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𝜇0𝐻𝑟𝑒𝑓 𝜇0𝐻𝑟𝑒𝑓  



𝜇0𝐻𝑟𝑒𝑓 𝜇0𝐻𝑟𝑒𝑓  

 

 

𝑅𝑒  

 

𝑅𝑒  

 

 

 

 

 

 

 

𝑁𝑢 𝑐𝑁𝑢 𝑅𝑒

 

 

 

 

 

 

 

 

 

𝑁𝑎𝑣𝑔 𝑁𝑎𝑣𝑔  



 

 

 

 

𝑁𝑢

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



𝑓 𝜑

 

𝑓 𝜑

 

𝐻𝑓 𝐿  

𝜇0𝐻𝑎𝑝𝑝 𝜑 𝑓

𝐻𝑓 𝜀 𝐿

𝑓  

𝐻𝑓

 

𝐻𝑓

𝑁𝑎𝑣𝑔  

𝐻𝑓 𝐿 𝐻𝑓 𝜖  

𝐻𝑓  

𝐻𝑓 𝐿  

 

 

𝑓 𝜑  

 



 

 

 

 

 

 

 

 

𝐵𝑖 𝐷𝐹  

 

 

 

𝑐𝑁𝑢 𝑅𝑒 𝑑  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 



 

𝐴 ℎ

𝐴𝑐 𝐼

𝑎

𝑎𝑠 𝐼’

𝐵𝑟𝑒𝑚

𝐵𝑖 𝑖

𝐶 Δ𝑖𝑣𝑎𝑝

𝑐 𝑘

𝐶𝐹𝐿 𝐿

𝐿𝑡

𝑐𝑁𝑢 𝐿ℎ

𝐶𝑂𝑃 𝑀

𝐷 𝑀∗

𝐷ℎ 𝑚

𝑑 𝑚̇

𝐷𝐹 𝑁

𝐸 𝑁𝑎𝑣𝑔

𝑒 𝑛𝑐ℎ

𝐸𝑐 𝑛𝑝𝑎𝑠𝑠

𝐸𝐸𝑅 𝑛𝑡

𝐹 𝑛𝑥

𝑓 𝑛𝑦

𝑓𝑓 𝑛𝑧

𝐻 𝑁𝑢

𝐻𝑓 𝑁𝑢𝑚

𝐻𝑟 𝑁𝑇𝑈



𝑃̇

𝑝 𝒜

𝑃𝑒 𝛼

𝑃𝑟 𝛽

𝑄̇ Γ

𝑞̇ 𝛾

𝑅 𝛿

𝑅𝑐𝑜𝑛𝑑 ℰ

𝒓 𝜀

𝑅𝑒 𝜖

𝑅𝐻 𝜂

𝑅𝑀𝑆𝐸 𝜇

𝑆 𝜉

𝑠 𝒫

Δ𝑆𝑀 𝜌

Δ𝑠𝑀 𝜎

𝑇 𝒯

𝑇𝐶𝑢 𝜏

Δ𝑇𝑎𝑑 𝜏𝑏𝑙𝑜𝑤

Δ𝑇𝑠𝑝𝑎𝑛 𝜑

𝑡

∆𝑡

𝑈 𝑎

𝐴𝐶

𝑉 𝑎𝑚𝑏

𝑉̇ 𝑎𝑝𝑝

𝑣 𝑎𝑢𝑥

𝑊 𝑎𝑣𝑔

𝑊𝑎 𝐵

𝑊̇ 𝑏

𝑥 𝑏𝑒

∆𝑥 𝐶

𝑐



 

 

𝑑𝑖 𝑟𝑒𝑡

𝑑𝑒𝑚 𝑠

𝑑𝑟𝑦 𝑠𝑎𝑡

𝑒 𝑠𝑖𝑚

𝑒𝑓𝑓 𝑠𝑘𝑦

𝐹 𝑠𝑜𝑙

𝑓 𝑠𝑢𝑝

𝑓𝑑 𝑠𝑢𝑟𝑓

𝑓𝑖𝑛 𝑇

𝑔 𝑡ℎ

𝑔𝑎𝑝 𝑈

𝐻 𝑣𝑎𝑝

ℎ 𝑣𝑒𝑛

𝐻𝐸𝑋 𝑤

𝐻𝑃 𝑤𝑒𝑡

𝑖 𝜇0𝐻

𝑖𝑛 0

𝑖𝑛𝑠

𝐿

𝑙 𝑛

𝑚

𝑚𝑎𝑔

𝑚𝑜𝑡 𝑔

𝑜𝑐𝑐 𝜎𝑆

𝑜𝑢𝑡

𝑝 𝜇0

𝑝𝑖𝑝𝑒 π

𝑝𝑖𝑠𝑡

𝑝𝑙𝑎𝑡𝑒

𝑝𝑢𝑚𝑝

𝑅

𝑟

𝑟𝑒

𝑟𝑒𝑓





 

 

 



 

 

 

 

𝑄̇𝑐 𝑄̇ℎ



 



 

 

∆𝑇𝑎𝑑



 

 

∆𝑆𝑀

∆𝑇𝑎𝑑

𝑀

𝐶𝜇0𝐻

∆𝑆𝑀

(
𝜕𝑆

𝜕𝐻
)

𝑇
= 𝜇0 (

𝜕𝑀

𝜕𝑇
)
𝜇0𝐻

∆𝑆𝑀(𝑇, 𝐻) = 𝜇0 ∫ (
𝜕𝑀(𝑇,𝐻)

𝜕𝑇
)
𝜇0𝐻

𝑑𝐻
𝐻2

𝐻1



 

 

∆𝑇𝑎𝑑

(
𝜕𝑆

𝜕𝑇
)
𝜇0𝐻

=
𝐶𝜇0𝐻

𝑇
 

∆𝑇𝑎𝑑(𝑇, 𝐻) = −𝜇0 ∫
𝑇

𝐶𝜇0𝐻(𝑇, 𝐻)
(
𝜕𝑀(𝑇,𝐻)

𝜕𝑇
)
𝜇0𝐻

𝑑𝐻
𝐻2

𝐻1

𝑇𝐶𝑢



 

𝐶𝜇0𝐻

𝑇𝐶𝑢

𝑇𝐶𝑢

𝑇𝐶𝑢

∆𝑇𝑎𝑑 ∆𝑆𝑀

∆𝑇𝑎𝑑 𝑐𝜇0𝐻=0

𝑇𝐶𝑢

𝑇𝐶𝑢

𝑇𝐶𝑢

𝑇𝐶𝑢



 

 

 



 



 

 



 

𝑓 𝑚̇

𝑄̇𝑐

∆𝑇𝑠𝑝𝑎𝑛

𝑓 𝑚̇ ∆𝑇𝑠𝑝𝑎𝑛
𝑄̇𝑐



 

 

 

 



 



 

 



 

 



 

 



 

 

 



 

 

ℎ



 



 

 

𝑄̇𝑣𝑖𝑠 𝑄̇𝑎𝑚𝑏 𝐻(𝑥, 𝑡) 𝑚̇(𝑡)

𝑄̇𝑣𝑖𝑠 𝑄̇𝑎𝑚𝑏

𝐻(𝑥, 𝑡) 𝑚̇(𝑡)



 

 

𝑇𝐶 𝑇𝐻

𝑚̇(𝑡)

𝜇0𝐻𝑎𝑝𝑝(𝑥, 𝑡)

(𝑇𝑓(𝑥, 𝑡)) (𝑇𝑟(𝑥, 𝑡))

𝐿 𝑊 𝐻𝑓

𝐻𝑟 𝑛𝑐ℎ

𝐴𝑐

𝑎𝑠 𝜖

𝐴𝑐 = 𝑛𝑐ℎ𝑊(𝐻𝑓 + 𝐻𝑟)

𝑎𝑠 =
2𝑊

𝑊(𝐻𝑓 + 𝐻𝑟)

𝜖 =
𝑉𝑓

𝑉𝑓 + 𝑉𝑟
=

𝐻𝑓

𝐻𝑓 + 𝐻𝑟



 

 

𝜖𝐴𝑐𝜌𝑓𝑐𝑓
𝜕𝑇𝑓

𝜕𝑡
= −𝑚̇𝑐𝑓

𝜕𝑇𝑓

𝜕𝑥
+ 𝜖𝐴𝑐𝑘𝑓

𝜕2𝑇𝑓

𝜕𝑥2
+ ℎ𝑎𝑠𝐴𝑐(𝑇𝑟 − 𝑇𝑓) +

𝜕𝑝

𝜕𝑥

𝑚̇

𝜌𝑓

(1 − 𝜖)𝐴𝑐𝜌𝑟

𝜕𝑐𝑟𝑇𝑟

𝜕𝑡
= (1 − 𝜖)𝐴𝑐𝑘𝑟

𝜕2𝑇𝑟

𝜕𝑥2
+ ℎ𝑎𝑠𝐴𝑐(𝑇𝑓 − 𝑇𝑟)

                              −(1 − 𝜖)𝐴𝑐𝜌𝑟𝑇𝑟

𝜕𝑠𝑟

𝜕𝜇0𝐻𝑇

𝜕𝜇0𝐻

𝜕𝑡

𝑐𝑟

𝜕𝑠𝑟 𝜕𝜇0𝐻⁄
𝑇

𝜌𝑟 𝑘𝑟



 

 

𝑃𝑒

𝑃𝑒 =
𝑣𝐿

𝛼

𝑃𝑒

𝑃𝑒

𝑣 𝐿

𝛼 𝑃𝑒

𝑃𝑒

𝐸𝑐 =
𝑣2

𝑐𝑓∆𝑇

𝑣

∆𝑇

𝐸𝑐≈ 𝐸𝑐



 

 

𝑑

𝑑𝑡
∫ 𝜖𝐴𝑐𝜌𝑓𝑐𝑓𝑇𝑓(𝑥, 𝑡)𝑑𝑥

𝑖+
1
2

𝑖−
1
2

= 𝑣𝜖𝐴𝑐𝜌𝑓𝑐𝑓 [𝑇𝑓 (𝑥
𝑖−

1
2
, 𝑡) − 𝑇𝑓 (𝑥

𝑖+
1
2
, 𝑡)]

                        +∫ ℎ𝑎𝑠𝐴𝑐[𝑇𝑟(𝑥, 𝑡) − 𝑇𝑓(𝑥, 𝑡)]𝑑𝑥
𝑖+

1
2

𝑖−
1
2

+ ∫
𝜕𝑝

𝜕𝑥

|𝑚̇|

𝜌𝑓
𝑑𝑥

𝑖+
1
2

𝑖−
1
2

𝑣 𝑣

ℎ

𝑇𝑖

𝑖 𝑇̅𝑖

𝑇𝑖 = 𝑇̅𝑖 =

∫ 𝑇(𝑥, 𝑡)𝑑𝑥
𝑖+

1
2

𝑖−
1
2

∆𝑥
 

𝑓𝑓

𝑇̅𝑓,𝑖
𝑛+1 − 𝑇̅𝑓,𝑖

𝑛 = ∫ 𝑑𝑇̅𝑓,𝑖

𝑡𝑛+1

𝑡𝑛
=

𝑣

∆𝑥
∫ [𝑇𝑓 (𝑥

𝑖−
1
2
, 𝑡) − 𝑇𝑓 (𝑥

𝑖+
1
2
, 𝑡)] 𝑑𝑡

𝑡𝑛+1

𝑡𝑛

                                                      +
ℎ𝑎𝑠

𝜖𝜌𝑓𝑐𝑓
∫ (𝑇̅𝑟,𝑖 − 𝑇̅𝑓,𝑖)𝑑𝑡

𝑡𝑛+1

𝑡𝑛
+

𝑓𝑓|𝑣
3|

2𝐷ℎ𝑐𝑓
∆𝑡

𝑇𝑓(𝑥𝑖−1/2, 𝑡) 𝑇𝑓(𝑥𝑖+1/2, 𝑡)



 

𝐶𝐹𝐿≤ 𝐶𝐹𝐿

𝐶𝐹𝐿 =
𝑣∆𝑡

∆𝑥

𝑣 = ∆𝑥/∆𝑡 𝐶𝐹𝐿 𝐶𝐹𝐿 𝑥𝑖 − 𝑣∆𝑡

𝑖 𝑛

𝑇𝑓(𝑥, 𝑡𝑛) = 𝑇̅𝑓,𝑖
𝑛 + (𝑥 − 𝑥𝑖) 𝜎𝑓,𝑖

𝑛    

𝜎𝑓,𝑖
𝑛

𝜎𝑓,𝑖
𝑛 = 𝑚𝑖𝑛𝑚𝑜𝑑 (

𝑇̅𝑓,𝑖+1
𝑛  −  𝑇̅𝑓,𝑖−1

𝑛

2∆𝑥
,𝑚𝑖𝑛𝑚𝑜𝑑 (2

𝑇̅𝑓,𝑖
𝑛  − 𝑇̅𝑓,𝑖−1

𝑛

∆𝑥
, 2

𝑇̅𝑓,𝑖+1
𝑛  −  𝑇̅𝑓,𝑖

𝑛

∆𝑥
))



 

 

𝑚𝑖𝑛𝑚𝑜𝑑(𝑎, 𝑏) = {

𝑎  𝑖𝑓 |𝑎| < |𝑏| 𝑎𝑛𝑑 𝑎𝑏 > 0

𝑏  𝑖𝑓 |𝑏| < |𝑎| 𝑎𝑛𝑑 𝑎𝑏 > 0
0  𝑖𝑓  𝑎𝑏 ≤ 0                          

 ∆𝑇 = 𝑇̅𝑟,𝑖
𝑛  −  𝑇̅𝑓,𝑖

𝑛

 ∆𝑇 = 𝑇𝑟,𝑖,0
𝑛  −  𝑇𝑓,𝑖,0

𝑛

𝑇𝑟,𝑖 𝑇𝑓,𝑖

 𝑇𝑟,𝑖
𝑛 = 𝑇̅𝑟,𝑖

𝑛

 

𝑇̅𝑖
𝑛

𝜉

𝜉 𝜉

∫ 𝑇̅𝑖𝑑𝑡
𝑡𝑛+1

𝑡𝑛
= [(1 − 𝜉)𝑇̅𝑖

𝑛 + 𝜉𝑇̅𝑖
𝑛+1]∆𝑡 

𝐼𝑓 𝑚̇ > 0 𝑡ℎ𝑒𝑛 𝑇𝑓(𝑥 = 0, 𝑡) = 𝑇𝐻

𝐼𝑓 𝑚̇ < 0 𝑡ℎ𝑒𝑛 𝑇𝑓(𝑥 = 𝐿, 𝑡) = 𝑇𝐶  

 

𝑑

𝑑𝑡
∫ (1 − 𝜖)𝐴𝑐𝜌𝑟𝑐𝑟𝑇𝑟(𝑥, 𝑡)𝑑𝑥

𝑖+
1
2

𝑖−
1
2

= −𝑘𝑟(1 − 𝜖)𝐴𝑐 [
2𝑇𝑟(𝑥𝑖, 𝑡) − 𝑇𝑟(𝑥𝑖−1, 𝑡) − 𝑇𝑟(𝑥𝑖+1, 𝑡)

∆𝑥
]

−∫ ℎ𝑎𝑠𝐴𝑐[𝑇𝑟(𝑥, 𝑡) − 𝑇𝑓(𝑥, 𝑡)]𝑑𝑥
𝑖+

1
2

𝑖−
1
2

− ∫ (1 − 𝜖)𝐴𝑐𝜌𝑟𝑇𝑟(𝑥, 𝑡)
𝜕𝑠𝑟

𝜕𝜇0𝐻𝑇

𝜕𝜇0𝐻

𝜕𝑡
𝑑𝑥

𝑖+
1
2

𝑖−
1
2



 

𝑐𝑟

𝜕𝑠𝑟 𝜕𝜇0𝐻⁄
𝑇

𝑇̅𝑟,𝑖
𝑛+1 − 𝑇̅𝑟,𝑖

𝑛 = ∫ 𝑑𝑇̅𝑟,𝑖

𝑡𝑛+1

𝑡𝑛
=

𝑘𝑟

𝜌𝑟𝑐𝑟̅ 𝑖∆𝑥2
∫ (𝑇̅𝑟,𝑖+1 − 2𝑇̅𝑟,𝑖 + 𝑇̅𝑟,𝑖−1)𝑑𝑡

𝑡𝑛+1

𝑡𝑛

+
ℎ𝑎𝑠

(1 − 𝜖)𝜌𝑟𝑐𝑟̅𝑖

∫ (𝑇̅𝑟,𝑖 − 𝑇̅𝑓,𝑖)𝑑𝑡
𝑡𝑛+1

𝑡𝑛
−

1

𝑐𝑟̅𝑖

𝜕𝑠𝑟

𝜕𝜇0𝐻𝑇

̅̅ ̅̅ ̅̅ ̅̅ ̅

𝑖

[
𝜇0𝐻𝑖

𝑛+1 − 𝜇0𝐻𝑖
𝑛

∆𝑡
]∫ 𝑇̅𝑟,𝑖𝑑𝑡

𝑡𝑛+1

𝑡𝑛

𝑐𝑟̅𝑖 =
𝑐𝑟𝑖

𝑛 + 𝑐𝑟𝑖
𝑛+1

2

 

𝑐𝑟𝑖
𝑛+1

(𝜕𝑠𝑟 𝜕𝜇0𝐻⁄
𝑇)

𝑖

𝑛+1
𝑇̅𝑟,𝑖

𝑛+1

 

𝑄̅̇𝑐 =
∫ |𝑣|𝜖𝐴𝑐𝜌𝑓𝑐𝑓[𝑇𝐶 − 𝑇𝑓(𝑥 = 𝐿, 𝑡)]𝑑𝑡

𝑡=𝜏

𝑡=0

𝜏

𝑄̅̇ℎ =
∫ |𝑣|𝜖𝐴𝑐𝜌𝑓𝑐𝑓[𝑇𝑓(𝑥 = 0, 𝑡) − 𝑇𝐻]𝑑𝑡

𝑡=𝜏

𝑡=0

𝜏



 

 

𝑊̅̇𝑝𝑢𝑚𝑝 =
∫

|𝑚̇|
𝜌𝑓

∆𝑝 𝑑𝑡
𝑡=𝜏

𝑡=0

𝜏
=

∫
𝑓𝑓|𝑣

3|

2𝐷ℎ
𝜌𝑓𝜀𝐴𝑐𝐿 𝑑𝑡

𝑡=𝜏

𝑡=0

𝜏

𝑊̅̇𝑚𝑎𝑔 = 𝑄̅̇ℎ − 𝑄̅̇𝑐 − 𝑊̅̇𝑝𝑢𝑚𝑝

𝜂𝑚𝑜𝑡 𝜂𝑝𝑢𝑚𝑝

𝐸𝐸𝑅 =
𝑄̅̇𝑐

𝑊̅̇𝑚𝑎𝑔

𝜂𝑚𝑜𝑡
+

𝑊̅̇𝑝𝑢𝑚𝑝

𝜂𝑝𝑢𝑚𝑝

𝐶𝑂𝑃 =
𝑄̅̇ℎ

𝑊̅̇𝑚𝑎𝑔

𝜂𝑚𝑜𝑡
+

𝑊̅̇𝑝𝑢𝑚𝑝

𝜂𝑝𝑢𝑚𝑝

 

 



 

𝑛𝑥

𝑇𝐻 𝑇0

𝜌𝑓 𝜌𝑟

𝑐𝑓 𝑐𝑟

𝑚̇ 𝐴𝐶

𝐿 𝜖

𝐶𝐹𝐿



 

 

𝐶𝐹𝐿

𝐶𝐹𝐿 𝐶𝐹𝐿

 

𝑁𝑇𝑈

𝑁𝑇𝑈 =
ℎ𝑎𝑠𝐴𝑐𝐿

𝑚̇𝑐𝑓

ξ



 

𝑛𝑥

𝑛𝑡

𝐶𝐹𝐿

𝜉 𝜉

𝜉

𝑅𝑀𝑆𝐸

𝛾

𝑅𝑀𝑆𝐸 =
√∑ (𝑇𝑟𝑒𝑓,𝑖 − 𝑇𝑠𝑖𝑚,𝑖)

2𝑛
𝑖

𝑛

𝛾 =
∫ ∆𝐸

𝑡

0
− (∫ 𝐸𝑡

𝐿

0
− ∫ 𝐸0

𝐿

0
)

∫ 𝐸𝑡
𝐿

0
− ∫ 𝐸0

𝐿

0

𝐶𝐹𝐿
𝑛𝑥 𝑛𝑥

𝑅𝑀𝑆𝐸 𝑇𝑟 𝛾 𝑡 𝑅𝑀𝑆𝐸 𝑇𝑟 𝛾 𝑡

𝜉

𝜉

𝜉

𝜉

𝐶𝐹𝐿

𝐶𝐹𝐿



 

 

 

𝑁𝑇𝑈

𝜑

𝑚̅̇ 𝜏

𝜖

𝑛𝑥

𝑛𝑡

𝑛𝑥 𝐶𝐹𝐿≈

𝜑 =
𝑚̅̇𝑐𝑓𝜏

2𝐴𝑐𝐿(1 − 𝜖)𝜌𝑟𝑐𝑟

𝐶𝐹𝐿



 

𝜑

 

𝑐𝑟

𝑓𝑓 ℎ

𝑅𝑒

𝑁𝑢

𝐷ℎ

𝑊 ≫ 𝐻𝑓 𝐷ℎ 𝐻𝑓

𝑅𝑒 =
𝐷ℎ𝜌𝑓|𝑣|

𝜇𝑓

𝑁𝑢 =
ℎ𝐷ℎ

𝑘𝑓

𝐷ℎ =
2𝑊𝐻𝑓

𝑊 + 𝐻𝑓



 

 

𝑇𝐻 𝑇𝐶

𝜌𝑓 𝜌𝑟

𝑐𝑓 𝑐𝑟

𝑘𝑓 𝑘𝑟

𝜇𝑓 𝐻𝑟

𝑁𝑢 𝑊

𝑓𝑓 /𝑅𝑒 𝐿

 𝜖 

𝜉 𝑛𝑥 𝐶𝐹𝐿

𝑛𝑥

𝑛𝑥 𝐶𝐹𝐿

𝛾𝑁𝑆1 𝛾𝐼𝑀𝑃



 

