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Abstract

This paper deals with the computation of the first probability density function of the solution of ran-
dom homogeneous linear second-order difference equations by the Random Variable Transformation method.
This approach allows us to generalize the classical solution obtained in the deterministic scenario. Several
illustrative examples are provided.
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1 Motivation

Due not only to the measurements errors often required to deal with problems in many areas like Physics,
Chemistry, Engineering, etc., but also the inherent complexity of the phenomena under study, randomness is
a key part in modelling. These facts motivate the extension of powerful deterministic tools such as differential
and difference equations to the random context. Most of the contributions in this sense focus on continuous
models based on both Ité-type stochastic differential equations [11, 1] or random differential equations [13, 7].
Ito-type stochastic differential equations consider uncertainty through the white noise, which is a Gaussian and
stationary stochastic process. Whereas, the consideration of randomness in dealing with random differential
equations is introduced by assuming that the inputs parameters (coefficients, source term and initial/boundary
conditions) can have specific probability distributions including the standard distributions such as exponential,
beta and Gaussian. As it also happens in the deterministic scenario, the study of discrete models containing
uncertainty in their formulation has been less prolific than continuous models. The contributions have mainly
focused on the discretization of Ito-type stochastic differential equations. This approach leads to Autoregressive
models (usually referred to as AR-models) [6]. Some interesting contributions in this sense are [12, 14]. Random
difference equations constitute the discrete counterpart of random differential equations. Their study is motivated
from the natural introduction of uncertainty in models that appear in applied areas [2] and after the discretization
of random differential equations [4]. We point out that recently, in [3], authors have obtained the first probability
density function to the solution of random linear first-order difference equations taking advantage of the approach
to be considered in this paper.

The solution of a random difference equation is a discrete stochastic process (s.p.), say {Z, : n > 0}. Notice
that a remarkable difference with respect to the deterministic scenario is that now the primary goal is not only
to compute the solution, but also its main statistical characteristics such as the mean function, E[Z,], and
the variance function, V[Z,] = E[(Z,)?] — (E[Z,])?. Though more complicate, the computation of the first
probability density function (1-p.d.f.), fi1(z,n), associated to the discrete solution s.p. is more desirable since



from it one can determine not only the two previous statistical moments but also any other moment

]E[(Zn)k} :/ Zkfl(zvn)dzv nak:071721'~'7
of Z,, as well as, the probability of specific intervals where the solution s.p. lies. In dealing with the computation
of the 1-p.d.f., the Random Variable Transformation (R.V.T.) method is a powerful technique. This method
has been used to study relevant continuous models [9, 8, 5, 10, 4]. In this paper we will determine the 1-p.d.f.
f1(z,n) of the solution of the random homogeneous linear second-order difference equation

Zn+2+A1Zn+1+A2Zn :0, 712071,2,..., Z():FO7 Zl :Fl, (1)

by the R.V.T. technique. To provide more generality to our study, we will consider that both initial conditions,
Ty =Ty(w), 'y =T1(w) and, coefficients, A; = A;(w), Az = As(w) are dependent continuous random variables
(r.v.’s) defined on a common probability space (2,§,P) and whose joint p.d.f. fr,r, 4, 4,(Y0,71,a1,a2) is
known. Without loss of generality, in the following we will denote by

Dr, = {vw=Tow),weQ: v1<v% <.}, Dy, = {a1=41(w),weQ: a1 <a <aio},
Dr, = {m=T1(w),weQ:y1<7 <72}, Dy, = {a2=A(w),weQ: az1 <ag <aza},

the domains of the input parameters I'g, 'y, A; and A, respectively. We permit that the left (right) endpoint
of each interval of the above domains takes the value —co (400), hence unbounded r.v.’s are allowed. In the
sequel, for the sake of clarity sample dependence for r.v.’s denoted by the above w-notation will be omitted.

This paper is organized as follows. In Section 2 we will determine the 1-p.d.f. fi(z,n) of the solution s.p.
of the initial value problem (i.v.p.) (1) in two pieces distinguishing the real or complex nature of the roots of
the associated characteristic equation. In Section, 3 we will give some examples where the theoretical results
developed in Section 2 are illustrated. Conclusions are drawn in the closing section.

