(x,y) e RxR:|x—y| <1/2}.

Therefore {A,,}nen does not converges in (Ko(R),T'(Uy)), and hence, as a
net, it is not Cauchy in (KCo(R),Uy).

Given a (nonempty) set X and a net {A,}aea in Po(X), then the filter
on X that has as a base the family {F, : a € A}, where for each o € A,
F, = Ub’za Ag, is called the filter associated to {Aq}aen-

Recall ([22, 52]) that a filter on a uniform space (X,U) is semi-Cauchy
provided that for each U € U there is a finite subset A of X such that
U(A) e F.

Then, the proof of Morita’s theorem as given in [8] (see also [17, Theorem

3.5]) is obtained by showing the following facts:

Fact 1. If (X,U) is a uniform space and { A, }aea is a Cauchy net in (fCo(X), Ug),
then the filter associated to {Aa}aea is semi-Cauchy on (X, U).

Fact 2. If, in addition, (X,U) is complete, then C' := ﬂpefﬁ belongs to
Ko(X).
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Fact 3. If (X,U) is separated and complete, then {A,},ca converges to C' in
(Ko(X), T(Un)).

Our main result will be deduced from the following lemmas which es-
sentially constitute the upper Bourbaki quasi-uniform counterparts of the

preceding statements.

Lemma 5.1. Let (X,U) be a uniform space. Then, for each PS-Cauchy net
in (Ko(X),UFy), its associated filter is semi-Cauchy on (X,U).

Proof. Let {Au}aea be a Cauchy net in (Ko(X),Us). Given U € U choose
V € U such that V2 C U. Then, there exist By € Ko(X) and ay € A such
that A, C V(By), for all & > ay . Since By is compact there exists a finite
subset Bj, of By such that By C V(Bj{,). Hence

U A« CVI(By) CVA(By) CU(BY).

a>ay

Therefore U(By,) belongs to the filter associated to the net {4, }aen,and
consequently it is a semi-Cauchy filter on (X, U). O

In the proof of Fact 2 above, the quasi-uniformity U, does not play a

relevant role. Thus we are able to prove the following result.

Lemma 5.2. Let (X,U) be a complete uniform space and let {Ay}aca be
a PS-Cauchy net in (Ko(X),U},). If we denote by F the filter associated to
{Au}aen, then C = ﬂFefF belongs to Ko(X).
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Proof. By Lemma 5.1, F is a semi-Cauchy filter on (X,U) . Let F’ be an
ultrafilter on X containing F. Then F’ is clearly a Cauchy (ultra)filter on
(X,U), and thus it converges. Therefore F has a cluster point in (X, T(U)),
so that C # 0.

Next we show that C' is compact in (X, T(U)). Indeed, let G be a filter
on C and let

H=MH{UG)NF:GeG,UeclU,FeF}.

Clearly H is a filter on X because for each G € G, G C C and thus
U(G)NF # () whenever U € Y and F € F. Since F C 'H, it clearly follows
that H is a semi-Cauchy filter on (X,U). Let H' be an ultrafilter on X
containing H. Then H’ is a Cauchy (ultra)filter on (X,U), and thus H has
a cluster point xg € X. Obviously xy is also a cluster point of F, and thus
xo9 € C. In order to see that G clusters to xg, choose U € U and G € G.
Let V € U symmetric, with V? C U. Since V(G) € H, then there exists
y € V(zo) NV (G),s0 that VZ(zo) NG # 0, ie., U(zg) NG # 0. Therefore xq
is a cluster point of G. We conclude that C' € Ky(X). O

Lemma 5.3. Under the conditions of Lemma 5.2 and if, in addition, (X,U)
is separated, then the net {Ay}tacn converges to C in (Ko(X), T(U)).

Proof. Assume the contrary. Then there exists W € U such that for each
a € A we find y(a) € A with y(o) > a satisfying A, ) \W(C) # 0. For each
a € A define

Eo = Ayo)\intW (C).

Then E, # (. Moreover E, is compact because it is a closed subset of the
compact (hence, closed) set Ayq). Thus E, € Ko(X) for all @ € A. Denote
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by L the filter on X associated to the net {F,}aca. Since for each 5 € A,
Eg C Ay and y(8) > 3, it follows that

UEﬁg UAﬁﬂ

Bz Bz

for all @ € A, so F C L. Let £ be an ultrafilter on X containing £. Thus
L' is a Cauchy (ultra)filter on (X,U) by Lemma 5.1. Hence £ has a cluster
point xy € X. Since xg is also a cluster point of F, we deduce that xy € C.
Therefore

Eo C Ayo\intW (zo),

so that E, N intW(zg) = 0 for all & € A. This contradicts the fact that
xo is a cluster point of £. We conclude that {A,}aen converges to C' in
(Ko(X), T(Uy))- O

Theorem 5.1. For a separated uniform space (X,U) the following state-

ments are equivalent:

(1) (X,U) is complete.

(2) (Ko(X),U}) is convergence complete.
(3) (Ko(X),U}) is Sieber-Pervin complete.
(4) (Ko(X),Uj) is Smyth complete.

(5) (Ko(X),U}) is left K-complete.

(6) (Ko(X),U}) is D-complete.

(7) (Ko(X),Ufy) is half-complete.
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Proof. (1) = (2). It follows from Lemmas 5.2 and 5.3.

(1) = (4). Let {As}aea be a left K-Cauchy net in (Ko(X),U};). Then,
it is PS-Cauchy in (Ko(X),U;;), and hence it converges to C' = (\pcr F
in (Ko(X),T(U;)), by Lemmas 5.2 and 5.3. We shall show that {A,}aea
clusters to C'in (Ko(X),T(Uz)). Assume the contrary. Then, there exist U €
U, g € A and anet {c, }aeca in C such that ¢, € X\U(A,) for all @« > ag. Let
¢ € C be a cluster point of {c, }aca. Choose V' € U symmetric, with V3 C U.
Since { Ay }aea is left K-Cauchy in (KCo(X),U;;), there is ay > ag such that
Ag C V(A,) whenever > o > ayy. Let @ > oy such that ¢, € V(¢). Then,
there is § > a such that V(c) N Ag # 0. Thus V(c) NV (A,) # 0, and hence
co € V3(A,), which contradicts the fact that c, € X\U(A,) for all a > ay.

By Remark 1.2, we conclude that the net {A,}aea clusters to C' in
(Ko(X), T(U})*®)). Consequently (Ko(X),Us;) is Smyth complete.

(2) = 3) = (5) = (7), (2) = (6) = (7), and (4) = (5) = (7) are

obvious (see Remark 5.1).

(7) = (1). Let {zs}aca be a Cauchy net in (X,U). Then, for each U € U
there is oy € A such that x, € U(zp) for all o, > ay. Hence {{z4}}aca
is a Cauchy net in the uniform space (Ko(X),Uy). Let K € Ko(X) be a
limit point of {{Za}}aea in (Ko(X), T(U;;)). Thus, for each U € U there is
ay € A such that

{Zo :a>ay} CU(K).

Therefore, for each U € U and each o« > ay there exists yy, € K with
To € U(yU,a).

Now, define a directed relation < on U x A by (U,a) = (V, ) if (i)
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(U,a) = (V,8),0r (i) VCU, ay <a,ay <3, and a < 3.

Let y € K be a cluster point of the net {yu.a }w,a)cwxa). We shall show
that y is a cluster point of the net {x,}aca. Indeed, given U € U and « € A,
choose V' € U such that V2 C U, and 3 € A with 3 > « and 3 > ay. Then
zg € V(yvp). Let (W,~) = (V, ) such that yw. € V(y). Then v > o and

zy € Wlywn) C Vigws) CV3(y) CU(y).

