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ON THE BANACH LATTICE STRUCTURE OF L. OF A
VECTOR MEASURE ON A §-RING

J. M. CALABUIG, O. DELGADO, M. A. JUAN AND E. A. SANCHEZ PEREZ

ABSTRACT. We study some Banach lattice properties of the space L} (v) of
weakly integrable functions with respect to a vector measure v defined on a
o-ring. Namely, we analyze order continuity, order density and Fatou type
properties. We will see that the behavior of L1 (v) differs from the case in
which v is defined on a o-algebra whenever v does not satisfy certain local
o-finiteness property.

1. INTRODUCTION

The space of integrable functions with respect to a vector measure finds applica-
tions in important problems as, for instance, the representation of abstract Banach
lattices as spaces of functions and the study of the optimal domain of linear op-
erators. Classical vector measures v: ¥ — X are considered to be defined on a
o-algebra and with values in a Banach space. The spaces L!(v) and L. (v) of inte-
grable and weakly integrable functions respectively have been studied in depth by
many authors and their behavior is well understood, see [7], [25, Chapter 3] and
the references therein. However, this framework is not enough, for instance, for
applications to operators on spaces which do not contain the characteristic func-
tions of sets (see [2], [10] and [11]) or Banach lattices without weak unit (see [12]).
These cases require v to be defined on a weaker structure than o-algebra, namely,
a 0-ring. Bear in mind the spaces ¢?(T"), 1 < p < oo, for an uncountable set T
So, vector measures defined on a J-ring also play an important role and deserve
to be studied together with their spaces of integrable functions. The integration
theory with respect to these vector measures v goes back to the late sixties (see
[14, 18, 21, 22, 23, 24]). In [9], there is an analysis of the space L'(v) which gives
evidence of how large the difference can be between the d-ring and o-algebra cases.
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Indeed, for the general case, bounded functions may be not integrable and this fact
is crucial.

The aim of this paper is the study of the Banach lattice properties of the space
Ll (v). The case when these spaces contain ¢y becomes specially relevant. This
research is a part of a general project of analysis of these abstract integration
structures that has already shown to be useful in applications. For instance, a
general version of Komlés Theorem on the pointwise convergence of the Cesaro sums
of functions have been recently obtained using spaces of vector measure integrable
functions on a d-ring as main tool (see [17]). More applications in the setting of the
theory of operators on Banach function spaces can be found in [2, 3]. The relevant
case of the Hardy operator has been studied in [11].

More precisely, we study some properties related to order continuity (Section 3)
and order density (Section 4), and some Fatou type properties (Section 5). We will
see that many properties satisfied for this space when v is defined on a o-algebra
remain true in general only in the case when v satisfies certain local o-finiteness
property, which guarantees that every function in L} () is the v-a.e. pointwise limit
of a sequence of functions in L!(v). Also we revisit the representation theorems
for abstract Banach lattices (Section 6), and we finish with an illustrative example
(Section 7).

2. PRELIMINARIES

2.1. Banach lattices. Let F be a Banach lattice with norm || - || and order <. A
closed subspace F' of E is an ideal of E if y € E with |y| < |z| for some z € F
implies y € F. We say that F is order continuous if for every (z,) C E downwards
directed system x, | 0 it follows that ||z,| | 0 and E is o-order continuous if for
every (z,) C E decreasing sequence x,, | 0 it follows that ||z,| | 0. We denote by
E,, the order continuous part of E, that is, the largest order continuous ideal in
E. It can be described as

Ey,={x € FE: |x| >z, |0 implies ||z.| | 0}.

Similarly, E, will denote the o-order continuous part of E, that is, the largest
o-order continuous ideal in E, which can be described as

E,={x€FE: |z| >z, ] 0 implies ||z,| | 0}.

The Banach lattice F is Dedekind complete if every non empty subset which is
bounded from above has a supremum and is Dedekind o-complete if every non
empty countable subset which is bounded from above has a supremum. We say
that E has the Fatou property if for every (x;) C E upwards directed system
0 < x, 1 such that sup ||z || < oo it follows that there exists = sup, in E and
lz]| = sup||z,||, and E has the o-Fatou property if for every (z,) C E increasing

sequence 0 < z,, 1 such that sup ||z,| < oo it follows that there exists © = supzy,
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in E and ||z|| = sup ||z,||. An ideal F' in FE is said to be order dense if for every
0 < x € F there exists an upwards directed system 0 < z, 1 « such that (z,) C F
and is said to be super order dense if for every 0 < x € E there exists an increasing
sequence 0 < x,, 1z such that (z,) C F. A weak unit of F is an element 0 < e € E
such that zAe = 0 implies x = 0. Every positive linear operator T': E — F between
Banach lattices (i.e. Tz > 0 whenever 0 < z € F) is continuous, see [19, p.2]. An
operator T: F — F between Banach lattices is said to be an order isometry if it
is a linear isometry which is also an order isomorphism, that is, 7" is linear, one to
one, onto, |Tz||p = ||z||g for all z € E and T(x Ay) = Tx ATy for all z,y € E.

Let (£2,%, 1) be a measure space (without assumptions of finiteness on p) and
L°(u) be the space of all measurable real functions on 2, where functions which
are equal p-a.e. are identified. Considering the u-a.e. pointwise order, we have that
L°(u) is an Archimedean vector lattice. Note that for f, f, € L°(u), it follows
that 0 < f, 1T f p-a.e. if and only if 0 < f, T f in L%(u), that is, the u-a.e.
pointwise supremum coincides with the lattice supremum. We will simple write
f < gfor f <g p-ae By Banach function space (briefly, B.f.s.) related to p we
mean a Banach space X C LO(u) satisfying that if |f| < |g| p-a.e. with f € L°(u)
and g € X then f € X and ||f|[x < |lgllx. Every B.fs. is a Banach lattice with
the p-a.e. pointwise order, in which convergence in norm of a sequence implies pu-
a.e. convergence for some subsequence. Note that for f, f,, € X, it follows that
0< fo? f pae ifand only if 0 < f,, 1 f in X.

These and other issues related to Banach lattices can be found in [20] and [26].

2.2. Integration with respect to vector measures on J-rings. Let R be a
d-ring of subsets of an abstract set 2, that is, a ring closed under countable inter-
sections. We write R'¢ for the o-algebra of all subsets A of  such that ANB € R
for all B € R. Note that if R is a o-algebra then R!°° = R. Denote by M (R!¢)
the space of all measurable real functions on (2, R!°¢), by S(R!¢) the space of
all simple functions and by S(R) the space of all R-simple functions (i.e. simple
functions supported in R).

Let A: R — R be a countably additive measure, that is, > A(4,,) converges to
A(UA,,) whenever (A,,) is a sequence of pairwise disjoint sets in R with UA,, € R.

The variation of A is the countably additive measure |A|: R!°¢ — [0, 0o] given by
IA|(A) = sup { 3 IAA)| : (A) finite disjoint sequence in RN 2A}.