2 Computing the 1-p.d.f.

This section is devoted to compute the 1-p.d.f. of the solution of the i.v.p. (1) using the R.V.T. technique. There
are several versions of this technique, below we state the version that will be applied throughout this paper [13,
p.25]:

Theorem 1 (R.V.T. technique: multi-dimensional version). Let V.= (Vi,..., V) be a random wvector of
dimension m with joint p.d.f. fv(v). Let r : R™ — R™ be a one-to-one deterministic map which is assumed
to be continuous with respect to each one of its arguments, and with continuous partial derivatives. Then, the
joint p.d.f. fw(w) of the random vector W = r(V) is given by

fw(w) = fv (s(W)) [Jml; (2)

where s(w) is the inverse transformation of r(v): v = r~Y(w) = s(w) and J,, is the Jacobian of the transfor-
mation, t.e.,

Ovr . Oum
ov al,ul aq,ul
Jm = det 87 = det : . : R
W Ou v,
Owm Owm

which is assumed to be different from zero.

As in the deterministic scenario, the general solution Z,, of i.v.p. (1) depends on the real or complex character
of the roots, a; = a1 (w) and ay = az(w), w € Q, of the random characteristic equation: a? + Aja + Ay = 0:

A+ (A1)? — 44,
= 5 )

Ay — (A~ 44,

. 3)

aq Qa2



Let us introduce the following events &; involving the r.v.’s A1 = A;(w) and As = As(w) and their associated
probabilities p;, ¢ = 1,2, 3:
P = P [81 = {w cN: (A1)2 — 4A2 > 0}] R
P2 = P [52 = {w (S Q N (A1)2 — 4142 < 0}] 5 (4)
P33 = P [53 = {w €0 (A1)2 —4A5 = O}] .

The pairs (£;,p;), ¢ = 1,2,3 indicate the events and probabilities that the random roots of the associated
characteristic equation are real and distinct, complex or real and equals, respectively. Note that p3 = 0 since
we are assuming that A; and A, are continuous r.v.’s. Unlike what happens in the deterministic scenario, once
r.v.’s A; and As have been chosen, the roots a; and as can be both real (and distinct) and complex whenever
0 <p; <1and0 < py < 1. Note that p; + p2 = 1. In this case, the 1-p.d.f. fi(z,n) of the solution of i.v.p. (1)
will be defined in two pieces, fir(z,n) and fi1(z,n). Each one of these functions is the contribution inferred by
the event &;, i = 1,2, which happens with probability p; €]0, 1], ¢ = 1,2. Both pieces fir(z,n) and fi1(z,n) will
be determined below taking advantage of R.V.T. method. If p; =l and P{w € Q: Aj(w) =a1}]=1or,p2 =1
and P{w € Q: Az(w) = az}] = 1, i.e., when the p.d.f.’s of 4; and A are given by the Dirac delta functions
0(A1 — a1) and 6(Ay — ag), respectively, our random approach becomes the classical results.

2.1 Real and distinct random roots

Let us assume that p; > 0. Then, the solution of the i.v.p. (1) is

a1 (o)™ — ag(ag)” Ty + ()" = (a2)” I,

Q] — Q2 Q] — Q2

Lp =

where o1 and «s are given by (3). Now, in order to determine the 1-p.d.f. fi(z,n) of the i.v.p. (1), we set
n and compute the p.d.f. of the r.v. Z = Z, by applying Theorem 1 with the following identification: V =
(X0, X1, A1, 42), fv(Vv) = frori,a,,4, (@0, T1,a1,a2), m = 4 and, W = (W, Wy, W3, W,) = r(T,I'1, A1, A2)
and its inverse mapping s(Wy, Wy, W3, W) are given by:

) _ al(ag)” — ag(al)”

Wi = r(To,I'1, A1, As To+ I
ap — Q2 ap — Q2
= Fozsl(Wl,W27W3,W4): (Wl— (alz _(~a2> WQ) pe ~a7ll_0~42 ~\n’
Q] — Q2 041(042) - 042(041) (5)
Wy = 10,1, A1, Az) =11 = Ty = so(Wy, Wo, W3, Wy) = W,
Wi = r3([0o, 1, A1, Ag) = Ay = Ay = s3(Wy, Wa, W3, Wy) = W3,
Wy = 14(T0,T1,41,A2) = As = Ay = s4(Wh, Wo, W3, Wy) = Wy,

where

Wb TP —AWs W — /(W = AW
= ) 2 = .
2

o 5

Note that the Jacobian is given by

ov dl — dg
J = det —_— = = = = = 07 NN ].,
! <5W> a1 (G2)"™ — Go(@)™ 7 P

where we have used that a3 # &o with probability 1 (w.p. 1), i.e., for each w € Q, @;(w) # aa(w). Then,
according to (2), the joint p.d.f. of the random vector W = (W1, Wy, W3, W,) is given by