 

𝑐𝑟

𝜕𝑠𝑟 𝜕𝜇0𝐻⁄
𝑇

𝑀

𝑀(𝑇,𝐻) 𝑐𝑟(𝑇, 𝐻)

𝑠𝑟(𝑇, 𝐻)

∆𝑠𝑀 𝑀

∆𝑠𝑀(𝑇, 𝐻) =
𝜇0

𝜌
∫ (

𝜕𝑀(𝑇,𝐻)

𝜕𝑇
)
𝜇0𝐻

𝑑𝐻
𝐻2

𝐻1



 

 

𝑐𝑟(𝑇, 𝐻)

∆𝑠𝑀

𝑠𝑟(𝑇, 𝐻) = ∫
𝑐𝑟(𝑇, 𝐻)

𝑇

𝑇

𝑇𝑟𝑒𝑓=0

𝑑𝑇

∆𝑠𝑀(𝑇, 𝐻) = 𝑠𝑟(𝑇, 𝐻) − 𝑠𝑟(𝑇, 𝐻 = 0)

∆𝑠𝑀

𝒔𝒓(𝑻,𝑯)

𝑐𝑟 𝜕𝑠𝑟 𝜕𝜇0𝐻⁄
𝑇

𝑀(𝑇,𝐻) 𝑐𝑟(𝑇, 𝐻)

𝒔𝒓(𝑻,𝑯)

𝑠𝑟(𝑇) 𝐻 = 𝐻𝑟𝑒𝑓

𝑐𝑟(𝑇, 𝐻𝑟𝑒𝑓) 𝑇𝑟𝑒𝑓

𝑠𝑟(𝑇𝑟𝑒𝑓 , 𝐻𝑟𝑒𝑓) = 0

∆𝑠𝑀(𝑇, 𝐻) 𝑀(𝑇,𝐻) 𝑠𝑟(𝑇, 𝐻)

𝒄𝒓(𝑻,𝑯)

∆𝑠𝑀(𝑇, 𝐻) 𝑇 =  𝑇𝑟𝑒𝑓

𝑀(𝑇𝑟𝑒𝑓 , 𝐻) 𝑠𝑟(𝑇, 𝐻)

∆𝑠𝑀(𝑇𝑟𝑒𝑓 , 𝐻)

𝒄𝒓(𝑻,𝑯)

𝑇𝑟𝑒𝑓

𝐻𝑟𝑒𝑓 𝑇𝑟𝑒𝑓

𝒔𝒓(𝑻,𝑯)

∆𝑠𝑀(𝑇, 𝐻)

∆𝑠𝑀(𝑇, 𝐻)

∆𝑠𝑀(𝑇, 𝐻)



 

𝑐𝑟(𝑇, 𝐻) 𝑀(𝑇,𝐻)

∆𝑠𝑀(𝑇, 𝐻) 𝑐𝑟(𝑇, 𝐻)

𝑐𝑟(𝑇, 𝐻) = 𝑇
𝑑𝑠𝑟(𝑇, 𝐻)

𝑑𝑇
= 𝑇

𝑑[𝑠𝑟(𝑇, 𝐻 = 0) + ∆𝑠𝑀(𝑇, 𝐻)]

𝑑𝑇

= 𝑐𝑟(𝑇, 𝐻 = 0) + 𝑇
𝑑∆𝑠𝑀(𝑇, 𝐻)

𝑑𝑇

𝑐𝑟(𝑇, 𝐻) 𝑐𝑟(𝑇, 𝐻 = 0) ∆𝑠𝑀(𝑇, 𝐻)

∆𝜇0𝐻

𝒄𝒓(𝑻,𝑯) ∆𝒔𝑴(𝑻,𝑯) 𝒔𝒓(𝑻,𝑯)

𝐻𝑟𝑒𝑓

𝒔𝒓(𝑻,𝑯) 𝝁𝟎𝑯𝒓𝒆𝒇 𝝁𝟎𝑯𝒓𝒆𝒇



 

 

𝜇
0
𝐻𝑟𝑒𝑓 𝜇

0
𝐻𝑟𝑒𝑓

𝑐𝑟(𝜇0𝐻 = 0 𝑇)

𝑐𝑟(𝑇)

𝑐𝑟

𝐻𝑟𝑒𝑓

∆𝑠𝑀(𝑇, 𝐻)



 

𝜇
0
𝐻𝑟𝑒𝑓 𝜇

0
𝐻𝑟𝑒𝑓

𝑠𝑟(𝑇, 𝐻)

𝑀(𝑇,𝐻)



 

 

 

𝑯

𝑯𝑎𝑝𝑝 𝑯𝑑𝑒𝑚

𝑯 = 𝑯𝑎𝑝𝑝 + 𝑯𝑑𝑒𝑚

𝑴

ℕ

𝒓

𝑯𝑑𝑒𝑚(𝒓) = −ℕ(𝒓) · 𝑴(𝑇(𝒓),𝑯(𝒓))

𝑁𝑎𝑣𝑔

𝑯 𝑴

𝐻(𝑥, 𝑡) = 𝐻𝑎𝑝𝑝(𝑥, 𝑡) − 𝑁𝑎𝑣𝑔(𝑥, 𝑡) · 𝑀(𝑇(𝑥, 𝑡), 𝐻(𝑥, 𝑡))

𝑥

𝑁

𝑁

𝑁𝑎𝑣𝑔(𝑥)



 

𝑁𝑎𝑣𝑔(𝑥) =
1

𝑛𝑦𝑛𝑧
∑ ∑

𝐻𝑎𝑝𝑝(𝑥, 𝑦𝑗 , 𝑧𝑘) − 𝐻(𝑥, 𝑦𝑗, 𝑧𝑘)

𝑀(𝑥, 𝑦𝑗 , 𝑧𝑘)

𝑛𝑧

𝑘=1

𝑛𝑦

𝑗=1

𝑁𝑎𝑣𝑔 =
1

𝑛𝑥𝑛𝑦𝑛𝑧
∑∑ ∑

𝐻𝑎𝑝𝑝(𝑥𝑖, 𝑦𝑗 , 𝑧𝑘) − 𝐻(𝑥𝑖 , 𝑦𝑗, 𝑧𝑘)

𝑀(𝑥𝑖, 𝑦𝑗 , 𝑧𝑘)

𝑛𝑧

𝑘=1

𝑛𝑦

𝑗=1

𝑛𝑥

𝑖=1

𝑛𝑥 𝑛𝑦 𝑛𝑧

𝑁(𝒓).

𝑁(𝒓)

 

ℎ

𝑁𝑢

𝐷ℎ 𝑁𝑢

ℎ



 

 

𝑁𝑢

𝑁𝑢 𝑁𝑢𝑓𝑑

𝑁𝑢𝑓𝑑 = 8.235 · [1 − 2.0421
𝐻𝑓

𝑊
+ 3.0853(

𝐻𝑓

𝑊
)
2

− 2.4765(
𝐻𝑓

𝑊
)
3

+ 1.0578(
𝐻𝑓

𝑊
)
4

− 0.1861(
𝐻𝑓

𝑊
)
5

]

𝐿ℎ 𝐿𝑡

𝑁𝑢

𝐿ℎ = 0.05 𝑅𝑒 𝐷ℎ

𝐿𝑡 = 𝐿ℎ 𝑃𝑟

𝑅𝑒

𝑃𝑟 𝑃𝑟 𝑁𝑢

𝑃𝑟

𝑃𝑟 =
𝑐𝑓𝜇𝑓

𝑘𝑓

𝑁𝑢

𝑁𝑢

𝑃𝑟 𝐻𝑓/𝑊

𝑃𝑟

𝑁𝑢

 𝑃𝑟

𝑁𝑢 𝑁𝑢



 

𝑃𝑟

𝑁𝑢√𝐴𝑐
=

[
 
 
 
 

(
0.886

(1 + (1.909𝑃𝑟1 6⁄ )4.598)
1

4.598

(𝑥∗)−
1
2)

𝑚

+ ({0.517 (
𝑓𝑓𝑅𝑒√𝐴𝑐

𝑥∗
)

1
3

}

5

+ 𝑁𝑢
𝑓𝑑,√𝐴𝑐

5 )

𝑚
5

]
 
 
 
 

1
𝑚

𝑥∗

𝑓𝑓𝑅𝑒
√𝐴𝑐

𝑚

𝑥∗ =
𝑥

√𝐴𝑐𝑅𝑒
√𝐴𝑐

𝑃𝑟

𝑓𝑓𝑅𝑒
√𝐴𝑐

=
12

√
𝐻𝑓

𝑊 (1 +
𝐻𝑓

𝑊)[1 −
192𝑟
𝜋5 tanh (

𝜋
2𝐻𝑓 𝑊⁄

)]

𝑚 = 2.27 + 1.65𝑃𝑟1 3⁄

√𝐴𝑐

𝐷ℎ

𝑁𝑢
√𝐴𝑐

=
𝑁𝑢 · √𝐴𝑐

𝐷ℎ

𝑁𝑢𝑓𝑑

𝑁𝑢𝑓𝑑

𝑁𝑢𝑓𝑑

𝑃𝑟

𝑅𝑒̅̅̅̅

𝑅𝑒̅̅̅̅

𝑃𝑟

𝑁𝑢



 

 

𝑅𝑒̅̅̅̅ 𝑅𝑒̅̅̅̅

𝑵𝒖𝒇𝒅

𝑵𝒖

ℎ

𝑁𝑢

𝑣

ℎ =
1

𝐻𝑓

2𝑘𝑓
+

𝐻𝑟
4𝑘𝑟

 𝑖𝑓 𝑣 = 0

 

𝑣𝑖

∆𝑝𝑖

∆𝑝𝑖 = 𝑓𝑓
𝜌𝑓𝐿𝑣𝑖

2

2𝐷ℎ,𝑖

𝑉̇ = ∑𝑉̇𝑖

𝑛𝑐ℎ

𝑖

= ∑𝑣𝑖𝑊𝐻𝑓

𝑛𝑐ℎ

𝑖

𝑖 𝑛𝑐ℎ

𝑉̇



 

 

𝐵𝑖

𝐵𝑖 =
ℎ

2𝑘𝑟 𝐻𝑟⁄

𝐵𝑖

𝐷𝐹

𝐷𝐹 =
1

1 + 𝐵𝑖 3⁄

 

𝑓𝑓

𝑓𝑓 =
96

𝑅𝑒





 

 

 



 

 



 

𝐻𝑓

𝐻𝑓 𝐻𝑓 𝐻𝑓



 

 

 

𝑣𝑝𝑖𝑠𝑡

𝑃𝑟̅̅ ̅

𝑅𝑒̅̅̅̅

𝐿ℎ 𝐿𝑡

𝐿

𝑅𝑒̅̅̅̅ 𝐿ℎ 𝐿 𝐿𝑡 𝐿

𝒗𝒑𝒊𝒔𝒕

𝒗𝒑𝒊𝒔𝒕

𝒗𝒑𝒊𝒔𝒕

𝒗𝒑𝒊𝒔𝒕

𝒗𝒑𝒊𝒔𝒕

𝒗𝒑𝒊𝒔𝒕

𝒗𝒑𝒊𝒔𝒕

𝑅𝑒̅̅̅̅

𝑅𝑒̅̅̅̅



 

 

𝑅𝑒



 

 

𝑁𝑢

 

 

𝑅𝑒̅̅̅̅

𝑵𝒖 



 



 

 

𝑅𝑒̅̅̅̅

 

𝐵𝑖 𝐵𝑖

𝐻𝑓

𝐵𝑖 𝐷𝐹

𝑯𝒇 𝐷ℎ 𝑁𝑢𝑓𝑑 ℎ 𝑩𝒊 𝐷𝐹

𝐵𝑖≈

𝐷𝐹

 



 

𝑚𝑡ℎ𝑐𝑝,𝑡ℎ

𝑑𝑇𝑡ℎ

𝑑𝑡
= ℎ𝐴𝑡ℎ(𝑇𝑓 − 𝑇𝑡ℎ)

𝑐𝑝,𝑡ℎ 𝜌𝑡ℎ

𝑁𝑢

𝑅𝑒̅̅̅̅

𝑐𝑟,𝐻=0 𝑐𝑟,𝐻=0

𝑇𝐶𝑢

𝑇𝐶𝑢

𝑐𝑟,𝐻=0 𝑇𝐶𝑢

𝑇𝐶𝑢 𝑐𝑟,𝐻=0

𝑅𝑒̅̅̅̅ 𝑇𝐶𝑢

𝑐𝑟,𝐻=0 𝑇𝐶𝑢 𝑐𝑟,𝐻=0



 

 



 

𝑉

𝑅𝑒

𝑅𝑒̅̅̅̅



 

 

𝑁𝑢

 

𝑅𝑀𝑆𝐸

𝑁𝑢

𝑅𝑀𝑆𝐸

𝑅𝑒̅̅̅̅

𝑅𝑒̅̅̅̅ 𝑅𝑒̅̅̅̅

𝑅𝑒̅̅̅̅

𝑅𝑒̅̅̅̅

𝑅𝑒̅̅̅̅ 𝑵𝒖

𝑅𝑀𝑆𝐸



 



 

 



 

 

𝑁𝑢𝑒𝑓𝑓

𝑐𝑁𝑢 𝑁𝑢

𝑁𝑢𝑒𝑓𝑓 = 𝑐𝑁𝑢 · 𝐷𝐹 · 𝑁𝑢

𝑐𝑁𝑢

𝑅𝑀𝑆𝐸

𝑅𝑒

𝑐𝑁𝑢 ±



 

 

𝑁𝑢 𝑐𝑁𝑢 𝑅𝑒̅̅̅̅

𝑹𝒆̅̅ ̅̅

𝑅𝑒̅̅̅̅ 𝑅𝑒̅̅̅̅

𝑁𝑢𝑒𝑓𝑓



 

 

 

 



 

 

 b)

 



 

 

∆𝑇𝑠𝑝𝑎𝑛

𝑇𝐻 𝑇𝐶

𝑇𝑒



 

 

𝑡1

𝑡1,1 ±

𝑡1,2 ± 𝑡2

𝑡2
𝑡3 𝑡4

𝑣𝑝𝑖𝑠𝑡

𝑑𝑝𝑖𝑠𝑡 𝑎𝑝𝑖𝑠𝑡

𝑡3 =
𝑣𝑝𝑖𝑠𝑡

𝑎𝑝𝑖𝑠𝑡

𝑡4 =
𝑑𝑝𝑖𝑠𝑡 − 𝑎𝑝𝑖𝑠𝑡𝑡3

2

𝑣𝑝𝑖𝑠𝑡

𝑚̇ 𝜑

𝑚̇ = 𝜌𝑓𝐴𝑝𝑖𝑠𝑡𝑣𝑝𝑖𝑠𝑡

𝜑 =
𝑚̅̇𝑐𝑓(2𝑡3 + 𝑡4)

𝐴𝑐𝐿(1 − 𝜀)𝜌𝑟𝑐𝑟̅
≈

𝜌𝑓𝐴𝑝𝑐𝑓𝑑𝑝𝑖𝑠𝑡

𝐴𝑐𝐿(1 − 𝜀)𝜌𝑟𝑐𝑟̅



 

𝑅𝑒̅̅̅̅

𝑅𝑒̅̅̅̅

𝑣𝑝𝑖𝑠𝑡 𝑑𝑝𝑖𝑠𝑡 𝑇𝑒 𝜑 𝜏 𝑚̇ 𝑅𝑒̅̅̅̅

𝑣𝑝𝑖𝑠𝑡 𝑑𝑝𝑖𝑠𝑡

Γ

𝑁𝑇𝑈

Γ = 𝜋2𝛼𝑓

𝑡2

𝐻𝑓,𝑖
2

𝑁𝑇𝑈 =
ℎ(2𝑊𝑑𝑝𝑖𝑠𝑡)

𝑚̇𝑖𝑐𝑓
≈ 𝛼𝑓

𝑁𝑢

𝐻𝑓,𝑖
2  

𝑑𝑝𝑖𝑠𝑡

𝑣𝑝𝑖𝑠𝑡

Γ

𝑁𝑇𝑈

𝑁𝑇𝑈



 

 

 

𝜌𝑓 𝜌𝑟

𝑐𝑓 𝑘𝑟

𝑘𝑓 𝐻𝑟

𝜇𝑓 𝑊

𝐻𝑓 𝐿

𝑁𝑎𝑣𝑔(𝑥)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ 

𝑇𝐻

 

(𝑇𝐻)

𝑇𝐻

𝑇𝐶

𝑇𝐶



 

𝑇𝐶 𝑇𝐻

∆𝑇𝑠𝑝𝑎𝑛

𝑑𝑚𝐶

𝑑𝑡
= 𝑚̇

𝑑(𝑚𝐶𝑐𝑓𝑇𝐶)

𝑑𝑡
= 𝑚̇𝑐𝑓𝑇𝑓 + 𝑈𝐴𝐶(𝑇𝑒 − 𝑇𝐶) + 𝑄̇ℎ𝑒𝑎𝑡𝑒𝑟

𝑚̇ 𝑇𝑓

𝑚̇ 𝑇𝑓

𝑇𝐶

𝑈𝐴𝐶

𝑄̇ℎ𝑒𝑎𝑡𝑒𝑟

𝑈𝐴𝐻

𝜉

𝑇𝐶

𝑇𝐻



 

 

 

𝑈𝐴𝐶

𝑈𝐴𝐶 =
1

1
𝐴𝐶ℎ𝐶

+ 𝑅𝑐𝑜𝑛𝑑 +
1

𝐴𝑒ℎ𝑒

𝑅𝑐𝑜𝑛𝑑

𝑅𝑐𝑜𝑛𝑑,𝑟

𝑅𝑐𝑜𝑛𝑑,𝑧

𝑅𝑐𝑜𝑛𝑑

𝑅𝑐𝑜𝑛𝑑 =
1

1
𝑅𝑐𝑜𝑛𝑑,𝑟

+
1

𝑅𝑐𝑜𝑛𝑑,𝑧

=
1

2𝜋𝐿̅𝐶𝑘𝑖𝑛𝑠

𝑙𝑛(𝐷𝑒 𝐷𝐶⁄ )
+

𝐴𝑝𝑖𝑠𝑡𝑘𝑝𝑖𝑠𝑡

𝑒𝑝𝑖𝑠𝑡

ℎ𝐶

ℎ𝑒

𝐿̅𝐶

𝐷𝐶 𝐿̅𝐶 𝑑𝑝𝑖𝑠𝑡

𝑒𝑖𝑛𝑠 𝑒𝑝𝑖𝑠𝑡 

𝑘𝑖𝑛𝑠 𝑘𝑝𝑖𝑠𝑡

ℎ𝐶 ℎ𝑒

𝑈𝐴𝐻

𝑇𝐻



 

 

∆𝑇𝑠𝑝𝑎𝑛 𝑛𝑥

∆𝑇𝑠𝑝𝑎𝑛 𝑛𝑥

𝑡1
𝑡2

𝑡3 𝑡4 𝐶𝐹𝐿≈

 



 

 

𝑇𝐻

𝑇𝐻

𝑇𝐻≈

𝑅𝑒



 

𝑇𝐻

𝑇𝐻≈

𝐵𝑖

𝐷𝐹



 

 

 

𝜇0𝐻𝑟𝑒𝑓

±

 

𝑁𝑎𝑣𝑔 𝑀

𝑁𝑎𝑣𝑔

𝑁𝑎𝑣𝑔(𝑥)

𝑁𝑎𝑣𝑔(𝑥)



 

𝑁𝑎𝑣𝑔(𝑥)

𝑁𝑎𝑣𝑔

𝑁𝑎𝑣𝑔(𝑥)

𝑁𝑎𝑣𝑔(𝑥)

𝑁𝑎𝑣𝑔(𝑥)

𝑁𝑎𝑣𝑔



 

 

𝑁𝑎𝑣𝑔

𝑥

𝑥 𝐿 𝑥 𝐿

𝑁𝑎𝑣𝑔(𝑥)

𝑁𝑎𝑣𝑔 𝑁𝑎𝑣𝑔(𝑥)

𝑁𝑎𝑣𝑔 𝑁𝑎𝑣𝑔



 

𝑀

𝑁𝑎𝑣𝑔(𝑥)

𝑁𝑎𝑣𝑔

𝑵𝒂𝒗𝒈

𝑇𝐻



 

 

 

𝑁𝑢

𝑁𝑢



 

𝑁𝑢

𝑁𝑢

𝑁𝑢

𝑅𝑒

𝑁𝑢

𝑁𝑢

𝑁𝑢

𝑁𝑢

𝑐𝑁𝑢

𝑐𝑁𝑢

𝑐𝑁𝑢 𝑅𝑒 𝑑

𝑅𝑒 𝑐𝑁𝑢 𝑑  𝑑 𝑐𝑁𝑢 𝑅𝑒



 

 

𝑐𝑁𝑢 𝑅𝑒

𝑐𝑁𝑢 𝑑

𝑐𝑁𝑢

𝑐𝑁𝑢

𝑅𝑒

𝑐𝑁𝑢

 

𝑇𝐶



 



 

 

 



 

 

 



 

 

 

AMRR

OUTSIDE

FRONT 
AHU REAR 

AHU

CABIN

RADIATOR

AMRR

OUTSIDE

FRONT 
AHU REAR 

AHU

CABIN

RADIATOR

TC TH

TC TH



 

𝑇𝑒 𝑅𝐻𝑒

𝐼 𝑣

𝑇𝑖 𝑅𝐻𝑖

𝑇𝐴𝐶 𝑅𝐻𝐴𝐶 𝑃̇



 

 

 

 



 

 



 

 

