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Improving the Efficiency of the Loop Method for the Simulation

of Water Distribution Systems

F. Alvarruiz !, F. Martinez-Alzamora 2, A. M. Vidal 3

ABSTRACT

Efficiency of hydraulic solvers for the simulation of flows and pressures in water distri-
bution systems (WDS) is very important, especially in the context of optimization and risk
analysis problems, where the hydraulic simulation has to be repeated many times. Among
the methods used for hydraulic solvers, the most prominent nowadays is the global gradi-
ent algorithm (GGA), based on a hybrid node-loop formulation and used by the software
package Epanet. Earlier, another method based just on loop flow equations was proposed,
which presents the advantage that it leads to a system matrix which is in most cases much
smaller than in the GGA method, but has also some disadvantages, mainly a less sparse
system matrix, and the fact that introducing some types of valves requires the redefinition
of the set of network loops initially defined.

The contribution of this paper is to present solutions for overcoming the mentioned
disadvantages of the method based on loop flow equations. In particular, efficient procedures
are shown for selecting the network loops so as to achieve a highly sparse matrix, and methods
are presented to incorporate check valves and automatic control valves, while avoiding the

need to redefine the loops initially selected.
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INTRODUCTION

Hydraulic solvers for the simulation of flows and pressures in water distribution systems
(WDS) are used extensively to solve a large number of problems. Among them, optimization
(e.g. design or model calibration), and risk analysis problems, usually require the simulation
to be repeated many times, with variations in the input data, before a solution is reached.
In those contexts, the computational performance of the hydraulic solver is of the utmost
importance (Guidolin et al. 2013)).

Since the 1960s, a number of different methods for hydraulic solvers have been proposed,
among which we should mention the method presented in (Martin and Peters 1963) as the
first one to use a Newton-Raphson approach, applying it to a formulation based on nodal
equations, with heads as unknowns. Later, (Epp and Fowler 1970) proposed a method using
a formulation based on loop equations, with loop corrective flows as unknowns. Another
method proposed, known as the global gradient algorithm (GGA) (Todini and Pilati 1988)),
which solves simultaneously for pipe flows and nodal heads, was adopted by Epanet, a public
domain WDS modeling software package developed by the US Environmental Protection
Agency (EPA) (Rossman 1999), (Rossman 2000). GGA is probably the most popular method
used for the simulation of WDS, and Epanet is still considered nowadays a reference software
package in this field.

Different papers have compared the GGA method and the loop method of (Epp and
Fowler 1970). From the point of view of convergence, (Todini and Pilati 1988|) showed that
both of them are equivalent. As they put it, one can project the results obtained in the
problem space of GGA (pipe flows and nodal heads) into the problem space of the loop
method (loop corrective flows) by simple linear algebra manipulations. Thus, the sequence
of iterations of both methods is the same, if they start from the same initial values. This
is also pointed out in (Todini 2008) and (Elhay et al. 2014). Therefore, as (Todini 2008))
states, when comparing the computing time required by both methods, the key issues are the

dimension of the space on which the problem is solved and the symmetry and the sparsity
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of the resulting system matrix.

In this context, the loop method presents the advantage that the size of the linear systems
to be solved is considerably smaller. As disadvantages, the matrix of those linear systems
is generally less sparse, and the introduction of valves and closed pipes presents difficulties,
because it changes the set of loops over which the method is to be applied.

Recently, there have been different publications considering the loop method. (Creaco
and Franchini 2014) propose an automatic procedure to find the basis of “minimum loops”,
producing a matrix with maximum sparsity for the linear systems. The main drawback of
that method is its excessive computation time, which is reported to be up to 3 hours for a
network of 5,100 pipes. (Arsene et al. 2012)) consider the need to redefine the loops when
there is a status change in a controlling element such as a valve or a pump. They propose
a partial redefinition of the loop set by modifying a spanning tree that is the base for the
loop definition. (Elhay et al. 2014) present a reformulated co-tree flows method (RCTM) ,
which is similar to the loop method and also produces the same sequence of iterations. They
provide results on a number of case study networks, where their method is reported to be
between 15% to 82% faster than GGA.

This paper presents some novel contributions in the context of the loop method for
analysis of WDS, with the aim of improving its computational efficiency. These contributions
are: (i) a fast method for selecting the network loops, that achieves a highly sparse matrix,
and (ii) treatment of check valves and automatic control valves in a way that avoids the need
to redefine the loops initially selected.

In the next section, we provide the necessary background on the loop method for the
simulation of WDS. Then, we consider the choice of a set of independent loops, presenting two
novel methods. The next three sections describe the approach for modeling control valves,
considering the cases of flow regulating and pressure regulating devices. After considering
the choice of an initial flow vector for the loop method, we present results for the proposed

methods. Finally, conclusions and future work are presented.
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THE LOOP METHOD FOR WDS SIMULATION

The loop method was formulated by Epp and Fowler in (Epp and Fowler 1970). The
method considers the set of energy-conservation equations, that state that the sum of energy
losses around any network loop must be zero. In particular, if a set of [ independent loops

or cycles is found for a network of p pipes, the following equations hold:
p
j=1

where the notation ¢;; is used to express which pipes form each loop: ;5 is 0 if the pipe j is
not included in loop 7, and +1 otherwise, the sign accounting for the two possible orientations
of the pipe in the loop. h;(g;) is the energy loss in the pipe j due to friction, expressed as a
function of the flow g;. There are different formulas that can be used to compute that loss,
e.g. the Hazen-Williams formula, which is (using international system units):

10,674 L gam
qj| " =

hi(g;) = W%! R q;lq;|*"? (2)

where C' is a roughness coefficient, and D and L are the pipe diameter and length, respec-
tively. Other formulas are used for hydraulic elements such as pumps or throttle control
valves.