We conclude that y is a cluster point of the net {z,}aea in (X, T'(U)), so
(X,U) is complete. O

Remark 5.2. Morita’s theorem is now a consequence of Theorem 5.1 (4),
because every Cauchy net in (ICo(X),Up) is obviously a left K-Cauchy net
in (Ko(X), Uj)-

Remark 5.3. In the light of Theorem 5.1, it seems natural to ask for charac-
terizations of completeness of (X, ) in terms of completeness of (Ko (X), Uy ).
In this direction, first note that by Remark 1.2 and Proposition 5.1 we have
that a separated uniform space (X, i) is complete if and only if (Ko(X),U})
is bicomplete. Hence, if (X, U) is complete, then (Ko(X),U};) is half-complete.
Now suppose that (Ko(X),U}) is half-complete and let {z,}aca be a Cau-
chy net in (X,U). Then {{z4}}aca is a Cauchy net in (ICo(X),Un), i.e., in
((Ko(X), (Uy)?), and thus {{z4} }aeca converges to some C'in (ICo(X), T (Uy)).
Let ¢ € C; then it is obvious that {x, }aea converges to ¢ in (X, T (U)). Thus,
we have shown that a separated uniform space (X,U) is complete if and only

if (IKCo(X),Uy;) is half-complete.

Nevertheless, the situation is quite different for Smyth completeness as

the following example shows.
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Example 5.2. As in Example 5.1, let & be the uniformity on R induced
by the Euclidean metric. For each n € N set A, = [—n,n]. Since A4, C
A, it follows that {A,},en is, as a net, left K-Cauchy in (KCo(R), Uy ).
Clearly {A,}nen does not converges in (Ko(R), T(U};)). Since Uy = (Uy)*,
we conclude that (ICo(R),U};) is not Smyth complete.

As mentioned in Section 5.1, right K-completeness constitutes a suitable
notion of quasi-uniform completeness to generalize Burdick’s theorem to the
quasi-uniform setting. We conclude the chapter with a brief discussion of

this kind of completeness in our context.

Recall ([98]) that a filter on a quasi-uniform space (X,U) is right K-
Cauchy if it is a left K-Cauchy filter in (X,4/~'). Similarly, a net in (X,U) is
said to be right K-Cauchy if it is left K-Cauchy in (X,U4~!). A quasi-uniform
space (X,U) is called right K-complete if every right K-Cauchy filter (equi-
valently, net) converges in (X, T(U)) (see (|65, 98])). We have the following.

Proposition 5.2. A separated uniform space (X,U) is complete if and only
if (Co(X),Uy) is right K-complete.

Proof. Suppose that (X,U) is complete and let { A, }aen be a right K-Cauchy
net in (Ko(X),Uy). Since, by Remark 1.2, (Uy)™" = U, it follows that
{A,}aen is left K-Cauchy in (X,U;;), so, by Theorem 5.1 (4), it converges
in (Ko(X),T(Ug)), and hence in (Ko(X),T(U;)). Therefore (Ko(X), Uy ) is
right K-complete. The converse follows from Remark 5.3 because every right

K-complete quasi-uniform space is clearly half-complete. Il

Finally, observe that completeness of (X,U) cannot be characterized by
right K-completeness of (Ko(X),U};) as Example 5.2 shows (indeed, it suffices
to note that {A, }ey is right K-Cauchy in (Ko(X),U,)).



Chapter 6

The Hausdorftf Fuzzy
Quasi-Metric

6.1 Introduction.

It is well known that the Hausdorff distance has an undoubted importance
not only in general topology but also in other areas of Mathematics and
Computer Science, such as convex analysis and optimization [11, 74, 90],
dynamical systems [33, 86, 111, 136], mathematical morphology [123] , frac-
tals [7, 29], image processing [51, 73, 122, 140] , programming language and
semantics [9, 10], computational biology [48, 126], etc.

In [30], Egbert extended the classical construction of the Hausdorff dis-
tance of a metric space to Menger spaces. Later on, Tardiff [133] (see also
[117, 121]), generalized Egbert’s construction to probabilistic metric spaces,

obtaining in this way a suitable notion of a Hausdorff probabilistic distance.

81



82 CHAPTER 6. THE HAUSDORFF Fuzzy QUASI-METRIC

Since fuzzy metric spaces, in the sense of Kramosil and Michalek, are
closely related to Menger spaces [57], one can easily define, from Egbert-
Tardiff’s construction, a Hausdorff fuzzy distance for a given fuzzy metric
space. In connection with these constructions, a notion of Hausdorff fuzzy
metric for fuzzy metric spaces in the sense of George and Veeramani [42, 43]

was discussed in [92].

On the other hand, it is well known that several structures of asymmetric
topology like quasi-uniformities and (fuzzy) quasi-metrics, constitute efficient
tools to formulate and solve problems in hyperspaces, function spaces, topo-
logical algebra, asymmetric functional analysis, point-free geometry, com-
plexity of algorithms, theoretical computer science, etc. (see, for instance,
Chapters 11 and 12 of [62], Section 3 of [60], and also [1, 6, 25, 41, 44, 63,
75, 91, 96, 104, 110, 114, 120, 137, etc] for recent contributions).

In this chapter we introduce and study notions of Hausdorff fuzzy quasi-
metric (in the senses of Kramosil and Michalek, and George and Veeramani,
respectively) that generalize to the asymmetric setting the corresponding
notions of Hausdorff fuzzy metric. In this way, we partially reconcile the
theory of fuzzy metric hyperspaces with the theory of asymmetric topology.
Furthermore, we apply our approach to the domain of words a paradigmatic

example of a space that naturally appear in the theory of computation.
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6.2 Basic Notions and Preliminary Results

In this section we recall the concepts and results on fuzzy quasi-metric spaces
which we will need in the rest of the chapter. They are taken from [47]
(see also [18]). Moreover, we shall observe that the attractive relationship
between quasi-metrics and order, recalled in Remark 1.1, is preserved in this

framework.

According to [117], a binary operation * : [0,1] x [0,1] — [0,1] is a

continuous t-norm if * satisfies the following conditions:

(1) * is associative and commutative;
(i) * is continuous;
(iii) a*1 = a for every a € [0, 1];

(iv) a*b < cxd whenever a < ¢ and b < d, with a, b, ¢,d € [0, 1].

It is well known and easy to see that for each continuous t-norm * one
has « < A, where A is the continuous t-norm given by a A b = min{a, b} for
all a,b € [0,1].

By a KM-fuzzy quasi-pseudo-metric on a set X we mean a pair (M, *)
such that x is a continuous t-norm and M is a fuzzy set in X x X x [0, 00)

such that for all x,y,z € X :

(i) M(z,y,0) =0;
(ii) M(z,z,t) =1 for all t > 0;

(i) M(z,z,t+s) > M(z,y,t) *« M(y, z,s) for all t,s > 0;
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(iv) M(z,y,-):[0,00) — [0,1] is left continuous.

A KM-fuzzy quasi-metric on X is a KM-fuzzy quasi-pseudo-metric (M, *)
on X which satisfies the following condition: (ii’) x = y if and only if
M(z,y,t) = M(y,z,t) =1 for all ¢ > 0.

A KM-fuzzy (pseudo-)metric on X is a KM-fuzzy quasi-(pseudo-)metric
(M, ) on X such that for each x,y € X : (v) M(x,y,t) = M(y,z,t) for all
t>0.

A KM-fuzzy quasi-(pseudo-)metric space is a triple (X, M, %) such that
X is a (nonempty) set and (M, *) is a KM-fuzzy quasi-(pseudo-)metric on
X. The notion of a KM-fuzzy (pseudo-)metric space is defined in the obvious
manner. Note that the KM-fuzzy metric spaces are exactly the fuzzy metric

spaces in the sense of Kramosil and Michalek ([57]).

Each KM-fuzzy quasi-pseudo-metric (M, *) on X generates a topology
Ty on X which has as a base the family of open balls {By/(z,¢,t) : ¢ € X,
e € (0,1), t > 0}, where By(z,e,t) = {y € X : M(z,y,t) > 1 — ¢} for all
r € X, e€(0,1) and t > 0. Observe that if (M, %) is a quasi-metric on X,
then T}, is a Ty topology on X.