For every A € R we have that |A|(4) < co. The space L*(\) of integrable functions
with respect to A is defined as the space L'(|A|) with the usual norm. Every R-
simple function ¢ = > | a; x4, is in L'()\) and the integral of ¢ with respect to A
is defined as usual by [pd\ = > ; & A(A;). Moreover, the space S(R) is dense
in L1()\). For every f € L'()), the integral of f with respect to \ is defined as
J fdX\=1lim [ ¢, d) for any sequence (p,,) C S(R) converging to f in L*(\).
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Let v: R — X be a vector measure with values in a real Banach space X, that
is, > v(A,) converges to ¥(UA,) in X whenever (A,) is a sequence of pairwise
disjoint sets in R with UA,, € R. Denoting by X* the topological dual of X and
by Bx- the unit ball of X*, the semivariation of v is the map ||v||: R"¢ — [0, o0
given by ||v||(A) = sup{|z*v|(A) : z* € Bx-} for all A € R!°¢, where |z*v| is the
variation of the measure z*v: R — R. A set A € R!¢ is v-null if ||v||(A) = 0, or
equivalently, v(B) = 0 for all B € RN 24. A property holds v-almost everywhere
(briefly, v-a.e.) if it holds except on a v-null set. For every R!°°-measurable function
f: Q= RU{+oo} we can define

£ = sw [ Ifldety] <.

z*E€Bx+
Note that if || f||, < oo then |f| < oo v-a.e. Let L. (v) denote the space of functions
in M(R!°¢) which are integrable with respect to |z*v| for all z* € X*, where
functions which are equal v-a.e. are identified. The space L} (v) is a Banach space
with the norm ||-||,. A function f € Ll (v) is integrable with respect to v if for each
A € R!°¢ there exists a vector denoted by fA fdv € X, such that

a:*(/fdu):/fdx*u for all " € X™.
A A

Let L'(v) denote the space of all integrable functions with respect to v. Then,
L'(v) is a closed subspace of L} (v) and so it is a Banach space with the norm
| - |l.- Moreover, S(R) is dense in L!(v). Note that for every R-simple function
© = >, aiXa,, we have that [pdv = Y1 | a;v(A;). From [1, Theorem 3.2],
there always exists a measure A\: R — [0, 0o] with the same null sets as v. Then,
L'(v) and L. (v) are B.f.s. related to |A\|. Moreover, L!(v) is order continuous and
LL (v) has the o-Fatou property.

For any measure p: R!°¢ — [0, co] with the same null sets as v, since the u-a.e.
pointwise order coincides with the v-a.e. one, we will denote L°(v) = L°(u) and
say B.f.s. related to v for B.f.s. related to p.

For these and other issues related to integration with respect to vector measures
defined on a d-ring, see [18], [21], [22] and [9].

3. ORDER CONTINUOUS PART OF L} (v)

All along in this paper v: R — X will be a vector measure defined on a J-ring
R of subsets of an abstract set ), with values in a real Banach space X. Recall
that measurable functions are referred to the o-algebra R!°¢.

Let us begin by noting that the o-order continuous and the order continuous
parts of L. (v) coincide. Indeed, L. (v) is Dedekind o-complete as it has the o-
Fatou property (see [26, Theorem 113.1]), and so, since (L}U(y))a is an ideal in
Ly, (), it is also Dedekind o-complete. Then, from [26, Theorem 103.6], (L3, (v)),
is order continuous and thus (L}U(V))a = (L}U(V))an.



ON THE BANACH LATTICE STRUCTURE OF L/,lﬂ(u) 5

It was noted in [6, p.192], that in the case when R is a o-algebra, the order
continuous part of L. (v) is just L'(v). This follows from the facts that L!(v) is
order continuous and S(R!°°) = S(R) C L'(v). In the general case, S(R!°) may
not be in L'(v), even so, we will see that (L, (v)), = L'(v) remains true. First,

let us characterize when a characteristic function of a measurable set is in L*(v).

Lemma 3.1. The following statements are equivalent for any A € R°.

(a) xa € L'(v).

(b) ||[v[|(An) — O for all decreasing sequences (A,) C RY¢ N 24 with NA,, v-null.
(c) v(An) — 0 for all disjoint sequences (A,) C RN 24,

Proof. Suppose that y4 € L'(v) and let (A,) C RN 24 be a decreasing se-
quence with NA,, v-null. Since L'(v) is order continuous and x4 > xa, J 0, then
IW11(4n) = 1xa, b = 0. So, (a) mplies (b).

Let (A,) € RN 24 be a disjoint sequence. Taking B, = Uj>nA; we have a
decreasing sequence (B,,) C R!¢ N 24 with NB,, = ) and ||v(A,)| < ||v||(By). So,
(b) implies (c).

Suppose that (¢) holds and consider the vector measure v4: R — X defined
by va(B) = v(AN B) for all B € R. Noting that |z*v4|(B) = |z*v|(A N B) for
every B € R'°° and z* € X*, it can be checked that [ |f|d|z*va| = [|f|xadz*V|.
Indeed, this is trivial for simple functions, and for all measurable functions it is
consequence of the monotone convergence theorem. Thus, ||f|,, = ||fxall. for
every f € M(R!¢). Then, f € L., (v4) if and only if fxa € L. (v). Since S(R) is
dense in both L!'(v) and L(v4), it follows that f € L'(v4) if and only if fya €
L' (v). By hypothesis v4 is strongly additive, so, from [9, Corollary 3.2.b)], we have
that xo € L*(va) and thus x4 € L'(v). O

Let us prove now the announced result.
Theorem 3.2. The equality (L}, (v)), = L'(v) holds.

Proof. Obviously L'(v) C (L}D(V))a as L1(v) is order continuous. For the converse
inclusion, consider first a set A € R!°¢ such that y4 € (L%U(V))a. For every de-
creasing sequence (A,) C R¢ N 24 with NA,, v-null it follows that x4 > x 4, 40
and so |[v][(A,) = |lxa,|l» = 0. Then we get x4 € L*(v), from Lemma 3.1.

Consider now ¢ € S(R'¢) such that ¢ € (Lij(u))a. Write ¢ = 2?21 ajxa; with
(A;) C R being a disjoint sequence and «; # 0. Since x4, < |£| and (L}U(V))a
is an ideal, x4, € (Ly,(v)),. Then, x4, € L'(v) and so ¢ € L*(v).

Finally, let f € (L},(v)), and take a sequence (p,) C S(R'*) satisfying that
0 < ¢, T |f| v-a.e. Note that ¢, € (L}U(V))a as pn < |f], and so ¢, € L'(v).
Since |f| > |f] — ©n | 0, we have that |||f] — @nl, — 0. Then, as L'(v) is closed
in L1 (v), we have that |f|, and so also f, is in L(v). O
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4. ORDER DENSITY OF L!(v) IN L1 (v)

The topic of this section is trivial for the case when R is a o-algebra. Indeed,
for each 0 < f € LO(v) there exists (¢,) C S(R!) such that 0 < ¢, T f v-a.e.
Since, in this case R = R and S(R) C L'(v), obviously we have that L!(v) is
super order dense (and so order dense) in L°(v) (and so in Ll (v)). However, this

argument fails for the general case as S(R'°®) may not be contained in L'(v).

Ezxample 4.1. Let T" be an uncountable abstract set, R the d-ring of finite subsets
of I"and v: R — ¢o(T") the vector measure defined by v(A) = xa (see [9, Example
2.2]). Then, xr € L} (v) = ¢>°(T), but there is no sequence (f,,) C L'(v) = ¢o(T)
such that 0 < f,, T xr. Indeed, in this case, since the only v-null set is the empty
set, I' = U,supp(fy,) is countable.