Additionally, the flows ¢; must satisfy the mass conservation equations, stating that the

sum of all flows entering/leaving any junction must be zero, i.e., for a network of n junctions:
p
Z*yzjqj—czz(), 121,271 (3)
j=1

where ¢; is the flow consumed in the junction ¢, and 7;; is +1 (—1) if the pipe j ends (starts)
at node 2, and 0 otherwise.
Equations and are a set of [ + n equations in p unknowns (the flows g;). If the

network has only one tank/reservoir, the number of independent loops that can be formed
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is | = p—n, as in the network of figure [1} with 3 junctions (N1-N3), one tank (N4), 5 pipes
(P1-P5) and 2 loops (L1-L2). In the general case of n; tanks, where n, > 1, n, — 1 fictitious
loops are formed connecting the tanks, and again [ = p —n (see figure |5)). Thus, the system
of equations given by and always has p equations and unknowns.

However, the system can be reduced to [ equations if we take into account that, given
an initial vector of flows ¢° satisfying equation (3)), any other vector that satisfies the same
equation can be obtained by considering a flow correction ¢ for each independent loop k,

and adding the correction to the initial low of the pipes forming the loop, i.e.:
!
G=¢+> i J=12...p (4)
k=1

Thus, equations and can be combined in the following way:

p l
D G+ k) =0, i=1,2...1 (5)
Jj=1 k=1

which is a non-linear system of [ equations in [ unknowns (the loop flow corrections ¢). The
system is then solved by means of the Newton-Raphson method, which leads to a sequence

of linear systems of the form:

P I
Z <5z’jh§ + 0;5d,; Z (5ijqu> =0, i=1,2...1 (6)
k=1

j=1

where h? is the head loss across pipe j at the current iteration k, d; is the derivative of h;(g;)

at the same iteration, and Agj is the increment of the flow correction for loop k. According

to :
d; = 1.852 R |q;|*% (7)

As an example, let us consider the network of figure [I} with the two loops denoted by L1
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and L2. The nonlinear system of equations is:

hi(g! + 1) + ha(q + @) — he(a) — G +G2) =0

ho(q9 — 1 + G2) — hs(qe — G2) — hs(q§ — G2) =0

The linear equations corresponding to the Newton-Raphson method are:

Wy + diAGy + W + dyAgy — hs + do(AG — Age) =0
hlg + dg(—Aqu + AQAQ) — hlg + d5A(j2 — ]’L’§ + d3A(j2 = 0

or, written in matrix form:

dy +dy+dy —dy Adgy hY + hk — hk
—dy dy + ds + ds Ads hk — hE — Rk

where the system matrix is symmetric positive definite.

An advantage of the loop method for water distribution systems is that it works with a
matrix of size [ x [, which is in most cases much smaller than the matrix for the gradient
method, which is n x n. However, this does not necessarily mean that the linear system
can be solved faster, since it will largely depend on the number of nonzero coefficients in
the matrix, which is strongly related to the way the network loops are defined, as explained

next.

CHOOSING THE LOOPS

As we can see in the example above, each diagonal element of the matrix is the sum of
d; for the pipes i in a loop. Likewise, an off-diagonal coefficient is the sum of +d; for those
pipes ¢ which are common to two different loops (—ds in the example).

It is important to note that the choice of the set of independent loops for a network can
greatly influence the amount of non-zero off-diagonal elements in our matrix, and thus the
efficiency of the method. In particular, it is desirable to choose loops that are short and with

minimum overlapping among them.
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Let us consider, for instance, the network in figure 2| with n = 13 junctions, p = 20
pipes, and a number of independent loops of p —n = 7. If the loops were selected as shown
in the figure, the sparsity pattern of the resulting matrix would be as presented in figure
(only the upper triangular part is shown, since the matrix is symmetric). Other possible
choices of loops may result in a completely dense matrix, as we will shortly see.

A commonly used method for selecting the set of independent loops starts by obtaining a
spanning tree of the network (Travers 1967), (Arsene et al. 2012). Once it has been formed,
adding any other pipe to the tree results in a loop, which is known as a fundamental cycle
or fundamental loop. To obtain the loop, we go from each end of the added pipe following
the tree towards the root, until the two paths join. As an example, solid lines in figure
correspond to a spanning tree. If pipe 5-8 is added to the tree, the loop formed is given by the
pipe 5-8 itself, together with the paths 5-2-0-13 and 8-6-4-1-13. The set of fundamental loops
for the spanning tree constitute a set of independent loops. This method will be referred to
as ml in this paper.