 (𝑄̇𝑎−𝑏 𝑄̇𝑎−𝑚 

𝑚̇𝐴𝐶 𝑚̇1−2 𝑄̇𝑜𝑐𝑐

𝑄̇𝑎𝑢𝑥

𝑚̇𝑣𝑒𝑛

𝑚̇𝑜𝑢𝑡

𝛿

𝑄̇𝑒−𝑏 𝑄̇𝑎−𝑏

𝑄̇𝑠𝑜𝑙,𝑏

𝑄̇𝑏−𝑠𝑘𝑦 𝑄̇ 𝑚−𝑏

𝑄̇𝑎−𝑚

𝑄̇𝑠𝑜𝑙,𝑚

𝑄̇𝑚−𝑏

𝑇𝑒

𝐼

𝑇𝑠𝑘𝑦 𝑚̇𝐴𝐶 𝑇𝐴𝐶 𝑊𝑎,𝐴𝐶

𝛽

𝑇𝑎 𝑊𝑎

𝑇𝑏 𝑇𝑚



 

𝜌𝑎 𝑐𝑝,𝑎

𝐶𝑎1

𝑑𝑇𝑎1

𝑑𝑡
 = 𝑄̇𝑠𝑢𝑝1 + 𝑄̇𝑎𝑢𝑥1 + 𝑄̇𝑜𝑐𝑐1,𝑠 − 𝑄̇𝑎1−𝑏1 − 𝑄̇𝑖1−𝑚1 − 𝑉̇1−2𝜌𝑎𝑐𝑝,𝑎(𝑇1 − 𝑇2) 

𝐶𝑏1

𝑑𝑇𝑏1

𝑑𝑡
= 𝑄̇𝑎1−𝑏1 + 𝑄̇𝑒−𝑏1 + 𝑄̇𝑠𝑜𝑙,𝑏1 + 𝑄̇𝑚1−𝑏1 − 𝑄̇𝑏1−𝑠𝑘𝑦 

𝐶𝑚1

𝑑𝑇𝑚1

𝑑𝑡
= 𝑄̇𝑎1−𝑚1 + 𝑄̇𝑠𝑜𝑙,𝑚1 − 𝑄̇𝑚1−𝑏1 

𝑉𝑎1𝜌𝑎

𝑑𝑊𝑎1

𝑑𝑡
= 𝑉̇𝐴𝐶1𝜌𝑎(𝛿𝑊𝑎,𝐴𝐶1 − 𝛽1𝑊𝑎1 − (𝛿 − 𝛽1)𝑊𝑎

∗) +
𝑄𝑜𝑐𝑐1,𝑙

∆𝑖𝑣𝑎𝑝
 

                             −𝑉̇1−2𝜌𝑎 · (𝑊𝑎1 − 𝑊𝑎2)   

𝑉𝑖2𝜌𝑎

𝑑𝑊𝑎2

𝑑𝑡
=  𝑉̇𝐴𝐶1𝜌𝑎((1 − 𝛿)𝑊𝑎,𝐴𝐶1 + (𝛿 − 𝛽1)𝑊𝑎

∗ − (1 − 𝛽1)𝑊𝑎2)  

                            +𝑉̇𝐴𝐶2𝜌𝑎(𝑊𝑎,𝐴𝐶2 − 𝑊𝑎2) +
𝑄𝑜𝑐𝑐2,𝑙

∆𝑖𝑣𝑎𝑝
+ 𝑉̇1−2𝜌𝑎(𝑊𝑎1 − 𝑊𝑎2)   

𝑊𝑎
∗ 𝑊𝑎1 𝛿 > 𝛽1 𝑊𝑎2 𝛿 < 𝛽1 𝛽

𝛽 =
𝑚̇𝑟𝑒𝑡

𝑚̇𝐴𝐶
 



 

 

𝑄̇𝑠𝑢𝑝

𝛽

𝑄̇𝑠𝑢𝑝1 = 𝑉̇𝐴𝐶1𝜌𝑎𝑐𝑝,𝑎(𝛿𝑇𝐴𝐶1 − 𝛽1𝑇𝑎1 − (𝛿 − 𝛽1)𝑇
∗)   

𝑄̇𝑠𝑢𝑝2 = 𝑉̇𝐴𝐶1𝜌𝑎𝑐𝑝,𝑎((1 − 𝛿)𝑇𝐴𝐶1 + (𝛿 − 𝛽1)𝑇
∗ − (1 − 𝛽1)𝑇𝑎2

+𝑉̇𝐴𝐶2𝜌𝑎𝑐𝑝,𝑎(𝑇𝐴𝐶2 − 𝑇𝑎2)

𝑇∗ 𝑇𝑎1 𝛿 > 𝛽1 𝑇𝑎2 𝛿 < 𝛽1

𝑄̇𝑎𝑢𝑥

𝑄̇𝑜𝑐𝑐,𝑠 𝑄̇𝑜𝑐𝑐,𝑙

𝑄̇𝑎−𝑏

𝑄̇𝑒−𝑏

𝑄̇𝑎−𝑚

𝑄̇𝑎−𝑏 = 𝑈𝑎−𝑏𝐴𝑏(𝑇𝑎 − 𝑇𝑏)  



 

𝐿1−2 𝐴1−2

𝑉̇1−2 =  𝐴1−2 (0.40 + 0.0045|𝑇1 − 𝑇2|)√𝑔𝐿1−2(𝑇1 − 𝑇2)/𝑇1  

𝐼′𝑠𝑖𝑑𝑒

𝒜𝑏

𝑄̇𝑠𝑜𝑙,𝑏 = 𝒜𝑏 ∑𝐼′𝑠𝑖𝑑𝑒𝐴𝑠𝑖𝑑𝑒,𝑏       (𝑠𝑖𝑑𝑒 = 𝑅, 𝐿, 𝐹, 𝐵 𝑎𝑛𝑑 𝑈)  

𝒯𝑔
𝒜𝑚

𝑄̇𝑠𝑜𝑙,𝑚 = 𝒜𝑚 𝒯𝑔 ∑𝐼′𝑠𝑖𝑑𝑒𝐴𝑠𝑖𝑑𝑒,𝑔       (𝑠𝑖𝑑𝑒 = 𝑅, 𝐿, 𝐹 𝑎𝑛𝑑 𝐵)  

𝐼 𝑇𝑒

𝐼′𝑏𝑒

𝐼′𝑟𝑒
𝐼′𝑑𝑖 𝐼′

𝐼′ = 𝐼′𝑏𝑒 + 𝐼′𝑟𝑒 + 𝐼′𝑑𝑖  



 

 

𝑄̇𝑚−𝑏

𝑄̇𝑚−𝑏 = 𝜎𝑆𝐴𝑚𝐹𝑚−𝑏(𝑇𝑚
4 − 𝑇𝑏

4) 

𝑄̇𝑏−𝑠𝑘𝑦

𝑄̇𝑏−𝑠𝑘𝑦 = 𝜎𝑆ℰ𝑏𝐴𝑈,𝑏(𝑇𝑏
4 − 𝑇𝑠𝑘𝑦

4 ) 

 

𝐴𝑏

𝐴𝑚

𝐴𝑈,𝑏

𝐴𝑅,𝑏

𝐴𝑅,𝑔

𝐴𝐿,𝑏

𝐴𝐿,𝑔

𝐴𝐵,𝑏

𝐴𝐵,𝑔

𝐴𝐹,𝑏

𝐴𝐹,𝑔



 

𝒜𝑏

𝒜𝑚

𝒯𝑔1

𝒯𝑔2

𝒫

ℰ𝑏

𝐹𝑚−𝑏

𝑈

𝐶𝑏 𝐶𝑚

𝑅𝑀𝑆𝐸

𝑈𝑒−𝑏

𝑈𝑎−𝑏

𝑈𝑎−𝑚

𝑈𝑎−𝑏 𝑈𝑎−𝑚

𝑈𝑎−𝑏 𝑈𝑎−𝑚

𝑈𝑒−𝑏



 

 

𝐶𝑏 𝐶𝑚

𝐶 = 𝑚𝑐𝑝

𝐶𝑎

𝑐𝑝 𝑚  𝑐𝑝 𝑚



 

𝑇𝑒



 

 

𝑇

𝑅𝐻

𝐼

𝐼 ≈  𝐼𝑑



 



 

 

 

𝑇𝐴𝐶 𝑊𝑎,𝐴𝐶 𝑚̇𝐴𝐶

𝑄̇𝑎𝑢𝑥

𝑇𝑠𝑢𝑝

𝑚̇𝑤



 

𝑇𝑖𝑛,𝐻𝐸𝑋

𝑄̇𝐻𝐸𝑋

𝑇𝑜𝑢𝑡,𝐻𝐸𝑋

𝑇𝑎,𝑖𝑛 𝑊𝑎,𝑖𝑛

𝑇𝑎,𝑜𝑢𝑡 𝑊𝑎,𝑜𝑢𝑡 𝑚̇𝑎

𝑇𝑟𝑒𝑡

 

𝑇𝑖𝑛,𝐻𝐸𝑋

𝑇𝑠𝑢𝑝

𝑇𝑒

𝑚̇𝑤

𝑉𝑝𝑖𝑝𝑒,𝑠𝑢𝑝



 

 

𝑉𝑝𝑖𝑝𝑒,𝑠𝑢𝑝𝜌𝑤𝑐𝑝,𝑤

𝑑𝑇𝑖𝑛,𝐻𝐸𝑋

𝑑𝑡
=  𝑚̇𝑤𝑐𝑝,𝑤(𝑇𝑠𝑢𝑝 − 𝑇𝑖𝑛,𝐻𝐸𝑋) + 𝑈𝐴𝑒(𝑇𝑒 − 𝑇𝑖𝑛,𝐻𝐸𝑋)

𝑈

𝑈≈ 𝐴𝑒

 



 

 

 



 

 

𝑈𝐴

𝑈𝐴

𝑈𝐴

𝑈𝐴

𝑼𝑨

 

𝑊𝑖𝑛 𝑊𝑜𝑢𝑡 𝑇𝑤,𝑜𝑢𝑡 𝑇𝑎,𝑜𝑢𝑡

𝑄̇𝐻𝐸𝑋 = 𝑚̇𝑤𝑐𝑝,𝑤(𝑇𝑤,𝑜𝑢𝑡 − 𝑇𝑤,𝑖𝑛) = 𝑚̇𝑎𝑐𝑝,𝑎(𝑇𝑎,𝑖𝑛 − 𝑇𝑎,𝑜𝑢𝑡) 

𝑄̇𝐻𝐸𝑋 𝜀



 

𝜀𝑑𝑟𝑦 =
𝑄̇𝐻𝐸𝑋

𝑚̇𝑎𝑐𝑝,𝑎(𝑇𝑎,𝑖𝑛 − 𝑇𝑤,𝑖𝑛)
 

𝑇𝑠𝑢𝑟𝑓,𝑜𝑢𝑡 𝑇𝑠𝑢𝑟𝑓,𝑜𝑢𝑡

𝑇𝑠𝑢𝑟𝑓,𝑜𝑢𝑡 = 𝑇𝑤,𝑖𝑛 +
𝑐𝑝,𝑎 · 𝑚̇𝑎

𝑐𝑝,𝑤 · 𝑚̇𝑤
·

𝑁𝑇𝑈

𝑁𝑇𝑈𝑤
(𝑇𝑎,𝑜𝑢𝑡 − 𝑇𝑤,𝑖𝑛) 

𝑖𝑎

𝑄̇𝐻𝐸𝑋 = 𝑚̇𝑤𝑐𝑝,𝑤(𝑇𝑤,𝑜𝑢𝑡 − 𝑇𝑤,𝑖𝑛) = 𝑚̇𝑎(𝑖𝑎,𝑖𝑛 − 𝑖𝑎,𝑜𝑢𝑡) 

𝑖𝑠𝑎𝑡,𝑤,𝑖𝑛

𝜀𝑤𝑒𝑡 =
𝑄̇𝐻𝐸𝑋

𝑚̇𝑎(𝑖𝑎,𝑖𝑛 − 𝑖𝑠𝑎𝑡,𝑤,𝑖𝑛)
 

∆𝑖𝑣𝑎𝑝

𝑐𝑝,𝑣𝑎𝑝

𝑖𝑎 = 𝑐𝑝,𝑎𝑇𝑎 + 𝑊𝑎(∆𝑖𝑣𝑎𝑝 + 𝑐𝑝,𝑣𝑎𝑝𝑇𝑎) 

𝑇𝑠𝑢𝑟𝑓,𝑒𝑓𝑓

𝑇𝑠𝑢𝑟𝑓,𝑒𝑓𝑓

𝑖𝑠𝑎𝑡,𝑠𝑢𝑟𝑓,𝑒𝑓𝑓

𝑇 𝑖𝑠𝑎𝑡

𝑇𝑎,𝑜𝑢𝑡 = 𝑇𝑠𝑢𝑟𝑓,𝑒𝑓𝑓 + (𝑇𝑎,𝑖𝑛 − 𝑇𝑠𝑢𝑟𝑓,𝑒𝑓𝑓)𝑒
−𝑁𝑇𝑈𝑎 

𝑖𝑠𝑎𝑡,𝑠𝑢𝑟𝑓,𝑒𝑓𝑓 = 𝑖𝑎,𝑖𝑛 +
𝑖𝑎,𝑜𝑢𝑡 − 𝑖𝑎,𝑖𝑛

1 − 𝑒−𝑁𝑇𝑈𝑎
 

𝑇 = 0.00001𝑖𝑠𝑎𝑡
3 − 0.00401𝑖𝑠𝑎𝑡

2 + 0.63205𝑖𝑠𝑎𝑡 − 5.43233 



 

 

𝑇𝑠𝑢𝑟𝑓,𝑖𝑛 𝑇𝑠𝑢𝑟𝑓,𝑖𝑛

𝑇𝑠𝑢𝑟𝑓,𝑖𝑛 = 𝑇𝑤,𝑜𝑢𝑡 +
𝑚̇𝑎

𝑐𝑝,𝑤 · 𝑚̇𝑤
·

𝑁𝑇𝑈

𝑁𝑇𝑈𝑤
(𝑇𝑎,𝑜𝑢𝑡 − 𝑇𝑤,𝑖𝑛) 

𝜀 𝑁𝑇𝑈 𝑛𝑝𝑎𝑠𝑠

𝑛𝑝𝑎𝑠𝑠

𝜀 𝑁𝑇𝑈

𝜀 =
1

𝑅
 (1 − (

𝐾

2
+ (1 −

𝐾

2
) 𝑒2𝐾𝑅)

−1

) 

𝐾 = 1 − 𝑒𝑥𝑝 (−
𝑁𝑇𝑈

𝑛𝑝𝑎𝑠𝑠
) 

𝑁𝑇𝑈 = 
𝑈𝐴

𝑐𝑎
∗ · 𝑚̇𝑎

 

𝑅 =
𝐶𝑎

𝐶𝑤
=

𝑐𝑎
∗ · 𝑚̇𝑎

𝑐𝑝,𝑤 · 𝑚̇𝑤
 

𝑐𝑎
∗ 𝑐𝑝,𝑎

𝑐𝑠𝑎𝑡

𝑐𝑠𝑎𝑡 =
𝑖𝑠𝑎𝑡,𝑤,𝑖𝑛 − 𝑖𝑠𝑎𝑡,𝑤,𝑜𝑢𝑡

𝑇𝑤,𝑖𝑛 − 𝑇𝑤,𝑜𝑢𝑡
 



 

𝑁𝑇𝑈 𝑁𝑇𝑈𝑤 𝑁𝑇𝑈 𝑁𝑇𝑈𝑎

𝑈𝐴 (𝑈𝐴)𝑤

(𝑈𝐴)𝑎 𝑈𝐴

𝑁𝑇𝑈𝑤 = 
(𝑈𝐴)𝑤

𝑐𝑝,𝑤 · 𝑚̇𝑤
 

𝑁𝑇𝑈𝑎 = 
(𝑈𝐴)𝑎

𝑐𝑎
∗ · 𝑚̇𝑎

 

𝑈𝐴 =
1

1
(𝑈𝐴)𝑤

+
1

(𝑈𝐴)𝑎

 

𝑈𝐴

𝑈𝐴 =
1

1
ℎ𝑤 · 𝐴𝑤

+
1

ℎ𝑎 · (𝐴𝑎 + 𝜂𝑓𝑖𝑛𝐴𝑓𝑖𝑛)

 

𝜂𝑓𝑖𝑛

ℎ 𝑁𝑢

𝑘𝑓 𝐷ℎ 𝑁𝑢

𝑃𝑟 𝑅𝑒 𝐾 𝑛 𝑚

𝑁𝑢 = 𝐾 𝑅𝑒𝑛 𝑃𝑟𝑚 

𝑃𝑟 𝑅𝑒

𝑃𝑟 𝑅𝑒

𝐾1 𝐾2 𝑛1 𝑛2

𝑈𝐴 =
1

1
𝐾1 · 𝑚̇𝑤

𝑛1 +
1

𝐾2 · 𝑚̇𝑎
𝑛2

 



 

 

 



 

𝑛1 𝑛2

𝑅𝑒

𝑁𝑢𝑚

𝑁𝑢𝑚 = (𝑁𝑢1
3 + 𝑁𝑢2

3)1/3 

𝑁𝑢𝑚,𝑇,1 = 7.541 

𝑁𝑢𝑚,𝑇,2 = 1.841√𝑅𝑒𝑃𝑟𝐷ℎ/𝐿3  



 

 

𝑁𝑢𝑚 𝑁𝑢2

𝑛1 𝑅𝑒 𝑛1

𝑛2 𝑅𝑒

𝑛2

𝑛2

𝐾1 𝐾2

𝑅𝑀𝑆𝐸 𝑄̇𝐻𝐸𝑋

𝑈𝐴

𝐾1

𝐾2

𝐾2

𝐾2,𝑑𝑟𝑦

𝐾2,𝑤𝑒𝑡

𝐾1

𝑛1

𝐾2,𝑑𝑟𝑦

𝐾2,𝑤𝑒𝑡

𝑛2



 

𝐾2 𝐾2,𝑤𝑒𝑡

𝐾2,𝑑𝑟𝑦



 

 



 

 

𝑇𝑟𝑒𝑡 𝑚̇𝑤

𝑇𝑠𝑢𝑝

∆𝑝

𝑃̇





 

 

 



 

 

𝑓 𝜑

𝜑

𝐸𝐸𝑅

𝑓 𝜑



 

 

𝐼 𝐼

𝜌𝑓 𝜇𝑓

𝑐𝑓 𝑘𝑓

 

𝑄̇𝑖−𝑏 𝑄̇𝑖−𝑚 𝑄̇𝑜𝑐𝑐

𝑄̇𝑎𝑢𝑥



 

 

𝑄̇𝑣𝑒𝑛

𝑄̇𝑐 𝑄̇ℎ

𝑄̇ℎ = 𝑄̇𝑐 + 𝑊̇ 

𝐶𝑂𝑃 =
𝑄̇ℎ

𝑊̇

𝐸𝐸𝑅 =
𝑄̇𝑐

𝑊̇

𝑄̇𝑐 𝑄̇ℎ



 

𝐸𝐸𝑅 𝐶𝑂𝑃

 

𝐶𝑂𝑃 𝐸𝐸𝑅 𝐶𝑂𝑃

𝑄̇𝑐

𝐸𝐸𝑅

𝑄̇ℎ

𝐶𝑂𝑃 𝐸𝐸𝑅

𝑅𝐻



 

 

 

 



 

 

𝜏𝑏𝑙𝑜𝑤

𝜇0𝐻𝑎𝑝𝑝 𝑚̇

𝑚̇

𝑥 𝐿 𝑥



 

 

 

𝑷̇

𝑃̇ =
𝑊̇𝑝𝑢𝑚𝑝

𝜂𝑝𝑢𝑚𝑝
+

𝑊̇𝑚𝑎𝑔

𝜂𝑚𝑜𝑡

𝑊̇𝑝𝑢𝑚𝑝 𝑊̇𝑚𝑎𝑔

𝐸𝐸𝑅 𝐶𝑂𝑃

𝑁𝑢

𝑁𝑎𝑣𝑔

𝑁𝑎𝑣𝑔

𝑁𝑎𝑣𝑔



 

 

𝑚𝑟 𝑄̇

𝑞̇

𝑚𝑟 =
𝑄̇

𝑞̇
= 𝑄̇

𝜌𝑟𝑊𝐿𝐻𝑟

𝑄̇𝑝𝑙𝑎𝑡𝑒

  

𝑄̇ 𝑄̇𝑝𝑙𝑎𝑡𝑒

𝑚𝑚𝑎𝑔

𝜇0𝐻𝑎𝑝𝑝

𝐵𝑟𝑒𝑚 𝑀∗

𝑀∗ = (
𝜇0𝐻𝑎𝑝𝑝

𝐵𝑟𝑒𝑚
)
2 𝑉𝑔𝑎𝑝

𝑉𝑚𝑎𝑔
  

𝑀∗

𝑀∗ =
(
𝜇0𝐻𝑎𝑝𝑝

𝐵𝑟𝑒𝑚
)
2

𝑒
2
𝜇0𝐻𝑎𝑝𝑝

𝐵𝑟𝑒𝑚 − 1

   



 

 

𝑚𝑚𝑎𝑔 = 𝑚𝑟

𝜌𝑚𝑎𝑔(𝑒2𝜇0𝐻𝑎𝑝𝑝 𝐵𝑟𝑒𝑚⁄ − 1)

0.85𝜌𝑟(1 − 𝜖)

 

 



 

 

𝑇𝐻 𝑇𝐶

𝜌𝑟

𝑘𝑟

𝜌𝑚𝑎𝑔

𝐵𝑟𝑒𝑚

𝑊

𝜂𝑝𝑢𝑚𝑝

𝜂𝑚𝑜𝑡

𝐻𝑓

𝜖

𝐿

𝜇0𝐻𝑎𝑝𝑝

𝜏𝑏𝑙𝑜𝑤/𝜏

𝑁𝑎𝑣𝑔 

𝑓

𝜑



 

 

𝑊 𝜇0𝐻𝑎𝑝𝑝

𝜏𝑏𝑙𝑜𝑤 𝜏

𝐻𝑓 𝜖

𝐻𝑓 𝐻𝑟

𝐿

𝜇0𝐻𝑎𝑝𝑝

𝜏𝑏𝑙𝑜𝑤/𝜏 𝑁𝑎𝑣𝑔

𝑓

𝑚̇ 𝜑

𝑐𝑟

𝑐𝑟̅

𝑁𝑇𝑈 Γ

𝐻𝑓 𝑓

 

 



 

