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Abstract-The paper introduces the concept of reflection 
matrices in the coupling matrix filter reconfiguration. It is shown 
that reflection matrices are complementary to rotation matrices a 
useful concept that can be used alternatively to rotation matrices 
in the similarity transformations that are applied in order to 
transform the coupling matrix to a suitable form. A cross-coupled 
filter example is given where both concepts are used. 

 

I. INTRODUCTION 

The starting point of the coupling matrix synthesis in the 
design of microwave filters can be related with the seminal 
work [1]. The N*N coupling matrix that characterizes the N 
coupled resonators can be reconfigured into more suitable 
coupling matrices using similarity transformations based on 
Givens rotations [1-4] or by means of optimization techniques 
[5] mainly described in [6]. The N+2 coupling matrix usage on 
the other hand is related to the decisive work in [7] in which 
the authors allow the presence of the source-load cross-
coupling in order to introduce more transmission zeros. The 
N+2 transversal coupling matrix synthesis directly from the 
scattering matrix [4] represents a key point in the filter 
synthesis theory. However since the transversal coupling 
matrix is not practical, the authors reconfigure it using 
similarity transformations employing rotations [2, 3, 5, 6] or 
again by means of different optimization techniques [8].  

In this work we focus on the similarity transformations used 
to reconfigure (both N or N+2) coupling matrices and show 
that besides the well known rotation matrices [1-4, 6, 9, 10], 
the reflection matrices (unused to the best of our knowledge up 
to now in microwave filter theory) may be employed 
alternatively too in order to deliver a convenient topology.  

In [1] in order to reconfigure a symmetrical matrix into a 
different symmetrical matrix sharing the same Eigenvalues, the 
authors use from [11] the concept of (orthogonal) Givens 
rotation matrices and apply these ones as similarity 
transformations [11] to their initial synthesized coupling matrix. 

Reflection matrices on the other hand are found in the group 
theory in geometry [12] (introduced by Felix Klein), mainly in 
Euclidean transformations and also belong to the class of 
orthogonal transformations forming together with the rotation 
matrices a group. They are used complementary to rotation 
matrices for connecting the Riemann sphere with the Möbius 

transformations (named conjugate transformations [12]) and 
(when used in microwave theory) can relate the impedance 
plane to the reflection coefficient’s plane on the 3D Smith 
chart [13-14]. As rotation matrices, when applied as similarity 
transformations [12], they map a symmetrical matrix into a 
new symmetrical matrix with the same Eigenvalues. 

In this paper we begin by introducing the concept of 
reflection matrix and then  starting from the transversal 
coupling matrix of a desired filter [4] we reconvert it to a 
folded one [2] using both rotation matrices and reflection 
matrices (or by mixing them) and compare the results. Finally 
we present a HFSS filter design based on an obtained folded 
coupling matrix. 

 

II. REFLECTION MATRICES 
 

Similar matrices are matrices which share the same 
Eigenvalues and can be obtained from an initial matrix 
applying transformation (1) where T has to be an invertible 
matrix. In the case of a lossles filter the coupling matrix M is 
real and symmetric, thus in order to obtain a new symmetric 
matrix which should be similar to the first one has to apply 
orthogonal transformations [1-4]. Reflection matrices are 
orthogonal matrices with determinant -1 while rotation 
matrices orthogonal matrices with determinant 1[12]. 
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The main building block of the rotation matrices has the 

form (2) while the main block of the reflection matrices has 
form (3).  
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III. FILTER SYNTHESIS BASED ON THE TRANSVERSAL COUPLING 
MATRIX  AND IT’S RECONFIGURATION BY MEANS OF ROTATION 