It is obvious from the definition of T); that a sequence {z, } ey in a KM-
fuzzy quasi-pseudo-metric (X, M, *) converges to a point « € X with respect
to Ty if and only if lim,, M (z, z,,t) = 1 for all £ > 0.

If (M, %) is a KM-fuzzy quasi-(pseudo-)metric on a set X, then (M1, )
is also a KM-fuzzy quasi-(pseudo-)metric on X, where M~! is the fuzzy
set in X x X X [0,00) defined by M~ (z,y,t) = M(y,x,t). Moreover, if
we denote by M the fuzzy set in X x X x [0,00) given by M'(z,y,t) =
min{M (z,y,t), M~ (z,y,t)}, then (M?, %) is, clearly, a KM-fuzzy (pseudo-

Jmetric on X.
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It is well known ([47, Proposition 1]) that if(X, M, *) is a KM-fuzzy quasi-
pseudo-metric space, then, for each z,y € X the function M (z,y, ) is non-

decreasing.

In the rest of the chapter, KM-fuzzy quasi-(pseudo-)metrics and KM-
fuzzy quasi-(pseudo-)metric spaces will be simply called fuzzy quasi-(pseudo-

Jmetrics and fuzzy quasi-(pseudo-)metric spaces, respectively.

Remark 6.1. Notice that if (M, %) is a fuzzy quasi-pseudo-metric on a set

X, then the relation <p; on X given by

<y y<= M(xz,y,t)=1forallt >0,

is a preorder on X. Moreover, it is a (partial) order on X if and only if (M, %)
is a fuzzy quasi-metric on X. As in the quasi-metric case, <, is called the

specialization order of (M, x).

Example 6.1. (compare [47, Example 2.16]). Let d be a (n extended) quasi-
(pseudo-)metric on a set X and let My be the function defined on X x X x
[0,00) by M(z,y,0) =0 and

My(z,y,t) = m

for all t > 0. Then, for each continuous t-norm x, (X, My, *) is a fuzzy quasi-
(pseudo-)metric space called standard fuzzy quasi-(pseudo-)metric space and
(Mg, *) is the standard fuzzy quasi-(pseudo-)metric of (X, d). Furthermore,
it is easy to check that (My)™' = My and (My)" = Mys, and that the
topology T}, generated by d, coincides with the topology T, generated by
(Mg, *).
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We say that a topological space (X, T) admits a compatible fuzzy quasi-
(pseudo-)metric if there is a fuzzy quasi-(pseudo-)metric (M, *) on X such

It follows from Example 6.1 that every quasi-(pseudo-)metrizable topolo-

gical space admits a compatible fuzzy quasi-(pseudo-)metric.

Conversely, we have:

Proposition 6.1. ([47, 105]). Let (X, M,x*) be a fuzzy quasi-pseudo-metric
space. Then {U, : n € N} is a base for a quasi-uniformity Uy, on X such
that Ty,, = T, where U, = {(z,y) € X x X : M(z,y,1/n) > 1 —1/n} for
all n € N. Moreover the conjugate quasi-uniformity Uy )™ coincides with

Z/{M—l and T(UM)—l = TM—l.

From Propositions 1.1 and 6.1 we deduce the following:

Corollary 6.1. Let (X, M, ) be a fuzzy quasi-(pseudo-)metric space. Then
there is a quasi-(pseudo-)metric d on X such that Uy = Uy;.
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6.3 Construction of the Hausdorff Fuzzy Quasi-
Metric

We start this section by recalling the construction of the Hausdorff fuzzy
metric of a fuzzy metric space (X, M, *). In fact, it is a simple adaptation to
the fuzzy setting of the definition of the Hausdorff probabilistic metric of a
probabilistic metric space ([30, 117, 121, 133]).

Given z € X, A € Py(X) and t > 0, set M(x, A, t) = sup,cs M(x,a,t).

Now, for each A, B € Py(X) let
H,;(A, B,0) = HAJZ,(A, B,0) =0,
H,,(A,B,t) = sup inf M(a,B,s), H;;(A B,t)= sup inf M(A,Db,s),

0<s<t a€EA O<s<tbeB

for all t > 0, and

HM(Aant) = mln{H}\}(AaB)t)vH]\Z<Aa B7t)}7

for all t > 0.

Then H,,;, H}, are fuzzy quasi-pseudo-metrics on Py(X) and Hy, is a
pseudo-metric on Py(X ). Furthermore Hjy is a fuzzy metric on Cy(X), called
the Hausdorff fuzzy pseudo-metric of (X, M, ).

In the light of the above notions and of the construction of Liu and Li
[72, p. 67] of a “Hausdorff fuzzy metric” in their recent study of coincidence
point theorems for multivalued maps in complete fuzzy metric spaces, one
can attempt to define the Hausdorff fuzzy metric in a more simplified way,

as follows:

Hy (A, B,t) = mm{;relfl]\/[(a, B,t),gggM(A,b, t)},
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for all A, B € Cy(X) and t > 0.

The following example shows that, for this alternative definition, H,; is

not a fuzzy metric, in general.

Example 6.2. Let X = NU {0}, and let consider the fuzzy set M in X x
X x [0,00) given by

M(z,y,0) =0 for all z,y € X;

M(x,xz,t) =1 for all x € x and t > 0;

M (z,y,t) = 0 whenever 2-@) — 2-(@V¥) > ¢ with  # y and t > 0;

and

M (z,y,t) = 1 otherwise.

We shall show that (X, M, A) is a fuzzy metric space.

Indeed, first note that if M(x,y,t) = 1 for all ¢ > 0, then x = y, and
that, clearly, M(x,y,t) = M(y,x,t) for all z,y € X and ¢t > 0.

Let z,y,z € X and t,s > 0; if M(z,y,t) = 0 or M(y,z,s) = 0,
then, obviously, M(x,z,t + s) > M(z,y,t) N M(y, z, s); otherwise, we have
M(z,y,t) = M(y, z,s) = 1, and we assume the nontrivial case z # z, © £ y
and y # z; then, we have

2-@\y) o=@V <t and 2-WNH) —2-V2) < g,
On the other hand, an easy computation shows that

9—(zAz) _ 9—(zVz) < 9—(@Ay) _ 9=(zVvy) + 9—(nz) _ 9=(yv2)

)
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and thus 2= — 2=(®V2) < 4 5 ie., M(z,2,t+5) = 1.

Now, let z,y € X, t > 0, and {t; }ren a sequence in RY such that ¢, — ¢~
We assume the nontrivial case  # y. If M(x,y,t) = 0, then 27" —
2-(=Vy) > ¢ since t > t; eventually, there is ko € N such that 2-(") —
2-@V) > 1, for all k > ko, i.e., M(z,y,t;) = 0 forall k > ko. If M(z,y,t) = 1,
then 2~ (") —2-(V¥) < ¢ g0 there is kg € N such that 2~ @) —2-(@VY) < ¢, for
all k > ko, i.e., M(x,y,t;) = 1 for all k > ky. We have shown that M (z,y, )
is left continuous on (0, 00). Consequently (X, M, A) (in fact (X, M, x*) for

any continuous t-norm) is a fuzzy metric space.

Note also that T}, is the discrete topology on X because for each z € X
and ¢ € (0,1), we have By(z,,2~@*D) = {z}. Indeed, fix z € X and let
y € X with y # z. If y < z, we have

27(1/\y) . Qf(xVy) — 9 Y _ 9% > 27(171) _9 T _9-x

Y

and if y > x, we have

27(1/\y) i 27(35Vy) — 9% _ 97y > =T _ 27(:E+1) — 27(x+1).

Therefore M (z,y,2~®*Y) = 0. Hence By(z,e,27@ D) = {x}, so Ty is
the discrete topology on X.

Finally, consider the elements A, B of Cy(X), where A = N and B = {0}.
Note that M(z,0,1) = 1 for all z € N, and that for each t € (0,1), there is
x; € N such that 1 —27% >t so M(x,0,t) = 0. Hence

min{inf M(a, B, 1), inf M(A,b,1)} = min{inf M(z, {0}, 1), M(N,0,1)} = 1,

and, for each ¢t € (0,1),

mm{;relg M(a, B,t),gggM(A, bt)} = mm{;%{]M(z’ {0},1), M(N,0,%)} = 0.