Although this method is simple, it presents the disadvantage that it generally produces
a matrix that is not very sparse. In our example, each loop resulting from the spanning
tree has at least one pipe in common with every other loop, therefore the matrix produced
is completely dense. While other spanning trees can be found that are more favorable, no
spanning tree can produce the set of loops presented in figure

From a graph theory perspective, (Kavitha et al. 2004) and (Kavitha et al. 2009) study
the problem of finding a Minimum Cycle Basis (MCB) of a graph. In those papers, the set
of all possible cycles in a graph is seen as a vector space, and a cycle basis is defined as
a set of cycles forming a basis of that vector space. A minimum cycle basis of a weighted
graph is then defined as a cycle basis such that the sum over all cycles of the edge weights
is minimum. Our case corresponds to an unweighted graph, where a minimum cycle basis is
one in which the sum of the number of edges of each cycle is minimum.

In the case of the loops shown in figure , each loop has 4 edges (pipes), so the sum is 28.
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If we take the fundamental cycles resulting from figure [4] the sum will be 56. Pipes that are
common to two or more loops will be counted more than once, which implies that a minimum
cycle basis will have little overlap between the loops, and will consequently produce a fairly
sparse matrix.

Taking into account the good properties of MCB, we have implemented a simplified
version of the algorithm presented in (Kavitha et al. 2004) for its computation. Although
the results are very good in terms of matrix sparsity, as presented in section [§, the problem
encountered is the high computational cost of the algorithm, both in terms of execution time
and memory. This method is referred to in this paper as m2. A similar approach was taken
in (Creaco and Franchini 2014)), using an algorithm based on (De Pina 1995)), and the same
problem of high computational cost is reported.

Trying to overcome the problems of the two mentioned methods, this paper presents two
different approaches for the definition of the set of independent loops.

The first method proposed (which will be called m3) starts by constructing a spanning
tree and obtaining the fundamental loops as in m1. Then the loops are simplified by com-
bining them. When we combine two loops, the result is a loop that contains the pipes which
are in either one of the two original loops, but not in both of them. For instance, in figure [4]
the loop 5-2-0-13-1-3-5 could be simplified by combining it with the loop 0-13-1-3-0, resulting
in the loop 5-2-0-3-5. Before combining the loops, however, they are sorted according to its
depth in the tree, from less depth to more depth.

The simplification process is described in algorithm (1}, in which each loop [; is tried to be
reduced by combining it only with the previous loops (I ...1;_1). Note that the order in which
to consider the loops [y ...[;_; for their possible combination with the loop [; is important.
Here, algorithm [1| follows a greedy approach, in which the first candidates considered are
those that would produce a shorter loop if combined with /;. In particular, a list P of those
loops, among [y ...[;_1, that overlap with the loop [; is built, and it is sorted ascendingly by

the length of the loop resulting from the combination with /;. Then each of the loops in the
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Algorithm 1 Loop simplification process for method m3

Input: L, list of loops
Output: L/, list of simplified loops
L'+ 0
for all loop /; in L do
P+
for all loop /; in L, where j < i do
if {; overlaps with [; then
n; < length of the loop resulting from the combination of /; and [;
Insert (1;,n;) in P, sorted ascendingly by n;
end if
end for
for all pair (/;,n;) in P do
¢ « loop resulting from the combination of [; and ;
if length of ¢ < length of I then
Il +c
end if
end for
Insert [ in L'
end for

list is combined with [;, the result of a combination being discarded if it fails to reduce the
length of the loop. Finally, the new reduced loop I} is inserted in the new set of loops L'.

The second method proposed (which will be called m4) is described in algorithm [
Basically, it performs a breadth-first exploration of the network graph G, starting from a
given node u. During this exploration, a graph G’ is built containing the edges and nodes of
the network that have already been visited. Whenever a new edge (i, 7) ¢ G’ is encountered
that connects the current node ¢ with a node j already visited, a new loop is added to the set
of loops L. That new loop will consist of the edge (7, j) and the shortest path in G’ between
nodes ¢ and j, where “shortest path” means a path with minimum number of pipes. Note
that the edge (i, 7) is then added to G’, and thus can also be used for the following loops to
be found.

In the literature, very often each loop in the independent set is identified by a corre-
sponding chord pipe (i.e. a pipe that is not in an initially defined spanning tree), and the

loop flow correction is equal to the flow through that pipe. Note however that this can only
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Algorithm 2 Loop definition method m4
Input: G, network graph; u, initial node for exploration.
Output: L, list of loops
L+ 0
G + 0
S« {u}
while S # () do
1t < pop first element of S
for all node j where edge (i,7) € G do
if j ¢ G’ then
Add node j and edge (i, 7) to graph G’
Insert j as the last element of S
else if edge (i,j) ¢ G’ then
p < shortest path from i to j in G’
¢ < {edges of p} U {(7,7)}
Insert ¢ into L
Add edge (i,7) to G’
end if
end for
end while

be done if the method m1 is used, because the method imposes the constraint that the set
of loops must be the set of fundamental loops of a spanning tree. Methods m2-m4 do not
impose that constraint, and as a result of that they can find a better set of loops, producing

a more sparse matrix, as shown in the network of figure [2|

APPROACH FOR MODELING CONTROL VALVES

The next two sections deal with hydraulic elements that can change their status, such
as check-valves, flow control valves (FCV), pressure reducing valves (PRV) and pressure
sustaining valves (PSV). These elements can be in different status depending on hydraulic
conditions which are not known a priori, presenting an important challenge for the simulation.