Therefore, in general L'(v) is not super order dense in Ll (), but order dense.
Theorem 4.2. The space L' (v) is order dense in Ll (v).

Proof. Since every Banach lattice is Archimedean, by [20, Ch. 3, Theorem 22.3] it
is enough to prove that L!(v) is quasi order dense in L (v), i.e. for every 0 # f €
L1 (v) there exists 0 # g € L'(v) such that |g| < |f].

Let f € L% (v) with ||[v|(supp(f)) > 0. For A, = {w € Q: |f(w)| > L}, we have
that A,, T supp(f) and so ||v||(supp(f)) = lim, ||v||(An) (see [22, Corollary 3.5.(e)]).
Take n large enough such that ||v||(Ay) > 0. Since ||v||(An) = Supgern2an |[V]|(B)
(see [22, Lemma 3.4.(g)]), there exists B,, € R N 24» such that ||v|/(B,) > 0.

On the other hand, take a sequence (1;); C S(R!°¢) such that 0 < ¢; 1 |f| v-a.e.
Then, there exists a v-null set Z € R'¢ such that 0 < ¢ (w) 1 f(w) for allw € Q\Z.
Let us consider B, = (U; B, Nsupp(¥;)\Z) U (B, N Z). Since B,, Nsupp(¢;)\Z T,
it follows that [4]/(By) = [} (Us Ba N supp(5)\Z) = limg [7][(Bu 1 supp(e\2)
Take j, large enough such that ||v| (B, N supp(¥;,)\Z) > 0 and consider the
function g = ¢;, xp, € S(R) C L'(v). Then, g # 0 and 0 < g < |f]. O

Remark 4.3. Since L°(v) with the v-a.e. pointwise order is an Archimedean vector

lattice, actually in Theorem 4.2 we have proved that L'(v) is order dense in L°(v).

Now, the natural question is when L!(v) is super order dense in L. (v). It is easy
to see that this happens if v is o-finite, that is, Q = (UA, )UN with N € R!¢ y-null
and (A,) a sequence in R. In this case, if 0 < f € LO(v) and (¢,,) C S(R'°) is such
that 0 < ¢, T f v-a.e., taking ¢, = nxur_ 4, € S(R) we have that 0 < ¢, T f
v-a.e. Then, L!(v) is super order dense in L°(v) and so in Ll (v). However, L' (v)

being super order dense in L} (v) does not imply that v is o-finite.

Example 4.4. The vector measure v in Example 4.1 considered with values in £}(T)
instead of ¢o(T'), satisfies that L'(v) = L1 (v) = ¢(T'). Then, obviously L!(v) is

super order dense in L} (v) but v is not o-finite.
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We will characterize the super order density of L'(v) in L. (v) by a weaker
condition on v than o-finiteness. Namely, v will be said to be locally o-finite if
every set A € R!°¢ with ||v||(A) < oo, can be written as A = (UA,) U N, with
N € R!¢ p-null and (A,,) a sequence in R.

Remark 4.5. If v is such that L*(v) = L! (v) (e.g. if X does not contain any copy
of cg, see [18, Theorem 5.1]), then for every A € R with |v||(4) < oo, we have
that x4 € L. (v) = L'(v) and so, from [22, Theorem 4.9.(a)], v is locally o-finite.

Let us see that there are plenty of locally o-finite vector measures which are not

o-finite.

Lemma 4.6. Suppose that v is discrete, that is, for every w € Q0 it follows that
{w} € R and v({w}) # 0. Then,
(a) N € Rl¢ is v-null if and only if N = {).
(b) {ACQ: Ais finite} CR C {A CQ: Ais countable}.
(C) Rloc — 29‘
(d) v is o-finite if and only if Q is countable.

Proof. (a) Suppose N € R!¢ is v-null. If v € N, then {7} € RN 2" and so
lv({y DIl < |W[[(N) = 0 which contradicts v({v}) # 0. Hence, N = (. The
converse is obvious.

(b) If A C Q is finite then A = U,c4{v} is a finite union of sets in R, so the first
containment holds. For the second one, consider A € R and the vector measure
va: RI°¢ — X defined by va(B) = v(AN B) for all B € R'°. Note that B € R!*¢
is v4-null if and only if AN B is v-null, that is, AN B = (). Since v, is defined on
a o-algebra we can take =¥ € Bx« such that |x%v4| has the same null sets as v4
(see [13, Theorem IX.2.2]). For every finite set J C it follows that

Y leival({v}) = [2aval(7) < [vall(J) < vall(®) < ce.

yeJ
Then, there exists a countable set I C 2 such that |z v4|({y}) = 0 for all v € Q\I,
that is, AN{y} =0 for all v € Q\I. So, A C [ is countable.

(c) Note that {A C Q : A is countable} C R!°¢, since if A C € is countable
then A = Uyeca{y} is a countable union of sets in R. Given A € 2%, from (b)
we have that A N B is countable, and so it is in R!*¢ for every B € R. Hence,
ANB=BN(ANB) € R for every B € R, that is, A € R°c.

(d) It follows from (a) and (b).

O

From Remark 4.5 and Lemma 4.6, every discrete vector measure on a d-ring of
subsets of an uncountable set with values in a Banach space without any copy of ¢y
is locally o-finite, but not o-finite. Also, there are locally o-finite vector measures
which are not o-finite with values in a Banach space containing a copy of cg.
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Ezample 4.7. Consider the é-ring R = {A C [0,00) : A is finite} of subsets of
[0,00) and the vector measure v: R — ¢o defined by v(A) = Wi,fl’"))em
where (e, ), is the canonical basis of ¢y and § denotes the cardinal of a set. Note
that v is discrete, so v is not o-finite. It can be proved that L. (v) is the space of

functions f: [0,00) — R such that

1
IXn-1n) € 61([0,00)) for all n and sup 27Wflx[”*l’”)Hzl([o,oo)) < 00,

and | f||, = sup,, 5 |f|X[n71,n)H51([0 00)) for all f € L. (v). Moreover, L!(v) is the
space of functions f: [0,00) — R such that

1
IXin-1,n) € A ([O, oo)) for all n and 117rln 27nH|f|X[”*1’”)Hzl([o,oo)) =0.

Note that every f € L} (v) has countable support as supp(f)N[n—1,n) is countable
for all n. If B € R is such that ||v||(B) < oo, that is xp € LL(v), then B is

countable. Hence, v is locally o-finite.

Let us prove now that the super order density of L(v) in L), (v) is characterized

by the local o-finiteness of v.

Theorem 4.8. The space L'(v) is super order dense in Ll (v) if and only if v is

locally o-finite.

Proof. Suppose that L!(v) is super order dense in L} (v). Take A € R!°¢ with
lv]|(A) < oo. Since 0 < x4 € L1 (v), there exists a sequence (f,) C L'(v) such that
0 < fn T x4 v-a.e. Then, there exists Z € R'¢ v-null such that 0 < f,,(w) T xa(w)
for all w € Q\Z. Thus, A\Z = U,supp(fn)\Z.

On the other hand, since each f,, € L'(v), from [22, Theorem 4.9.(a)] , there
exist (A7); C R and a v-null set N,, € R such that supp(f,) = (U;A}) U N,,.
Then,

A= (UpUj AANZ) U (Up N, \Z) U (AN Z)

where A7\Z € R and (U, N,\Z) U (AN Z) is v-null.