90 CHAPTER 6. THE HAUSDORFF Fuzzy QUASI-METRIC

We conclude that Hy (N, {0}, ) is not left continuous at ¢ = 1, for the

alternative definition of H,;,suggested above, so it is not a fuzzy metric on

Co(X).
Next we shall construct the Hausdorff fuzzy quasi-metric of a fuzzy quasi-
metric space (X, M, x).

Let (X, M, ) be a fuzzy quasi-metric space. If A is a subset of X, the
— — - — A1
sets '™ and A" M will be simply denoted by A ana A , respectively.

The sets Po(X), Co(X), Ko(X) and Cr(X) are defined in the obvious

manner, as in Section 6.1. In particular, we have
— A1
Cr(X) = {A" nAY L AePy(X)).
Remark 6.2. Tt is straightforward to show (compare [91]) that if A € Py(X),
— N1

then A € C~(X) if and only if A = A nA"

As in the fuzzy metric case, given z € X, A € Py(X) and t > 0, put
M(z, A t) = sup,e s M(z,a,t).

The following easy result will be useful later on.

Lemma 6.1. Let (X, M,*) be a fuzzy quasi-metric space. Then for each
r € X and A € Py(X), the following hold:

(1) M(xz,A,s) < M(z, A, t) whenever 0 < s < t.

(2) xEZM@M(w,A,t)zlfor all t > 0.
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Now, for a given fuzzy quasi-metric space (X, M, x) and for each A, B €
Po(X), define
H,,(A,B,0) = H,,(A, B,0) =0,

and

H;,(A,B,t) = sup inf M(a,B,s), H;;(A, B,t)= sup inf M(A,D,s),

O<s<ta€A 0<s<t beB

for all ¢ > 0. Then we obtain:

Lemma 6.2. For each A, B,C € Py(X), the following hold:

(1a) A§§M<:>H]\_4(A,B,t):1f0r all t > 0.

(1h) BCA" = HY(AB,)=1 for allt > 0.

(2a) Hy (A Cit+s)> Hy (A B, t)* Hy (B,C,s) for all t,s > 0.

(2b)  H (A, C.t+s)> Hi,(A B,t)x Hi(B,C,s) for allt,s > 0.

(3a) Hy (A, B,.):[0,00) — [0,1] is left continuous.

(3b)  Hi (A B,.):[0,00) — [0,1] is left continuous.

Proof. (la) Suppose that A C BY. Then for cach a € A and s > 0,
M(a,B,s) = 1 by Lemma 6.1 (2), so inf,ca M(a, B,s) = 1. Choose any

t > 0. Then
H,;(A,B,t) = sup inf M(a, B,s) = 1.

0<s<t €A

Conversely, choose t > 0. Then by hypothesis, there is a sequence {si }ren,
with s, € (0,t) for all & € N, such that

inf M(a, B, s;) >1—1/k,

acA
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for all k € N. So, by Lemma 6.1 (1),

: S _
;QEM(a,B,t) > ;relgM(a’B’Sk) >1—1/k,

for all £ € N. Consequently M(a,B,t) = 1 for all a € A and t > 0. So, by
Lemma 6.1 (2), AC B

(1b) It follows similarly to the proof of (1a), so it is omitted.

(2a) Fix t,s > 0. Since the inequality is obvious if ¢ = 0 or s = 0, we
assume that t,s > 0. Let r € (0,¢), and r' € (0, s). Then, for each a € A,
with M(a, B,r) > 0, and each ¢ € (0, M (a, B,r)), there exists b, € B such
that M(a, B,r) —e < M(a, b,, 7). Hence

(M(a, B,r) =€) xinf M(b,C, ') < M(a, bo, 1) M(ba, C, 1) < M(a, Cyr7).
S

So, by the continuity of *, it follows

M(CL, B’ T) * gnlg M(b7 C7 T/) S M(CL, C, r 4 7"/)7
S

for each a € A with M(a,B,r) > 0 (Note that the preceding inequality
obviously holds if M (a, B,r) = 0). Therefore

ingM(a, B,r)xinf M(b,C,r") < in£ M(a,C,r+1")

ac ac

beB
Consequently, by definition of “sup” and by the continuity of *, it follows
from standard arguments that

sup inf M(a, B,r) * sup inf M(b,C,7")

O<r<ta€A 0<r/<s bEB

< sup inf M(a,C,r+1").
0<r<t a€A
0<r'<s
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Finally, since

sup inf M(a,C,r+7')= sup inf M(a,C,7"),
0<r<t a€A 0<r!! <t4sGEA
0<r'<s

we conclude that

Hy (A, B,t)« Hy (B, C,s) < Hi,(A,C,t + s).

(2b) Tt follows similarly to the proof of (2a), so it is omitted.

(3a) Let A,B € Po(X), t > 0 and let {t;}ren be a strictly increasing

sequence in R such that t;, — t.

Since for each k € N, t;, < t, it immediately follows from Lemma 6.1 (1),
that
H,, (A, B, t,) < Hy, (A, B,t),

for all £ € N.

Now take an arbitrary ¢ € (0,1). Then there is s. € (0,¢) such that

Hy (A, Bt) <e+ inflM(a,B,sa).
ac

Let ko € N such that s. < t;, — 1/k for all k& > ko. Then M (a, B,s.) <
M (a,B,t, — 1/k) for all a € A and k > ko, so

_ . 1
Hy (A, B, t) < 5+;2£M<G’B’tk - E)’

for all k¥ > ky. Therefore

H,;(A,B,t) <e+ sup (inf M(a, B, s)),

0<s<t, €A
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for all k& > ky. We have proved that

Hy (A, B,ty) < Hi(A,B.t) < ¢ + Hi,(A, B, 1)),

for all k > ko, and, consequently, H,,;(A, B, _) is left continuous at (0, c0).

(3b) It follows similarly to the proof of (3a), so it is omitted. O

Now we define a fuzzy set Hj; on Py(X) x Po(X) x [0, 00), by:

Hy (A, B, t) = min{Hy,(A, B,t), H;(A, B,1)},

for all A, B € Py(X) and t > 0.

From the above lemma we obtain the following result.

Theorem 6.1. For a fuzzy quasi-pseudo-metric space (X, M, x) the following
hold:

(1) (Hy;, %), (Hy;, %) and (Hyr, %) are fuzzy quasi-pseudo-metrics on Po(X).

(2) If (X, M, %) is a fuzzy quasi-metric space, then (Hyr, %) is a fuzzy quasi-

metric on Cn(X).

Proof. (1) From Lemma 6.2 (1a), (2a) and (3a), it follows that (H,;,*) is a
fuzzy quasi-pseudo-metric on Py(X). Moreover, from Lemma 6.2 (1b), (2b)
and (3b), it follows that (H;;,*) is a fuzzy quasi-pseudo-metric on Py(X).
From these facts and the definition of H), it immediately follows that (H)y, )

is also a fuzzy quasi-pseudo-metric on Py(X).
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(2) Since, by (1), (Hp, %) is a fuzzy quasi-pseudo-metric on Ch(X), we
only need to show that for A,B € Cn(X), we have A = B whenever
HM(A,B,t> = HM(B,A,t) =1 forall ¢t > 0.

Indeed, suppose that HM(A B,t) = HM(B A,t) =1 for all t > 0. Then,
by Lemma 6.2 (1a) AcBY and B - Z g and by Lemma 62 (1b) B C
AM andACB HenceACB nB" =B, andBCA A" =A,
so A = B. We conclude that (Hyy,*) is a fuzzy quasi-metric on CH(X). O

The fuzzy quasi-metric (Hyy,*) of Theorem 6.1 is called the Hausdorff
fuzzy quasi-metric of (M, %) on Cq(X).

