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Abstract 

Multivariate Curve Resolution (MCR) has been applied on prostate Diffusion Weighted 

– Magnetic Resonance Images (DW-MRI). Different physiological-based modeling 

approaches of the diffusion process have been submitted to validation by sequentially 

incorporating prior knowledge on the MCR constraints. Results validate the 

biexponential diffusion modeling approach and show the capability of the MCR models 

to find, characterize and locate the behaviors related to the presence of an early prostate 

tumor. 
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1. INTRODUCTION 

Two of the main indicators of a tumor process are the neovascularization and the 

increase in cellular density. When a group of growing cells presents abnormally high 

demands of oxygen and nutrients, the tissue responds by creating new vessels 

(angiogenesis) or developing existing ones (neovascularization). On the other hand, the 

biological process associated with higher cellular densities that leads to cell 

agglomeration in the tissue is called cellularization. The combination of both processes 

is what usually determines the presence of an early tumor as first steps in oncogenesis. 

One way to approach this combination is by studying the tissue local diffusion process 

[1], which is a physical process that occurs due to the thermal agitation of the water 

molecules inside the human body. These translational displacements depend, among 

other factors, on the tissue structure according to the cellular organization. When the 

tissue is highly cellularized, the molecules have more restrictions to movement due to a 

decreased interstitial space and higher cell membrane interfases. However, when the 

tissue is highly vascularized, molecules are in a non-restricted high velocity 

environment within the vessels, and the spatial movements are random with less 

restrictions in all spatial directions. 

 

The diffusion process can be evaluated with a Diffusion-Weighted Magnetic Resonance 

Imaging (DW-MRI). This non-invasive technique provides high resolution images that 

are sensitive to water molecules movement inside the tissues. Depending on the 

configuration of the MR equipment and based on the duration and the amplitude of the 

applied magnetic field gradient, image acquisition is associated to a parameter known as 

b-value [2]. The signal of the image decreases with the increase in the b-value acquired. 

This attenuation depends on the characteristics of the tissue, being stronger if the tissue 

is vascularized and much more moderate if it is highly cellular. The range of different 

signal attenuations between these two types of tissue at the same b-value is the basics to 

study the different behaviors in the diffusion process. 

 

The DW-MRI acquisition sequence is performed along the volume of the studied organ. 

Usually, images are acquired at spatial planes corresponding to different slices of the 

human body (the number of slices depends on the studied organ). For each slice, images 

are taken with different b-values, obtaining a 3D data structure. This way, a signal 
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spectrum s is extracted from each pixel of the image, associated to the different b-

values. The number of b-values varies among clinical studies, reaching up to 10 values 

for the clinical setting [3]. In our study, 6 b-values were used for prostate imaging based 

on previous experience. 

 

In order to model the signal decay of the diffusion process, spectra can be fitted with 

different expressions. The most widely used model in clinical routine is the 

monoexponential diffusion model [2] with the apparent diffusion coefficient (ADC) as 

its parameter: 

 

𝑠

𝑠0
= 𝑒−𝑏(𝐴𝐷𝐶)                                                    (1) 

 

Where s0 is the initial value of the signal when the b-value equals zero. The ADC values 

express the average distance that the water molecules cover within a voxel at a certain 

time. It is related with the cell density, the permeability of the membranes and the 

tortuosity of the intercellular interstitial space. It is called “apparent” because it reflects 

several different mechanisms, as it is a combination of the two phenomena expressed 

before: (i) the movement associated to the water molecules (Brownian movement), 

known as slow diffusion (cellular tissue), and (ii) the intravascular movement in the 

microcapillaries vessels, known as fast diffusion or perfusion (vascularized tissue). Fast 

diffusion may produce an overestimation of the real diffusion values if not properly 

considered. 