Epanet (Rossman 1999)) uses a method in which the status of the valves is assumed
at the beginning of the iterative process, checked between the iterations and if necessary
adjusted by specific heuristics. There is no guarantee that this method will be able to find
the correct valve status in all cases, see e.g. (Simpson 1999), but it works well in practice

and is a widely accepted method in the hydraulic modeling community. There are other
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more rigorous approaches in which the problem is formulated as the minimization of the
content or co-content functions subject to inequality constraints (Deuerlein et al. 2009a)),
(Deuerlein et al. 2005), (Deuerlein et al. 2009b), (Piller and van Zyl 2014)). These methods
overcome the difficulties found in a heuristic method, although they are more complex and
can therefore require more computing time.

This paper assumes that a method similar the one implemented in Epanet is going to
be used to determine the operational status of the valves in the network. Even in that
context, the presence of control valves affects the formulation of the loop method given by
(6). (Jeppson 1976) uses an approach to include PRV in which the set of independent loops
changes depending on the status of the valves. Other authors, such as (Arsene et al. 2012)),
propose a partial redefinition of the loop set by modifying a spanning tree that is the base
for the loop definition. The problem with these approaches is the need to redefine the loop
set, which implies introducing changes in the sparsity structure of the system matrix. This
is important because the linear systems arising in water distribution system analysis are
normally solved by means of a direct method, and a symbolic decomposition is done at the
beginning of the simulation, to determine the sparsity structure of the factorized matrix.
If the structure of the matrix changes, the symbolic decomposition would have to be done
again, or at least updated, resulting in increased computing time.

This paper presents a method to cope with control valves that avoids changing the set

of independent loops when a valve changes its status.

MODELING FLOW REGULATING DEVICES

Check valves are used to ensure that the flow through a pipe is always in the desired
direction, preventing reverse flow by closing the pipe. This can be a difficulty for the loop
simulation method, because the topology of the network changes, which might require a
redefinition of the set of independent loops.

For example, let us consider the network in figure [5| with 4 junctions (N1-N4), 2 tanks
(N5-N6), 7 pipes (P1-P7), and the independent loops L1, L2 and L3. The system of linear

11
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equations to be solved in each iteration of the Newton-Raphson method, using the loop

formulation, is:

dy + dy + ds —dy 0 Adgy hY — hi + h¥
—dg dQ + dg + dﬁ —d3 A(_?Q = - h’g — h:)]f — hlg
0 —ds ds + dy + dr Ads hk — hk — bk + Hg — H;

(1)
where Hs and Hg are the head values at the tanks, which are assumed to be known, and the
rest of the symbols are as defined in section

Let us suppose that pipe 2 is equipped with a check valve and that the valve closes.
This could be modelled by using a very high value for do, e.g. 10% (corresponding to a high
resistance for the pipe), and solving the system of linear equations normally. However,
this approach introduces very large numbers in the matrix, causing the system of equations to
be ill conditioned, which means that we should expect important round-off errors. Another
approach is to eliminate the closed pipe and redefine the loop set accordingly. In this example
network, loops 1 and 2 could be replaced by a single loop with pipes 1, 3, 5 and 6. This is
done e.g. in (Arsene et al. 2012).

We propose another approach to cope with a closed check valve, which avoids the need to
redefine the loops of the network. In particular, if check valve in pipe 2 closes, the difference
in head between the two ends of the pipe is not related to the flow through it, since that
flow is zero. It follows that we should not use ds, but introduce hy as a new variable. We

also introduce a new equation, which states that flow through pipe 2 is zero, i.e:

A= +G=0 (12)

Expressing this equation using the system unknowns, which are Ag, we have:

12
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Q@S — G — AG 4+ G5+ Ajy =0 (13)

where ¢F is the flow correction for loop i (g;), at the start of iteration .

Taking that into account, the original system is transformed in the following way:

dy+ds 0 0 —1 Adg; hY + h¥
0  ds+dg —ds 1 Ad —hk — bk
0 ~d3 dz+di+d; O Ads o hk — bk — bk + Hg — Hy
—1 1 0 0 hs —g3 + a4t — G5

(14)
We now generalize the methodology proposed. With any number of closed check valves,

equation presents the form:

A C Aq b
N (15)
ct o h b
where A is the same matrix as that of the original system, only changing the value of the
coefficients affected by the check valves (as if those valves had been replaced by pipes of
zero resistance). In particular, no new non-zero elements are added to the matrix. C' is an
incidence or topological matrix, the elements of which can only have the values 0 and +1; h
is the vector of head losses for the closed check valves, and b are the elements added to the

right-hand side of the equation.