Jw(W) = fror,a;,4, ((un - (&12" — S&Z)H w2) dl(dj’t : zz(dl)”’w%w?”wél)

ap — Qg

a1 (@)™ — G (aq)™ ’
wy; Sw; Swey, 1< <4




Therefore, taking into account that Z = W7, from the event & defined in (4) one obtains:

wa,2 pws,2 pmin w4 2,
fir(z,n) / 2 fW1,W2,W3,W4(wlaw27w3aw4)dw4dw3dw2
wa,1 Jws,1 J/ min w4 13 (w )

/71 7@1 2/m1n az, 2,
min LL2 17

fr Iy Ap,A z— ()" = (ag)”% S 71,01, G2
0,I'1,41,42 a1 — Qo Ozl(OLQ)n—OQ(O‘l)n, T

Q] — Q2

a1 ()™ — as(aq)™

dagdald'yl, (6)

where a; and ag are defined by (3). fir(z,t) is a piece of the total 1-p.d.f. fi(z,n). For the sake of clarity, we
will specify the domain of z in the examples provided later, avoiding the cumbersome expressions for the general
context.

2.2 Complex random roots

Let us assume that p > 0 and let us denote by Re(a;) and Im(aq) the real and imaginary parts of the random
root o = a(w):
Ay
Re(ar) = —5 Im(a;) =
respectively. Then, the solution of the i.v.p. (1) is given by

4A5 — (Aq)?
2 )

o= /(Relan)? + @)
Tnan) I'y, where 0 arctan<1m(a1))~ (7)

—r"lsin((n — 1))
Im(al)

7z, - r™ sin(nd)

I'o+

Re(a1)

From this representation, we are ready to determine the piece fi1(z,n) associated to the event & defined in (4)
that contributes to determine the 1-p.d.f. fi(z,n). This will be done by applying again Theorem 1 with the
same identification for the maps rq, r3, 74, S2, s3 and s4 as we did in the previous case (see (5)) but now taking

—r™"Lsin((n—1)0 r" sin(nf
Wiy = ri(To, Ty, Ay, Ag) = - _Im((g(l) = )FO + Irn(ogl)) Iy,
Lo = si(Wy,Wo, W3, Wy) = (%Wz - WI) %>

where r and 6 are defined in (7). In this case the Jacobian is given by

Im(aq)
rmtlsin((n —1)6)

Then, according to (2), the joint p.d.f. of the random vector W = (Wy, Wy, W3, Wy) is computed as follows:

" sin(nf) wy wl) Im(aq) . w4) . [Tm(avp)]
Im(a) rotlgin((n —1)0) 77 rotlsin((n — 1)0)|

where wy ; <w; Sway, 1 <6< 4. Therefore7 taking into account that Z = W5 one gets

1,2 max CL2 2, |Im(a1)|
fule,n) / / /m am s 2 rnﬂ [sin((n — 1)0)] (8)

r’ sm(nH) Im(aq)
— - dagda;d
Jro.ri,A;,42 (( Tm(ar) M Z) P gin((n — 1)9)77176117612 azdadyi,

Jy=—

#£0, w.p. 1.

fW<W) = fFD;F17A17A2 ((

where 7, 6 and o3 can be expressed in terms of A; and A taking into account (3) and (7). For the sake of
clarity in the presentation, the domain of z will be determined later in the examples.



2.3 1-p.d.f.

Finally, in accordance with the results and comments made in Subsections 2.1 and 2.2, the 1-p.d.f. of the solution
to i.v.p. (1) is given by

fl(’z?n) =f1R(z7n)+fu(z,n)7 (9)
where fir(z,t) and fi1(2,t) are computed according to (6) and (8), respectively.