 

The monoexponential model does not take into account the different mechanisms of the 

diffusion process. Currently, one way of dealing with this complexity is by using a 

biexponential model. This is a more complex model that considers two behaviors, slow 

and fast diffusion, weighted with a new parameter called vascular fraction (f), which 

relates to the proportion of vascular tissue in a voxel. This model is also known as intra-

voxel incoherent motions (IVIM) [4] due to the two types of movements considered, 

related to cellularity (slow diffusion) and vascularization (fast diffusion). The 

expression of the IVIM model is shown below. 

 

𝑠

𝑠0
= (1 − 𝑓)𝑒−𝑏𝐷 + 𝑓𝑒−𝑏(𝐷+𝐷∗)                                     (2) 
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The spectra are normalized with s0 as in the monoexponential approach. Three different 

parameters must be estimated: the diffusion coefficient (D), the pseudo-perfusion 

coefficient (D*) and the vascular fraction (f). This way, the normalized signal s/s0 is 

modeled as a weighted average of the slow diffusion (water movement inside the 

cellular tissue, characterized by D) and the fast diffusion (water movement inside the 

vascular tissue, characterized by D+D*) . The slow diffusion behavior is weighted by 

(1-f) and the fast diffusion term by f, since the major contribution of this phase (in the 

order of 10 times higher) is from D* if compared to D, however this last parameter is 

not so low to be obviated. Despite the IVIM model is theoretically more appropriate 

according to physiological criteria, the monoexponential model is, nowadays, the most 

widely used in medical practice to model the diffusion process. 

 

Besides, the IVIM model is not a classic biexponential model because the two 

exponential decays are not independent as they are complementary weighted by the 

vascular fraction, f. Furthermore, the normalization of the spectra causes a distortion, 

modifying the shape of the original curve (Fig. 1a) and decreasing the signal-to-noise 

ratio (as can be seen in Fig. 1b). Thus, this standardization reduces the variability range 

masking the different behaviors present in the spectra. All these concepts shown above 

and the difficulty in the interpretation of the results provided by these biomarkers (such 

as D, D* and f parameters) have limited their applicability in clinical practice.  

 

[INSERT FIG. 1 ABOUT HERE] 

 

Furthermore, these biomarkers are obtained from a generally pixel-by-pixel modeling, 

which do not take advantage of the relation between pixels with the same behavior, 

increasing the uncertainty in their estimation; and degrading the corresponding imaging 

biomarkers (images built from each D, D* and f parameters at each pixel location) used 

for clinical purposes. 

 

One possible alternative to analyze these diffusion behaviors is by applying multivariate 

statistical models, so that it is possible to take advantage of the relation between pixels. 

When dealing with images, the application of these types of models is known as 

Multivariate Image Analysis (MIA) [5, 6]. The main characteristic of MIA is the 
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capability to study the whole set of pixels at the same time by extracting the sources of 

variation caused by the latent structures present in the images. In this way, MIA can 

help in providing new non-parametric models that can explain the principal diffusion 

behaviors extracted from DW-MRI. It may also be useful to check the appropriateness 

of the different modeling alternatives (e.g. monoexponential or biexponential) proposed 

in the literature. 

 

The main and most widespread MIA tool is PCA (Principal Component Analysis) [7]. 

However, two problems arise when PCA is applied on DW-MRI data: (i) no prior 

information can be included in the model, and (ii) the orthogonality of the principal 

components is a limitation to model the different diffusion behaviors that are not 

necessarily orthogonal. In order to overcome these drawbacks, it is possible to use more 

flexible models, as is the case of Multivariate Curve Resolution (MCR), which has been 

already applied very recently to dynamic contrast-enhanced MRI data [8]. 

 

The goals of this work are: (i) to explore the capability of MCR methods to model the 

different behaviors associated to the diffusion process in DW-MRI helping specialists to 

detect and characterize early tumors in the prostate, (ii) to check the adequacy of the 

different theoretical models commonly applied in clinical practice, by sequentially 

incorporating constraints in the MCR algorithm using prior knowledge about the 

diffusion process, (iii) to provide new imaging biomarkers that may complement those 

commonly used for clinical diagnosis. 