This formulation was also derived in (Deuerlein et al. 2009a)) following a different ap-
proach, in which the hydraulic steady-state simulation is treated as the minimization of the
content function with inequality flow constraints, and the head losses of the check valves

are interpreted as Lagrange multipliers. In this paper we use expression (|15 without con-

sidering an optimization problem, which may be more cumbersome. Instead, we use a

13
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Newton-Raphson iterative scheme together with a method to find out the correct status of
the valves (such as the heuristic method of Epanet). Another contribution of this paper is

to address the efficient solution of the system ({15]), which could be split in two equations:

AANG+Ch =10 (16)
CTAG=b (17)

Then, using the Schur decomposition (Zhang 2005)), we isolate Ag from ((16)) and substi-

tute in to get:
Aj=A"b—A"'Ch (18)

h=(CTA'C)"{(CTA D —b) (19)

Vector h can be obtained from 1’ which implies: (i) solving the two linear systems A0
and A~'C, which share the coefficient matrix; (ii) multiplying the solution of those systems
by the matrix C7, and (iii) solving a linear system with the symmetric matrix CT A='C. The
dimension of the latter linear system is equal to the number of closed check-valves, which
will usually be few. Finally, Aq is obtained from , taking advantage of the fact that
A~'b and A~'C have already been solved as part of (19).

As a summary, the introduction of closed check-valves can be done without redefining the
loops of the network and thus without changing the sparsity pattern of the system matrix.

Pipes can also be closed directly by means of control rules during the simulation process.
The approach presented in this section is also valid for that case, which is in fact simpler,

because the status of the pipe (open/closed) does not depend on the direction of the flow.

Flow control valves (FCV). These valves try to maintain the flow through the valve
at a set value. They can be dealt with in a very similar way to a closed pipe, as discussed
above, changing the zero in equation for the set value of the FCV. This results in a

system with the same structure as , which is solved in the same way.

14
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MODELING PRESSURE REGULATING VALVES
In this section we consider the inclusion of two different types of valves in the simulation:

pressure reducing valves and pressure sustaining valves.

Pressure reducing valve (PRV). A PRV is used to reduce the pressure of the valve
outlet to a given set value. The valve can be in three different status: i) if the inlet head
is too low to provide the desired outlet pressure, the valve opens fully; ii) if the heads at
the valve ends would produce a negative flow, the valve closes; iii) otherwise the valve is
active and the outlet pressure is equal to the set value. The first two cases correspond to a
normal pipe, possibly closed, and can be dealt with as described in previous sections. In the
following paragraphs we discuss the third case.

In (Jeppson 1976), an active PRV is modelled in the context of the loop method by
considering an independent path (or pseudo-loop) that goes from the downstream node of
the PRV to a reservoir/tank. An energy balance equation is imposed on that path, replacing
the energy equation of a loop containing the PRV. Additionally, if the PRV is contained in
more than one loop, the rest of the loops have to be redefined so that they do not contain the
PRV. The procedure produces a linear system with a matrix that is no longer symmetric.

Here we present another way to model the PRV. Like in (Jeppson 1976), a path from
the downstream node of the PRV to a reservoir/tank is considered. However, the balance
equation for that path is added, without replacing another equation, and the headloss at the
PRV is added as a new unknown. The advantages are that there is no need to redefine the
loops, and that the non-symmetric part of the system matrix is isolated.

Let us consider the network shown in figure [6] Initially, if the valve were a normal pipe,

the system of linear equations at an iteration k£ would be:
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345

dy +ds + ds
—ds
0

0

—ds
ds + dy + ds
—ds
0

0
—ds
ds + d7 + dg
—d;

de + d7 + dy

0
0
—d,

Ag
Ags
Ags
Ady

hY — h% + hk
—hE + bk — Rt
hE + hk — bk

hk — hE + hk
(20)

If link 7 is an active PRV, the relationship between the flow circulating through the link

and the head loss, given by dy, is unknown. However, we can eliminate it, and instead

introduce the head loss itself (h7) as an unknown.

On the other hand, we know that the head at the downstream node of the valve, Hj,

is equal to es + k7, where e; is the elevation of the node, and k; is the pressure setting for

the PRV. Additionally, the head difference between the tank and node 5 must be equal to

the sum of head losses along a path going from the tank to that node, e.g. the path going

through pipes 2 and 8, i.e.:

h2+h8:H6—H5

By approximating the nonlinear functions of the flows, hy and hg, using the first two

terms of the Taylor series, we get:

— Hg + Hs + h5 — dyAGy + hE — dgAgs =0
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Taking that into account, we have:

di + dy + ds —ds 0 0 0 Ady hY — bk + h¥
—ds ds+dy+ds  —ds 0 0 Ads —hE + bk — bk
0 —ds ds+ds 0 1 Ads hE — nk
0 0 0 de+dy —1 Ady hE + h
—d, 0 —dg 0 0 hy —Hg + Hs + hs + ht

(22)

In a more general case, with any number of PRV, the previous system presents the form:

C Aq b
1= (23)
h b
or, equivalently:
AAG+Ch =10 (24)
ENG+ Fh=b (25)

where, similarly to the case of check valves and FCV, A is the same matrix as that of the
original system , only changing the value of the coefficients affected by the PRV (as if
those valves had been replaced by pipes of zero resistance). No new non-zero elements are
added to the matrix. C' and F' are incidence or topological matrices, the elements of which
can only take the values 0 and +1. In particular, C' indicates the valves involved in each
cycle, and F' indicates the valves involved in each of the PRV paths. In the example above,
the path from node 5 to node 6 does not contain any valve, and thus the only element of F
is zero. Finally, E' contains the headloss derivatives for the pipes in each of the PRV paths.