Example 6.3. Let (X,d) be a quasi-(pseudo-)metric space. Then Hy;, =
My, on Py(X), i.e., the Hausdorff fuzzy quasi-pseudo-metric of the standard
fuzzy quasi-(pseudo-)metric (My, *) coincides with the standard fuzzy quasi-

pseudo-metric of the Hausdorff quasi-pseudo-metric of d on Py(X).
Indeed, first note that Mp, = min{ M-, My+}.

Now, given A, B € Py(X) and s > 0, an easy computation shows (com-
pare [134, Result 2.6] or [92, Proposition 3]) that

S

Mqy(a,B,s) = s+ d(a.B)

and then
s

S+ sup,e 4 d(a, B)

;relg Md(av B7 S) =

Hence, for each t > 0,

S t
H;, (A, B,t) = su = M,,— (A, B,t).
il ) 0<sI<)t s+ sup,e4 d(a, B) t+Hd‘(A,B) Hd( )
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Similarly, we obtain that

Hy; (A, B,t) = MH;(A, B,t),

and consequently

Hyt, (A, B,t) = min{My, (A, B.,t), My (A, B, 1)} = My, (A, B.t).

We conclude that Hy,, = My, on Py(X).
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6.4 Some Properties of the Hausdorftf Fuzzy
Quasi-Metric

In this section we study properties of completeness, precompactness and

compactness of the Hausdorff fuzzy quasi-metric.

In order to help the reader we first recall some pertinent concepts and

results.
Let (X,U) be a quasi-uniform space. For each U € U put

Hy; = {(A,B) € Po(X) x Po(X): ACUY(B)}

and
Hf ={(A,B) € Po(X) x Po(X) : BCU(A)}.

Then {H;, : U € U} is a base for a quasi-uniformity H;, on Py(X) and
{H} : U € U} is a base for a quasi-uniformity H;} on Py(X) [12, 67]. The
quasi-uniformity Hy = H,, V H,} is said to be the Hausdorff quasi-uniformity
of U on Py(X).

The following result was obtained by Berthiaume [12].

Theorem 6.2. Let (X, d) be a quasi-pseudo-metric space. Then L{H; = Hy,
Ups = Hy,, and Uy, = Hy, on Po(X).

In our next result we present the analogue to this theorem for fuzzy quasi-
pseudo-metric spaces. Furthermore, and similarly to the fuzzy metric setting

(see [92, Theorem 2|), it will be the key to deduce in a direct way several
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properties of fuzzy quasi-pseudo-metric spaces from the corresponding well-

known properties for quasi-pseudo-metric and quasi-uniform spaces.

Theorem 6.3. Let (X, M, x*) be a fuzzy quasi-pseudo-metric space. Then
Z/{H];[ = HZI]M’ UHJJCI = HJM and UH]M = HUM on PO(X)

Proof. Let n € N. If A, B € Py(X) verify A C U, },(B), then for each a € A
there is b, € B such that M(a,b,,1/(n+1)) >1—1/(n+1), Hence, for each
s€(1/(n+1),1/n), we have

M(a,B,s) > M(a,b,,s) > M(a,b,,1/(n+1)) >1—=1/(n+1),

SO
ingM(a,B,s) >1-1/(n+1)>1-1/n,
ac
and consequently
Hy(A,B,1/n) >1—1/n.

Thus, we have shown that Hy, C Uy on Po(X).

On the other hand, if H;,(A, B,1/n) > 1—1/n, then there is s € (0,1/n)
such that M(a,B,s) > 1 — 1/n for all a € A, and hence A C U, '(B).
Consequently Uy - C Hy, —on Py(X).

Similarly we prove that Uy = Hy, on Po(X). Hence Uy, = Hy,, on
Po(X). O

In the sequel we discuss the completeness of the Hausdorft fuzzy quasi-
metric. We shall show that, in this context, right K-sequential completeness
provides a satisfactory notion of (fuzzy) quasi-metric completeness. It is in-

teresting to recall that right K-sequential completeness constitutes a suitable
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notion of quasi-metric completeness in the realm of spaces of functions and

hyperspaces, respectively (see [62, Chapter 9]).

In the fuzzy setting we propose the following notions.

Definition 6.1. A sequence {z,}nen in a fuzzy quasi-pseudo-metric space
(X, M, x) is called right K-Cauchy if for each ¢t > 0 and each ¢ € (0, 1) there
is ng € N such that M(z,, x,,t) > 1 — ¢ whenever no < n < m.

Definition 6.2. A fuzzy quasi-pseudo-metric space (X, M, x) is called right
K-sequentially complete if every right K-Cauchy sequence is convergent with

respect to T}y.

Probabilistic quasi-pseudo-metric versions of the above concepts may be
found in [18, p. 120].

The proof of the next result follows immediately from Proposition 6.1 and

its Corollary, so it is omitted.

Proposition 6.2. Let (X, M, *) be a fuzzy quasi-pseudo-metric space and let
d be a (n extended) quasi-pseudo-metric on X such that Uy = Ups. Then:

(1) A sequence in X is right K-Cauchy in (X, M, x) if and only if it is right
K-Cauchy in (X, d).

(2) (X, M, ) is right K-sequentially complete if and only if (X, d) is right

K-sequentially complete.

Kiinzi and Ryser proved in [67] the following result (see also [113]).
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Theorem 6.4. Let (X, d) be quasi-pseudo-metric space. Then (Po(X), Hy)
is right K-sequentially complete if and only if (X,d) is right K-sequentially

complete.

The next result provides the fuzzy counterpart of the preceding theorem.

Theorem 6.5. Let (X, M,x*) be a fuzzy quasi-pseudo-metric space. Then
(Po(X), Hyp, %) is right K-sequentially complete if and only if (X, M, %) is
right K-sequentially complete.

Proof. Let d be a quasi-pseudo-metric d on X such that U; = Uy;. Then
Hy, = Hy,,; so, by Theorems 6.2 and 6.3, Uy, = Ug,,. It then follows from
Proposition 6.2 (2) that (Po(X), Hy, *) is right K-sequentially complete if
and only if (Py(X), Hy) is right K-sequentially complete. Now the conclusion
follows from Theorem 6.4 and Proposition 6.2 (2). O

It is interesting to obtain a version of Theorem 6.5 for C~(X), because
in this case H), is a fuzzy quasi-metric. Such a version is established in the

next result.

Corollary 6.2. Let (X, M,x) be a fuzzy quasi-metric space. Then (C(X),
Hyy, %) is right K-sequentially complete if and only if (X, M,x) is right K-

sequentially complete.

Proof. Suppose that (Cq(X), Hp, %) is right K-sequentially complete. Let
{Zn}nen be a right K-Cauchy sequence in (X, M, *). Since x,, = {:c—n}M N
mMil for all n € N, it follows that {{x,}}nen is a right K-Cauchy se-
quence in (Cn(X), Hy, %), so it converges to some C' € Cn(X) with respect



6.4. SOME PROPERTIES OF THE HAUSDORFF FUzzy QUASI-METRIC 101

to T,,. Then, it is immediate to check that each ¢ € C is a cluster point of
the sequence {x, },en With respect to Tys. Since {x, }nen is right K-Cauchy
we deduce that it converges to each ¢ € C with respect to Ty,. Therefore

(X, M, ) is right K-sequentially complete.

Conversely, let { A, }nen be a right K-Cauchy sequence in (Cn(X), Hyy, *).
By Theorem 5, {4, },en converges to some C' € Py(X) with respect to Ty,
We shall show that { A, },en converges to GM with respect to T%,,. First note
that { A, }nen converges to " with respect to TH?& because C' C " Now
choose x € ﬁM and U € Ujp;. Then there exist ¢ € C and ng € N such
that ¢ € U(z) and C C U!(A,) for all n > ng. Hence z € U2(A,,) for all
n > ng. Thus i C U %(A,) for all n > ng,s0 {A,}nen converges to ks
with respect to ;- . Since e Cn(X) we conclude that (C~(X), Hps, %) is
right K-sequentially complete. [

We finish this section by analyzing precompactness, total boundedness

and compactness of the Hausdorff fuzzy quasi-metric.