Conversely, suppose that v is locally o-finite and let 0 < f € L} (v). There
exists a sequence (10,) C S(R!¢) such that 0 < v, T f v-a.e. For each n, we can
write ¥, = ?21 o XBr with (B}'); pairwise disjoint and o7 > 0. Then, taking

Bn = min{ay, ...,a} }, it follows

1 1
I11(supp(¥n)) = [IXsuppw I < Zl1¥nllv < =l fll < o0.

So, there exist (A}); C R and Z,, v-null such that supp(¢,) = (U;A%T)UZ,. Denote
On = ¢"XU1;1U;‘:1A§ € S(R). For w ¢ U, Z,, we have that w € Q\(U,supp(¢,,)) or
w € Uy U; A7. In any case, @, (w) = ¥ (w) for all n large enough. Then, ¢, T f
v-a.e. ]
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We have seen just before Example 4.4 that if v is o-finite then L!(v) is super
order dense in L°(v). The converse also holds, indeed taking € instead of A in the
proof of the local o-finiteness of v in Theorem 4.8, the same argument works to
show Q = (UA,,) UN, with N € R!°¢ y-null and (4,,) C R.

We know from [22, Theorem 4.9.(a)] that for each f € L(v) there are (4,) C R
and a v-null set N € R!°¢ such that supp(f) = (UA,) UN. Does the same hold for

functions in L (v)?

Proposition 4.9. For each f € L} (v) there exist N € R!° v-null and (A,) C R
such that supp(f) = (UA,,) UN if and only if v is locally o-finite.

Proof. Suppose that v is locally o-finite and take f € Ll (v). From the proof of
Theorem 4.8, there exists a sequence (p,) C S(R) such that 0 < ¢, 1 |f]| v-a.e.
Let Z € R'°® be a v-null set such that 0 < ¢, (w) 1 |f(w)| for all w € Q\Z. Then,

supp(f) = (U supp(¢n)\Z) U (supp(f) N Z)

where supp(p,)\Z € R and supp(f) N Z is v-null. For the converse only note that
if B € R!¢ is such that ||v||(B) < oo, then xp € L (v). O

w

Let {Q, : o € A} be a maximal family of non v-null sets in R with Q, N Qg
v-null for @ # S (see the proof of [1, Theorem 3.1] for the existence of such a
family). Then, L!(v) is the unconditional direct sum of the spaces L!(v,) where
Vo: Xo — X is the restriction of v to the o-algebra ¥, = {A € R : A C Q,}.
More precisely, for each f € L'(v) there exists a countable set I C A such that
f = Y aecr fxa. v-ae. and the sum converges unconditionally in L'(v), see [9,
Theorem 3.6]. Does a similar result hold for the space L. (v)? The v-a.e. pointwise
convergence of the sum for functions in Ll () is again characterized by the local
o-finiteness of v.

Proposition 4.10. For each f € L. (v) there exists a countable I C A such that
=2 wer [Xa. v-a.e. pointwise if and only if v is locally o-finite.

Proof. Suppose that for every f € L} (v) there exists a countable I C A such that
f = ner [Xq. v-a.c. pointwise. Then, given B € R'"® with [|v[|(B) < oo, since
xB € LL (v), we can write yp = > wer XBNQ, Pointwise except on a v-null set Z,
for some countable I C A. So, B = (UaerBN Q) U (BN Z), where BNQ, € R
and BN Z is v-null.

Conversely, suppose that v is locally o-finite and take f € L. (v). From Propo-
sition 4.9, there exist (A,) C R and a v-null set N € R!°¢ such that supp(f) =
(UA,) U N. Since each A, € R, there exists a countable set I, C A such that
A, N Qg is v-null for all 3 € A\I, (see the proof of [1, Theorem 3.1]). Take
I = UL, and Z = supp(f)\ Uaer Q- Let us see that Z is a v-null set. Given
B € RN2%Z if B € I we have that BN Qg = (. On the other hand, if 8 ¢ I,
since B N Qg C supp(f) N Qg = (UA, N Q) U (N N Qg) where each A, N Qg
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is v-null, we have that B N Qg is v-null. From the maximality of the family
{Q4 : a € A} it follows that B is v-null. Then, f =} .; fxq, pointwise except
on Z U (Uger Uaer\ (8} Qa N§2g) which is a v-null set. O

Since fxq, € L. (v,) for all & € A whenever f € L1 (v), in the case of v being
locally o-finite, we can say that the space L. (v) is the v-a.e. pointwise direct sum of
the spaces Ll (v,). We cannot expect that Y wcr [Xa. converges unconditionally
to f in L (v) for a countable set I C A. Indeed, unconditional convergence of the
sum in L!(v) is due to the order continuity of L!(v). For instance, assume that v
is a discrete vector measure. Note that the maximal family {{y} : v € I'} of non
v-null sets in R satisfies that {a} N{B} v-null for @ # 3. We have that if f € L. (v)
is such that > fx{y.1 converges to f in norm || - ||, then f € L*(v). This is due
to the fact that Y1 fx(yr = Dope1 f(We)X i € S(R) € LY(v) and L'(v) is
closed in L} (v).

5. FATOU PROPERTY FOR L. (v)

The space L. (v) always has the o-Fatou property. Indeed, take (f,) C L1 (v)
such that 0 < f,, T and sup || f,||, < co. Then there exists a v-null set Z € R!°¢ such
that 0 < f(w) 1 for all w € Q\Z. Taking the measurable function g: Q — [0, x]
defined by g(w) = sup f,(w) if w € Q\Z and g(w) = 0 if w € Z, we have that

0 < faxa\z T g pointwise. Hence, the monotone convergence theorem, gives

[odiervl=tim [ fuxorzdla™s) < " [sup £l

for every z* € X*. So, |lgll, < sup||full, < o0, and then g < oo v-a.e. (except
on a v-null set N). Taking f = gxo\n we have that f: Q — [0,00) and | f|, =
llgll, < oo, so f € LL(v). Moreover, 0 < f, 1 f v-a.e. with ||f]l, = sup | fullv,
as || full, < IIfNl, < sup||full, for all n. Therefore L. (v) always has the o-Fatou
property.

In the case when v is defined on a o-algebra, it was noted in [6, p. 191] that
Ll (v) is the o-Fatou completion of L'(v), that is, the minimal B.f.s. related to v
with the o-Fatou property and containing L!(v). This fact does not hold for the
general case. For instance, if v is the vector measure defined in Example 4.1 and
¢5°(T") denotes the Banach lattice of all real bounded functions on I' with countable
support, then L!(v) ¢ £5°(T") ¢ L1 (v) where £3°(T") has the o-Fatou property. Note
that in this case v is not locally o-finite, as xr € L (v). This is the reason for which
L1 (v) fails to be the o-Fatou completion of L!(v). Let us denote by [L'(v)], . the
o-Fatou completion of L!(v). In general we have that [L'(v)], . C L. (v).

o-F

Theorem 5.1. The o-Fatou completion of L*(v) can be described as
[L'(V)], . = {f € Ly(v): supp(f) = (UA,) UN with (4,) C R and N v-null}.