3 Examples

In order to illustrate better the theoretical results obtained in the previous section, next we will compute the
1-p.d.f. f1(z,n) of the solution Z, to i.v.p. (1) at some values of n in the three following situations:

e Case I (p1 > p2): The event & is more probable than & (see (4)). Roughly speaking, this can be
interpreted as the probabilistic contribution of fig(z,n) to fi(z,n) is greater than f11(z,n) in the sense
that real and distinct roots of the associated characteristic equation are more probable than imaginary
roots.

o Case Il (p1 = poy = %) The events & and & have the same probability to occur. This can be interpreted
as the probabilistic contribution of fir(z,n) and fi1(z,n) to fi(z,n) are similar, in the sense that real
and distinct roots and imaginary roots of the associated characteristic equation are approximately equally
probable.

e Case III (p; < p2): The event &; is less probable than &. This can be interpreted as the probabilistic
contribution of fir(z,n) to f1(z,n) is smaller than fi1(z,n) in the sense that real and distinct roots of the
associated characteristic equation are less probable than imaginary roots.

To illustrate these three cases, we will consider that the four random inputs I'g, I'1, A; and As follow a joint
Gaussian distribution: 7; = (o, T'1, A1, A2)T ~ N(uy,, 5y, ), with different mean vectors ju,,,, i = 1,2,3, and a
common covariance matrix ¥ = ¥, given, respectively, by

5/100 —1/100 0  —2/100
~1/100 15/100  7/100  5/100

0 7/100  2/10  —1/100
—2/100 5/100 —1/100 1/10

(1,1,-1/10,-18/25)" if i=1 (CaseI),
T (1,1,-1,1/4)T if i=2 (Case II), Y=
(1,1,-1/10,18/25)T if i =3 (Case III),

(10)
Note that in the three cases, the z-domain of the 1-p.d.f. fi(z,n) is —00 < z < oo. Table 1 collects the
probabilities p; and ps = 1 —p; defined by (4) that determine Cases I-III. The probability p; has been computed
as follows:

(ap)?

o0 i 0o 00
p1 = / / fay,a,(a1,a2)dasdar  where  fa, a,(a1,a2) = / / Frors.ay.as (Y0, y1a1, az)dyo dva,
— 00 — 00 — o oo
and

1
frori ar,4,(V0, 1101, 02) = f, (i) = m

corresponding to the joint p.d.f. of the Gaussian vector n; = (I'g,I'1, A1, A2)T to each one of the Cases I-TIL.
In Figure 1 we have plotted the 1-p.d.f. fi(z,n) at n =0,1,2,3,4, in each one of the Cases I-III according
to the expressions (6), (8) and (9). In each one of these plots we observe that the 1-p.d.f. fi(z,n) seems to
converge to a Dirac delta function centred at Z = 0: lim,,—,~ f1(2,n) = 0(2) since Z, 2729 0. This behaviour
can be roughly expected by using the averaged deterministic difference equation associated to random difference

equation (1) consisting of taking the expectation operator E[-] of every random input, i.e.,

Zn+2 + E[Al]ZnJrl + E[Ag]zn = 0, n = 0, 1, 2, ey 20 = E[F()L zZ1 = ]E[Fl],

_ Ll — Tsi=1(p. .
e 2(771 :u'ni) ) ("71 :“'Ui)7 221’2’3,

and checking that in each one of the Cases I-III the roots of the corresponding characteristic equations have
modulus less than one.



Case P1 P2
I 0.991959 | 0.00804064
II 0.538897 0.461103
111 0.0202495 0.979751

Table 1: Probabilities p; and py that determine Cases I-III when the inputs I'g, I'1, A; and Ay have a joint
Gaussian distribution: n; = (I, 'y, A1, A2)T ~ N(py,, X) with py,, i = 1,2,3 and ¥ given by (10).

fi(z,n) fi(z,n)

n=0

n=1

n=2

Figure 1: Plots of the 1-p.d.f. fi(z,n) of the solution Z, to i.v.p. (1) in Case I (top left), Case II (top right)
and Case III (bottom) at different values of n = 0,1, 2, 3, 4.



4 Conclusions

In this paper we have provided general explicit formulae to the 1-p.d.f. of the solution stochastic process to
a random homogeneous linear second-order difference equation in the general case where the involved random
inputs are statistically dependent. The study has been based on the Random Variable Transformation technique.
In this way, we can compute not only the mean and variance of the solution stochastic process but also provide
a full probabilistic description of the solution in every discrete time instant. In addition, we have shown through
the theoretical development that the study here presented generalizes its deterministic counterpart which is
illustrated by examples. Finally, note that our analysis can be extended readily to the non-homogeneous case.
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