Let us recall that a quasi-uniform space (X,U) is precompact ([35, Chap-
ter 3]) provided that for each U € U there is a finite subset A of X such that

X = UaeA U(@)'

A quasi-uniform space (X,U) is totally bounded provided that the uni-
form space (X,U*) is totally bounded ([35, Chapter 3]).

It is well known that each totally bounded quasi-uniform space is pre-
compact and that, contrarily to the uniform case, there exist precompact

quasi-uniform spaces that are not totally bounded ([35, Chapter 3]).
In the fuzzy case, we have the following concepts (compare [105]):

A fuzzy quasi-pseudo-metric space (X, M, *) is precompact (respectively,



102 CHAPTER 6. THE HAUSDORFF FuUzzy QUASI-METRIC

totally bounded) provided that the quasi-uniform space (X,Uy) is precom-
pact (respectively, totally bounded).

Theorem 6.6. [67]. Let (X,U) be a quasi-uniform space. Then:

(1) (Po(X), Hy) is precompact if and only if (X,U) is precompact.
(2) (Po(X), Hy) is totally bounded if and only if (X,U) is totally bounded.

(8) (Po(X), (Hy)*) is compact if and only if (X,U*) is compact.

Related to the statement (3) of the above theorem, it is given in [67,
Example 1] an example of a compact quasi-uniform space (X,U) such that

(Po(X), Hy) is not compact.

In the fuzzy setting we have the following:

Theorem 6.7. Let (X, M, *) be a fuzzy quasi-pseudo-metric space. Then:

(1) (Po(X), Hur, %) is precompact if and only if (X, M, *) is precompact.

(2) (Po(X), Hpyp, %) is totally bounded if and only if (X, M, x) is totally
bounded.

(3) (Po(X), (Hpp)?) is compact if and only if (X, M, %) is compact.

Proof. We only show the statement (1), because (2) and (3) follow similarly.
Indeed, by Theorem 6.7 (1) we have that (Py(X), Hy,,,*) is precompact if
and only if (X,Uy) is precompact. Since, by Theorem 6.3, Uy,, = Hy,, on
Po(X), we deduce that (Po(X), Hyy, *) is precompact if and only if (X, M, x)

is precompact. O
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6.5 The Hausdorff GV-Fuzzy Quasi-Metric

Following [47], by a GV-fuzzy quasi-pseudo-metric on a set X we mean a
pair (M, *) such that * is a continuous t-norm and M is a fuzzy set in
X x X x (0,00) such that for all z,y,z € X, t,s > 0:

(i) M(z,y,t) > 0;
(il) M(x,z,t) =1;
(iil) M(x,z,t+s) > M(z,y,t) * M(y, 2, s);

(iv) M(z,y,-): (0,00) — (0,1] is continuous.

A GV-fuzzy quasi-metric on X is a GV-fuzzy quasi-pseudo-metric (M, *)
on X which satisfies the following condition: (ii’) =z = y < M(z,y,t) =
M (y,z,t) = 1 for some t > 0.

A GV-fuzzy (pseudo-)metric on X is a GV-fuzzy quasi-(pseudo-)metric
(M, *) on X such that for each z,y € X : (v) M(z,y,t) = M(y,x,t) for all
t>0.

The notion of a GV-fuzzy (pseudo-)metric space is defined in the obvious
manner. Note that the GV-fuzzy metric spaces are exactly the fuzzy metric

spaces in the sense of George and Veeramani [42].

If (M, %) is a GV-fuzzy quasi-(pseudo-)metric on X, then the fuzzy sets
in X x X x (0,00), M~! and M given by M~(z,y,t) = M(y,z,t) and
Mi(z,y,t) = min{M (z,y,t), M~ (z,y,t)}, are, as in the KM-case, a GV-
fuzzy quasi-(pseudo-)metric and a GV-fuzzy (pseudo-)metric on X, respecti-

vely.
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Obviously, each GV-fuzzy quasi-(pseudo-)metric (M, *) can be considered
as a KM-fuzzy quasi-(pseudo-)metric by defining M (z,y,0) = 0 for all z,y €
X. Hence, each GV-fuzzy quasi-pseudo-metric space generates a topology Ty,
defined as in the KM-case.

Therefore, if (X, M, x) is a GV-fuzzy quasi-pseudo-metric space, then
(H,;, %), (Hy;, %) and (Hyy, *) are fuzzy quasi-pseudo-metrics on Py(X), and
(Hyr, %) is a fuzzy quasi-metric on Cq(X) whenever (X, M, %) is a GV-fuzzy

quasi-metric space.

The next example, given in [92], shows that, however, (Hy, %) is not a
GV-fuzzy quasi-metric on C~(X) even in the case that (X, M, x*) is a GV-

fuzzy metric space.
Example 6.4. Denote by %, the Lukasiewicz t-norm, i.e., a* b = max{, a+
b—1,0},for all a,b € [0, 1].

Now let {z,}n>2 and {y,}n>2 be two sequences of distinct points such
that AN B =0, where A = {x, : n > 2} and B = {y,, : n > 2}.

Put X = AU B and define a fuzzy set M in X x X x (0, 00) by:

1 1
M@y, xm, t) = M(Yn, Ym,t) =1 — - )
(@0, T, 1) (ns Ym: ) [n/\m n\/m}
M (@ g £) = M (g 2 1) = = A
TnyYm, 1) = my Ln, L) = — /N —,
Y Y nom

for all n,m > 2.

Then (X, M, %) is a GV-fuzzy metric space. Since T), is the discrete
topology on X, it follows that A, B € Cy(X). From the fact that for each
n > 2 and each s > 0, M(x,,B,s) = M(A,y,,s) = 1/n, we deduce that
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H,,(A,B,t) = H};(A,B,t) = 0 and thus Hy(A, B,t) = 0 for all ¢ > 0.
Consequently (Hyy,*z) is not a GV-fuzzy (quasi-)metric on Co(X).

Despite the above example, it is shown in [92] that the formula given
immediately before of Example 6.2 provides a suitable Hausdorff GV-fuzzy
metric on KCo(X) for any GV-fuzzy metric space (X, M, ).

In the rest of this section we discuss the corresponding situation to GV-

fuzzy quasi-metric spaces.

We start this study with an example of a GV-fuzzy quasi-metric space
(X, M, %) whose induced topology is compact and metrizable, but for which

(Hyy, %) is not a GV-fuzzy quasi-pseudo-metric on KCo(X).

Example 6.5. Let X = NU {0} and let d be the quasi-metric on X given
by d(z,z) = 0 for all x € X, d(0,n) = 1/n for all n € N, and d(n,z) = n
for all n € N and = € X\{n}. Clearly (X,d) is a quasi-metric space such
that Ty is a compact and metrizable topology. Consider the standard fuzzy
quasi-metric (My, *) of (X, d) as given in Example 3, and denote also by
(Mg, *) its restriction to X x X X (0,00). It is clear such a restriction is a

GV-fuzzy quasi-metric on X.

Now put A = X\{1} and B = {1}. Then A, B € Ky(X), and, by one of
the formulas obtained in Example 5, we have that

Hyp (A, B, 1) = HHJ%’
for all ¢ > 0. Therefore

t
[+ supyes dla, (1)
for all ¢ > 0, so that Hy, (A, B,t) = 0 for all ¢t > 0. We conclude that (Hyy,, *)

is not a GV-fuzzy quasi-pseudo-metric on o(X) N CAH(X).

HA‘@(A, B,t) =

:07
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The next is an example of a GV-fuzzy quasi-metric space (X, M, *) for
which (Hjpy, *) is not a GV-fuzzy quasi-pseudo-metric on Kp(X), where
Kp(X) denotes the collection of all nonempty subsets of X that are T),-

compact and T;-1-compact.

Example 6.6. Let X = NU{0} U{oo} and let d be the function defined on
X x X by d(x,z) =0 for all z € X, d(0,00) =1, d(0,n) = n for all n € N,
d(xz,0) =1 for all x € X\{0}, d(z,y) = 0 whenever x € N and = < y, and

d(x,y) = y otherwise (we assume that < is the usual order on X).