AND REFLECTION MATRICES 

 
Let us consider the example of a 4 order Chebyshev filter 

with a central frequency of 1850 MHz, bandwidth of 20 MHz 
and the return loss of 22 dB. The filter whose layout (but no 
information about the design strategy) may be found [15] is 
designed by means of the next procedure. Following the 
method proposed in [4], the transversal coupling matrix M1 of 
the filter is first generated in the baseband considering two 
transmission zeros at ω=1.7 and ω=-1.7 (ω is the angular 
frequency rad/s) getting M1 as (4), while the frequency 
response as in Fig.1. 
 0 0.659244 0.659244 0.360707 0.360707 00.659244 0.775083 0 0 0 0.6592440.659244 0 0.775083 0 0 0.6592440.360707 0 0 1.31444 0 0.3607070.360707 0 0 0 1.31444 0.3607070 0.659244 0.659244 0.360707 0.360707 0
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Figure 1. Return loss (dotted) and transmission coefficient for the filter 
topology generated by (4). 

 
The first row (column) of the transversal coupling matrix (4) 

contains the values for the couplings between the source and 
the four resonators MSk, while the last row (column) is filled by 
the values of the couplings between the resonators and the load 
MkL (where 1 ≤ k ≤ 4) in our case (since it is a forth order filter). 
There are no direct source-load cross-couplings (MSL=MLS=0). 
Using the rotation matrices and applying them 6 successive 
times [2] in (1) to the matrix M1 we get a folded matrix of form 
(5). The rotation matrices are chosen as in [2] TR1 with pivot [3, 
4], TR2 with pivot [2, 3] and TR3 with pivot [1, 2].  
 

                            
0 0 0 0 00 0 00 0 0 00 0 0 00 0 00 0 0 0 0

                 (5) 

        
One may see the form of a rotation matrix TR1 with pivot [3, 4] 
in (6). The corresponding reflection matrix Tr1 with pivot [3, 4] 
may be also seen in (6). By applying like in [4] the series of 
rotations (Table 1) to the initial transversal coupling matrix M1 
we get MR (7). 

    

 
1 0 0 0 0 00 1 0 0 0 00 0 1 0 0 00 0 0 00 0 0 00 0 0 0 0 1

  
1 0 0 0 0 00 1 0 0 0 00 0 1 0 0 00 0 0 00 0 0 00 0 0 0 0 1

   

                                                                                                                           (6)                              

TABLE I 
ROTATION MATRICES AND PIVOTS SEQUENCE FOR THE REDUCTION OF THE 

TRANSVERSAL COUPLING MATRIX TO A FOLDED ONE 

 
Transformation 
number 

Matrix 
name 

Pivot Pivot value 
(x) 

Coupling 
Element 
annihilated 

1 TR1 [3,4] -0.78539 MS4 

2 TR2 [2,3] -0.65855 MS3 
3 TR3 [1,2] -0.90164 MS2 
4 TR2 [2,3] -1.12328 M2L 
5 TR1 [3,4] 1.07014 M23 
6 TR2 [2,3] 1.57081 M13 
 
Using just reflection matrices with the same corresponding 

pivots namely Tr1 with pivot [3, 4], Tr2 with pivot [2, 3] and Tr3 
with pivot [1, 2] and applying them as in Table 2 we get Mr (8). 

TABLE 2 
REFLECTION MATRICES SEQUENCE AND PIVOTS FOR THE REDUCTION OF THE 

TRANSVERSAL COUPLING MATRIX TO A FOLDED ONE 

 
Transformation 
number 

Matrix 
name 

Pivot Pivot 
value (x) 

Coupling 
Element 
annihilated 

1 Tr1 [3,4] 0.78539 MS4 

2 Tr2 [2,3] 0.65855 MS3 
3 Tr3 [1,2] 0.90164 MS2 
4 Tr2 [2,3] 1.12328 M2L 
5 Tr1 [3,4] 1.07014 M23 
6 Tr2 [2,3] 1.57081 M13 
 

TABLE 3 
REFLECTION AND ROTATION  MATRICES SEQUENCE AND PIVOTS FOR THE 
REDUCTION OF THE TRANSVERSAL COUPLING MATRIX TO A FOLDED ONE 