 

2. MATERIALS AND METHODS 

 

The database consists of DW-MRI acquired from 10 patients with proven prostate 

carcinoma. The images for each patient were taken along 12 slices covering the whole 

prostate. For each slice, images with a resolution of 192x192 pixels were acquired with 

6 different b-values (0, 50, 200, 400, 1000 and 2000 s/mm2) and arranged in a 3D 

matrix (1921926) (see Fig. 2a). The output for each patient was a series of twelve 3D 

images. All images were anonymized and transferred to a dedicated workstation for 

post-processing. 
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In order to analyze the images by latent-based bilinear multivariate statistical models, 

the 3D matrix for each slice was unfolded keeping the b-values mode yielding a 2D 

matrix (368646) that contains all the pixels for each slice in rows and the different b-

values in columns (see Fig. 2 right). All the slices from the same patient were studied 

with the same model by stacking the unfolded 2D matrices of each slice one below the 

other obtaining a data matrix S (4423686). This way the fitted behaviors were forced 

to keep the same internal correlation structure along the whole prostate volume for a 

particular patient.  

 

[INSERT FIG. 2 ABOUT HERE] 

 

In order to focus the study in the prostate gland, local models were built for each of the 

10 analyzed cases by removing the pixels that do not pertain to the prostate zone with 

manual masks provided by the doctors. This way, the interpretation of the results is 

improved and the computational time is hugely reduced. 

 

As already commented, in the diffusion process, the studied phenomena are those 

related to slow diffusion, associated to cellularization, and fast diffusion, associated to 

vascularization. Assuming that the signal spectrum in a pixel j can be expressed as a 

weighted sum of different decreasing exponential functions modeling the different 

phenomena of the diffusion process, we propose the following model:  

 

𝑠𝑗 = ∑ 𝑐𝑖𝑗(𝛼𝑖𝑒
−𝛽𝑖𝑏);    𝛼𝑖 , 𝛽𝑖 , 𝑐𝑖𝑗 ≥ 0𝐼

𝑖=1                                    (3) 

 

Where I stands for the number of exponential functions used. In this work, models using 

1, 2 and 3 exponential functions are proposed. The triexponential approach is proposed 

in order to model a possible additional behavior with physiological meaning that might 

remain in the residuals of the biexponential approach. 

 

The main differences regarding the theoretical models outlined in Section 1 are the no-

normalization of the spectra (using s instead of s/s0) and the independence between the 

𝛼𝑖 coefficients, which are not forced to sum 1. 
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To analyze these data, Multivariate Curve Resolution in it Alternating Least Squares 

(MCR-ALS) version [9, 12] has been used due to its capability to obtain non-orthogonal 

behaviors and modelling additive phenomena. MCR-ALS is an iterative method that 

performs a bilinear decomposition of the S matrix by means of an alternating least 

squares optimization. 

 

𝐒 = 𝐂𝐃′ + 𝐄                                                     (4) 

 

In diffusion studies matrix S contains the signal spectrum s for each pixel in rows, D’ is 

a matrix containing in its rows each of the diffusion behaviors modeled, C gathers in its 

rows the relative contribution of each modeled behavior for each pixel of the image, and 

E is a residual matrix. 

 

MCR-ALS focuses on describing the evolution of the experimental multicomponent 

measurements through their pure component contributions [13], without imposing hard-

to-accomplish constraints from a chemical, physical or biological interpretation point of 

view (e.g. orthogonality in the modeled behaviors) 

 

However, the iterative process can provide infinite solutions for the same data matrix. 

This problem can be solved by imposing other type of constraints commonly related to 

prior knowledge about the problem faced, so that it is possible to obtain easier-to-

interpret solutions, which also tend to be unique when the constraints introduced under 

the hypothesized assumptions are sensible [14]. In the case of the diffusion process, the 

following additional constraints can be applied successively in order to validate the 

theoretical models most commonly applied in clinical practice introduced in Section 1. 