Consequently, the space LY (v) = [L*(v)], . if and only if v is locally o-finite.
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Proof. Denote by F the space of functions f € Ll () for which there exist (4,) C R
and a v-null set N € R such that supp(f) = (UA,) UN. Let us see that F is a
closed subspace of L} (v). Given f € L} (v) and (f,) C F such that ||f — fn|l, — 0,
we can take a subsequence such that f,, — f v-a.e. That is, there exists a v-null
set Z € R such that f,, (w) — f(w) for all w € Q\Z. Then, supp(f)\Z C
Ugksupp(fn,, )- On the other hand, each f,, satisfies that supp(fn,,) = (UjAf) U Ng
for some (A?)j C R and Ny € R v-null. So, supp(f) = Uy, U; B]lC U N where
BY = AFnsupp(f)\Z € R and N = (U Ny Nsupp(f)\Z) U (supp(f) N Z) is v-null,
that is, f € F. Note that if |f| < |g| v-a.e. with f € L°(v) and g € F, then
f € F since supp(f)\Z = (supp(f)\Z) Nsupp(g) for some v-null set Z. Therefore,
F endowed with the norm || - |, is a B.f.s. related to v, which, by [22, Theorem
4.9.(a)], contains L'(v). Let us see now that F has the o-Fatou property. Given
(fn) C F such that 0 < f,, 1 and sup||fu||, < oo, since L} (v) has the o-Fatou
property, there exists f = sup f,, € L1 (v) with ||f||, = sup| f.|l,- Moreover, since
0 < fn 1 f v-ae., supp(f) = (U supp(frn)\Z) U (supp(f) N Z) for some v-null set
Z € R!°. Then, it follows that f € F, as each f, € F.

Suppose that F is a B.f.s. related to v, with the o-Fatou property and containing
L'(v). Let f € F and take a sequence (A4,,) C R and a v-null set N € R!°¢ such that
supp(f) = (UA,)) U N. On the other hand, take a sequence (1) C S(R!°¢) such
that 0 < ¢, 1 |f| v-a.e. Denoting ¢, = ¥nxur_ 4, € S(R) C L'(v) we have that
0 < ¢, 1 |f| v-a.e. Since L'(v) C E continuously (bear in mind that the inclusion
is a positive operator) we have that sup |lonllg < Csup ||onll, < C|f]l, < oo for
some positive constant C'. It follows that there exists g = sup ,, € E. Then, since
0 < ¢, 1 g v-ae., we have that |f|=¢g € F and so f € E.

The consequence follows from Proposition 4.9. (]

Consider now the Fatou completion [L(v)], of L'(v), namely, the minimal B.f.s.

related to v with the Fatou property and containing L*(v). The o-Fatou completion
1

w

[LY(v)],.. always exists since L. (v) has always the o-Fatou property. However, we

do not know if in general L, (v) has the Fatou property, so [L!(v)],. could not exist.

Remark 5.2. In the case when [L'(v)], exists, we have that
L'(v) C[L'W)], C Lyy(v) C L' W)

Indeed, given f € L. (v), from Remark 4.3, there exists (f;) C L'(v) such that
0 < fr 1 |fl in L°v). Since L'(v) C [L'(v)], continuously, it follows that
sup | /-l ), < Csup|frlly < C|f[l, < oo for some constant C' > 0. Then,
there exists g = sup f- in [L'(v)],. Noting that f, < g € L(v) for all 7, we have
that |f| < g and so |f| € [L'(v)],. Hence, f € [L'(v)],.. Note that actually |f| = g,

since fr < |f| € [L*(v)], for all 7 and so g < |f].

Remark 5.3. If Ll (v) has the Fatou property, then [L!(v)], exists and, from Re-
mark 5.2, we have that L} (v) = [L}(v)],.
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In the following result we give conditions under which L1 (v) has the Fatou
property. These conditions are satisfied for instance if v takes values in a Banach

space without any copy of c¢g.

Proposition 5.4. The following statements are equivalent:
(a) L'(v) = Ly, (v).

(b) Ll (v) is order continuous.

(c) L(v) has the o-Fatou property.
If (a)-(c) hold, then L} (v) has the Fatou property and

L'(v) = [L' V)], = Lo, (v) = [L' (V)]

Proof. The equivalence between (a) and (b) follows from Theorem 3.2. Condition
(a) implies (c) as L. (v) always has the o-Fatou property. Conversely, if L!(v)
has the o-Fatou property, from [26, Theorem 113.4], it follows that it actually has
the Fatou property. Then, [L'(v)], = L'(v) and, from Remark 5.2, we have that
L'(v) = L} (v). So, (c) implies (a) and the last part of the theorem holds. O

It is an open question if in general L} (v) has the Fatou property. The problem
is that for an upwards directed system 0 < f, 1 such that (f,) C LL(v) with
sup || f-||» < oo the pointwise supremum f = sup f, may not be measurable. More-
over, even if f € L} (v) it can happen that f, 1 f does not hold, that is, f may be

not the lattice supremum of (f;).

Remark 5.5. If v is o-finite, we can take a measure of the type |xfv| (with zf; € Bx~)

)

and L'(|zfv|) has the Fatou property, there exists f = sup f, in L'(|zjv|). By

having the same null sets as v, see [9, Remark 3.4]. Then, since L} (v) C L*(Jzjv

using the fact that L!(|z{v|) is order separable (see [26, Theorem 113.4]), we can
take a sequence f, 1 f in L'(|zjv|) and prove that f € Ll (v). Then, Ll (v) has
the Fatou property, see [12, Proposition 1]. Moreover, it follows that [L'(v)], . =
L (v) = [L'(v)], from Theorem 5.1 and Remark 5.3.

We will give a more general condition than the o-finiteness of v under which
L (v) has the Fatou property. This new condition is inspired by the particular
vector measure v constructed in [12, Theorem 9] to prove that a Banach lattice E
with the Fatou property and such that F, is order dense in F, is order isometric to
a L (v). In this case, L. (v) has the Fatou property due to a good decomposition

property satisfied by v.

Definition 5.6. A vector measure v will be said to be R-decomposable if we can
write Q = (UpeaQa) U N where N € R!¢ is a v-null set and {Q, : o € A} is a

family of pairwise disjoint sets in R satisfying that

(i) if A, € RN2% for all @ € A, then Upen Ay € RYC, and
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(ii) for each x* € X*, if Z, € RN 2% is |z*v|-null for all @ € A, then Uyen Z, is
|2*v|-null.

Note that condition (ii) implies that if Z, € R N 2% is v-null for all & € A, then
UaeAZq is v-null. Also note that N can be taken to be disjoint with UgeaQq-

Remark 5.7. There always exists a maximal family {Q, : a € A} of non v-null
sets in R with Q4 N ﬁg v-null for o # B (see the proof of [1, Theorem 3.1]). If this
family satisfies (i) and (ii) of Definition 5.6, then by taking Q, = ﬁa\(UﬁEA\{a}ﬁg)
we obtain a disjoint decomposition of 2 as in Definition 5.6.

There are plenty of R-decomposable vector measures, for instance o-finite vector

measures and discrete vector measures are So.
Theorem 5.8. If v is R-decomposable, then LY (v) has the Fatou property.