Operating in a similar way to section [5] we have:
Aj=A"b—A'Ch (26)
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h=(BEA™\C — F)~! (EA*lb - B) (27)

where h can be obtained from , which involves solving the linear systems A='C and A~1b,
multiplying the results by E, and solving a small linear system with the matrix (EA™'C'—F),
with size equal to the number of active PRV. Then, Aq is obtained from the expression (126)),
where taking into account that A='b and A~'C have already been computed.

It can be shown (see Appendix I) that the inverse of the matrix (FA™'C — F) exists
if the following assumptions hold: (i) the system matrix of is invertible, and (ii) the
matrix A is invertible. The first condition is the same requirement existing also in the GGA
method, e.g. in Epanet. The second condition follows from the fact that A is the matrix
of the Newton-Raphson iteration @ for the original network where active PRV have been
replaced by zero-resistance pipes, and is consequently positive definite (Todini and Pilati
1988).

To sum up, active PRV can be treated without redefining the loops of the network and
thus without changing the sparsity pattern of the system matrix, with a procedure which is
very similar to that of check valves presented in section [5] The main difference is that in
the case of PRV, the small system of equations introduced, with the matrix (EA™'C' — F),
is not symmetric. However, the matrix A is still symmetric and can be factorized using a

Cholesky decomposition.

Pressure sustaining valves (PSV). These valves are very similar to PRV. In particular,
a PSV tries to keep the inlet pressure at a set value. The approach described above for PRV
is also valid for PSV, with the difference that we should use a path from a tank to the

upstream node of the valve (instead of the downstream node).

CHOOSING AN INITIAL FLOW VECTOR
One of the difficulties found was the choice of a suitable initial low vector for the loop
method, i.e. a vector ¢° satisfying the mass balance equation . It was found that the

choice of that vector has a considerable impact on the number of iterations performed.
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In order to compute ¢", we build a spanning tree of the network and impose a given
flow to each of the chord links. The flow of all the other links (the links in the tree) can be
computed by going over the tree from the leaves to the root, and imposing the mass balance
equation on each of the network nodes.

Different spanning trees and different flow values for the chord links can be used. We
found that the best results were obtained using a minimum-resistance spanning tree, i.e. a
spanning tree where the sum of resistances R of all the tree links is minimum, and assigning
to each chord link a flow corresponding to a velocity of 1 m/s (this is the initial flow used
by Epanet for all the links). The minimum-resistance spanning tree was obtained by means

of Prim’s algorithm (Prim 1957)).

RESULTS

In this section, we present results that compare the GGA and loop methods, tak-
ing into account different aspects. We consider the hydraulic networks shown in table
] Net3 is the example network 3 of Epanet (Rossman 2000). bwsn2m is a modi-
fied version of the network 2 proposed in (Ostfeld et al. 2008), where parallel pipes (i.e.
pipes having the same end nodes) and valves have been removed. In order to remove
the valves, we focused on producing a steady-state model for the initial time step of the
simulation, for which Epanet revealed that only one PSV was active, and the remain-
ing four valves were closed. The four closed valves were removed, and the only active
PSV was substituted by a pipe producing the same headloss. urb is a large real ur-
ban water network, the outline of which is shown in figure [7] Finally, the exnet net-

work can be downloaded from the Centre for Water Systems of the University of Exeter

(http://emps.exeter.ac.uk /media/universityofexeter/emps/research /cws/downloads/exnet.inp)).

Realistic results of computing time should consider efficient implementations of the meth-
ods. For that reason, we use here the very efficient GGA implementation of Epanet, written
in C, while for the loop method we have also used a C implementation which has been inte-

grated with the source code of Epanet. Of course, the same optimization flags were used for
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compiling both codes. The code for the solution of linear systems using Cholesky factoriza-
tion is taken from Epanet, and is exactly the same for both methods. This approach differs
from other works such as (Creaco and Franchini 2014)), (Elhay et al. 2014), where Matlab
implementations of the methods are used. However, we use a simpler Matlab implementation
of the loop method for the simulation of networks containing control valves, for which the
computing time is not evaluated.

With respect to the time results, the times to be measured were in general very short. For
that reason, the task under consideration was repeated a sufficient number of times to get an
accumulated time of about a second, and then the average time was obtained. Additionally,
the whole series of repetitions was run eleven times, and the median time was obtained.
Times are in seconds, except where indicated otherwise. The machine were the tests were
run was equipped with an Intel Core 2 Duo CPU at 3GHz, with 4GB RAM.

We first present results in table [2| that evaluate the loop selection methods presented in
the paper, considering the sparsity of the resulting linear system matrix. The columns under
n compare the matrix size for GGA and the loop method. We can see that, for normal
networks like those used here, the matrix produced by the loop method is much smaller
than that of the gradient method. The columns under nnz(A) show the number of non-zero
elements of the linear system matrices, for the case of the GGA method and for each of the
loop selection methods previously presented. As expected, the best results are achieved with
m2, although the high computational requirements of the method, in terms of execution
time and memory, prevent its use for the two larger networks (bwsn2m and urb). Among
the other loop selection methods, m4 is the best, producing a considerable difference in
number of non-zero elements with respect to the GGA.