𝑓 𝜑

𝑇𝐻 𝑇𝐶

𝑇𝐻 𝑇𝐶

𝜇0𝐻𝑎𝑝𝑝 𝐻𝑓 𝜖 𝐿 𝜏𝑏𝑙𝑜𝑤/𝜏

𝑓 𝜑



 

 

𝑓 𝜑

𝚫𝑻𝒔𝒑𝒂𝒏

Δ𝑇𝑠𝑝𝑎𝑛



 

 

𝐻𝑓

𝐿

𝐻𝑓 𝐿

𝜇0𝐻𝑎𝑝𝑝

𝜑 𝑓



 

 

𝜇0𝐻𝑎𝑝𝑝 𝜑 𝑓

𝐻𝑓 𝜀 𝐿

𝑓

𝜖 𝜀

𝜏𝑏𝑙𝑜𝑤/𝜏

𝑁𝑎𝑣𝑔

𝐻𝑓 𝜏𝑏𝑙𝑜𝑤/𝜏 𝑁𝑎𝑣𝑔

𝜏𝑏𝑙𝑜𝑤/𝜏

𝝉𝒃𝒍𝒐𝒘/𝝉

𝝉𝒃𝒍𝒐𝒘/𝝉



 

𝐻𝑓

𝑁𝑎𝑣𝑔

±

𝑵𝒂𝒗𝒈 ±

±

𝐻𝑓 𝑁𝑎𝑣𝑔



 

 

𝐻𝑓 𝐿 𝐻𝑓 𝜖



 

𝐻𝑓



 

 

𝒎𝑨𝑴𝑹𝑹 𝒎𝒓 

 

𝑷̇ 𝑬𝑬𝑹 𝑯𝒇  𝜖 𝑳 𝝁𝟎𝑯𝒂𝒑𝒑 𝒇 𝝋 𝒎̇ 

 



 

𝐻𝑓 𝐿

𝒎𝑨𝑴𝑹𝑹  𝒎𝒓 

 

𝑷̇ 𝑬𝑬𝑹 𝑯𝒇 𝝐 𝑳 𝝁𝟎𝑯𝒂𝒑𝒑 𝒇 𝝋 𝒎̇ 



 

 

 

𝑄̇𝑐 ∆𝑇𝑠𝑝𝑎𝑛 𝑄̇𝑐

∆𝑇𝑠𝑝𝑎𝑛

∆𝑇𝑠𝑝𝑎𝑛



 

 

𝑇𝐻 𝑇𝐶

𝒇 𝝋

𝑓



 

 

𝑓 𝜑

𝐶𝑂𝑃 𝒇

𝝋 𝑪𝑶𝑷



 

𝑓 𝜑





 

 

 



 

 

𝑁𝑎𝑣𝑔

𝑵𝒂𝒗𝒈



 

 

𝑈𝐴



 

 

 

∆𝑇𝑠𝑝𝑎𝑛

∆𝑇𝑠𝑝𝑎𝑛 ∆𝑇𝑠𝑝𝑎𝑛

∆𝑇𝑠𝑝𝑎𝑛 ∆𝑇𝑠𝑝𝑎𝑛



 

𝑇𝐻

𝑇𝐶

𝑇𝐻≈ 𝑇𝐶≈ 𝑇𝐻 𝑇𝐶

 





 



 

 



 



 

 



 



 

 



 



 

 



 

̸



 

 



 



 

 



 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 



 

 

𝜖𝐴𝑐𝜌𝑓𝑐𝑓
𝜕𝑇𝑓

𝜕𝑡
= −𝑚̇𝑐𝑓

𝜕𝑇𝑓

𝜕𝑥
+ 𝜖𝐴𝑐𝑘𝑓

𝜕2𝑇𝑓

𝜕𝑥2
+ ℎ𝑎𝑠𝐴𝑐(𝑇𝑟 − 𝑇𝑓) +

𝜕𝑝

𝜕𝑥

𝑚̇

𝜌𝑓

𝑣

𝑣

𝑇̅𝑓,𝑖
𝑛+1 − 𝑇̅𝑓,𝑖

𝑛 = ∫ 𝑑𝑇̅𝑓,𝑖

𝑡𝑛+1

𝑡𝑛
=

𝑣

∆𝑥
∫ [𝑇𝑓 (𝑥

𝑖−
1
2
, 𝑡) − 𝑇𝑓 (𝑥

𝑖+
1
2
, 𝑡)] 𝑑𝑡

𝑡𝑛+1

𝑡𝑛

                                                      +
ℎ𝑎𝑠

𝜖𝜌𝑓𝑐𝑓
∫ (𝑇̅𝑟,𝑖 − 𝑇̅𝑓,𝑖)𝑑𝑡

𝑡𝑛+1

𝑡𝑛
+

𝑓𝑓|𝑣
3|

2𝐷ℎ𝑐𝑓
∆𝑡

𝑇̅𝑓,𝑖
𝑛+1 − 𝑇̅𝑓,𝑖

𝑛 = ∫ 𝑑𝑇̅𝑓,𝑖

𝑡𝑛+1

𝑡𝑛
=

𝑣

∆𝑥
∫ [𝑇𝑓 (𝑥

𝑖+
1
2
, 𝑡) − 𝑇𝑓 (𝑥

𝑖−
1
2
, 𝑡)] 𝑑𝑡

𝑡𝑛+1

𝑡𝑛

                                                      +
ℎ𝑎𝑠

𝜖𝜌𝑓𝑐𝑓
∫ (𝑇̅𝑟,𝑖 − 𝑇̅𝑓,𝑖)𝑑𝑡

𝑡𝑛+1

𝑡𝑛
+

𝑓𝑓|𝑣
3|

2𝐷ℎ𝑐𝑓
∆𝑡



 

 

 

𝑇𝑓(𝑥𝑖−1/2, 𝑡)

𝑇𝑓(𝑥𝑖+1/2, 𝑡)

𝜕𝑇𝑓

𝜕𝑡
+ 𝑣

𝜕𝑇𝑓

𝜕𝑥
=

ℎ𝑎𝑠𝐴𝑐

𝜖𝐴𝑐𝜌𝑓𝑐𝑓
(𝑇𝑟 − 𝑇𝑓) = 𝑄̇ℎ

𝑣 = 𝑑𝑥 𝑑𝑡⁄

𝐷𝑇𝑓

𝐷𝑡
=

ℎ𝑎𝑠𝐴𝑐

𝜖𝐴𝑐𝜌𝑓𝑐𝑓
(𝑇𝑟 − 𝑇𝑓)



 

𝐷𝑇𝑓

𝐷𝑡
=

ℎ𝑎𝑠𝐴𝑐

𝜖𝐴𝑐𝜌𝑓𝑐𝑓
(𝑇𝑟 − 𝑇𝑓) = 𝐾(𝑇̅𝑟,𝑖

𝑛 − 𝑇̅𝑓,𝑖
𝑛 ) = 𝐾′

𝑇𝑓(𝑥𝑖+1/2, 𝑡)

𝑇𝑓(𝑥𝑖−1/2, 𝑡)

𝑇𝑓(𝑥𝑖+1/2, 𝑡) = 𝑇𝑓(𝑥𝑖+1/2 − 𝑣(𝑡 − 𝑡𝑛), 𝑡𝑛) + 𝐾′(𝑡 − 𝑡𝑛)

𝑇𝑓(𝑥𝑖+1/2, 𝑡)

𝑡𝑛

𝜎𝑓,𝑖
𝑛

𝑇𝑓(𝑥, 𝑡𝑛) = 𝑇̅𝑓,𝑖
𝑛 + (𝑥 − 𝑥𝑖) 𝜎𝑓,𝑖

𝑛    

∫ 𝑇𝑓(𝑥𝑖+1/2 − 𝑣(𝑡 − 𝑡𝑛), 𝑡𝑛)𝑑𝑡
𝑡𝑛+1

𝑡𝑛
= ∫ [𝑇̅𝑓,𝑖

𝑛 + (𝑥𝑖+1/2 − 𝑣(𝑡 − 𝑡𝑛) − 𝑥𝑖) 𝜎𝑓,𝑖
𝑛 ]𝑑𝑡

𝑡𝑛+1

𝑡𝑛
 

                                   =  (𝑇̅𝑓,𝑖
𝑛 +

∆𝑥

2
𝜎𝑓,𝑖

𝑛 ) ∆𝑡 − 𝑣𝜎𝑓,𝑖
𝑛 ∆𝑡2

2

∫ 𝐾′(𝑡 − 𝑡𝑛)𝑑𝑡
𝑡𝑛+1

𝑡𝑛
= ∫ 𝐾(𝑇̅𝑟,𝑖

𝑛 − 𝑇̅𝑓,𝑖
𝑛 )(𝑡 − 𝑡𝑛)𝑑𝑡

𝑡𝑛+1

𝑡𝑛
=  𝐾(𝑇̅𝑟,𝑖

𝑛 − 𝑇̅𝑓,𝑖
𝑛 )

∆𝑡2

2

𝑣

∫ 𝑇𝑓(𝑥𝑖+1 2⁄ , 𝑡)𝑑𝑡
𝑡𝑛+1

𝑡𝑛
= (𝑇̅𝑓,𝑖

𝑛 +
∆𝑥

2
𝜎𝑓,𝑖

𝑛 ) ∆𝑡 − 𝑣𝜎𝑓,𝑖
𝑛 ∆𝑡2

2
+ 

ℎ𝑎𝑠

𝜖𝜌𝑓𝑐𝑓
(𝑇̅𝑟,𝑖

𝑛 − 𝑇̅𝑓,𝑖
𝑛 )

∆𝑡2

2

∫ 𝑇𝑓(𝑥𝑖−1/2, 𝑡)𝑑𝑡
𝑡𝑛+1

𝑡𝑛
= (𝑇̅𝑓,𝑖−1

𝑛 +
∆𝑥

2
𝜎𝑓,𝑖−1

𝑛 )∆𝑡 − 𝑣𝜎𝑓,𝑖−1
𝑛 ∆𝑡2

2

                              + 
ℎ𝑎𝑠

𝜖𝜌𝑓𝑐𝑓
(𝑇̅𝑟,𝑖−1

𝑛 − 𝑇̅𝑓,𝑖−1
𝑛 )

∆𝑡2

2



 

 

𝑣

∫ 𝑇𝑓(𝑥𝑖+1 2⁄ , 𝑡)𝑑𝑡
𝑡𝑛+1

𝑡𝑛
= (𝑇̅𝑓,𝑖+1

𝑛 −
∆𝑥

2
𝜎𝑓,𝑖+1

𝑛 )∆𝑡 + |𝑣|𝜎𝑓,𝑖+1
𝑛 ∆𝑡2

2

                              + 
ℎ𝑎𝑠

𝜖𝜌𝑓𝑐𝑓
(𝑇̅𝑟,𝑖+1

𝑛 − 𝑇̅𝑓,𝑖+1
𝑛 )

∆𝑡2

2

∫ 𝑇𝑓(𝑥𝑖−1/2, 𝑡)𝑑𝑡
𝑡𝑛+1

𝑡𝑛
= (𝑇̅𝑓,𝑖

𝑛 −
∆𝑥

2
𝜎𝑓,𝑖

𝑛 ) ∆𝑡 + |𝑣|𝜎𝑓,𝑖
𝑛 ∆𝑡2

2
+ 

ℎ𝑎𝑠

𝜖𝜌𝑓𝑐𝑓
(𝑇̅𝑟,𝑖

𝑛 − 𝑇̅𝑓,𝑖
𝑛 )

∆𝑡2

2

𝐷𝑇𝑓

𝐷𝑡
=

ℎ𝑎𝑠𝐴𝑐

𝜖𝐴𝑐𝜌𝑓𝑐𝑓
(𝑇𝑟 − 𝑇𝑓) = 𝐾(𝑇̅𝑟,𝑖,0

𝑛 − 𝑇̅𝑓,𝑖,0
𝑛 ) = 𝐾′

𝑇̅𝑖,0
𝑛

𝑇𝑓(𝑥𝑖+1/2, 𝑡) 𝑣 𝑇̅𝑖,0
𝑛 𝑇(𝑥𝑖+1/2 − 𝑣(𝑡 − 𝑡𝑛), 𝑡𝑛)

𝜎𝑟,𝑖
𝑛

𝑇𝑟(𝑥, 𝑡𝑛) = 𝑇̅𝑟,𝑖
𝑛 + (𝑥 − 𝑥𝑖) 𝜎𝑟,𝑖

𝑛    

𝜎𝑟,𝑖
𝑛 =

𝑇̅𝑟,𝑖+1
𝑛 − 𝑇̅𝑟,𝑖−1

𝑛

2∆𝑥
   

𝑇𝑓(𝑥𝑖+1/2, 𝑡)

∫ 𝐾′(𝑡 − 𝑡𝑛)𝑑𝑡
𝑡𝑛+1

𝑡𝑛
= ∫ 𝐾(𝑇̅𝑟,𝑖,0

𝑛 − 𝑇̅𝑓,𝑖,0
𝑛 )(𝑡 − 𝑡𝑛)𝑑𝑡

𝑡𝑛+1

𝑡𝑛



 

= ∫ 𝐾 (𝑇𝑟(𝑥𝑖+1/2 − 𝑣(𝑡 − 𝑡𝑛), 𝑡𝑛) − 𝑇𝑓(𝑥𝑖+1/2 − 𝑣(𝑡 − 𝑡𝑛), 𝑡𝑛)) (𝑡 − 𝑡𝑛)𝑑𝑡
𝑡𝑛+1

𝑡𝑛

= ∫ 𝐾(𝑇̅𝑟,𝑖
𝑛 + [𝑥𝑖+1/2 − 𝑣(𝑡 − 𝑡𝑛) − 𝑥𝑖] 𝜎𝑟,𝑖

𝑛 − 𝑇̅𝑓,𝑖
𝑛

𝑡𝑛+1

𝑡𝑛

− [𝑥𝑖+1/2 − 𝑣(𝑡 − 𝑡𝑛) − 𝑥𝑖] 𝜎𝑓,𝑖
𝑛 )(𝑡 − 𝑡𝑛)𝑑𝑡

=  𝐾 [(𝑇̅𝑟,𝑖
𝑛 − 𝑇̅𝑓,𝑖

𝑛 +
∆𝑥

2
[𝜎𝑟,𝑖

𝑛 + 𝜎𝑓,𝑖
𝑛 ])

∆𝑡2

2
− 𝑣(𝜎𝑟,𝑖

𝑛 + 𝜎𝑓,𝑖
𝑛 )

∆𝑡3

3
]

𝑣

∫ 𝑇𝑓(𝑥𝑖+1 2⁄ , 𝑡)𝑑𝑡
𝑡𝑛+1

𝑡𝑛
= (𝑇̅𝑓,𝑖

𝑛 +
∆𝑥

2
𝜎𝑓,𝑖

𝑛 ) ∆𝑡 − 𝑣𝜎𝑓,𝑖
𝑛 ∆𝑡2

2

                                       + 
ℎ𝑎𝑠

𝜖𝜌𝑓𝑐𝑓
[(𝑇̅𝑟,𝑖

𝑛 − 𝑇̅𝑓,𝑖
𝑛 +

∆𝑥

2
[𝜎𝑟,𝑖

𝑛 + 𝜎𝑓,𝑖
𝑛 ])

∆𝑡2

2
− 𝑣(𝜎𝑟,𝑖

𝑛 + 𝜎𝑓,𝑖
𝑛 )

∆𝑡3

3
]

∫ 𝑇𝑓(𝑥𝑖−1 2⁄ , 𝑡)𝑑𝑡
𝑡𝑛+1

𝑡𝑛
= (𝑇̅𝑓,𝑖−1

𝑛 +
∆𝑥

2
𝜎𝑓,𝑖−1

𝑛 )∆𝑡 − 𝑣𝜎𝑓,𝑖−1
𝑛 ∆𝑡2

2

             + 
ℎ𝑎𝑠

𝜖𝜌𝑓𝑐𝑓
[(𝑇̅𝑟,𝑖−1

𝑛 − 𝑇̅𝑓,𝑖−1
𝑛 +

∆𝑥

2
[𝜎𝑟,𝑖−1

𝑛 + 𝜎𝑓,𝑖−1
𝑛 ])

∆𝑡2

2
− 𝑣(𝜎𝑟,𝑖−1

𝑛 + 𝜎𝑓,𝑖−1
𝑛 )

∆𝑡3

3
]

𝑣

∫ 𝑇𝑓(𝑥𝑖+1 2⁄ , 𝑡)𝑑𝑡
𝑡𝑛+1

𝑡𝑛
= (𝑇̅𝑓,𝑖+1

𝑛 −
∆𝑥

2
𝜎𝑓,𝑖+1

𝑛 )∆𝑡 + |𝑣|𝜎𝑓,𝑖+1
𝑛 ∆𝑡2

2

           + 
ℎ𝑎𝑠

𝜖𝜌𝑓𝑐𝑓
[(𝑇̅𝑟,𝑖+1

𝑛 − 𝑇̅𝑓,𝑖+1
𝑛 −

∆𝑥

2
[𝜎𝑟,𝑖+1

𝑛 − 𝜎𝑓,𝑖+1
𝑛 ])

∆𝑡2

2
+ |𝑣|(𝜎𝑟,𝑖−1

𝑛 − 𝜎𝑓,𝑖−1
𝑛 )

∆𝑡3

3
]

∫ 𝑇𝑓(𝑥𝑖−1 2⁄ , 𝑡)𝑑𝑡
𝑡𝑛+1

𝑡𝑛
= (𝑇̅𝑓,𝑖

𝑛 −
∆𝑥

2
𝜎𝑓,𝑖

𝑛 ) ∆𝑡 + |𝑣|𝜎𝑓,𝑖
𝑛 ∆𝑡2

2

                                    + 
ℎ𝑎𝑠

𝜖𝜌𝑓𝑐𝑓
[(𝑇̅𝑟,𝑖

𝑛 − 𝑇̅𝑓,𝑖
𝑛 −

∆𝑥

2
[𝜎𝑟,𝑖

𝑛 − 𝜎𝑓,𝑖
𝑛 ])

∆𝑡2

2
+ |𝑣|(𝜎𝑟,𝑖

𝑛 − 𝜎𝑓,𝑖
𝑛 )

∆𝑡3

3
]

𝑇𝑟 = 𝑇̅𝑟,𝑖
𝑛



 

 

𝐷𝑇𝑓

𝐷𝑡
=

ℎ𝑎𝑠𝐴𝑐

𝜖𝐴𝑐𝜌𝑓𝑐𝑓
(𝑇𝑟 − 𝑇𝑓) = 𝐾(𝑇̅𝑟,𝑖

𝑛 − 𝑇𝑓(𝑥, 𝑡))

𝑇𝑓(𝑥𝑖+1/2, 𝑡)

∫
𝐷𝑇𝑓

𝑇̅𝑟,𝑖
𝑛 − 𝑇𝑓

𝑇𝑓(𝑥𝑖+1/2,𝑡)

𝑇𝑓(𝑥𝑖+1/2−𝑣(𝑡−𝑡𝑛),𝑡𝑛)

= ∫ 𝐾𝐷𝑡
𝑡

𝑡𝑛

𝑇𝑓(𝑥𝑖+1/2, 𝑡) = 𝑇̅𝑟,𝑖
𝑛 − [𝑇̅𝑟,𝑖

𝑛 − 𝑇𝑓(𝑥𝑖+1/2 − 𝑣(𝑡 − 𝑡𝑛), 𝑡𝑛)]𝑒−𝐾(𝑡−𝑡𝑛)

𝑇𝑓(𝑥𝑖+1/2, 𝑡)

𝑣

𝑣

∫ 𝑇𝑓(𝑥𝑖+1 2⁄ , 𝑡)𝑑𝑡
𝑡𝑛+1

𝑡𝑛
= 𝑇̅𝑟,𝑖

𝑛 ∆𝑡 −
𝜖𝜌𝑓𝑐𝑓

ℎ𝑎𝑠
(𝑇̅𝑟,𝑖

𝑛 − 𝑇̅𝑓,𝑖
𝑛 −

∆𝑥

2
𝜎𝑓,𝑖

𝑛 )(1 − 𝑒
−

ℎ𝑎𝑠
𝜖𝜌𝑓𝑐𝑓

∆𝑡
)

                          + 
𝜖𝜌𝑓𝑐𝑓

ℎ𝑎𝑠
𝑣𝜎𝑓,𝑖

𝑛 [𝑒
−

ℎ𝑎𝑠
𝜖𝜌𝑓𝑐𝑓

∆𝑡
∆𝑡 −

𝜖𝜌𝑓𝑐𝑓

ℎ𝑎𝑠
(1 − 𝑒

−
ℎ𝑎𝑠

𝜖𝜌𝑓𝑐𝑓
∆𝑡

)]

∫ 𝑇𝑓(𝑥𝑖−1 2⁄ , 𝑡)𝑑𝑡
𝑡𝑛+1

𝑡𝑛
= 𝑇̅𝑟,𝑖−1

𝑛 ∆𝑡 −
𝜖𝜌𝑓𝑐𝑓

ℎ𝑎𝑠
(𝑇̅𝑟,𝑖−1

𝑛 − 𝑇̅𝑓,𝑖−1
𝑛 −

∆𝑥

2
𝜎𝑓,𝑖−1

𝑛 )

                  · (1 − 𝑒
−

ℎ𝑎𝑠
𝜖𝜌𝑓𝑐𝑓

∆𝑡
) + 

𝜖𝜌𝑓𝑐𝑓

ℎ𝑎𝑠
𝑣𝜎𝑓,𝑖−1

𝑛 [𝑒
−

ℎ𝑎𝑠
𝜖𝜌𝑓𝑐𝑓

∆𝑡
∆𝑡 −

𝜖𝜌𝑓𝑐𝑓

ℎ𝑎𝑠
(1 − 𝑒

−
ℎ𝑎𝑠

𝜖𝜌𝑓𝑐𝑓
∆𝑡

)]

 𝑇𝑟 = 𝑇𝑟(𝑥, 𝑡)

𝑇𝑟(𝑥)