 

1. Non-negativity constraints are applied both in D and C matrices, because the 

modeled behaviors and their relative contribution in a pixel have to be non-

negative. 

2. Unimodality constraints where only one maximum or minimum is admitted are 

imposed only with D, due to the fact that the modeled behaviors are 

monotonically decreasing. 

3. Shape constraints are applied in the D matrices in order to obtain a specific 

mathematical expression (i.e. exponential decay) for the modeled behaviors. 
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The exponential decay shape constraints in the D matrix are introduced in the 

following way in the MCR-ALS algorithm [15]: for each one of the behaviors 

obtained from Model 2, initial parameters  and  are fitted using the 

exponential decays shown in eq. 3. Afterwards, using these exponential 

functions and the abscissa’s b values, the “pure” dinitial values are predicted, and 

arranged in a Dinital matrix. This Dinitial matrix is introduced in eq. 4, and by 

running a one loop of the ALS algorithm, a new D matrix is obtained. Following 

the same procedure as the one used from D matrix of Model 2 a new D matrix is 

obtained, repeating the ALS sequence until convergence 

 

Including these constraints, the model can select the solutions with more physiological 

meaning, discarding the rest lacking any clinical interpretation. This is a clear advantage 

over PCA when interpretability is of major importance, since the orthogonality in the 

latent variables imposed in PCA makes clinical interpretation of the modeled behaviors 

harder. 

 

The sequential procedure to obtain the different MCR models follows: 

 

1. Fit MCR models with only non-negativity constraints in C and D with one, two 

and three components. 

Select the model with most appropriate number of components according to the 

similarity of the corresponding fitted behaviors with the exponential decay (i.e. 

expected physiological behavior). This is Model 0. 

2. Fit a new MCR model including non-negativity constraints in C and D, and 

unimodality constraints in D using the number of components decided in step 1. 

This is Model 1. 

3. Check the adequacy of Model 1 by fitting the behaviors obtained (rows of D’ 

matrix in step 2) with an exponential function and projecting the predicted 

exponential behavior onto the original data matrix S to obtain the new C matrix. 

This is Model 2. 

4. Finally, fit a new MCR model including non-negativity constraints in C and D, 

and shape (i.e. exponential decay) constraints in D using the number of 

components decided in step 1. This is Model 3. 
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The MCR models built this way provide the matrices D’ and C previously commented, 

gathering at each pixel location the behaviors found and their relative contribution, 

respectively. By relocating the pixels in each column of C matrix into their original 

spatial dimension (192x192 pixels), new images known as score distribution maps are 

obtained, which permit to locate those pixels more related to each of the corresponding 

behaviors provided by the model. It must be stressed that these score distribution maps 

from C matrix, not the prostate diffusion behaviors modeled in D’ matrix, are the ones 

performing as imaging biomarkers. This is a conceptual difference with the clinical 

theoretical models method, where the biomarkers (e.g. D, D* and f in the case of a 

biexponential model) are extracted from the behavior modeled at each pixel location. 

 

This tool can help the doctors to locate areas of the prostate that may be potentially 

affected by a tumoral process. Furthermore, the distribution maps of the Residuals Sum 

of Squares (RSS) were used as a validation method, as they show the pixels that are not 

well fitted by the model. 

 

All calculations for the unfolding process and MCR modeling were done in Matlab (The 

Mathworks Inc., Natick, MA, USA) [12, 15]. 