The columns under nnz(L) show the number of non-zeros of the Cholesky factor of the
linear system matrices. The amount of non-zero elements of the factorized matrix, which
is determined at the beginning of the simulation as a result of a reordering and a symbolic

decomposition of the matrix, is a good indicator of the computing time necessary to solve
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the linear system. The number of non-zero elements of the factorized matrix is higher than
that of the original matrix, and depends on the reordering method used. In our case, the
method is Mimimum Degree (George and Liu 1989), the implementation of which has been
taken from Epanet. We can see that there is a considerable reduction in the number of
non-zero elements for m4 with respect to the GGA.

(Elhay et al. 2014)) also present results for the exnet network for a reformulated co-tree
method (RCTM), reporting a 2% increase in the number of non-zeros of the factorized matrix
with respect to GGA. The results in this paper are clearly better, with a reduction of 68%
in the number of non-zeros with respect to GGA.

(Creaco and Franchini 2014)) present results for an algorithm similar to m2, applying it
to two sets of networks: a set of networks made up of rectangular loops, and another set of
networks made up of hexagonal loops. The paper then analyses the sparsity of the matrices
and the computing time. We have applied our loop selection method m4 to those same
networks, and have reached exactly the same results in terms of matrix sparsity, indicating
that m4 was able to obtain optimal results for those networks, with the advantage of being
a very fast procedure, as will be shown next.

Considering now the computing time that is necessary to obtain the set of loops, the
results are presented in table [3] Columns ml-p to m4-p correspond to implementations
of the algorithms m1-m4 in Python. Column m4adj-c corresponds to the implementation
of m4 in C language, and includes also the time to build the loop-adjacency information
(i.e. for each loop, which other loops it overlaps with) necessary to determine the matrix
structure. As explained above, the method m2 could not be run for networks bwsn2m and
urb. It also takes more than 26 minutes for network exnet.

Table |3 shows clearly that obtaining the set of loops with the method m4 is extremely
fast. This implies that the loop method can be competitive even in cases where a single
simulation is wanted, as opposed to situations where many simulations of networks with

the same topology is required. Other approaches, such as (Creaco and Franchini 2014)) and

21



470

471

472

473

474

475

476

477

478

479

481

482

483

484

486

487

488

489

491

492

493

494

496

(Elhay et al. 2014), assumed the second case.

Table [4] compares the number of iterations performed by the loop and GGA solvers,
for the networks without control valves. The left part of the table shows the number of
iterations for the initial instant of the simulation, while the right part presents the sum
of iterations for all the time steps of an extended-period simulation. The difference in the
number of iterations between the two methods is due to the fact that the initial solution
used is different. The loop method requires in some cases some extra iterations, but the
difference is very small.

We now analyze the time for the simulation of the networks. First, we consider the time
per iteration of the non-linear solver. This is shown in table [5| (times are in milliseconds
because they are very small), where the column “speedup” is the time for GGA divided by
the corresponding time for the loop method. The table also shows the time spent on the
different tasks in the iteration. In particular, newcoeffs is the part that sets the values of the
linear system coefficients, which involves computing the derivatives of the headloss formula.
The task linsolve corresponds to the solution of the linear system that has been formed in
newcoeffs. Finally, newflows is the part that computes the new vector of flows. In the case
of the GGA method, this new vector is computed from the new heads obtained by solving
the linear system. In the case of the loop method, it is formed using . As we can see,
linsolve is the part where the loop method shines. The speedup achieved in this part is more
than 5 for the two large networks, although the weight of newcoeffs (around 60% in both
cases) masks the real advantages of the loop method.

Table [5| does not consider the computation of the initial balanced flow vector for the loop
method, nor the computation of the heads, because those tasks are done only once for each
time step, instead of in every iteration. Those two aspects are taken into account in table [6]
that presents the time to solve all the steady-state problems in a complete extended-period
simulation. The number of time steps in the simulation was shown in table [4

We can see that the loop method, with the definition of loops proposed in this paper, is
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between 11% and 20% faster than the GGA method. This performance gain is especially
important in the context of network design by means of an optimization process, which may
require the solution of steady-state problems for thousands or millions of slightly different
networks.

Finally, we tested our approach for the treatment of control valves, by means of a simple
implementation written in Matlab, which was used to simulate the network of figure [5| (with
a closed check valve in pipe 2), and the network of figure @ (with the PRV assumed to be
active). In both cases, convergence was achieved with few iterations, and the results matched

those obtained with Epanet.

CONCLUSIONS AND FUTURE WORK

In this paper, we present contributions for overcoming the main disadvantages of the
method based on loop flow equations.

As the first of these contributions, we present efficient procedures for selecting the network
loops so as to achieve a highly sparse matrix. Results on the application of those procedures
to four networks, some of them coming from large real WDS, are given. Method m2, based
on (Kavitha et al. 2004), and similar to the algorithms presented in (Creaco and Franchini
2014)), produces very good results in terms of sparsity and, although it presents excessive
requirements in terms of execution time and memory needed, it can be used as a reference
for other methods. We propose two other novel faster methods, m3 and m4, and the latter
is identified as the most suitable one, producing considerably less non-zero elements than
the GGA solver.