Proof. Suppose that v is R-decomposable and take a v-null set N € R'¢ and
a family {Q, : a € A} of pairwise disjoint sets in R satisfying conditions (i)
and (i) in Definition 5.6. So we have Q = (UaeaQq) U N with disjoint union.
For every finite set I C A, consider Q7 = U,erQa € R and the vector measure
vr: RI°¢ — X defined by v(ANQ;) for all A € R, Given f € M(R!"¢), by using
a similar argument as in the proof of (¢) implies (a) in Lemma 3.1, it follows that
f € LL(vr) if and only if fxq, € L. (v), and in this case ||f]|,, = ||fxq,|l,. Note
that, if f € L (v) then fxq, € LL(v) and so f € L. (v;). Also note that L} (v;)
has the Fatou property as vy is defined on a o-algebra, see Remark 5.5.

Let (f;) C L (v) be such that 0 < f, 1 and sup||f,||, < oo. Since L. (v) C
Ll (vy) and every Z € R!¢ y-null is vy-null (as ||v/|(2) = |[v||(Z N Qr)), then
0= f, +in LL(v1). Moreover, sup [[fsllv, = supl frxa, b < sup | fs s < 0. By
the Fatou property of L. (vy), there exists f! = sup f, in L. (vr) and || f!]],, =
sup || f+ |, -

Now we consider I = {a} for each o € A and construct the function f: Q — R
as f(w) = flet(w) when w € Q, and f(w) = 0 when w € N, which is well defined
since 2 is a disjoint union of (4)aea and N. By (i), we have that f~1(B) =
Uaea (f1eH)=1(B) N Q, € R!° for every Borel subset B of R such that 0 ¢ B. If
0 € B, we put also in the union the set N to get f~(B). So, f € M(R'"*).

Let us see that f € Ll (v). First note that for each finite set I C A and a € I,
it follows that fi*yq < flxq. v-a.e. Indeed, frxq, T fi*xq, in L}U(V{a}) as
fr 1t e in LY (vgay). Since frxa. < f'xa. vi-a.e. (and so also v,y-a.e. and
Fxon € Lh(rey) 85 fixa, < fxa, € LL(v)) we have that () yq, < fxo,
V{a}-a.e. (except on a vyq)-null set Z) and so v-a.e. (except on the v-null set ZNQ, ).
Then, fxa, = Yuer [ X0, < fxq, v-ae.
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Fix z* € X*. For every finite set I C A, it follows

3 / Flxa, dlev] / Flxas dla*v] < / e diz*v]

acl

< e xedll = 1 1
= ="l -sup [l frllor < 2|l - sup || fz ], < oo
Then, there exists a countable set J C A such that [ |f|xa, dlz*v| = 0 for all
a € A\J and so fxq, = 0 |z*v|-a.e. (except on a |z*v|-null set Z, € R!°¢ which
can be taken such that Z C Q) for all « € A\J. Hence, f = > ; fxa.

(except on the |z*v|-null set Uyen\ s Zo UN € R'¢). By the monotone convergence

x*v|-a.e.

theorem we have that

[1n1de vl =3 [ 1ixa, vl < 12" sup ] £l < .
aeclJ

So f € LL,(v) and || fll, < sup | £ -

Let us see now that f, 1 f in LL(v). Fixing 7, for each o € A, there exists
a v{o-null set Z, € R such that f-(w) < flo}(w) for all w € Q,\Z,. Then,
Z = UneaZaNQy is v-null and f,(w) < f(w) for all w € Q\(ZUN), that is, f, < f
v-a.e. Suppose that h € L. (v) is such that f, < h v-a.e. (except on a v-null set
Z € R'?) and so0 v{}-a.e. (except Z which also is vf,y-null) for each 7. Since h €
L}U(V{a}), we have that fle} <h V{a)-a.e. (except on a vyqy-null set Z, € Rloe).
Therefore, f < h v-a.e. (except on the v-null set (UpenZa N Q) UN € RYC). So,
fo 1 £ and ||l = sup L f - O

The converse of Theorem 5.8 does not hold as the next example shows.

Ezample 5.9. Following [16, p.12, Definition 211E], a measure space (X, X, u) is
decomposable (or strictly localizable) if there exists a disjoint family {X, : a € A}
of measurable sets of finite measure such that X = Uy,en X, and

Y={FECcX: ENX,e¥ forall a €A}

with u(E) = > ca t(E N X,) for every E € ¥. In [16, p.50, 216E], Fremlin
constructs a measure space which is not decomposable as follows.

Let C be an abstract set of cardinal greater than the cardinal of the continuum,
K ={K c 2 : K is countable} and X the set of all functions f: 2¢ — {0,1}.
For each v € C, write f, for the function in X defined by f,(A) = xa(y) for
all A € 29 and Fy i = {f € X : fix = fyk} for every K € K. Consider the
o-algebra ¥ = NyccX,, where

Y, ={FCcX:3KeKwith F, x CE or 3K € K with F, x C X\E},

and the measure p: ¥ — [0, 00] defined by u(E) = §({y € C : f, € E}) for all
E € X, where § denotes the cardinal of a set. Then, (X, X, 1) is not decomposable.
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Taking the d-ring R = {F € ¥ : u(E) < oo}, we will show that the measure
f: R — [0,00) given by the restriction of u to R is not R-decomposable. Let us
see first that

(1) Rl = 3.

If A € X, then obviously ANE € R for every E € R, that is A € R!°°. Conversely,
suppose that A € R'"¢. For a fixed v € C, the set G,y = {f € X : f({»}) =1}
is in ¥ and u(Gyyy) = 4({7}) = 1 (see [16, 216E.(c)]). So, Gi,3 € R and thus
ANGy € R CXCY,. If there exists K € K such that F, x C ANGy C A,
then A € ¥,. If there exists K € K such that F, x C X\(A N Gy,y), then, since
F, kugyy C Fyx and Fy gugyy C Giqy, it follows that F g,y € X\A and so
A €%,. Therefore, A € ¥ and (1) holds. Moreover, for N € R!°® we have that

(2) N is p-null if and only if N is p-null.

Indeed, if N is p-null, for every E € RN2Y we have that i(E) = pu(E) < u(N) =0
and so N is p-null. Conversely, suppose that N is g-null. If u(N) > 0, then there
exists v € C such that u(N NGy,y) =1 (see [16, 216E.(h)]), this is a contradiction
as NN Gy € RN2Y and so p(N N Gyyy) = (N NGyypy) = 0.
Suppose that g is R-decomposable, that is, we can write X = ( Uaea Xa) UN

where {X,, : a € A} is a family of pairwise disjoint sets in R satisfying that

(i) if A, € RN 2% for all a € A, then Uyen Ay € R,

(i) if Z, € RN 2% is -null for all a € A, then Uyea Z,, is g-null,
and N € R is a fi-null set disjoint with each X,. Then, {X, : a € A} U{N} is
a disjoint family of sets in ¥ with u(NV), u(X,) < co. Let us see that

Y={FCX: ENNecXand ENX, € X for all « € A}.

If E € X, then obviously EN X, € ¥ for all @« € A and, by (1), ENN € X.
Conversely, if £ C X is such that ENN € ¥ and EN X, € ¥ for all & € A,
since EN X, € RN2%= by (i) and (1), we have that U,eaE N X, € 3. So,
E=ENX = (UseaENXy)U(ENN) € X. Moreover, u(E) = > oA (BN Xy)
for every E € X. Indeed, if )7 oo n(E N X,) < 00, then pu(E N X,) = 0 for all
a € A\T for some countable I' C A. Since, by (ii) and (2), Uyea\r EN X, is p-null,

n(E) = p(UaerEN Xa) = Z uw(ENXq) = Z n(E N Xaq).
a€el aEA

If > pea (£ NXy) = oo then pu(E) = oo, as sup sca Yoacs MEN Xq) < p(E).
Therefore (X, %, i) is decomposable which is a contradiction.