It is a routine to show that d is a quasi-metric on X. As in Example 6.5
let (Mg, *) be the GV-fuzzy quasi-metric on X obtained by restricting the
standard fuzzy quasi-metric on (X, d) to X x X x (0, c0).

Now observe that X € Kp(X). Indeed, since the only T)s,-open set
different from X that contains 1 is NU {oco}, we obtain that X is Tyy,-
compact, and since the only Ty ,-open set different from X that contains

oo is NU {oo}, it follows that X is Ths,_, -compact.

Finally, put A = {0} and B = X. Then

t t
t+sup,epd({0},b)  t+sup,cyn

Hy, (A, B, 1) = —0,
for all t > 0. So Hypp, (A, B,t) =0 for all £ > 0. We conclude that (Hyy,, *) is

not a GV-fuzzy quasi-pseudo-metric on Cp(X).

The rest of the section is devoted to prove that for a GV-fuzzy quasi-
metric space (X, M, %), (Hyr,*) is a GV-fuzzy quasi-pseudo-metric on the
collection K, of all nonempty subsets of X that are compact in the GV-fuzzy
metric space (X, M, x). In this way we extend the main result of [92] to the

fuzzy quasi-metric framework.
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To this end, we shall generalize the results of [92, Section 2| to GV-fuzzy
quasi-metric spaces as follows (although the proofs are almost identical to
the corresponding for GV-fuzzy metric spaces, we given them in order to help

to the readers).

Proposition 6.3. Let (X, M, ) be a GV-fuzzy quasi-metric space. Then
M is a continuous function on X x X x (0,00) for the product topology

Thri X Thpi X Ty, where by T we denote the Euclidean topology on (0, 00) .

Proof. Let z,y € X and t > 0, and let {2/, y.,t, }en be a sequence in
X x X x (0,00) that converges to (x,y,t) with respect to Thyi X Ty X Tg.

Since {M(x,,y.,, 1) }wen is a sequence in (0, 1], there is a subsequence

{Zn, Yn, tn fnen of {2,y ) tnen such that the sequence {M(x,, Y, tn) }nen
converges to an element of [0, 1].

Fix § > 0 such that 6 < ¢/2. Then, there is ny € N such that |t —¢,| <

for all n > ngy. Hence

M (%, Yny tn) = M (2, 2,0/2) % M(x,y,t —28) * M(y,yn,0/2),
and

M(z,y,t+28) > M(x,2,,0/2) %« M(xp, Yn,tn) * M(yn,y,0/2),

for all n > nyg.

Since lim,, M*(x, x,,0/2) = lim, M*(y, yn,/2) = 1, we obtain, by taking

limits when n — oo, that
Hm M (x, Y, tn) > 1% M(z,y,t —20) x 1 = M(z,y,t — 26),
and

M(z,y,t +20) > 1« lim M (z,,, yn, tn) * 1 = lim M (x,,, yp, tn),
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respectively.

So, by continuity of the function t — M (x,y,t), we immediately deduce
that M(z,y,t) = lim,, M (2, Yn,tn). Therefore M is continuous for Ty x
TM«L X TE ]

Lemma 6.3. Let (X, M,x) be a GV-fuzzy quasi-metric space. Then, for
each a € X, B € K{(X) and t > 0, there is by € B such that

M (a, B,t) = M(a,by,t).

Proof. Let a € X, B € Kj(X) and t > 0. By Proposition 6.3, the function
y — M(a,y,t) is continuous on X for Ty;i. Thus, by compactness of B,
there exists by € B such that sup,cg M(a,b,t) = M(a, b, t),i.e., M(a, B,t) =
M (a,by,t). O

Lemma 6.4. Let (X, M,x) be a GV-fuzzy quasi-metric space. Then, for
each a € X and B € K{(X) the function

t — M(a, B,t)

is continuous on (0,00).

Proof. Since M(a, B,t) = sup,cp M(a,b,t) and for each b € B the function
t — M(a,b,t) is continuous on (0,00), it follows that the function t —

M((a, B, t) is lower semicontinuous on (0, co).

We shall prove that ¢ — M(a, B, t) is upper semicontinuous on (0, co).
To this end, let ¢ > 0 and let {¢, },en be a sequence in (0, 00) that converges
to t. By Lemma 6.3, for each n € N there is b, € B such that M (a, B,t,) =
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M(a, by, t,). Since B € Ki(X), there exists a subsequence {b,, }xen of {0y, }nen
and a point by € B such that b,, — by in (X, M", ). Hence limy, M (a, by, , t,,) =
M (a, by, t), by Proposition 6.3, and thus

lilinM(a,B,tnk) = M(a,by,t) < M(a, B,t).

Consequently, the function ¢t — M (a, B, t) is upper semicontinuous on
(0,00). This concludes the proof. O

Lemma 6.5. Let (X, M,x) be a GV-fuzzy quasi-metric space. Then, for
each A € Ki(X), B € Py(X) and t > 0, there is ag € A such that

inﬁM(a,B,t) = M(ay, B, t).

ac

Proof. Put a = inf,c4 M(a, B,t). Then, there is a sequence {a,}neny in A
such that «+1/n > M(a,, B,t) for all n € N. Since A € KC{(X), there exists

a subsequence {a,, ren Of {a,}nen and a point ay € A such that a,, — ag
in (X, M, ).

Choose an arbitrary b € B. By Proposition 6.3, lim, M (ay, , b,t) = M(ag, b, ).
Since for each k € N, a+ 1/ny, > M(ay,,b,t), it follows, taking limits when
k — oo, that a > M (ag,b,t). We conclude that o = M(ay, B, ). m

From Lemmas 6.3 and 6.5 we immediately deduce the following.

Corollary 6.3. Let (X, M, x) be a GV-fuzzy quasi-metric space and let A, B €
Ki(X) and t > 0. Then there exist ag € A and b— 0 € B such that

inﬁM(a, B,t) = M(GU, bo,t).
ac
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Proposition 6.4. Let (X, M,x*) be a GV-fuzzy quasi-metric space. Then,
for each A, B € Ki(X) the function

t — inf M(a, B,t)
acA

is continuous on (0, 00).

Proof. By Lemma 6.4, the function ¢t — M (a, B, t) is continuous on (0, c0).
Hence, the function ¢t —— inf,cq4 M(a, B,t) is upper semicontinuous on
(0, 00).

We shall prove that ¢ — inf,c4 M(a, B,t) is lower semicontinuous on
(0,00). To this end, let t > 0 and let {t, },en be a sequence in (0, 00) that
converges to t. By Lemma 6.5, for each n € N there is a, € A such that
M (an, B, t,) = inf,ea M(a, B,t,). Since A € Kj(X), there exists a subse-
quence {an, }ren of {an}tneny and a point ay € A such that a,, — ag in
(X, M* x). Then, by Lemma 6.3, there is by € B such that M(ag, by, t) =
M (ayp, B,t), and thus limy M(ay,, , by, tn,) = M(ao, bo,t), by Proposition 6.3.
Therefore, given € > 0 there exists kg € N such that for each k > ky,
M (ag, by, t) < &+ M(an,,bo,ts, ). So
inf M(a, B,t) < M(ag,bo,t) < e+ M(ay,, B, t,,) =¢c+ ilelgM(a,B,tnk),

a€A

for all & > k. Consequently, the function ¢ — inf,c4 M(a, B,t) is lower

semicontinuous on (0, 00). This concludes the proof. ]

Remark 6.3. Note that Proposition 6.4 also shows that for A, B € Kj(X)

the function ¢ — infyep M (A, b, ) is continuous on (0, c0).