This contribution leads to important reductions in the time to solve the linear systems,
with speedup of more than 5 with respect to the GGA method for two of the networks
considered, and more than 2 for the other one. Considering the whole problem of extended-
period simulation, the speedup achieved is between 1.11 and 1.20. In a context of network
design by means of an optimization process, requiring the solution of many steady-state

problems of slightly different networks, this performance gain can be very important.
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We also show that the method m4 to obtain the set of loops is extremely fast, which
makes the loop method a competitive option with respect to the GGA method, even in cases
where a single simulation is needed.

The second contribution of the paper is the development of methods to include check
valves and automatic control valves in the model, avoiding the need to redefine the loops
initially selected. Preliminary results on small networks show the correctness of the approach,
since it produces output which agrees with the Epanet solver.

Finally, future work is needed in order to do a more complete test of the approach for
control valves, considering more realistic networks. Also to be explored is the consideration
of an optimization framework for the simulation with control valves, where the status of these
elements is not obtained by means of a heuristic method, but as a result of the optimization
process. Another direction of work is to try to reduce the time needed for the computation
of the linear system coefficients (the task referred to as newcoeffs in the paper), which is

shown to be the most time consuming part for both the loop and the GGA methods.

APPENDIX I: INVERSE OF THE SCHUR COMPLEMENT

Let A be a non-singular matrix given by:

A Aip
(28)
Azq Asp
where A; ; and A, 5 are square matrices of sizes p X p and ¢ x ¢, respectively, and A, ; is also
non-singular. We now build the matrix L:

I, 0

L= (29)

—A1 AL,

where I, and I, are identity matrices of sizes p X p and ¢ X g, respectively. We have that:
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A A
LA=| M b2 (30)
0 Ao — A2,1AL%A1,2

Consequently,
det(A) = det(LA) = det(ALl) det(Ag’Q - AQ’lAl_&ALQ) (31)

Since det(A) # 0 and det(A; 1) # 0, it follows that det(As o — AQ}lAl_&ALQ) £ 0.
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Network | junctions | pipes | tanks | pumps | valves
Net3 92 117 5 2 0
bwsn2m 12523 | 14313 4 4 0
urb 26627 | 29043 26 0 0
exnet 1891 | 2465 2 0 2

29

TABLE 1. Networks considered.




n nnz(A) nnz(L)
Network | GGA | loop | GGA ml | m2 m3 | m4 | GGA m4

Net3 92 27 211 128 84 93 90 279 94
bwsn2m || 12523 | 1794 || 26840 | 16765 - | 5840 | 5527 || 37500 | 6577
urb 26627 | 2416 || 55670 | 52762 10873 | 9601 || 81564 | 13722

exnet 1891 | 576 4309 | 4895 | 1664 | 1825 | 1695 6010 | 1935

TABLE 2. Number of non-zero elements in the system matrix and its Cholesky factor.
Comparison of GGA vs loop solver with different loop definition methods.
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Network ml-p m2-p m3-p m4-p | m4adj-c
Net3 0.00049 | 0.27700 | 0.00223 | 0.00140 | 0.00006
bwsn2m | 0.07360 -1 0.50500 | 0.20600 | 0.01870
urb 0.16400 - | 1.68000 | 0.47200 | 0.05799
exnet 0.00897 | 1565.0 | 0.05780 | 0.02360 | 0.00270

TABLE 3. Time to determine the set of loops.
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First time step All timesteps
Network | GGA loop || Time steps | GGA | loop
Net3 5 6 27 86 89
bwsn2m 8 8 1 8 8
urb 6 7 13 30 31

TABLE 4. Number of iterations.
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Net3 GGA loop | speedup

newcoeffs 0.0164 | 0.0168 0.98
linsolve 0.0073 | 0.0034 2.16
newflows 0.0029 | 0.0034 0.85
Total iteration | 0.0265 | 0.0235 1.13
bwsn2m GGA loop | speedup
newcoeffs 1.8963 | 1.8586 1.02

linsolve 0.9257 | 0.1720 5.38
newflows 0.2076 | 0.3377 0.61

Total iteration | 3.0295 | 2.3683 1.28
urb GGA loop | speedup
newcoeffs 4.1298 | 3.9716 1.04
linsolve 2.0773 | 0.4016 5.17
newflows 0.9517 | 1.0653 0.89
Total iteration | 7.1588 | 5.4386 1.32

TABLE 5. Execution time (in milliseconds) for a single iteration of the non-linear
solver.
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Network GGA loop | speedup
Net3 0.00221 | 0.00198 1.11
bwsn2m | 0.02667 | 0.02220 1.20
urb 0.23565 | 0.20079 1.17

TABLE 6. Time for all steady-state problems in a simulation.
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FIG. 1. A very simple network
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FIG. 2. Sample network, with a set of independent loops
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FIG. 3. Sparsity pattern for the loops defined in the sample network
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FIG. 4. A possible spanning tree for the sample network
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