𝐷𝑇𝑓

𝐷𝑡
=

ℎ𝑎𝑠𝐴𝑐

𝜖𝐴𝑐𝜌𝑓𝑐𝑓
(𝑇𝑟 − 𝑇𝑓) = 𝐾(𝑇𝑟(𝑥, 𝑡𝑛) − 𝑇𝑓(𝑥, 𝑡))



 

𝐷𝑇

𝐷𝑡
=

𝑇𝑓(𝑥𝑖+1/2, 𝑡) − 𝑇𝑓(𝑥𝑖+1/2 − 𝑣(𝑡 − 𝑡𝑛), 𝑡𝑛)

𝑡 − 𝑡𝑛
=

𝐾

2
[𝑇𝑟

𝑛 (𝑥𝑖+1/2 − 𝑣(𝑡 − 𝑡𝑛))

                                     −𝑇𝑓(𝑥𝑖+1/2 − 𝑣(𝑡 − 𝑡𝑛), 𝑡𝑛) + 𝑇𝑟
𝑛(𝑥𝑖+1/2) − 𝑇𝑓(𝑥𝑖+1/2, 𝑡)]

𝑇𝑓(𝑥𝑖+1/2, 𝑡)

𝑇𝑓(𝑥𝑖+1/2, 𝑡) =
1

1 +
𝐾(𝑡 − 𝑡𝑛)

2

[(1 −
𝐾(𝑡 − 𝑡𝑛)

2
)𝑇𝑓(𝑥𝑖+1/2 − 𝑣(𝑡 − 𝑡𝑛), 𝑡𝑛)

                     +
𝐾(𝑡 − 𝑡𝑛)

2
(𝑇𝑟

𝑛 (𝑥𝑖+1/2 − 𝑣(𝑡 − 𝑡𝑛)) + 𝑇𝑟
𝑛(𝑥𝑖+1/2))] 

=
1

1 +
𝐾(𝑡 − 𝑡𝑛)

2

[(1 −
𝐾(𝑡 − 𝑡𝑛)

2
) (𝑇̅𝑓,𝑖

𝑛 + (𝑥𝑖+1/2 − 𝑣(𝑡 − 𝑡𝑛) − 𝑥𝑖) 𝜎𝑓,𝑖
𝑛 )

 +
𝐾(𝑡 − 𝑡𝑛)

2
(𝑇̅𝑟,𝑖

𝑛 + [𝑥𝑖+1/2 − 𝑣(𝑡 − 𝑡𝑛) − 𝑥𝑖] 𝜎𝑟,𝑖
𝑛 + 𝑇̅𝑟,𝑖

𝑛 + [𝑥𝑖+1/2 − 𝑥𝑖]𝜎𝑟,𝑖
𝑛 )] 

𝑣

𝑣

∫ 𝑇𝑓(𝑥𝑖+1 2⁄ , 𝑡)𝑑𝑡
𝑡𝑛+1

𝑡𝑛
=

1 −
ℎ𝑎𝑠

𝜖𝜌𝑓𝑐𝑓

∆𝑡
2

1 +
ℎ𝑎𝑠

𝜖𝜌𝑓𝑐𝑓

∆𝑡
2

[(𝑇̅𝑓,𝑖
𝑛 +

∆𝑥

2
𝜎𝑓,𝑖

𝑛 ) ∆𝑡 − 𝑣𝜎𝑓,𝑖
𝑛 ∆𝑡2

2
]

                 + 

ℎ𝑎𝑠
𝜖𝜌𝑓𝑐𝑓

∆𝑡
2

1 +
ℎ𝑎𝑠

𝜖𝜌𝑓𝑐𝑓

∆𝑡
2

[(2𝑇̅𝑟,𝑖
𝑛 + ∆𝑥𝜎𝑟,𝑖

𝑛 )∆𝑡 − 𝑣𝜎𝑟,𝑖
𝑛 ∆𝑡2

2
]

∫ 𝑇𝑓(𝑥𝑖−1 2⁄ , 𝑡)𝑑𝑡
𝑡𝑛+1

𝑡𝑛
=

1 −
ℎ𝑎𝑠

𝜖𝜌𝑓𝑐𝑓

∆𝑡
2

1 +
ℎ𝑎𝑠

𝜖𝜌𝑓𝑐𝑓

∆𝑡
2

[(𝑇̅𝑓,𝑖−1
𝑛 +

∆𝑥

2
𝜎𝑓,𝑖−1

𝑛 )∆𝑡 − 𝑣𝜎𝑓,𝑖−1
𝑛 ∆𝑡2

2
]

                               + 

ℎ𝑎𝑠
𝜖𝜌𝑓𝑐𝑓

∆𝑡
2

1 +
ℎ𝑎𝑠

𝜖𝜌𝑓𝑐𝑓

∆𝑡
2

[(2𝑇̅𝑟,𝑖−1
𝑛 + ∆𝑥𝜎𝑟,𝑖−1

𝑛 )∆𝑡 − 𝑣𝜎𝑟,𝑖−1
𝑛 ∆𝑡2

2
]



 

 

 

𝑇̅𝑖
𝑛

𝜉

𝜉 𝜉

∫ 𝑇̅𝑖𝑑𝑡
𝑡𝑛+1

𝑡𝑛
= [(1 − 𝜉)𝑇̅𝑖

𝑛 + 𝜉𝑇̅𝑖
𝑛+1]∆𝑡 

 

𝑇̅𝑓,𝑖
𝑛+1 − 𝑇̅𝑓,𝑖

𝑛 = 
𝑣

∆𝑥
([𝑇̅𝑓,𝑖−1

𝑛 − 𝑇̅𝑓,𝑖
𝑛 +

∆𝑥

2
(𝜎𝑓,𝑖−1

𝑛 − 𝜎𝑓,𝑖
𝑛 )] ∆𝑡 − 𝑣(𝜎𝑓,𝑖−1

𝑛 − 𝜎𝑓,𝑖
𝑛 )

∆𝑡2

2

                               +
ℎ𝑎𝑠

𝜖𝜌𝑓𝑐𝑓
[𝑇̅𝑟,𝑖−1

𝑛 − 𝑇̅𝑟,𝑖
𝑛 − (𝑇̅𝑓,𝑖−1

𝑛 − 𝑇̅𝑓,𝑖
𝑛 )]

∆𝑡2

2
)

                        +
ℎ𝑎𝑠

𝜖𝜌𝑓𝑐𝑓
[(1 − 𝜉)(𝑇̅𝑟,𝑖

𝑛 − 𝑇̅𝑓,𝑖
𝑛 ) + 𝜉(𝑇̅𝑟,𝑖

𝑛+1 − 𝑇̅𝑓,𝑖
𝑛+1)]∆𝑡 +

𝑓𝑓|𝑣
3|

2𝐷ℎ𝑐𝑓
∆𝑡

𝑇𝑓(𝑥𝑖−1 2⁄ , 𝑡)

𝑇𝐻

𝑇̅𝑓,𝑖
𝑛+1 − 𝑇̅𝑓,𝑖

𝑛 = 
𝑣

∆𝑥
∆𝑡 (𝑇𝐻 − [(𝑇̅𝑓,𝑖

𝑛 +
∆𝑥

2
𝜎𝑓,𝑖

𝑛 ) − 𝑣𝜎𝑓,𝑖
𝑛 ∆𝑡

2
+ 

ℎ𝑎𝑠

𝜖𝜌𝑓𝑐𝑓
(𝑇̅𝑟,𝑖

𝑛 − 𝑇̅𝑓,𝑖
𝑛 )

∆𝑡

2
])

                  +
ℎ𝑎𝑠

𝜖𝜌𝑓𝑐𝑓
[(1 − 𝜉)(𝑇̅𝑟,𝑖

𝑛 − 𝑇̅𝑓,𝑖
𝑛 ) + 𝜉(𝑇̅𝑟,𝑖

𝑛+1 − 𝑇̅𝑓,𝑖
𝑛+1)]∆𝑡 +

𝑓𝑓|𝑣
3|

2𝐷ℎ𝑐𝑓
∆𝑡

𝑇̅𝑓,𝑖
𝑛+1 − 𝑇̅𝑓,𝑖

𝑛 = 
𝑣

∆𝑥
([𝑇̅𝑓,𝑖+1

𝑛 − 𝑇̅𝑓,𝑖
𝑛 −

∆𝑥

2
(𝜎𝑓,𝑖+1

𝑛 − 𝜎𝑓,𝑖
𝑛 )] ∆𝑡 + |𝑣|(𝜎𝑓,𝑖+1

𝑛 − 𝜎𝑓,𝑖
𝑛 )

∆𝑡2

2

                               +
ℎ𝑎𝑠

𝜖𝜌𝑓𝑐𝑓
[𝑇̅𝑟,𝑖+1

𝑛 − 𝑇̅𝑟,𝑖
𝑛 − (𝑇̅𝑓,𝑖+1

𝑛 − 𝑇̅𝑓,𝑖
𝑛 )]

∆𝑡2

2
)

                        +
ℎ𝑎𝑠

𝜖𝜌𝑓𝑐𝑓
[(1 − 𝜉)(𝑇̅𝑟,𝑖

𝑛 − 𝑇̅𝑓,𝑖
𝑛 ) + 𝜉(𝑇̅𝑟,𝑖

𝑛+1 − 𝑇̅𝑓,𝑖
𝑛+1)]∆𝑡 +

𝑓𝑓|𝑣
3|

2𝐷ℎ𝑐𝑓
∆𝑡



 

𝑇𝑓(𝑥𝑖+1 2⁄ , 𝑡)

𝑇𝐶

𝑇̅𝑓,𝑖
𝑛+1 − 𝑇̅𝑓,𝑖

𝑛 = 
𝑣

∆𝑥
∆𝑡 (𝑇𝐶 − [(𝑇̅𝑓,𝑖

𝑛 −
∆𝑥

2
𝜎𝑓,𝑖

𝑛 ) + |𝑣|𝜎𝑓,𝑖
𝑛 ∆𝑡

2
+ 

ℎ𝑎𝑠

𝜖𝜌𝑓𝑐𝑓
(𝑇̅𝑟,𝑖

𝑛 − 𝑇̅𝑓,𝑖
𝑛 )

∆𝑡

2
])

                  +
ℎ𝑎𝑠

𝜖𝜌𝑓𝑐𝑓
[(1 − 𝜉)(𝑇̅𝑟,𝑖

𝑛 − 𝑇̅𝑓,𝑖
𝑛 ) + 𝜉(𝑇̅𝑟,𝑖

𝑛+1 − 𝑇̅𝑓,𝑖
𝑛+1)]∆𝑡 +

𝑓𝑓|𝑣
3|

2𝐷ℎ𝑐𝑓
∆𝑡

𝑇̅𝑓,𝑖
𝑛+1





 

 

 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%%          Active Magnetic Regenerative Refrigerator Model         %%      
%%       developed at the Polytechnical University of Valencia    %% 

%%      in collaboration with the Technical University of Denmark   %% 

%%    based on the work by K. Engelbrecht (2008) at UW-Madison    %%   
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

  
% This input module takes regenerator and machine inputs, converts 

them to AMR model inputs and calls the AMR model. Fluid flow rate and 
magnetic field are determined for a generic AMRR reciprocating 

machine. 
% In order to consider the maldistribution effect in a Gd plates 

regenerator, ‘n’ representative channels are modelled. The channels 
are independent and its outlets are mixed in the reservoirs. 
% The outputs of the regenerator model include the temperature profile 
of the fluid and regnerator once cyclical steady state has been 
achieved as well as pumping power and heating and cooling loads.   

  
clear %clears the existing variable space before running the model 

  
% Regenerator description 
nbed=1; %number of beds in the regenerator 
nchan=10; %number of channels per bed 
w=.025; %m, width of flow channel in regenerator 
L=.050; %m, length of each regenerator bed 
e_plate=.001; %m, plate thickness 
e_chan=[.0005];%m, channel height(s) 

  
cnk=1; %axial conduction scaling factor 
cff=1; %friction factor scaling factor 
cNu=1; %Nusselt number scaling factor 

  
n=length(e_chan); %number of representative channels (same height) 



 

 

h=(e_plate+e_chan)*(nchan/n); %m, thickness of each homogeneous 

section of the stack 
Ac=h*w; %m2, cross sectional area of each section 

  
%% AMR inputs 
TH=273.15+30; % Hot reservoir temperature, K 
TC=273.15+15; %Cold end temperature, K 
Qh=[0]; %Thermal load in cold reservoir, W (0 if TC is fixed) 

  
Tamb=TH-1; %Ambient temperature, K 

  
%% Linear machine inputs 
for ii=1:n 
    pacRAW{ii}=[e_plate,e_plate+e_chan(ii),w,nchan]; 
end 
dblow=0.5; %Relative distance covered by fluid with respect to L 
tblow=0.5; %Blow time, s 

  
%% Model parameters 
Nxmin=100; %Minimum number of spatial steps 
Nt1=5;  %Number of time steps during lag time (piston and regenerator 

stopped) 
Nt2=30; %Number of time steps during magnetization (regenerator moving 

and piston stopped) 

  
tol=0.00001; %convergence tolerance 

  
%% Define the user-defined functions called to determine properties 
numlayer=1; %Number of MCM layers in the regenerator 
mcm_inp=[293, 1]; %[Curie temp of layer 1, fraction of regerator 

occupied by layer 1; ...] 
mcmfun={@Gd}; %{MCM property function for layer 1; ...} 
fluidfun=@ethgly50; %Fluid properties function 
bedcorrfun=@AlignRectChan; %Regenerator correlation function 
Navgfun=@Navg_ctt_prof; %Demagnetization factor profile function 

  
%% Convert machine inputs to AMR inputs and call AMR model 
muoHapp=cell(1,length(e_chan)); 
Navg=cell(1,length(e_chan)); 

                 
for mm=1:length(e_chan) 
[mdot, muoHapp, Nx, t, tau, dwell, Vres, Ramb_res, 

UA_HHEX]=LinearMach(tblow, dblow, muoH_amp, pacRAW, L, Nxmin, Nt1, 

Nt2, fluidfun, bedcorrfun); 
xr=L*((1:Nx(mm))'-1/2)/Nx(mm); %Channel spatial grid 
Navg{mm} = Navgfun(muoHapp{mm}, xr, TH); %Demagnetization factor  
end 

  
%Call AMR model 
[ref_cap,heat_rej,Qmag,Qpump,COP,Pdrop,Tr,Tf,U,NTU,t_conv,count,TrC_av

e,TrH_ave]=AMRregen_nchan(L,Ac,t,tau,dwell,Nx,mdot,TC,TH,n_beds,tol,cn

k,cNu,cff,pacRAW,fluidfun,bedcorrfun,muoHapp,numlayer,mcm_inp,mcmfun,N

avg,Qh,Vres,Ramb_res,Tamb,UA_HHEX); 
fprintf('\n Finished\n\n') 

 
 

 

 



 

function[ref_cap,heat_rej,Qmag,Qpump,COP,Pdrop,Tr,Tf,U,NTU,t_conv,coun

t,TrC_ave,TrH_ave]=AMRregen_nchan(L,Ac,t,tau,dwell,Nx,mdot,TC,TH,n_bed

s,tol,cnk,cNu,cff,pacRAW,fluidfun,bedcorrfun,muoHapp,numlayer,mcm_inp,

mcmfun,Navg,Qh,Vres,Ramb_res,Tamb,UA_HHEX) 

%% AMRregen_nchan  Main AMR model that calculates the regenerator 

temperature profiles and performance at the 

cyclical steady state, given the physical 

characteristics of the regenerator and the fluid 

flow and magnetic field profiles during the AMR 

cycle. The model can take into account the fluid 

flow maldistribution as the sum of independent 

channels. The model can compute the average 

temperature in the reservoirs. 

Adapted from Engelbrecht 2008 [11]. 

                                                                                                                                    

%% Configure manually model options 

startT=0;%0=start from constant T = TH  1=start from linear T profile 

ambloss=0;%0=no losses to the ambient 1= include losses to the ambient 

NM=0.5; %Numerical Method: 0=explicit 1=implicit 0.5=Crank Nicholson 

TCctt=1;  %1=TC constant 0=TC from equation of cold reservoir 

THctt=1;  %1=TH constant 0=TH from equation of hot reservoir 

 

%%INITIALIZATION 

%Time 

Nt=length(t)-1; 

  

tblow=0; 

for j=1:Nt 

if ((mdot(j)+mdot(j+1))/2)<0 

    tblow=tblow+(t(j+1)-t(j)); 

end 

end 

  

%Spatial grid 

xf=cell(1,nchan); 

dx=0*(1:nchan); 

for mm=1:nchan 

ii=1:Nx(mm); 

xf{mm}=L*(ii'-1/2)/Nx(mm); %fluid spatial grid 

dx(mm)=xf{mm}(2)-xf{mm}(1); 

end 

xr=xf; %regenerator spatial grid 

  

% Prealocate matrixes for speed 

Tf=cell(1,nchan);  %Fluid temperature 

Tr=cell(1,nchan);  %Regenerator temperature 

TCedg=zeros(Nt,nchan); %Mean T at the cold border of the regenerator 

THedg=zeros(Nt,nchan); %Mean T at the hot border of the regenerator 

ECedg=0*(1:nchan); 

  

muoH=cell(1,nchan); %Internal magnetic field 

Mo=cell(1,nchan); %Magnetization at the time step j 

cmuoH=cell(1,nchan);     

dsdmuoH=cell(1,nchan);   

kr=cell(1,nchan);        

sr=cell(1,nchan);        

hr=cell(1,nchan);        

rhor=cell(1,nchan); 

Nuf=cell(1,nchan); 

kf=cell(1,nchan); 

  



 

 

v=zeros(Nt,nchan); 

deltaP=zeros(Nt,nchan); 

  

%%Bed parameters 

nchan=length(Ac); 

dh=zeros(size(Ac)); 

eps=zeros(size(Ac)); 

as=zeros(size(Ac)); 

  

for ii=1:nchan 

[dh(ii),eps(ii),as(ii)]=pack_geom(pacRAW{ii},bedcorrfun); 

pacCOOKED{ii}=[pacRAW{ii},as(ii),eps(ii),dh(ii),cNu,cff,cnk,L]; 

end 

  

if startT==0   %%start model with a constant temperature profile (TH) 

    for ii=1:nchan 

    Tr{ii}(:,1)=TH; %initial regenerator temp 

    Tf{ii}(:,1)=TH;  %initial fluid temp 

    end 

else            %%start model with a ramp temperature profile 

    for ii=1:nchan 

    Tr{ii}(:,1)=TH-xr{ii}*(TH-TC)/L; %initial regenerator temp 

    Tf{ii}(:,1)=TH-xf{ii}*(TH-TC)/L;  %initial fluid temp 

    end 

end 

  

% Initialize variables before beginning the main loop. 

done=0; 

count=0; %Number of cycles 

  

E_acum_cycle(1:nchan)=0; 

E_init(1:nchan)=0; 

ref_load=0; 

heat_load=0; 

Wpump=0; 

Wmag=0; 

TC_ave=0; 

TrC_ave=0; 

TrH_ave=0; 

  

Ef=0*(1:Nt+1); 

Er=0*(1:Nt+1); 

E_acum=0; 

E_fin_total=0; 

  

Wmag_Mo=0; 

Wmag_H=0; 

Vdot_ave=0; 

TCedg_ave=0; 

THedg_ave=0; 

Nu_ave=0; 

kf_ave=0; 

  

TC_evo=TC; %Record evolution of TC until steady state 

  

%Cold reservoir 

TrC(1:Nt)=TC; 

VrC(1:Nt)=Vres;  %Initial volume of cold reservoir 

UA_amb=1/Ramb_res*ambloss; 

  

%Hot reservoir 



 

TrH(1:Nt)=TH; 

VrH(1:Nt)=Vres;  %Initial volume of hot reservoir 

UA_hex=UA_HHEX; 

  

%Create interpolant function with material properties and 

magnetization data 

[interpS, interph0, interpMag]=create_interp(mcmfun); 

pac_interpprops={interpS,interph0,interpMag}; %pack interpolants 

  

%Calculate initial internal magnetic field and properties 

magpropfun=@mcmprops; 

for ii=1:nchan 

[muoH{ii}(:,1), Mo{ii}(:,1)] = DeMagIntLayer(Navg{ii}(:,1),mcm_inp, 

mcmfun,muoHapp{ii}(:,1),Tr{ii}(:,1),muoHapp{ii}(:,1),numlayer,L,xr{ii}

,interpMag); 

[cmuoH{ii}(:,1),dsdmuoH{ii}(:,1),rhor{ii},kr{ii}(:,1),sr{ii}(:,1),hr{i

i}(:,1)]=magpropfun(xr{ii},L,Tr{ii}(:,1),muoH{ii}(:,1),numlayer,mcm_in

p,mcmfun,interpS,interph0); 

[muf1,kf1,cf1{ii},rhof,hf1,sf1]=fluidfun(Tf{ii}(:,1)); 

end 

rhor_ave=mean(rhor{1}(:)); 

  

%% MAIN LOOP 

tic 

while(done==0) 

     

for j=1:Nt 

time=t(j);    

dt=t(j+1)-t(j); 

        

Vdot=(mdot(j)+mdot(j+1))/2/rhof; %Mean flow rate during the time step 

v(j,:)=speed_distrib(Vdot,pacRAW,bedcorrfun); %Speed in each channel  

     

if Vdot>0  %%%HOT-TO-COLD%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

             

    %Calculate temperature in hot reservoir (hex) 

    [mufH,kfH,cfH,rhofH,hfH,sfH]=fluidfun(TrH(j)); 

    VrH(j+1)=-Vdot*dt+VrH(j); 

    

TrH(j+1)=(1/(rhofH*cfH*VrH(j+1)+NM*(UA_hex*dt+abs(Vdot)*rhofH*cfH*dt))

)*(rhofH*cfH*VrH(j)*TrH(j)-(1-

NM)*abs(Vdot)*rhofH*cfH*dt*TrH(j)+UA_hex*(Tamb-(1-NM)*TrH(j))*dt);    

    TH=TH*THctt+(1-THctt)*(TrH(j+1)+TrH(j))/2; 