 
Transformation 
number 

Matrix 
name 

Pivot Pivot 
value (x) 

Element 
annihilated 

1 Tr1 [3,4] 0.78539 MS4 

2 Tr2 [2,3] 0.65855 MS3 
3 Tr3 [1,2] 0.90164 MS2 
4 Tr2 [2,3] 1.12328 M2L 
5 TR1 [3,4] -1.07014 M23 
6 TR2 [2,3] 1.57081 M13 

 
Considering now the succession of reflection and rotation 

matrices applied to (4) presented in Table 3 we get MRr (9). It 
is important to point out that the matrices presented in (4), (7), 
(8) and (9) share the same Eigenvalues and generate the same 



frequency response as in Fig.1 (keeping the phase of the 
scattering parameters unchanged too). For example, form (9) is 
of interest because the filter is now symmetrical and it changes 
the cross-coupling sign to a positive one.  0 1.06274 0 0 0 01.06274 0 0.879874 0 0.293658 00 0.879874 0 0.833012 0 00 0 0.833012 0 0.879874 00 0.293658 0 0.879874 0 1.062740 0 0 0 1.06274 0

 (7) 

 0 1.06274 0 0 0 01.06274 0 0.879874 0 0.293658 00 0.879874 0 0.833012 0 00 0 0.833012 0 0.879874 00 0.293658 0 0.879874 0 1.062740 0 0 0 1.06274 0
        (8)  

                                                                                                                                                                                         0 1.06274 0 0 0 01.06274 0 0.879874 0 0.293658 00 0.879874 0 0.833012 0 00 0 0.833012 0 0.879874 00 0.293658 0 0.879874 0 1.062740 0 0 0 1.06274 0
  (9) 

 

IV. A CROSS COUPLED COMBLINE FILTER EXAMPLE 

Although the matrix obtained in (9) if of a practical 
interest we may further manipulate it and obtain the matrix MF 
(10) which is similar (has the same Eigenvalues) to (4), (7)-(9) 
and generates the same frequency response as in Fig.1. It has to 
be pointed out that (10) may be also obtained using a reflection 
matrix Tr directly from (4) as in (11)-(12). It is easy to check 
that (11) is a reflection matrix (it has determinant -1 and it is 
orthogonal). 

 0 1.06274 0 0 0 01.06274 0 0.879874 0 0.293658 00 0.879874 0 0.833012 0 00 0 0.833012 0 0.879874 00 0.293664 0 0.879874 0 1.062740 0 0 0 1.06274 0
 (10) 

 0.157328 0 0.0896723 0.507061 0 0.8426720.227729 0.620326 0.490535 0.394533 0.339404 0.2277250.28411 0.339413 0.501341 0.295338 0.620322 0.2841020.284109 0.339404 0.501334 0.295341 0.620326 0.2841130.227731 0.620322 0.490526 0.394544 0.339413 0.2277220.842668 0 0.089668 0.508067 0 0.157332
    (11)  
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Figure 2. Combline filter (a) 3D representation and (b) frequency response-  of 
the combline filter starting from (10). 

The filter in Fig.2 is designed and simulated in HFSS starting 
from (10), the results showing a good insertion and return loss. 

V. CONCLUSION 

The reflection matrices were introduced for the first time (to 
the best of our knowledge) in the coupling matrix filter 
synthesis. It was shown that although they annihilate the same 
elements when applied instead of the rotation matrices in the 
similarity transformations used to reduce the coupling matrix, 
they may generate different filter topologies. Combining 
rotation matrices and reflection matrices in the succession of 
series of transformations may also prove effective (9). It is not 
claimed that new filter topologies may be achieved, just that 
when applied instead of the rotation matrices / or combined 
with them one may obtain using the same number of 
transformations different results by using reflection matrices. 
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