So, 11 is not R-decomposable. However, since L' (1) = L1 (i) as i takes values
in R, we have that L} (11) has the Fatou property (see Proposition 5.4).

Now we can say that there is no relation between the main properties used in this

paper, R-decomposability and local o-finiteness. Indeed, the vector measure given
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in the example above is locally o-finite (see Remark 4.5) but not R-decomposable.
However, the vector measure given in Example 4.1 is R-decomposable, since it is

discrete but not locally o-finite.

6. REPRESENTATION THEOREMS FOR BANACH LATTICES

It is always interesting to know when a Banach lattice is order isometric to some
Banach function space. This problem has been studied using vector measures by
several authors. It was proved in [5, Theorem 8| that every order continuous Banach
lattice with a weak unit is order isometric to an space L*(v) for a vector measure v
defined on a o-algebra. This result allows to represent any Banach lattice E with
the o-Fatou property with a weak unit belonging to E, as an space Ll (v) with v
defined on a o-algebra, since in this case the order isometry between E, and L'(v)
can be extended to E and turns out to be an order isometry between E and L} (v),
see [6, Theorem 2.5]. So, we have the following equivalences between classes of

spaces:

FE order continuous Banach
lattice with a weak unit

} = { L'(v) with v on a o—algebra}
and
E Banach lattice with the
(3) o-Fatou property such that p = { L} (v) with v on a o-algebra } .
F, has a weak unit
For versions with F being p-convex see [15, Proposition 2.4] and [8, Theorem 4]. If

we forget about the weak unit, it was stated in [4, pp.22-23] and proved in detail
in [12, Theorem 5] that

{ E order continuous Banach lattice } = { L'(v) with v on a é-ring } .

Moreover, from [12, Theorem 9] and Theorems 3.2, 4.2, 5.8, we have that

such that F, is order dense in F

F Banach lattice with the Fatou property | | L (v) with v on a é-ring
B being R-decomposable '

Note that although the converse of Theorem 5.8 does not hold, if L} () has the
Fatou property, by Theorems 3.2 and 4.2, there exists an R-decomposable vector
measure  such that Ll (v) is order isometric to Ll (7).
Now, we add another equivalence:
E Banach lattice with the
4) o-Fatou property such that » = { [L'(v)], , with v on a é-ring } .
FE, is super order dense in F

Indeed, since L'(v) C [L'(v)],» C Li,(v), then ([L'(v)],.), C (L3, (v)), and so,

from Theorem 3.2, we have that ([L* (V)L_F)a = L'(v) which is super order dense in
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[LY(v)], ., see the last part of the proof of Theorem 5.1. Let us prove the converse
containment.

Proposition 6.1. Every Banach lattice E with the o-Fatou property such that E,
is super order dense in E is order isometric to [L*(v)], . for some vector measure

v defined on a §-ring.

Proof. Let E be a Banach lattice with the o-Fatou property such that F, is super
order dense in F and consider the vector measure v defined on a é-ring such that
the integration operator I,,: L'(v) — E, given by I,(f) = [ fdv for all f € L'(v),
is an order isometry, see [12, Theorem 5]. Let us extend I, to [L'(v)], . First,
consider 0 < f € [L'(v)], . and take (f,) C L'(v) such that 0 < f,, + f. This
is always possible since L!(v) is super order dense in [L(v)] . as we have noted
above. Since [, is an order isometry, the sequence (L,( fn)) C E, C E satisfies that
0 < I,(fn) T and sup |I,(fu)lle = sup |fulls < |fll, < co. Then, as E has the
o-Fatou property, there exists e = sup I, (f,) in E and ||e||g = sup || 1. (fn)|| . We
define T'(f) = e.

A similar argument to the one in [6, Theorem 2.5], shows that T is well defined.
To be precise, take another sequence (g,,) C L*(v) such that 0 < g, T f and denote
z =supl,(gy). Let 0 < z* € E* be fixed. Then, z*(e) > z* (I, (fs)) = [ fndz*v
for all n. Since 0 < f,, T f v-a.e. and so x*v-a.e., by using the monotone convergence
theorem, we have that z*(e) > [ fdz*v > x*(I,(f,)) for all n. In a similar way,
2*(z) > [ fda*v > x*(1,(gs)) for all n. Thus, it follows that z*(e) > 2* (1, (gn))
and z*(z) > 2* (I,(f,)) for all n. Since this holds for all 0 < 2* € E*, we have that
e>1I,(g,) and z > I,(f,) for all n. Then, e > z and z > e, and so e = z. So, T is
well defined. Moreover,

IT(Nlle = llellz = sup [ L.(fo)lle = sup [ full, = [[f]l,

where in the last equality we have used that [L!(v)], . has the o-Fatou property.
Let us see now that T preserves the lattice structure, that is T(f Ag) = Tf ATg
for every 0 < f,g € [L*(v)], . Consider sequences (f,),(g,) C L'(v) satisfying
that 0 < f,, 1 fand 0 < g, T ¢g. Then, Tf =supI,(f,) and T'g = sup I,,(g9»). Note
that if x, T = and y, T ¥y in a Banach lattice then z,, Ay, T = Ay, see for instance
[20, Theorem 15.3]. Then, since 0 < f, A gn, T f A g with (f, Agn) C LY(v) and I,
is an order isometry, we have that

T(f Ng) =sup L,(fn A gn) =supL,(fu) ALu(gn) =Tf A Tg.

For a general f € [L'(v)], ., we define T'f = Tf+ —Tf~ where f* and f~ are the
positive and negative parts of f respectively. So, T: [L!(v)]

o-F?
. — E is a positive
linear operator extending I,. For the linearity, see for instance [20, Theorem 15.2].
Moreover T is an isometry. Indeed, Tf*ATf~ =T(fTAf7)=0as fTAf~ =0,
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and so [Tf| = |TfT —Tf~|=Tf"+Tf~ =T|f|, see [20, Theorem 14.4]. Then,
1T = ITADE = £l for all £ € (LX), .

Let us prove that T is onto. Let 0 < e € F. Since E, is super order dense in
E, there exists (e,) C E, such that 0 < e, 1 e. Let (f,) C L*(v) C [L'(v)],.»
be such that e, = I,(f,). Since I, ! is an order isometry, we have that 0 < f,, 1
and sup||fnll, = supllenllz < |le]lr < oo. Then, by the o-Fatou property of
[LY(v)], ., there exists f = sup f,, in [L'(v)],.. From the definition of T', we have
that Tf = sup I, (f,) = supe, = e. For a general ¢ € E, consider e™ and e~ the
positive and negative parts of e. Let g,h € [L'(v)], . be such that Tg = e* and
Th = e~. Then, taking f = g — h € [L*(v)],, we have that Tf = e. Note that
T—! is positive. So, T is positive, linear, one to one and onto with inverse being

positive, then T is an order isomorphism (see [19, p.2]). O

Note that the class of spaces in (3) is contained in the one in (4). Indeed, take a
weak unit 0 < u € F,. Then 0 < eAnwu 1 e foreach 0 <e € E whereeAnu € E,,
and so E, is super order dense in E. In this case we obtain that [L'(v)], . = LI (v),

since v is defined on a o-algebra.