         

    for ii=1:nchan 

    [Tr{ii}(:,j+1), Tf{ii}(:,j+1), THedg(j,ii), TCedg(j,ii),  

muoH{ii}(:,j+1), cmuoH{ii}(:,j+1), dsdmuoH{ii}(:,j+1), kr{ii}(:,j+1), 

deltaP(j,ii), E_fin(ii), E_acum_timestep, Nuf{ii}(:,j), kf{ii}(:,j)]= 

AMRchan(dt,Tf{ii}(:,j),Tr{ii}(:,j),v(j,ii),xr{ii},Nx(ii),TH,TC,Ac(ii),

fluidfun,bedcorrfun,pacCOOKED{ii},magpropfun,muoH{ii}(:,j),cmuoH{ii}(:

,j),dsdmuoH{ii}(:,j),kr{ii}(:,j),rhor{ii},numlayer,mcm_inp,mcmfun,Navg

{ii}(:,j+1),muoHapp{ii}(:,j+1),NM,E_init(ii),pac_interpprops); 

    E_init(ii)=E_fin(ii); %For next timestep 

    E_acum_cycle(ii)=E_acum_cycle(ii)+E_acum_timestep; 

     

    %Energy leaving the regenerator (-->entering the cold reservoir) 

    [mufedg,kfedg,cfedg,rhofedg,hfedg,sfedg]=fluidfun(TCedg(j,ii)); 

   ECedg(ii)=abs(v(j,ii))*rhofedg*cfedg*dt*eps(ii)*Ac(ii)*TCedg(j,ii); 

     

    %Energy entering the regenerator (<--leaving the hot reservoir) 

    [mufedg,kfedg,cfedg,rhofedg,hfedg,sfedg]=fluidfun(TH); 



 

 

    EHedg(ii)=abs(v(j,ii))*rhofedg*cfedg*dt*eps(ii)*Ac(ii)*TH; 

     

    end 

     

    %Temperature of the cold reservoir (perfect mixing) 

    [mufC,kfC,cfC,rhofC,hfC,sfC]=fluidfun(TrC(j)); 

    VrC(j+1)=Vdot*dt+VrC(j); 

    

TrC(j+1)=(1/(rhofC*cfC*VrC(j+1)+UA_amb*NM*dt))*(rhofC*cfC*VrC(j)*TrC(j

)+sum(ECedg)+UA_amb*(Tamb-(1-NM)*TrC(j))*dt+Qh*dt);       

        

    %Calculate refrigeration and heating loads 

    ref_load=ref_load-sum(ECedg); 

    heat_load=heat_load-sum(EHedg); 

     

    %Compute average values of some variables for postprocessing 

     Vdot_ave=Vdot_ave+Vdot*dt; 

     TCedg_ave=TCedg_ave+TCedg(j,:)*dt; 

     TrC_ave=TrC_ave+(TrC(j+1)+TrC(j))/2*dt; 

     TrH_ave=TrH_ave+(TrH(j+1)+TrH(j))/2*dt; 

     Nu_ave=Nu_ave+mean(Nuf{1}(:,j))*dt; 

     kf_ave=kf_ave+mean(kf{1}(:,j))*dt; 

     

elseif Vdot<0  %%%COLD-TO-HOT%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

     

%Calculate temperature in cold reservoir (thermal losses+thermal load) 

    [mufC,kfC,cfC,rhofC,hfC,sfC]=fluidfun(TrC(j)); 

    VrC(j+1)=Vdot*dt+VrC(j); 

   

TrC(j+1)=(1/(rhofC*cfC*VrC(j+1)+NM*(UA_amb*dt+abs(Vdot)*rhofC*cfC*dt))

)*(rhofC*cfC*VrC(j)*TrC(j)-(1-NM)*abs(Vdot)*rhofC*cfC*dt*TrC(j) 

+UA_amb*(Tamb-(1-NM)*TrC(j))*dt+Qh*dt);    

    TC=TC*TCctt+(1-TCctt)*(TrC(j+1)+TrC(j))/2;    

      

    for ii=1:nchan 

    [Tr{ii}(:,j+1) Tf{ii}(:,j+1) THedg(j,ii) TCedg(j,ii)  

muoH{ii}(:,j+1) cmuoH{ii}(:,j+1) dsdmuoH{ii}(:,j+1) kr{ii}(:,j+1) 

deltaP(j,ii) E_fin(ii) E_acum_timestep]= 

AMRchan(dt,Tf{ii}(:,j),Tr{ii}(:,j),v(j,ii),xr{ii},Nx(ii),TH,TC,Ac(ii),

fluidfun,bedcorrfun,pacCOOKED{ii},magpropfun,muoH{ii}(:,j),cmuoH{ii}(:

,j),dsdmuoH{ii}(:,j),kr{ii}(:,j),rhor{ii},numlayer,mcm_inp,mcmfun,Navg

{ii}(:,j+1),muoHapp{ii}(:,j+1),NM,E_init(ii),pac_interpprops); 

    E_init(ii)=E_fin(ii); %For next timestep 

    E_acum_cycle(ii)=E_acum_cycle(ii)+E_acum_timestep; 

     

    %Energy leaving the regenerator (-->entering the hot reservoir) 

    [mufedg,kfedg,cfedg,rhofedg,hfedg,sfedg]=fluidfun(THedg(j,ii)); 

   EHedg(ii)=abs(v(j,ii))*rhofedg*cfedg*dt*eps(ii)*Ac(ii)*THedg(j,ii); 

     

    %Energy entering the regenerator (<--leaving the cold reservoir) 

    [mufedg,kfedg,cfedg,rhofedg,hfedg,sfedg]=fluidfun(TC); 

    ECedg(ii)=abs(v(j,ii))*rhofedg*cfedg*dt*eps(ii)*Ac(ii)*TC; 

     

    end 

     

    %Temperature of the hot reservoir (perfect mixing) 

    [mufH,kfH,cfH,rhofH,hfH,sfH]=fluidfun(TrH(j)); 

    VrH(j+1)=-Vdot*dt+VrH(j); 

    

TrH(j+1)=(1/(rhofH*cfH*VrH(j+1)+UA_hex*NM*dt))*(rhofH*cfH*VrH(j)*TrH(j

)+sum(EHedg)+UA_hex*(Tamb-(1-NM)*TrH(j))*dt);       



 

     

    %Calculate refrigeration and heating loads 

    heat_load=heat_load+sum(EHedg); 

    ref_load=ref_load+sum(ECedg); 

    

    %Compute average values of some variables for postprocessing 

    THedg_ave=THedg_ave+THedg(j,:)*dt; 

    TrC_ave=TrC_ave+(TrC(j+1)+TrC(j))/2*dt; 

    TrH_ave=TrH_ave+(TrH(j+1)+TrH(j))/2*dt; 

     

else  %%Vdot==0   FLUID STOPPED%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

     

    for ii=1:nchan 

    [Tr{ii}(:,j+1) Tf{ii}(:,j+1) THedg(j,ii) TCedg(j,ii)  

muoH{ii}(:,j+1) cmuoH{ii}(:,j+1) dsdmuoH{ii}(:,j+1) kr{ii}(:,j+1) 

deltaP(j,ii) E_fin(ii) E_acum_timestep]= 

AMRchan(dt,Tf{ii}(:,j),Tr{ii}(:,j),v(j,ii),xr{ii},Nx(ii),TH,TC,Ac(ii),

fluidfun,bedcorrfun,pacCOOKED{ii},magpropfun,muoH{ii}(:,j),cmuoH{ii}(:

,j),dsdmuoH{ii}(:,j),kr{ii}(:,j),rhor{ii},numlayer,mcm_inp,mcmfun,Navg

{ii}(:,j+1),muoHapp{ii}(:,j+1),NM,E_init(ii),pac_interpprops); 

    E_init(ii)=E_fin(ii); %For next timestep 

    E_acum_cycle(ii)=E_acum_cycle(ii)+E_acum_timestep; 

    end       

              

    %Heat losses in the cold reservoir 

    [mufC,kfC,cfC,rhofC,hfC,sfC]=fluidfun(TrC(j)); 

    VrC(j+1)=Vdot*dt+VrC(j); 

    

TrC(j+1)=(1/(rhofC*cfC*VrC(j+1)+NM*UA_amb*dt))*(rhofC*cfC*VrC(j)*TrC(j

)+UA_amb*(Tamb-(1-NM)*TrC(j))*dt+Qh*dt); 

      

    %Heat losses in the hot reservoir 

    [mufH,kfH,cfH,rhofH,hfH,sfH]=fluidfun(TrH(j)); 

    VrH(j+1)=Vdot*dt+VrH(j); 

    

TrH(j+1)=(1/(rhofH*cfH*VrH(j+1)+NM*UA_hex*dt))*(rhofH*cfH*VrH(j)*TrH(j

)+UA_hex*(Tamb-(1-NM)*TrH(j))*dt); 

  

    %Compute average values of some variables for postprocessing 

    TrC_ave=TrC_ave+(TrC(j+1)+TrC(j))/2*dt; 

    TrH_ave=TrH_ave+(TrH(j+1)+TrH(j))/2*dt; 

     

end 

         

%Calculate pump work 

Wpump=Wpump+abs(Vdot)*deltaP(j,1)*dt; %J %same deltaP in all channels 

     

%Compute average values of some variables for postprocessing 

TC_ave=TC_ave+TC*dt; 

TH_ave=TH_ave+TH*dt; 

     

end 

  

%toc %one cycle simulated 

count=count+1; 

         

%Save cold end temperature 

TC_ave=TC_ave/tau; 

TrC_ave=TrC_ave/tau; 

TC_evo(count+1)=TrC_ave; 

TrH_ave=TrH_ave/tau;        



 

 

%Calculate change in energy over the cycle 

for ii=1:nchan 

Ef=Ef+sum(Ac(ii)*eps(ii)*rhof*cf1{ii}(1)*Tf{ii}(:,:)*dx(ii),1);   

%fluid energy entrained in one bed of the regenerator 

Er=Er+sum(Ac(ii)*(1-eps(ii))*rhor{ii}(1)*cmuoH{ii}(:,:).*Tr{ii}(:,:) 

*dx(ii),1); %regenerator energy for one bed 

end 

dE_cycle=abs(Er(:,Nt+1)-Er(:,1))+abs(Ef(:,Nt+1)-Ef(:,1)); %absolute 

value of the change in energy over one cycle 

Emax=max(Ef+Er); %maximum energy in the solid and fluid during 

previous cycle 

Emin=min(Ef+Er); %minimum energy in the solid and fluid during 

previous cycle 

err=abs(dE_cycle/(Emax-Emin)); %figure of merit for cyclical steady 

state convergence 

         

%%Energy conservation test over cycle 

c=sum(E_acum_cycle)-(sum(E_fin)-0);   %E_init(1)=0 

c_rel=c/(sum(E_fin)-0); 

c_error(count)=c; 

         

%Check energy conservation with calculated loads (consistency of 

estimated outlet temps) 

cons_load=ref_load-Wmag+Wpump-(heat_load+(sum(E_fin)-0)); 

         

% Accumulate energy for final balance 

E_fin_total=E_fin_total+sum(E_fin); 

E_acum=E_acum+sum(E_acum_cycle); 

                                

if err<tol  %system has reached steady state, exit while loop. 

done=1; 

else %steady state has not been achieved, continue to next cycle. 

             

            %Reset variables that are used in the cycle 

            Er=0*Er; 

            Ef=0*Ef; 

            E_acum_cycle=0*E_acum_cycle; 

            E_init=0*E_init; 

            Wpump=0; 

            ref_load=0; 

            heat_load=0; 

            TC_ave=0; 

            TrC_ave=0; 

            TrH_ave=0; 

             

            Vdot_ave=0; 

            TCedg_ave=0; 

            THedg_ave=0; 

            Nu_ave=0; 

            kf_ave=0; 

             

            VrC(1)=VrC(Nt+1);            

            TrC(1)=TrC(Nt+1); 

            VrH(1)=VrH(Nt+1);            

            TrH(1)=TrH(Nt+1); 

  

            for ii=1:nchan 

            Tr{ii}(:,1)=Tr{ii}(:,Nt+1);%initial regen T for next cycle 

            Tf{ii}(:,1)=Tf{ii}(:,Nt+1);%initial fluid T for next cycle 

            muoH{ii}(:,1)=muoH{ii}(:,Nt+1);  

            cmuoH{ii}(:,1)=cmuoH{ii}(:,Nt+1); 



 

            dsdmuoH{ii}(:,1)=dsdmuoH{ii}(:,Nt+1); 

            kr{ii}(:,1)=kr{ii}(:,Nt+1); 

            end 

        end 

end 

  

%% POST-PROCESSING 

t_conv=toc     %time to convergence 

count          %number of cycles until steady state 

c=sum(c_error) %absolute error on energy conservation 

c_rel=(E_acum-E_fin_total)/(E_fin_total) %relative error on E cons 

  

%%Performance 

ref_cap=ref_load/tau*n_beds; % W, refrigeration rate in W supplied to 

the cold reservoir by the entire regenerator 

heat_rej=heat_load*n_beds/tau; %W, heat transfer rate from the hot 

reservoir in W to the surroundings by the entire regenerator 

Qpump=Wpump*n_beds/tau; % W, rate of work for fluid pumping 

Qmag=heat_rej-ref_cap-Qpump; %W, rate of magnetic work 

COP=ref_cap/(heat_rej-ref_cap); %Thermal COP (not taking into account 

mechanical efficiencies) 

COP_Carnot=(TC)/(TH-TC); %Carnot efficiency for a cycle operating 

between the specified hot and cold reservoir temperatures 

  

if TCctt==0 

    TC_span=TrC_ave; 

else 

    TC_span=TC; 

end 

  

if THctt==0 

    TH_span=TrH_ave; 

else 

    TH_span=TH; 

end 

DT_span=TH_span-TC_span; %Temperature span 

  

Pdrop=max(deltaP(:,1))/10^5; %bar 

  

%%Regenerator performance 

mdot_ave=Vdot_ave/tblow*rhof; 

Nu_ave=Nu_ave/tblow; 

kf_ave=kf_ave/tblow; 

V=Ac*L; 

  

cr_ave=0; 

cf_ave=0; 

for ii=1:nchan 

cr_ave=cr_ave+mean(mean(cmuoH{ii})); 

cf_ave=cf_ave+mean(cf1{ii}); 

end 

cr_ave=cr_ave/nchan; 

cf_ave=cf_ave/nchan; 

  

Cr=sum(mean(rhor{1})*V.*(1-eps)*cr_ave); 

Cf=sum(rhof*V.*eps*cf_ave); 

R=Cf/Cr; 

lambda=tau/2*(1-dwell); 

  

U=mdot_ave*cf_ave*tblow/Cr;   %Utilization 

NTU=Nu_ave*kf_ave*Ac(1)*L*as(1)/(dh(1)*mdot_ave*cf_ave); %1 channel 



 

 

function [Tr_next Tf_next THedg TCedg muoH_next cmuoH_next 

dsdmuoH_next kr_next deltaP E_fin E_acum_timestep Nuf kf 

h]=AMRchan(dt,Tf,Tr,v,xr,Nx,TH,TC,Ac,fluidfun,bedcorrfun,pacCOOKED,mag

propfun,muoH,cmuoH,dsdmuoH,kr,rhor,numlayer,mcm_inp,mcmfun,Navg_next,m

uoHapp_next,NM,E_init,pac_interpprops) 
%% AMRchan  Core function of the AMR model that solves the spatial 

regenerator temperature profiles and MCM properties along 

one pair channel+plate for the next time step, based on the 

HEIS numerical scheme. The model takes into account the 

demagnetizing effect and the variation of the MCM 

properties along the time step. 

 
%Unpack inputs 
eps=pacCOOKED(6); 
as=pacCOOKED(5); 
dh=pacCOOKED(7); 
L=pacCOOKED(11); 
dx=xr(2)-xr(1); 
xf=xr; 

     
interpS=pac_interpprops{1}; 
interph0=pac_interpprops{2}; 
interpMag=pac_interpprops{3}; 

         
%Preallocate variables 
Tr_next=zeros(size(Tr)); 
Tf_next=zeros(size(Tf)); 

     
slo_f=0*(1:Nx); %Slope of the temperature distribution (FLUID) 
slo_r=0*(1:Nx); %Slope of the temperature distribution (SOLID) 
left=0*(1:Nx); %Integral T(x=i-1/2, t=j) 
right=0*(1:Nx); %Integral T(x=i+1/2, t=j) 
a=0*(1:Nx);  % Coefficients of the solid equation 
b=0*(1:Nx); 
c=0*(1:Nx); 
d=0*(1:Nx); 

         
%Calculate properties at current time step 
[muf,kf,cf,rhof,hf,sf]=fluidfun(Tf);  
Prf=cf.*muf./kf; %Prandtl number 
Ref=abs(v)*dh*rhof./muf; %Reynolds number based on hydraulic diameter 
    

[Nuf,ff,kstat,kdisp]=bedcorrfun(pacCOOKED,Ref,Prf,kf,kr,v,muf,rhof,cf,

xf); 
dP=ff.*v.^2/(2*dh)*rhof*L/Nx; %Pa, Pressure drop 
deltaP=sum(dP); 

     
iter=0; 
count_iter=0; 
alpha=1; 
Tr_prima=Tr; 

     
while (iter==0) %Iteration in time step until T(:,j+1)'=T(:,j+1) 
    

[muoH_next,Mo_next]=DeMagIntLayer(Navg_next,mcm_inp,mcmfun,muoHapp_nex

t,Tr_prima,muoH,numlayer,L,xr,interpMag); 
    

[cmuoH_next,dsdmuoH_next,rhor,kr_next,sr_next,hr_next]=magpropfun(xr,L

,Tr_prima,muoH_next,numlayer,mcm_inp,mcmfun,interpS,interph0); 

  



 

    %%Calculate coefficients in the equations 
    h=Nuf.*kf/dh; 
    Kk=((kr+kr_next)/2)./((cmuoH+cmuoH_next)/2)./rhor; 
    Khr=h*as./(rhor*(1-eps))./((cmuoH+cmuoH_next)/2);  
    Khf=h./cf*as/(rhof*eps); 
    KdP=ff*(abs(v))^3/2/dh./cf; 

           
if(v>0) %%%%%%%%%%%%% HOT - TO - COLD (From 1 to Nx) %%%%%%%%%% 

        
   %%%%Calculate temperature distribution slopes 

     
        %Solid 
        slo_r(1)=(Tr(2)-Tr(1))/dx; 
        slo_r(2:Nx-1)=(Tr(3:Nx)-Tr(1:Nx-2))/(2*dx); 
        slo_r(Nx)=(Tr(Nx)-Tr(Nx-1))/dx; 

  
        %Fluid  %MC limiter %%%%%%%%%%%%%%%%% 
            up=0*(1:Nx); 
            up(1)=2*(Tf(1)-TH)/dx; 
            up(2:Nx-1)=2*(Tf(2:Nx-1)-Tf(1:Nx-2))/dx; 

  
            down=0*(1:Nx); 
            down(1)=2*(Tf(2)-Tf(1))/dx; 
            down(2:Nx-1)=2*(Tf(3:Nx)-Tf(2:Nx-1))/dx; 

  
            cent=0*(1:Nx); 
            cent(1)=(Tf(2)-TH)/2/dx; 
            cent(2:Nx-1)=(Tf(3:Nx)-Tf(1:Nx-2))/2/dx; 

  
            for i=1:Nx-1 
            if down(i)*up(i)<=0 
                aux=0; 
            elseif abs(down(i))<abs(up(i)) 
                aux=down(i); 
            else 
                aux=up(i); 
            end 

  
            if cent(i)*aux<=0 
                slo_f(i)=0; 
            elseif abs(cent(i))<abs(aux) 
                slo_f(i)=cent(i); 
            else 
                slo_f(i)=aux; 
            end 
            end 

  
            slo_f(Nx)=2*(Tf(Nx)-Tf(Nx-1))/dx; 

     
    %%%% Calculation of integrals T(x=i+1/2, t=j) and T(x=i-1/2, t=j) 
    % HEIS 1: mean DT is constant during the timestep       
    left(1)=dt*TH; %Integral T(x=i-1/2,t=j) 
    left(2:Nx)=dt*(Tf(1:Nx-1)+slo_f(1:Nx-1)'*dx/2+(Khf(1:Nx-

1).*(Tr(1:Nx-1)-Tf(1:Nx-1))-abs(v)*slo_f(1:Nx-1)')*dt/2); %Integral 

T(x=i-1/2,t=j) 
            

right(1:Nx)=dt*(Tf(1:Nx)+slo_f(1:Nx)'*dx/2+(Khf(1:Nx).*(Tr(1:Nx)-

Tf(1:Nx))-abs(v)*slo_f(1:Nx)')*dt/2); %Integral T(x=i+1/2,t=j) 

       



 

 

    %%%% Calculation of solid equation coefficients -- a(i)Tr(i-

1,j+1)+b(i)Tr(i,j+1)+c(i)Tr(i+1,j+1)=d(i) 

  
    a(2:Nx)=-NM*Kk(2:Nx)*dt/dx^2;   
    b(1)=1+NM*Kk(1)*dt/dx^2+NM*Khr(1)*dt*(1-

Khf(1)*dt*NM/(1+Khf(1)*dt*NM))+NM/((cmuoH(1)+cmuoH_next(1))/2)*(dsdmuo

H(1)+dsdmuoH_next(1))/2*(muoH_next(1)-muoH(1)); 
    b(2:Nx-1)=1+2*NM*Kk(2:Nx-1)*dt/dx^2+NM*dt*Khr(2:Nx-1).*(1-

Khf(2:Nx-1)*dt*NM./(1+Khf(2:Nx-1)*dt*NM))+NM./((cmuoH(2:Nx-

1)+cmuoH_next(2:Nx-1))/2).*(dsdmuoH(2:Nx-1)+dsdmuoH_next(2:Nx-

1))/2.*(muoH_next(2:Nx-1)-muoH(2:Nx-1)); 
    b(Nx)=1+NM*Kk(Nx)*dt/dx^2+NM*Khr(Nx)*dt*(1-