 

3. RESULTS 

 

3.1 Model 0 

 

Initially, the only constraint considered is non-negativity. Figures 1 and 2 posted in 

supplementary material show the results with one and two components respectively. In 

the one-component model the fitted behavior follows an exponential decay pattern. As 

can be seen in the scores distribution map shown in the supplementary material (Fig. 

supp. 1a), the pixels related to this behavior are distributed in the whole image, being 

the residual sum of squares (RSS) low (Fig. supp. 1b). However, with two components, 

the residuals are even lower (the model explains 99% of the variability) and the 

behaviors are more physiologically meaningful because of the form of the obtained 

curves: a quick fall related to perfusion and a slow fall associated to real diffusion (Fig. 

supp. 2d). Nevertheless, there are still two “artifacts” (slight increases of signal 
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intensity) present in both behaviors, at lower b-values in the pure diffusion (slow 

diffusion, d1) component and at higher b-values in the perfusion component (fast 

diffusion, d2). Regarding the distribution maps, they show (in the supplementary 

material) that the component related to diffusion (Fig. supp. 2a) is more representative 

in the whole zone of the prostate than that of the perfusion component (Fig. supp. 2b), 

which is more localized.  

 

By comparing both models (with one and two components), it can be seen that the 

behavior fitted in the one-component model (Fig. supp. 1c) is a combination of the 

behaviors modeled in the two-component model (Fig. supp. 2d). This can also be 

observed in the score distribution maps (Fig. supp. 1a and Fig. supp. 2a-b). Therefore, 

the one-component MCR model is not able to explain all the physiological behaviors 

present in the diffusion studies due to its simplicity. 

 

Supplementary material Fig. supp. 3 shows the modeled behaviors from the MCR 

model with three components. The behaviors associated to components 2 and 3 present 

shapes that make no sense in diffusion studies because the signal spectra cannot 

increase as the b-value goes up (it is assumed that signal always attenuates when the b-

value increases). Thus, in the following the two-components model is selected as the 

most appropriate to study the diffusion process. 

 

3.2 Model 1 

 

The next step consists of including new constraints in the model. The first of these are 

the unimodality ones (in D matrix) in order to provide new behaviors more similar to 

the exponentially decay shape. Actually, monotonicity constraints should be introduced, 

but this is accomplished in the following steps (with the shape constraints), so it was 

preferred to slowly adding constraints, in order to carefully validate the models. The 

inclusion of this type of constraint allows removing the artifact present in the perfusion 

component at high b-values (a slightly increase of d2 from 1500 to 2000 in the b-value) 

that appears in Model 0 (Fig. supp. 2d). Nevertheless, there is still one artifact (maybe 

introduced by the image acquisition system) at low b-values for the first behavior 

(diffusion component), which still accomplishes the unimodality constraint. After 

careful discussion with doctors, it was decided that this artifact could not happen from a 
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physiological point of view. Furthermore, adding a new component did not isolate this 

behavior (results not shown). 

 

3.3 Model 2 

 

With the aim of removing the second artifact and checking the adequacy of the 

biexponential model in diffusion MR studies, a fitting of the behaviors is proposed 

using: (1) the results provided by Model 1 (the pure behaviors saved in the D matrix) 

and (2) the information of the clinical theoretical models that proposes two decreasing 

exponential behaviors. Therefore, using fitting algorithms, both behaviors are tuned to 

exponential expressions exp(-b), that are the most accepted among the current 

research in DW-MRI, either by the model used to extract the ADC (eq. 1) or the model 

used to calculate D, D* and f from the IVIM theory (eq. 2). Both models have been 

applied in the study of diffusion behavior in several tissues and organs in the related 

diseases of the body [16-20]. Furthermore, the goodness of fit is high (95%) obtaining 

two different pure exponential decays related to diffusion (d1) and perfusion (d2), 

respectively. 

 

Once the exponential shape of the behaviors is obtained, the next step was to project the 

original data matrix on the pseudoinverse of the new fitted D to get the scores C. 

 

3.4 Model 3 

 

Finally, once the biexponential model is validated, the shape constraints for the D 

matrix were included in the iterative process of the MCR-ALS algorithm, assuming 

classical exponential expressionsiexp(-ib) for both behaviors, and non-negativity 

for D and C matrices. For every case, the exponential parameters, i and i (i=1,2), 

obtained from Model 2 have been used as an initial approximation. 