7. EXAMPLE

We end by showing that there exist R-decomposable vector measures v which
are not o-finite nor discrete.

Let T be an abstract set. For each v € I', consider a non null vector measure
vyt Xy — X, defined on a o-algebra X, of subsets of a set €, and with values in
a Banach space X,. Take the set Q = U,er{7} x Q, and the é-ring R of subsets
of Q given by the sets Uyer{y} x A, with A, € ¥, for all v € T, for which there
exists a finite set J C I' such that A, is v,-null for all v € '\ J, see [12, p.5]. Then,

Rloc — { Uyer {7} x Ay : A, € X, for all v € I‘}.

Note that a function f: @ — R is R'°-measurable if and only if f(y,-): 2, = R
is 3, -measurable for all v € I'.
Denote by ¢ (T, (X4) er) the Banach space of all families (. ),er such that

zy € X, for every v € T' and (||3:7||Xw) € ¢o(T), endowed with the norm

yel
[(xy)yer|l = sup,er |74« - Note that the topological dual ¢o (T, (X4)ver)” can
be identified with the Banach space ¢! (T, (X*),er) of families (z%),er such that
zy € X7 for every v € I' and (”x’t‘x.}j)’yEF € (YI'), endowed with the norm
[(@3)verll = > er |25« - The action of any z* = (27),er € (T, (X2)yer) on
& = (z)yer € co(T, (X;)yer) is given by z*(x) = 2 er T ().

Consider the vector measure v: R — ¢ (F, (X,Y)—yer‘) given by

1/( Uyer {7} x Av) = (V”Y(A“/))yer'
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Note that a set A = U er{v} x A, € R!°¢ is v-null if and only if A, is v,-null for
all v € I'. Then, it is direct to check that:

(a) v is R-decomposable.

(b) v is o-finite if and only if " is countable.

(c) v is discrete if and only if v, is discrete for all v € T..
Let us prove that L! (v) can be described as the space of functions f € M(R°)
such that f(v,-) € L, (v,) for all v € T with (||f(7,-)|l», )yer € £>°(T), and more-

over, || fll, = sup,cr [[£(7, )|, for all f € Ly, (v), that is,

Ly, (v) = £2°(T, (LY, (v4))yer).

Given z* = (7)) er € £1(T, (X2)yer), since |z*v|(4) = > er T34 [(Ay) < oo for
every A = U,er{7} x A, € R!°°, we have that

(5) / fldav] = / £, ) dlat| < 00, for all £ € M(RY),
yell
Indeed, (5) holds for R!¢-simple functions, and so for a general f by using the

monotone convergence theorem. Let us see that if f € L'(z*v), then
(6) [rasv=3" [ j6.)dew,.
A A,

y€er
In this case, by (5), f(v,-) € L'(z%v,) for every v € I and [[f(v,-)|d|z%v,| =0
(and so f(v,-) = 0 except on a zZv,-null set Z,) for all v € I'\J with J being some
countable subset of I'. Then, fxa = fXu,c,{y}xa, V-a.e. (except on the v-null set

Uyer\s{7} x A, NZ,). By using the dominated convergence theorem, we have that

fdz*v = / fdz*v.
/A Z {vxAy

yeJ
Noting that f{v}wa fdz*v = wa f(v,+) dz%v, holds for Rl°c_simple functions and
so for any f € L'(z*v) by density of the R!°“-simple functions in L!(z*v), we
conclude that (6) holds.

Let f € L. (v) and fix 3 € I'. Given zjy € Xj, define the element z* = (27),er
in ¢*(T, (X;;)A,ep) by 23 =z} if v = 8 and 2% = 0 in other case. Then, from (5),
we have that [|f(8,-)|dlzkrg| = [|f|d|z*v] < oo and so f(B,-) € Ly, (v) with
£ B Ml < 1 fllw- Thus, ([1f (v, ), )ver € €(T) and sup, e [Lf (7, v, < [[f]l-

Let now f € M(R!°) satisfying that f(v,-) € LL(v,) for every v € T and
(LF (s )l )ver € £2(T). Given z* = (2%)yer € £(T, (X¥)yer), from (5), we have
that

/Ifld\fv*VI = Z/If(%')ldlwiwl <Dl e 1),

~el ~el’

sup [[£(v, ), D N3
yel’

yel

IN

< Q.
x5
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Then, f € Ly, (v) and ||fll, < sup,ep [1£(7, )l -
Moreover, L'(v) can be described as the space of functions f € M(R!°¢) such
that f(v,-) € L'(vy) for every v € T with (|| f(7,")[lv, )ver € co(T'), that is,

Ll(’/) = Co (T, (Lq}u(’/'y))'vel“)-

Indeed, if f € L'(v) we can take (p,) C S(R) such that ¢, — f in L'(v). For
each v € ', we have that f(v,-) € L (v,) (as f € L} (v)) and (¢, (7,-)) C S(E,) C
L'(vy). Then, since |f(7,-) = en(v: ), < [If — ¢nlly and L*(v) is closed in
L} (v,), it follows that f(v,-) € L*(v,). On the other hand, for each n we can
write ¢, = 37" | ajxa, where aj € R and Aj = Uer{y} x A2. Here, A7 € %, for
all v € T and satisfies that AZ is v,-null for all v € I'\J; for some finite set J; C T".
Then, ¢, (y,) = Z;ﬂ:l ajX 5 = 0 vy-ace. for all v € I'\ UL, J; where UL, J; is a
finite set, and so (||¢n(7,-)|lv, ) yer € co(I'). Since (|[f(v,-)., )yer € £°(T") and

sup | [1f (v, Moy, = lon (v, Mo | S supllf () = on(vs o, = 1f = @nllus
~erl ver

it follows that (|| f(v,-)|l.,)~er € co(T).

Conversely, suppose that f € M(R!°¢) is such that f(v,-) € L'(v,) for all
v e and (|[f(7,)ll,)ver € co(I'). In particular, f € L!(v). Given an element
a* = (2)yer € O (T, (X;),yer‘) and A = Uyer{y} x 4, € R!°°, we note that
(S FOi) i) € co(T (X )ner) as | [y £(v22) dvllx, < 1£2:-) o, for each

v € T'. Moreover, by (6),

- ((/A7 f(’y")dyy)ver> = X:mfy(/A7 f(’Y,-)dw)

~el’

Z/A f(,-) davy z/Afdx*u.

~el’

So, feL*(v) and [, fdv = (wa f(v,-) dVV)»yer'
Note that if v is locally o-finite, since h =3 mxh}xm € LL(v) and

supp(h) = Q, from Proposition 4.9, it follows that v is o-finite. So, in this case v
is locally o-finite if and only if v is o-finite if and only if T" is countable.

In particular, consider a non atomic measure space (0, %, 1) and an order con-
tinuous B.f.s. X related to p which does not contain any copy of ¢y and such that
Xo € X, for instance X = LP[0, 1] related to the Lebesgue measure for p > 1. Then,
7: ¥ — X given by n(A) = x4 for all A € X, is a non discrete vector measure such
that L. (v) = L'(v) = X. Taking I uncountable and v, = n for all v € T, we
obtain an R-decomposable vector measure v which is not o-finite nor discrete. In
this case, L} (v) = ¢>°(I', X) and L*(v) = ¢o(T', X).
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