Khf(Nx)*dt*NM/(1+Khf(Nx)*dt*NM))+NM/((cmuoH(Nx)+cmuoH_next(Nx))/2)*(ds

dmuoH(Nx)+dsdmuoH_next(Nx))/2*(muoH_next(Nx)-muoH(Nx)); 
    c(1:Nx-1)=-NM*Kk(1:Nx-1)*dt/dx^2; 
    d(1)=Tr(1)+(1-NM)*dt*(Kk(1)/dx^2*(Tr(2)-Tr(1))-Khr(1)*(Tr(1)-

Tf(1)))+NM*dt*Khr(1)/(1+Khf(1)*dt*NM)*(Tf(1)+abs(v)/dx*(left(1)'-

right(1)')+(1-NM)*dt*Khf(1)*(Tr(1)-Tf(1))+KdP(1)*dt)-(1-

NM)/((cmuoH(1)+cmuoH_next(1))/2)*Tr(1)*(dsdmuoH(1)+dsdmuoH_next(1))/2*

(muoH_next(1)-muoH(1)); 
    d(2:Nx-1)=Tr(2:Nx-1)+(1-NM)*dt*(Kk(2:Nx-1)/dx^2.*(Tr(3:Nx)-

2*Tr(2:Nx-1)+Tr(1:Nx-2))-Khr(2:Nx-1).*(Tr(2:Nx-1)-Tf(2:Nx-

1)))+NM*dt*Khr(2:Nx-1)./(1+Khf(2:Nx-1)*dt*NM).*(Tf(2:Nx-

1)+abs(v)/dx*(left(2:Nx-1)'-right(2:Nx-1)')+(1-NM)*dt*Khf(2:Nx-

1).*(Tr(2:Nx-1)-Tf(2:Nx-1))+KdP(2:Nx-1)*dt)-(1-NM)./((cmuoH(2:Nx-

1)+cmuoH_next(2:Nx-1))/2).*Tr(2:Nx-1).*(dsdmuoH(2:Nx-

1)+dsdmuoH_next(2:Nx-1))/2.*(muoH_next(2:Nx-1)-muoH(2:Nx-1)); 
    d(Nx)=Tr(Nx)+(1-NM)*dt*(Kk(Nx)/dx^2*(Tr(Nx-1)-Tr(Nx))-

Khr(Nx)*(Tr(Nx)-

Tf(Nx)))+NM*dt*Khr(Nx)/(1+Khf(Nx)*dt*NM)*(Tf(Nx)+abs(v)/dx*(left(Nx)'-

right(Nx)')+(1-NM)*Khf(Nx)*dt*(Tr(Nx)-Tf(Nx))+KdP(Nx)*dt)-(1-

NM)/((cmuoH(Nx)+cmuoH_next(Nx))/2)*Tr(Nx)*(dsdmuoH(Nx)+dsdmuoH_next(Nx

))/2*(muoH_next(Nx)-muoH(Nx)); 

  
    %%%%%% TDMA algorithm 

  
    c(1)=c(1)/b(1); % Division by zero risk. 
    d(1)=d(1)/b(1);  

  
    for i = 2:Nx 
        temp=b(i)-a(i)*c(i-1); 
        c(i)=c(i)/temp; 
        d(i)=(d(i)-a(i)*d(i-1))/temp; 
    end 

  
    Tr_next(Nx)=d(Nx); 
    Tf_next(Nx)=1/(1+Khf(Nx)*dt*NM)*(Tf(Nx)+abs(v)/dx*(left(Nx)-

right(Nx))+Khf(Nx)*dt*((1-NM)*Tr(Nx)+NM*Tr_next(Nx))-Khf(Nx)*dt*(1-

NM)*Tf(Nx)+KdP(Nx)*dt); 

  
    for i=(Nx-1):-1:1 
        Tr_next(i)=d(i)-c(i)*Tr_next(i+1); 
        Tf_next(i)=1/(1+Khf(i)*dt*NM)*(Tf(i)+abs(v)/dx*(left(i)-

right(i))+Khf(i)*dt*((1-NM)*Tr(i)+NM*Tr_next(i))-Khf(i)*dt*(1-

NM)*Tf(i)+KdP(i)*dt); 
    end 

         
    E_acum_timestep=abs(v)*dt*eps*Ac*rhof*cf(Nx)*(TH-

(Tf(Nx)+slo_f(Nx)*(dx-abs(v)*dt)/2))-

1/2*dt*Khf(Nx)*rhof*eps*cf(Nx)*Ac*abs(v)*dt*(Tr(Nx)-



 

Tf(Nx))+sum(dP)*abs(v)*Ac*eps*dt-sum(Ac*(1-

eps)*dx*rhor.*(dsdmuoH+dsdmuoH_next)/2.*(Tr+Tr_next)/2.*(muoH_next-

muoH)); 

  
    %%%% Edge temperatures 
    THedg=TH; 
    TCedg=Tf(Nx)+slo_f(Nx)*(dx-abs(v)*dt)/2+Khf(Nx)*dt/2*(Tr(Nx)-

Tf(Nx))+KdP(Nx)*dt/2; 

      
elseif(v<0) %%%%%%%%%%%%% COLD - TO - HOT (From Nx to 1) %%%%%%%     

          
    %%%%Calculate temperature distribution slopes 
    %Solid 
        slo_r(1)=(Tr(1)-Tr(2))/dx; 
        slo_r(2:Nx-1)=(Tr(1:Nx-2)-Tr(3:Nx))/(2*dx); 
        slo_r(Nx)=(Tr(Nx-1)-Tr(Nx))/dx; 

  
    %Fluid  %MC limiter %%%%%%%%%%%%%%%%% 
            up=0*(1:Nx); 
            up(2:Nx-1)=2*(Tf(2:Nx-1)-Tf(3:Nx))/dx; 
            up(Nx)=2*(Tf(Nx)-TC)/dx; 

  
            down=0*(1:Nx); 
            down(2:Nx-1)=2*(Tf(1:Nx-2)-Tf(2:Nx-1))/dx; 
            down(Nx)=2*(Tf(Nx-1)-Tf(Nx))/dx; 

  
            cent=0*(1:Nx); 
            cent(2:Nx-1)=(Tf(1:Nx-2)-Tf(3:Nx))/2/dx; 
            cent(Nx)=(Tf(Nx-1)-TC)/2/dx; 

  
            for i=1:Nx-1 
            if down(i)*up(i)<=0 
                aux=0; 
            elseif abs(down(i))<abs(up(i)) 
                aux=down(i); 
            else 
                aux=up(i); 
            end 

  
            if cent(i)*aux<=0 
                slo_f(i)=0; 
            elseif abs(cent(i))<abs(aux) 
                slo_f(i)=cent(i); 
            else 
                slo_f(i)=aux; 
            end 
            end 

  
            slo_f(1)=2*(Tf(1)-Tf(2))/dx;        

         
    %%%% Calculation of integrals T(x=i+1/2, t=j) and T(x=i-1/2,t=j) 
        % HEIS 1: mean DT is constant during the timestep 
            right(Nx)=dt*TC; %Integral T(x=i+1/2,t=j) 
            right(1:Nx-1)=dt*(Tf(2:Nx)-

dx/2*slo_f(2:Nx)'+(Khf(2:Nx).*(Tr(2:Nx)-

Tf(2:Nx))+abs(v)*slo_f(2:Nx)')*dt/2); %Integral T(x=i+1/2,t=j) 
            left(1:Nx)=dt*(Tf(1:Nx)-

dx/2*slo_f(1:Nx)'+(Khf(1:Nx).*(Tr(1:Nx)-

Tf(1:Nx))+abs(v)*slo_f(1:Nx)')*dt/2); %Integral T(x=i-1/2,t=j)       



 

 

     %%%% Calculation of solid equation coefficients -- a(i)Tr(i-

1,j+1)+b(i)Tr(i,j+1)+c(i)Tr(i+1,j+1)=d(i) 

  
    a(2:Nx)=-NM*Kk(2:Nx)*dt/dx^2;  %This expressions will change with 

time when we consider non-constant properties 
    b(1)=1+NM*Kk(1)*dt/dx^2+NM*Khr(1)*dt*(1-

Khf(1)*dt*NM/(1+Khf(1)*dt*NM))+NM/((cmuoH(1)+cmuoH_next(1))/2)*(dsdmuo

H(1)+dsdmuoH_next(1))/2*(muoH_next(1)-muoH(1)); 
    b(2:Nx-1)=1+2*NM*Kk(2:Nx-1)*dt/dx^2+NM*dt*Khr(2:Nx-1).*(1-

Khf(2:Nx-1)*dt*NM./(1+Khf(2:Nx-1)*dt*NM))+NM./((cmuoH(2:Nx-

1)+cmuoH_next(2:Nx-1))/2).*(dsdmuoH(2:Nx-1)+dsdmuoH_next(2:Nx-

1))/2.*(muoH_next(2:Nx-1)-muoH(2:Nx-1)); 
    b(Nx)=1+NM*Kk(Nx)*dt/dx^2+NM*Khr(Nx)*dt*(1-

Khf(Nx)*dt*NM/(1+Khf(Nx)*dt*NM))+NM/((cmuoH(Nx)+cmuoH_next(Nx))/2)*(ds

dmuoH(Nx)+dsdmuoH_next(Nx))/2*(muoH_next(Nx)-muoH(Nx)); 
    c(1:Nx-1)=-NM*Kk(1:Nx-1)*dt/dx^2; 
    d(1)=Tr(1)+(1-NM)*dt*(Kk(1)/dx^2*(Tr(2)-Tr(1))-Khr(1)*(Tr(1)-

Tf(1)))+NM*dt*Khr(1)/(1+Khf(1)*dt*NM)*(Tf(1)+abs(v)/dx*(right(1)-

left(1))+(1-NM)*Khf(1)*dt*(Tr(1)-Tf(1))+KdP(1)*dt)-(1-

NM)/((cmuoH(1)+cmuoH_next(1))/2)*Tr(1)*(dsdmuoH(1)+dsdmuoH_next(1))/2*

(muoH_next(1)-muoH(1)); 
    d(2:Nx-1)=Tr(2:Nx-1)+(1-NM)*dt*(Kk(2:Nx-1)/dx^2.*(Tr(3:Nx)-

2*Tr(2:Nx-1)+Tr(1:Nx-2))-Khr(2:Nx-1).*(Tr(2:Nx-1)-Tf(2:Nx-

1)))+NM*dt*Khr(2:Nx-1)./(1+Khf(2:Nx-1)*dt*NM).*(Tf(2:Nx-

1)+abs(v)/dx*(right(2:Nx-1)'-left(2:Nx-1)')+(1-NM)*dt*Khf(2:Nx-

1).*(Tr(2:Nx-1)-Tf(2:Nx-1))+KdP(2:Nx-1)*dt)-(1-NM)./((cmuoH(2:Nx-

1)+cmuoH_next(2:Nx-1))/2).*Tr(2:Nx-1).*(dsdmuoH(2:Nx-

1)+dsdmuoH_next(2:Nx-1))/2.*(muoH_next(2:Nx-1)-muoH(2:Nx-1)); 
    d(Nx)=Tr(Nx)+(1-NM)*dt*(Kk(Nx)/dx^2*(Tr(Nx-1)-Tr(Nx))-

Khr(Nx)*(Tr(Nx)-

Tf(Nx)))+NM*dt*Khr(Nx)/(1+Khf(Nx)*dt*NM)*(Tf(Nx)+abs(v)/dx*(right(Nx)-

left(Nx))+(1-NM)*Khf(Nx)*dt*(Tr(Nx)-Tf(Nx))+KdP(Nx)*dt)-(1-

NM)/((cmuoH(Nx)+cmuoH_next(Nx))/2)*Tr(Nx)*(dsdmuoH(Nx)+dsdmuoH_next(Nx

))/2*(muoH_next(Nx)-muoH(Nx)); 

  
    %%%%%% TDMA algorithm 

  
    c(1)=c(1)/b(1); % Division by zero risk. 
    d(1)=d(1)/b(1);  

  
    for i = 2:Nx 
        temp=b(i)-a(i)*c(i-1); 
        c(i)=c(i)/temp; 
        d(i)=(d(i)-a(i)*d(i-1))/temp; 
    end 

  
    Tr_next(Nx)=d(Nx); 
    Tf_next(Nx)=1/(1+Khf(Nx)*dt*NM)*(Tf(Nx)+abs(v)/dx*(right(Nx)-

left(Nx))+Khf(Nx)*dt*((1-NM)*Tr(Nx)+NM*Tr_next(Nx))-Khf(Nx)*dt*(1-

NM)*Tf(Nx)+KdP(Nx)*dt); 

  
    for i=(Nx-1):-1:1 
        Tr_next(i)=d(i)-c(i)*Tr_next(i+1); 
        Tf_next(i)=1/(1+Khf(i)*dt*NM)*(Tf(i)+abs(v)/dx*(right(i)-

left(i))+Khf(i)*dt*((1-NM)*Tr(i)+NM*Tr_next(i))-Khf(i)*dt*(1-

NM)*Tf(i)+KdP(i)*dt); 
    end 

  
    E_acum_timestep=abs(v)*dt*eps*Ac*rhof*cf(1)*(TC-(Tf(1)-

slo_f(1)*(dx-abs(v)*dt)/2))-



 

1/2*dt*Khf(1)*rhof*eps*cf(1)*Ac*abs(v)*dt*(Tr(1)-

Tf(1))+sum(dP)*abs(v)*Ac*eps*dt-sum(Ac*(1-

eps)*dx*rhor.*(dsdmuoH+dsdmuoH_next)/2.*(Tr+Tr_next)/2.*(muoH_next-

muoH)); 

   
    %%%% Mean edge temperatures during a timestep 
    THedg=Tf(1)-slo_f(1)*(dx-abs(v)*dt)/2+Khf(1)*dt/2*(Tr(1)-

Tf(1))+KdP(1)*dt/2; 
    TCedg=TC; 

     

     
else   %%%%%% NO FLOW v=0 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

                       
   %%%%Calculate temperature distribution slopes 

     
    %Solid 
        slo_r(1)=(Tr(2)-Tr(1))/dx; 
        slo_r(2:Nx-1)=(Tr(3:Nx)-Tr(1:Nx-2))/(2*dx); 
        slo_r(Nx)=(Tr(Nx)-Tr(Nx-1))/dx; 

   
    %Fluid %MC limiter %%%%%%%%%%%%%%%%% 
            up=0*(1:Nx); 
            up(1)=2*(Tf(1)-TH)/dx; 
            up(2:Nx-1)=2*(Tf(2:Nx-1)-Tf(1:Nx-2))/dx; 

  
            down=0*(1:Nx); 
            down(1)=2*(Tf(2)-Tf(1))/dx; 
            down(2:Nx-1)=2*(Tf(3:Nx)-Tf(2:Nx-1))/dx; 

  
            cent=0*(1:Nx); 
            cent(1)=(Tf(2)-TH)/2/dx; 
            cent(2:Nx-1)=(Tf(3:Nx)-Tf(1:Nx-2))/2/dx; 

  
            for i=1:Nx-1 
            if down(i)*up(i)<=0 
                aux=0; 
            elseif abs(down(i))<abs(up(i)) 
                aux=down(i); 
            else 
                aux=up(i); 
            end 

  
            if cent(i)*aux<=0 
                slo_f(i)=0; 
            elseif abs(cent(i))<abs(aux) 
                slo_f(i)=cent(i); 
            else 
                slo_f(i)=aux; 
            end 
            end 

  
            slo_f(Nx)=2*(Tf(Nx)-Tf(Nx-1))/dx; 

     
    %%%%% Calculation of integrals T(x=i+1/2, t=j) and T(x=i-1/2, t=j)     
            left(1)=dt*TH; %Integral T(x=i-1/2,t=j) 
            left(2:Nx)=dt*(Tf(1:Nx-1)+slo_f(1:Nx-1)'*dx/2+(Khf(1:Nx-

1).*(Tr(1:Nx-1)-Tf(1:Nx-1))-abs(v)*slo_f(1:Nx-1)')*dt/2); %Integral 

T(x=i-1/2,t=j)      



 

 

right(1:Nx)=dt*(Tf(1:Nx)+slo_f(1:Nx)'*dx/2+(Khf(1:Nx).*(Tr(1:Nx)-

Tf(1:Nx))-abs(v)*slo_f(1:Nx)')*dt/2); %Integral T(x=i+1/2,t=j) 

         
    %%%%%% Calculation of solid equation coefficients -- a(i)Tr(i-

1,j+1)+b(i)Tr(i,j+1)+c(i)Tr(i+1,j+1)=d(i) 

  
    a(2:Nx)=-NM*Kk(2:Nx)*dt/dx^2;  %This expressions will change with 

time when we consider non-constant properties 
    b(1)=1+NM*Kk(1)*dt/dx^2+NM*Khr(1)*dt*(1-

Khf(1)*dt*NM/(1+Khf(1)*dt*NM))+NM/((cmuoH(1)+cmuoH_next(1))/2)*(dsdmuo

H(1)+dsdmuoH_next(1))/2*(muoH_next(1)-muoH(1)); 
    b(2:Nx-1)=1+2*NM*Kk(2:Nx-1)*dt/dx^2+NM*dt*Khr(2:Nx-1).*(1-

Khf(2:Nx-1)*dt*NM./(1+Khf(2:Nx-1)*dt*NM))+NM./((cmuoH(2:Nx-

1)+cmuoH_next(2:Nx-1))/2).*(dsdmuoH(2:Nx-1)+dsdmuoH_next(2:Nx-

1))/2.*(muoH_next(2:Nx-1)-muoH(2:Nx-1)); 
    b(Nx)=1+NM*Kk(Nx)*dt/dx^2+NM*Khr(Nx)*dt*(1-

Khf(Nx)*dt*NM/(1+Khf(Nx)*dt*NM))+NM/((cmuoH(Nx)+cmuoH_next(Nx))/2)*(ds

dmuoH(Nx)+dsdmuoH_next(Nx))/2*(muoH_next(Nx)-muoH(Nx)); 
    c(1:Nx-1)=-NM*Kk(1:Nx-1)*dt/dx^2; 
    d(1)=Tr(1)+(1-NM)*dt*(Kk(1)/dx^2*(Tr(2)-Tr(1))-Khr(1)*(Tr(1)-

Tf(1)))+NM*dt*Khr(1)/(1+Khf(1)*dt*NM)*(Tf(1)+abs(v)/dx*(right(1)-

left(1))+(1-NM)*Khf(1)*dt*(Tr(1)-Tf(1))+KdP(1)*dt)-(1-

NM)/((cmuoH(1)+cmuoH_next(1))/2)*Tr(1)*(dsdmuoH(1)+dsdmuoH_next(1))/2*

(muoH_next(1)-muoH(1)); 
    d(2:Nx-1)=Tr(2:Nx-1)+(1-NM)*dt*(Kk(2:Nx-1)/dx^2.*(Tr(3:Nx)-

2*Tr(2:Nx-1)+Tr(1:Nx-2))-Khr(2:Nx-1).*(Tr(2:Nx-1)-Tf(2:Nx-

1)))+NM*dt*Khr(2:Nx-1)./(1+Khf(2:Nx-1)*dt*NM).*(Tf(2:Nx-

1)+abs(v)/dx*(right(2:Nx-1)'-left(2:Nx-1)')+(1-NM)*dt*Khf(2:Nx-

1).*(Tr(2:Nx-1)-Tf(2:Nx-1))+KdP(2:Nx-1)*dt)-(1-NM)./((cmuoH(2:Nx-

1)+cmuoH_next(2:Nx-1))/2).*Tr(2:Nx-1).*(dsdmuoH(2:Nx-

1)+dsdmuoH_next(2:Nx-1))/2.*(muoH_next(2:Nx-1)-muoH(2:Nx-1)); 
    d(Nx)=Tr(Nx)+(1-NM)*dt*(Kk(Nx)/dx^2*(Tr(Nx-1)-Tr(Nx))-

Khr(Nx)*(Tr(Nx)-

Tf(Nx)))+NM*dt*Khr(Nx)/(1+Khf(Nx)*dt*NM)*(Tf(Nx)+abs(v)/dx*(right(Nx)-

left(Nx))+(1-NM)*Khf(Nx)*dt*(Tr(Nx)-Tf(Nx))+KdP(Nx)*dt)-(1-

NM)/((cmuoH(Nx)+cmuoH_next(Nx))/2)*Tr(Nx)*(dsdmuoH(Nx)+dsdmuoH_next(Nx

))/2*(muoH_next(Nx)-muoH(Nx)); 

  
    %%%%%% TDMA algorithm 

  
    c(1)=c(1)/b(1); % Division by zero risk. 
    d(1)=d(1)/b(1);  

  
    for i = 2:Nx 
        temp=b(i)-a(i)*c(i-1); 
        c(i)=c(i)/temp; 
        d(i)=(d(i)-a(i)*d(i-1))/temp; 
    end 

  
    Tr_next(Nx)=d(Nx); 
    Tf_next(Nx)=1/(1+Khf(Nx)*dt*NM)*(Tf(Nx)+abs(v)/dx*(left(Nx)-

right(Nx))+Khf(Nx)*dt*((1-NM)*Tr(Nx)+NM*Tr_next(Nx))-Khf(Nx)*dt*(1-

NM)*Tf(Nx)+KdP(Nx)*dt);   

     
    for i=(Nx-1):-1:1 
        Tr_next(i)=d(i)-c(i)*Tr_next(i+1); 
        Tf_next(i)=1/(1+Khf(i)*dt*NM)*(Tf(i)+abs(v)/dx*(left(i)-

right(i))+Khf(i)*dt*((1-NM)*Tr(i)+NM*Tr_next(i))-Khf(i)*dt*(1-

NM)*Tf(i)+KdP(i)*dt); 
    end 



 

    E_acum_timestep=-sum(Ac*(1-

eps)*dx*rhor.*(dsdmuoH+dsdmuoH_next)/2.*(Tr+Tr_next)/2.*(muoH_next-

muoH)); 

  
    %%%% Edge temperatures 
    TCedg=Tf(Nx)+slo_f(Nx)*(dx-abs(v)*dt)/2+Khf(Nx)*dt/2*(Tr(Nx)-

Tf(Nx))+KdP(Nx)*dt/2; 
    THedg=Tf(1)-slo_f(1)*(dx-abs(v)*dt)/2+Khf(1)*dt/2*(Tr(1)-

Tf(1))+KdP(1)*dt/2; 

            
    end 

     
    error_iter=max(abs(Tr_next-Tr_prima)); 

     
    if error_iter<0.001 
        iter=1; 
    else 
        Tr_prima=alpha*Tr_next+(1-alpha)*Tr_prima; 
        count_iter=count_iter+1; 
        E_acum_timestep=0; 
    end 

     
    end 

         
    %Check energy conservation in the time step  
    E_fin=E_init+(sum(eps*Ac*rhof*cf.*Tf_next*L/Nx)+sum((1-

eps)*Ac*L/Nx*rhor.*(cmuoH+cmuoH_next)/2.*Tr_next)-

(sum(eps*Ac*rhof*cf.*Tf*L/Nx)+sum((1-

eps)*Ac*L/Nx*rhor.*(cmuoH+cmuoH_next)/2.*Tr)));       
    cons=(E_fin-E_init)-E_acum_timestep; 
 

 

function[cmuoH,dsdmuoH,rhor,kr,sr,hr]=mcmprops(x,L,Tr,muoH,numlayer,in

puts,mcmfunc,interpS,interph0); 
%% mcmprops This function calculates the properties of the   

magnetocaloric material across the entire bed.  The bed may 

be composed of multiple layers and each layer may occupy a 
different fraction of the length of the bed. The range of 
nodes occupied by each layer is calculated and the 
properties for each layer are then calculated by calling 

the appropriate material property function (@mcmfunc). 
Adapted from Engelbrecht 2008 [11]. 