 

[INSERT FIG. 3 ABOUT HERE] 

 

As it can be seen in Fig. 3d, the fitted behaviors are two different strictly decreasing 

exponentials, one related to diffusion (slow attenuation) and other related to perfusion 
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(fast attenuation). Furthermore, the goodness of fit is at least 99% in all the cases under 

study, which derives in low RSS distribution maps (Fig. 3c). 

 

4. DISCUSSION  

 

The monoexponential model seems too simple when trying to obtain all the behaviors 

present in the images. The triexponential approach is not useful either, as it provides 

behaviors that are not physiologically interpretable. On the other hand, the 

biexponential model has shown up as a sensible approach for modeling the diffusion 

process. This model has been sequentially improved by comparing the new results 

provided by each further constrained model with the previous one. These conclusions 

are significantly related to the existing knowledge about the behavior of diffusion in 

tissues, where the bi-exponential approach through the IVIM theory is preferred in 

medical imaging research to explain the behavior of water molecules in tissues like 

tumors, where not only a cellular component, but also a micro-vascular behavior is 

appreciated. 

 

Figure 4 summarizes the two modeled behaviors obtained from Models 1, 2 and 3 and 

Fig. supp. 5 shows the distribution maps for these models. In all three models, the fast 

diffusion component presents an exponential decay, even in Model 1 where no shape is 

imposed. Regarding the slow diffusion component, it also presents an exponential decay 

afterwards removing the artifact present at lows b-values (Models 2 and 3). This can be 

seen in the Fig. supp. 4 posted in supplementary material where the higher residuals of 

model 3 related to low b-values coincide with this artifact in model 1. Therefore, the 

pixels mainly related to this phenomenon are those having higher (negative) residuals in 

model 3, this can be seen in Fig. supp. 5, third column, third row. On the other hand, the 

distribution maps observed in Fig. supp. 5 remain almost the same in all three models. 

 

[INSERT FIG. 4 ABOUT HERE] 

 

This way, the proposed procedure provides sensible results that complement the IVIM 

biexponential model, using the scores distribution maps as a quantification of each 

behavior gathered in D matrix at each pixel location. Still, both the MCR-based 

modeling and the theoretical biexponential modeling show two basic differences: first, 
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the normalization of the spectra; and second, the fact that the two factors weighting the 

exponentials do not have to be necessarily complementary. Furthermore, the fitting of 

the IVIM model is fitted pixel-by-pixel, unable to take profit of the global information 

that can be obtained using chemometric models. 

 

5. CONCLUSIONS 

 

Along the present work, the appropriateness of the exponential theoretical models with 

a data driven model incorporating prior knowledge of the diffusion process has been 

accomplished. The monoexponential model has been discarded, whereas the 

biexponential IVIM model has been discussed. 

 

This paper shows the capability Multivariate Curve Resolution (MCR) models to 

extract behaviors with physiological meaning from the DW-MRI images by including a 

priori knowledge. Furthermore, MCR lets to directly locate and grade the intensity of 

these behaviors in the images, providing new imaging biomarkers, complementary to 

those provided by the IVIM model, to improve clinical diagnosis.  
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Figure Captions 

 

Figure 1. Signal attenuation spectra in a DW-MRI case. (a) Before normalization and 

(b) after normalization. 

Figure 2. 3D matrix for a particular slice of a patient (a); 2D unfolded matrix (b). 

Figure 3. MCR model 3 (99% of explained variability). (a) Score distribution map 

related to d1 (slow diffusion, solid blue line). (b) Score distribution map related to d2 

(fast diffusion, dashed green line). (c) RSS distribution map. (d) Behaviors provided by 

the MCR model. 

Figure 4. Comparison between the behaviors provided by models 1 (solid red line), 2 

(dashed blue line) and 3 (dotted black line). 