Now let (X, M,x*) be a GV-fuzzy quasi-metric and let (Hy,*) be the

Hausdorff fuzzy quasi-pseudo-metric on Py(X) constructed in Section 6.3.
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In order to prove that (Hy,*) is actually a GV-fuzzy quasi-pseudo-metric
on Kj(X), we first show that for each A, B € K)(X) and ¢ > 0, we have

H,,(A Bt)= ingM(a,B,t).
ac

Indeed, since

H,;(A,B,t) = sup inf M(a,B,s),

0<s<ta€EA

there exists an increasing sequence {s,, },en convergent to t such that

H,,(A, B,t) =lim inf M(a, B, s,,).

n a€A

So, by Proposition 6.4, H,,(A, B,t) = inf,ca M (a, B, t).
Similarly, we obtain that

H, (A, B,t)=inf M(A,b,t).

beB

Thus
Hy (A, B,t) = mm{;gﬁ;M(a, B,t),;engM(A,b, t)},

for all A, B € Kj(X) and t > 0.

Since (M, x) is a GV-fuzzy quasi-metric, it follows from Lemma 6.5 that
Hy, (A, B,t) > 0 and H;;(A, B,t) > 0, so Hy (A, B,t) > 0 for all A,B €
Ki(X) and t > 0. Hence (Hyy, *) satisfies condition (i) of the definition of a

GV-fuzzy quasi-pseudo-metric.

It is also clear that Hy (A, At) = 1 for all A € K} and all ¢ > 0.
Moreover, for each A, B,C' € K} and t,s > 0, we have, by Lemma 6.2 (2a)
and (2b) that Hy (A, C t+s) > Hy (A, B, t) * Hy(B,C, s).

Finally, given A, B € K}(X), continuity of Hy (A, B,_) : (0,00) — (0,1]

is an immediate consequence of Proposition 6.4 and Remark 6.3.



112 CHAPTER 6. THE HAUSDORFF FuUzzy QUASI-METRIC

Thus, we have shown the following:

Theorem 6.8. Let (X, M, x) be a GV-fuzzy quasi-metric space. Then (Hpy, *)

is a GV-fuzzy quasi-pseudo-metric on Ki(X). Furthermore, we have
HM<A7 B7 t) = mln{élelg M(CL, B, t)v l}gg M(A7 b7 t)}>

for all A, B € K{(X) and t > 0.
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6.6 A fuzzy approach to the domain of words

In this section we apply the results obtained in the preceding sections to
modeling a typical example of theoretical computer science from a fuzzy
quasi-metric point of view. This will be done with the help of the parameter

t which provides a useful additional ingredient to construct such models.

Let us recall that the domain of words 3> ([61, 76, 88, 107, 115, 128,
etc]) consists of all finite and infinite sequences (“words”) over a nonempty
set (“alphabet”) 3, ordered by the so-called information order C on ¥ ([23,
Example 1.6]), i.e.,  C y < x is a prefix of y, where we assume that the
empty sequence ¢ is an element of ¥*°. If x C y with x # y, we shall write

xCy.

For each x,y € ¥* denote by x My the longest common prefix of x and
y, and for each z € ¥*° denote by ¢(z) the length of x. Thus ¢(x) € [1, 00|
whenever z # ¢, and £(¢) = 0.

In theory of computation the fact that x C vy is interpreted as the element
y contains all the information provided by x, and thus the partially defined
objects (finite words) customary represent stages of a computational process
for which the totally defined objects (infinite words) contain exactly the

amount of information provided by

Given a nonempty alphabet ¥, Smyth introduced in [128] a quasi-metric
dc on ¥ given by d-(x,y) = 0 if # C y, and d(z,y) = 27/ otherwise
(see also [61, 96, 104, etc]).

This quasi-metric has the advantage that its specialization order coincides

with the order C, and thus the quasi-metric space (3, d) the information
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provided by C (compare Remark 1). Moreover, the metric (dc)® is given by
(de)*(z,y) = 0 if x = g, and (dc)*(z,y) = 27™) otherwise; so that (d-)®

is exactly the celebrated Baire metric on .

However, the quasi-metric d- is unable to give us information on the
degree of approximation to a word z from two different prefixes =,y of z.
For instance, if we consider the totally defined object m and the partially
defined ones x = 3.14 and y = 3.141, then it is clear that y contains more
information on 7 than x, but dc(x,7) = dc(y, 7) = 0, so dc is not sensitive

to this amount of information.

Motivated by this fact, we shall construct a fuzzy quasi-metric on X*°
that preserves the advantages of d- and that, in addition, permits us to
measure, with the help of the parameter ¢, the degree of approximation to a
given word of each of its prefix. Finally, we shall apply this construction to
measure, in some representative cases, (fuzzy) distances between elements of

Po (%) via the Hausdorff fuzzy quasi-(pseudo-)metric.

Define a fuzzy set M in X% x 3*° x [0, 00) by

M(z,y,0) =0 for all z,y € X,
M(z,z,t) =1 for all z € ¥ and ¢t > 0,
M(z,y,t)=1ifx Cyandt > 9—H@)

M(z,y,t) =1 — 2@ otherwise.

We wish to show that (M, A) is a fuzzy quasi-metric on ¥*°. To this end
we only prove that for each z,y,z € ¥ and t,s > 0, one has M (x, z,t+s) >
M (z,y,t) N M(y, z,s), because the rest of conditions in the definition of a

fuzzy quasi-metric are obviously true.
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Indeed, if M(x, z,t+ s) = 1, the conclusion is obvious. Assume now that
M(z,z,t+5s) = 12712 We distinguish two cases: (a) z is a prefix of z;
(b) x is not a prefixes of z. In case (a) we have M(z,z,t +s) = 1 — 27%@
and t + s < 27%®) and thus M(z,y,t) = 1 — 27/=™) because t < 274®).
Since £(z) > ¢(x My), it follows that M (x, z,t + s) > M(z,y,t). In case (b)
we have M (x, z,t +5) = 1 —27%="2) and the conclusion follows immediately
from the well-known facts that for each z,y,z € £, one has: (i) {(xMz2) >
min{/(x MNy),l(yMz)}, and (ii) ¢(x M z) = ¢(y M z) whenever x is a prefix of
y but not a prefix of z.

We conclude that (M, A) is a fuzzy quasi-metric on 3°°.

Now, observe that if x,y are prefix of z, with x # y, and one obtains for
some ty > 0, M(z, z,t5) > 1 and M(y, z,to) = 1, then 270 < t; < 274 5o
that ¢(x) < (y), i.e., z T y; which shows that y is a better approximation

to z than z.

Then, for each z € ¥*°\{¢}, and each x T y we can define the degree of

approximation of z to z, associated to (M, A), as the number DA(z, z) = 1/t,
where t, = inf{t > 0: M(z, z,t) = 1}. It is clear that DA(x, z) = 2/®).

In particular, for x = 3.14 and y = 3.141 as given above, one obtains for
each t €]274,273], M(z,7,t) < 1 and M(y,w,t) = 1, which agrees with the
fact that y contains more information on 7 than x. Furthermore DA(z, ) =
23 and DA(y, ) = 2%, which provides reasonable (and desirable) values on

the degree of approximation of  and y to 7, respectively.

Finally, we apply this approach to compute the distance between some
interesting subsets of Py(X>°) via the lower and upper Hausdorff fuzzy quasi-
pseudo-metrics of (X°°, M, A).

Let z € ¥ such that ¢(z) = oo and z be a prefix of z different from z,
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e,z z Puta,={ye¥®:2CyC z} Since z e =M nzM | it
follows from Lemma 6.2 (1a), (1b), that for each ¢ > 0,

H]\_/[<{Z}7$—>7t) = HJ—\F/[(x—H{Z}vQ =1

Therefore (compare Remark 6.1), one has {z} < ny, T and x, <py+
{z}. The second relation is not a surprise because it can be computationally
interpreted as that z contains at least the same amount of information of z
than x_,. However, the first relation seems certainly interesting because it
can be computationally interpreted as that z_, contains at least the same
amount of information of z than z, which is true because actually x_, has

exactly the same amount of information of z than z.

Furthermore, it is easy to see that

Hy(z_,{z},t) =1 <t > 27",

so that Hy (2, {z},t) =1 <=t > 2@,
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