% INPUTS: 

% numlayer: number of layers in the bed. 

% inputs: array with dimension numlayer x 2. The array contains the 
following variables: TCurie and Lfrac. TCurie is the first column of 
inputs and Lfrac is the second column. The order of the layers in 
inputs goes from x=0 to x=L. For example, the first layer listed 
should occupy x=0 to x=Lfrac(1) in the regenerator. The layers must be 
put in order in the inputs array and mcmfunc cell array. TCurie is a 
row vector that contains the Curie temperature of mcm material in each 

layer, TCurie must have numlayer elements in the array.  The units are 

K. Lfrac is a row vector that contains the portion of the length of 
the regenerator bed occupied by each layer. Lfrac must have numlayer 
elements in the array and they must add to zero. Each element must be 
in the range 0-1. 



 

 

% mcmfunc: cell array that contains the function handle for the 
material property function used to evaluate the properties of mcm in 
each layer. 
  

%% Parse the inputs array 
TCurie=inputs(:,1); 
Lfrac=inputs(:,2); 
[Nx a]=size(x); 

  
%% Check inputs for errors 
sumfrac=sum(Lfrac); 
sumfrac=round(100*sumfrac)/100; 
if sumfrac ~= 1 
    fprintf('Fraction of Layers does not sum to 1') 
end 

  
if numlayer>Nx 
    fprintf('Number of layers cannot be greater than number of spatial 

nodes') 
end 

  
[NT a]=size(TCurie); 
[NL a]=size(Lfrac); 
[Nmcm a]=size(mcmfunc); 

  
if (NT ~= numlayer) || (NL ~= numlayer) 
    fprintf('Number of elements in inputs does not equal number of 

layers\n') 
end 

  
%% If only one mcmfunction is given, the function assumes that every 

layer is made of the same material 
if Nmcm==1 
    mcm=mcmfunc; 
    for i=1:numlayer 
        mcmfunc{i,1}=mcm{1}; 
    end 
end 

  
[Nmcm a]=size(mcmfunc); 
if (numlayer ~= Nmcm) 
    fprintf('Number of mcm functions does not equal number of 

layers\n') 
end 

  
%% Calculate material properties for each layer, 1 - numlayer 
xfrac=x/L; %dimensionless regenerator position 
xlayer(1)=0; %x position of first layer boundary 
j=0; 
for i=1:numlayer 
    j=j+1; 
    numstart(i)=j; %node number of starting position of layer i 
    xlayer(i+1)=xlayer(i)+Lfrac(i)*L;%x position of i+1 layer boundary 
    while (x(j)<=xlayer(i+1)) & (j<Nx) 
        j=j+1; 
    end 
    numfin(i)=j; %node number of ending position of layer i 
    mcmfunction=mcmfunc{i}; %get mcm material function for node i 
    Tri=Tr(numstart(i):numfin(i),:); %regenerator T of current layer 
    muoHi=muoH(numstart(i):numfin(i),:); %mag field of current layer 



 

    TCuriei=TCurie(i)*ones((numfin(i)-numstart(i))+1,1); %Curie T of 

current layer 
    

[cmuoH(numstart(i):numfin(i),:),dsdmuoH(numstart(i):numfin(i),:),rhola

yer,klayer,sr(numstart(i):numfin(i),:),hr(numstart(i):numfin(i),:)]=mc

mfunction(Tri,TCuriei,muoHi,interpS{i},interph0{i}); 
    rhor(numstart(i):numfin(i))=rholayer; 
    kr(numstart(i):numfin(i))=klayer; 
end 
kr=kr'; 
rhor=rhor'; 

 

 

 
function[cmuoH,dsdmuoH,rhor,kr,sr,hr]=Gd(Tr,TCurie,muoH,interpS,interp

h0); 

%% Gd  Sample function of type @mcmfun that computes the 

magnetocaloric material properties by numerically 

differentiating the MCM entropy data. Density and thermal 

conductivity of the MCM are defined here.  

Adapted from Engelbrecht 2008 [11]. 

%INPUTS: 

% Tr: regenerator temperature, K 
% TCurie: Curie temperature of the regenerator, K 
% muoH: magnetic field for each spatial and temporal step, T. 

% interpS: interpolant class with entropy data as function of 

regenerator temperature and magnetic field. 

% interph0: interpolant class with enthalpy data at 0 magnetic field 

as function of regenerator temperature. 
  

%Shift Curie temperature if desired, with respect to actual Curie 

temperature of material sample (Tcur_ref). 
Tcur_ref=293;  
Tr_shift=Tr+(Tcur_ref-TCurie);  

   
delta=0.01;%Tesla  
DELTA=0.01;%K  

  
%Interpolate experimental entropy data with interpolant function 
So=interpS(Tr_shift,muoH); 
Sc1=interpS((Tr_shift-DELTA),muoH); 
Sc2=interpS((Tr_shift+DELTA),muoH); 
Sd=interpS(Tr_shift,(muoH+delta)); 

 
%Numerically differentiate entropy data 
cmuoH=Tr.*(Sc2-Sc1)/(2*DELTA); %J/kg-K 
dsdmuoH=(Sd-So)/delta; %J/kg-K-Tesla 
sr=So;%J/kg-K 

  
rhor=7901; %density in kg/m^3 
kr=11; %thermal conductivity in W/m-K 

  
%calculate enthalpy at beginning and end of cycle (muoH=0) 
hr=interph0(Tr_shift); 

 

 

 

 

 



 

 

function [interpS, interph0, interpMag]=create_interp(mcmfun) 
%% create_interp  This function creates the interpolant classes 

corresponding to the entropy of the MCM (interpS), 

its enthalpy at 0 field (interph0) and its 

magnetization (interpMag), from .mat files containing 

the former data as function of the temperature and/or 

magnetic field. These interpolant classes will be 

used inside the MCM property functions (@mcmfun) 
with the same name as the data files. 

 

[Nmcm a]=size(mcmfun); 
interpS=cell(1,Nmcm); 
interph0=cell(1,Nmcm); 
interpMag=cell(1,Nmcm); 

  
for i=1:Nmcm 
mcmfunction=mcmfun{i}; %get mcm material function for node i 

  
load (func2str(mcmfunction),'-mat'); %load .mat file with material 

properties 
interpS{i}=griddedInterpolant({T,B},S,'spline'); 
interph0{i}=griddedInterpolant(T,h_0,'linear'); 

  
load (sprintf('%s%s',func2str(mcmfunction),'mag'),'-mat'); %load .mat 

file with magnetization data 
interpMag{i}=griddedInterpolant({Tarr,Barr},Magarr,'spline'); 
end 

 

 

function[muf,kf,cf,rhof,hf,sf]=ethgly50(Tf); 

%% create_interp  This is a sample function of type @fluidfun that 

sets the fluid properties employed by the AMR model. 

Specifically, this function contains constant 

property values of ethylene glicol solution at 50%. 

Adapted from Engelbrecht 2008 [11]. 

  
muf=0.0032*ones(size(Tf)); %Viscosity, N-s/m^2 
kf=0.394*ones(size(Tf)); % Thermal conductivity, W/m-K 
cf=3551*ones(size(Tf)); %Specific heat capacity, J/kg-K 
rhof=1030.7; %Density, kg/m^3 

  
%Calculate enthalpy entropy  
T_ref = 273.15-36.8; %K, reference point for this fluid 
hf=cf.*(Tf-T_ref); %J/kg 
sf=cf.*log(Tf/T_ref); %J/kg-K 

 

 

 

 

 

 



 

 

function [muoH_int, Mo] = DeMagIntLayer(Navg,mcm_inp,mcmfunc,muoH_app, 

Tr,muoH_init,numlayer,L,x,interpMag) 
%% DeMagIntLayer  This function calculates the internal magnetic field 

(muoH_int) in the regenerator based on the applied 

field (muoH_app), the demagnetizing factor profile 

(Navg) and the magnetization characteristics of each 

material in the bed as a function of the temperature 
and the internal magnetic field (interpMag). All 

along the fluid flow direction. muoH_init is a 

initial guess for the internal magnetic field to 

speed up convergence. See function mcmprops.m to 
learn about how the range of nodes occupied by each 

layer is calculated.  

  
%% Parse the inputs array 

TCurie=mcm_inp(:,1); 
Lfrac=mcm_inp(:,2); 
[Nx a]=size(x); 

  
%% If only one mcmfunction is given, the function assumes that every 

layer is made of the same material 
[Nmcm a]=size(mcmfunc); 
if Nmcm==1 
    mcm=mcmfunc; 
    for i=1:numlayer 
        mcmfunc{i,1}=mcm{1}; 
    end 
end 

  
[Nmcm a]=size(mcmfunc); 

  
% Adapt Navg if it is a constant 
[nrow a]=size(Navg); 
if nrow==1 
    Navg=Navg*ones(Nx,1); 
end 

  
xlayer(1)=0; %x position of first layer boundary 
j=0; 
for i=1:numlayer 
    j=j+1; 
    numstart(i)=j; %node number of starting position of layer i 
    xlayer(i+1)=xlayer(i)+Lfrac(i)*L;%x position of i+1 layer boundary 
    while (x(j)<=xlayer(i+1)) & (j<Nx) 
        j=j+1; 
    end 
    numfin(i)=j; %node number of ending position of layer i 
    mcmfunction=mcmfunc{i}; %get mcm material function for node i 
    magfunc=str2func(sprintf('%s%s',func2str(mcmfunction),'mag')); 
    Tri=Tr(numstart(i):numfin(i),:);  
    muoH_appi=muoH_app(numstart(i):numfin(i),:); 
    muoH_initi=muoH_init(numstart(i):numfin(i),:); 
    Navgi=Navg(numstart(i):numfin(i),:); 
    TCuriei=TCurie(i)*ones((numfin(i)-numstart(i))+1,1); 

  
    iter=1; 
    count_iter=0; 



 

 

    muoH_inti=muoH_initi; 
  

    % Calculate demagnetizing field iteratively from magnetization 
    while iter 
    Moi=magfunc(Tri,TCuriei,muoH_inti,interpMag{i}); 
    muoH_int_new=muoH_appi+Navgi.*Moi; 

       
    if max(abs(muoH_int_new-muoH_inti))<0.001 
    iter=0; 
    end 

         
    muoH_inti=muoH_int_new; 
    count_iter=count_iter+1; 
    end 

     
    muoH_int(numstart(i):numfin(i),:)=muoH_inti; 
    Mo(numstart(i):numfin(i),:)=Moi; 

     
end 

 

 
function Navg=Navg_ctt_prof(muoH,e_chan,e_plate) 
%% Navg_ctt_prof  This is a sample function of type @Navgfun that sets 

the average demagnetizing factor (Navg) profile, 

which must be defined for all the spatial and time 

grid. Specifically, this function sets a constant 

Navg value. 

  
[Nx, Nt]=size(muoH); 
Navg=-0.25*ones(Nx, Nt); 
 

 

function[dh,eps,as]=pack_geom(inputs,bedcorrfun); 

%% pack_geom  This function calculates model parameters (hydraulic 

diameter, porosity and specific surface area) for 

several packing geometries. The HEIS numerical scheme 

has been developed for the parallel-plate geometry so 

this is the only one included here. 

Adapted from Engelbrecht 2008 [11]. 

%INPUTS: 

% inputs: an array that contains different information about the 

regenerator geometry for each type of regenerator. For the case of the 
parallel-plates geometry, inputs must be set as follows: 

% 1. Dx, plate thickness [m] 
% 2. Px, plate spacing (from plate center to plate center) [m] 
% 3. w, channel width (case of a rectangular channel) [m] 
% 4. dummy variable 

  
geometry=func2str(bedcorrfun); 

  
if (strcmp(geometry,'SphPart2')==1) %spherical particle geometry 

  
    % See Engelbrecht 2008 [11] 

 
elseif(strcmp(geometry,'AlignRect')==1)%parallel-plates regenerator 

  



 

    %%parse the input variable 
    Dx=inputs(1); %plate thickness 
    Px=inputs(2); %plate-to-plate spacing 
    %processing... 
    as=2/Px; 
    eps=1-Dx/Px; 
    dh=4*eps/as; 

  
elseif(strcmp(geometry,'AlignRectChan')==1 | 

strcmp(geometry,'AlignRectGeom')==1)%aligned rectangular plates 

regenerator with rectangular channels 

  
%%parse the input variable 
Dx=inputs(1); %plate thickness 
Px=inputs(2); %plate-to-plate spacing 
w=inputs(3);  %channel width 
%processing... 
as=2/Px; 
eps=1-Dx/Px; 
h=Px-Dx; 
dh=2*h*w/(h+w); 

   
elseif(strcmp(geometry,'Cyl')==1)%cylindrical microchannels 
 

 % See Engelbrecht 2008 [11] 

     
else 
error('geometry not yet coded or mismatch error with geometry and 

inputs'); 
end 

 

 
function  [v]=speed_distrib(V_amp,pacRAW,bedcorrfun) 

%% speed_distrib  This function calculates the fluid velocity in each 

of the ‘nchan’ channels of a plates stack given the 

total volumetric flow rate through the stack ‘V_amp’, 

considering that the pressure drop across the 

channels is the same. The heights of the channels can 

be different. 

  
n=length(pacRAW); 
nchan=pacRAW{1}(4); %Number of channels in the stack 
w=pacRAW{1}(3); %Channel width 
h=zeros(size(pacRAW)); 
v=zeros(size(pacRAW)); 
aux=0; 
 

geometry=func2str(bedcorrfun); 

  
if(strcmp(geometry,'AlignRect')==1)%parallel-plates regenerator 

  
for ii=1:n 
 h(ii)=pacRAW{ii}(2)-pacRAW{ii}(1); %Channel height 
end 

  
for ii=1:n 
    v(ii)=V_amp/w*h(ii)^2/(sum(h.^3)*nchan/n); %nchan/n is the number 

of channels with the same heigth 
end 



 

 

elseif(strcmp(geometry,'AlignRectChan')==1 | 

strcmp(geometry,'AlignRectGeom')==1)%aligned rectangular plates 

regenerator with rectangular channels 

  
for ii=1:n 
    h(ii)=pacRAW{ii}(2)-pacRAW{ii}(1); %Channel height 
    aux=aux+(h(ii)*w)^3/(h(ii)+w)^2*nchan/n; %nchan/n is the number of 

channels with the same heigth 
end 

  
for ii=1:n 
    v(ii)=V_amp*(h(ii)*w)^2/((h(ii)*w)^3+(h(ii)+w)^2*(aux-

(h(ii)*w)^3/(h(ii)+w)^2)); 
end 

      
else 
    error('geometry not yet coded or mismatch error with geometry and 

inputs'); 
end 

 

 

 
function[Nu_corr,f,dummy,dummy]=AlignRectChan(inputs,Re,Pr,kf,kr,v,muf

,rhof,cf,xf); 

%% AlignRectChan  Function of type @bedcorrfun. Calculates the Nusselt 

number and friction factor of the fluid flow through 

a rectangular channel, taking into account the 

entrance effect.  

  
Dx=inputs(1); %Plate thickness 
Px=inputs(2); %Plate+channel thickness [m] 
w=inputs(3);  %Channel width, [m] 
eps=inputs(6); %Volumetric porosity, 0 < eps < 1 
dh=inputs(7); %Hydraulic diameter, [m] 
cNu=inputs(8); %Scaling factor for Nusselt number 
cff=inputs(9); %Scaling factor for friction factor 
[n m]=size(Re); 
dummy=0; %Dummy output kept for compatibility 

 
%% Calculate friction factor 
if Re>0   
f=cff*96./Re; 
else 
    f=0*ones(size(Re)); 
end 

  
%% Calculate Nusselt number  
if Re>0 
 

r=(Px-Dx)/w; %Channel height to width ratio 

  
%Sha and London - uniform heat flux fully-developed Nu   
Nu_fd=8.235*(1-2.0421*r+3.0853*r^2-2.4765*r^3+1.0578*r^4-0.1861*r^5);  
  

%Muzychka and Yovanovich – Entrance effect   
    sqA=((Px-Dx)*w)^(1/2); 
    Re_sqA=Re*sqA/dh; 
    Nu_fd_sqA=Nu_fd*sqA/dh; 
    x_sqA=xf./(sqA*Re_sqA.*Pr); 



 

    fPr=0.886./(1+(1.909.*Pr.^(1/6)).^4.598).^(1/4.598); 
    fRe=12/(r^(1/2)*(1+r)*(1-192*r/pi^5)); 
    m_blend=2.27+1.65*Pr.^(1/3); 
    

Nu1_sqA=((fPr./(x_sqA.^(1/2))).^m_blend+((0.517*(fRe./x_sqA).^(1/3)).^

5+Nu_fd_sqA^5).^(m_blend/5)).^(1./m_blend); 
    Nu1=Nu1_sqA*dh/sqA; 

  
    if v<0 %Flip Nu because the fluid entrance is at x=L 
        Nu1=Nu1(size(Nu1):-1:1);  
    end 

  
%Calculate DF to account for 2D conduction in plates, DF = 1/(1+Bi/3) 
h_conv=Nu1.*kf/dh; 
Bi=h_conv*Dx/2./kr; 
DF=1./(1+Bi/3); 
Nu_Bi=DF.*Nu1; 
 

Nu_corr=cNu*Nu_Bi; 

  
else %v=0 -> Conduction between fluid and solid 
    Rcond=(Dx/4)./kr+((Px-Dx)/2)./kf; 
    Nu_corr=dh./(kf.*Rcond); 
end 

 

 

function [mdot, muoHapp,  Nx, tnode, tau, dwell, Vres, Ramb_res, 

UA_HHEX]=LinearMach(tblow, dblow, muoH_amp, pacRAW, L, Nxmin, Nt1, 

Nt2, fluidfun, bedcorrfun) 
%% LinearMach  This function calculates the inputs for the AMR model 

(magnetic field and fluid flow as function of AMR cycle 

time and characteristics of the reservoirs) of a 

generic AMRR with reciprocating architecture. The model 

sets the fluid flow profile considering the flow 

maldistruibution.  
%INPUTS: 
%tblow: blow time [s] 
%dblow: relative length swept by incoming fluid, with respect to L 
%muoH_amp: amplitude of applied magnetic field [T] 
%pacRAW{ii} = [e_plate,e_plate+e_chan(ii),w,nchan] Regenerator packing 
%L: regenerator length [m] 
%Nxmin: Minimum number of spatial steps in the channels 
%Nt1: Number of time steps for lag time (1) 
%Nt2: Number of time steps for magnetization time (2) 
%fluidfun: function for fluid properties 
%bedcorrfun: function for geometry-related parameters 

  
%% 1. Set cycle times 

  
%%% 1.1. Lag time 
 tlag1=Nt1*0.1; %s, lag in control software before moving magnet 
 tlag2=Nt1*0.1; %s, lag in control software before moving regenerator 
 Nt1_2=Nt1; 

  
%%% 1.2. Magnetization time 
aplate=1000; %m/s2, magnet acceleration 



 

 

vplate=0.35; %m/s, magnet velocity 
dplate=0.030+L; %m, distance from no-field region to high-field region 

  
tacc_plate=vplate/aplate; 
dacc_plate=0.5*aplate*tacc_plate^2; 
if dacc_plate>(dplate/2) 
    tacc_plate=(dplate/aplate)^(0.5); 
    vacc_plate=aplate*tacc_plate; 
    tmag=2*tacc_plate; 
else 
    tacc_plate=vplate/aplate; 
    tconstv_plate=(dplate-2*dacc_plate)/vplate; 
    tmag=2*tacc_plate+tconstv_plate; 
end 

  
%%% 1.3. Blow time (acceleration + established flow + deceleration) 
dpist=L*dblow;      %Length swept by fluid, [m] 
apist=100; %[m/s2] 
if (tblow^2)<(4*dpist/apist) 
error('Fluid acceleration setting is too low to sweep dblow meters in 

tblow seconds'); 
end 

  
vpist=(tblow-sqrt(tblow^2-4*dpist/apist))/(2/apist); 
tconstv_pist=(dpist-vpist^2/apist)/vpist; 
if tconstv_pist<0 
    vpist=(tblow+sqrt(tblow^2-4*dpist/apist))/(2/apist); 
    tconstv_pist=(dpist-vpist^2/apist)/vpist; 
end 
tacc_pist=(tblow-tconstv_pist)/2; 

  
%% 2. Calculate number of time steps for max CFL in each channel 

during blow period 

  
%%% 2.1. Calculate fluid speed in each representative channel 

(rectangular ducts) 
[nfil,nchan_mald]=size(pacRAW); %Number of channels with different 

heighths 
nchan=pacRAW{1}(4); %Number of channels per bed 

  
Ac_chan=0; 
for ii=1:nchan_mald 
   Ac_chan=Ac_chan+(pacRAW{ii}(2)-pacRAW{ii}(1))*pacRAW{ii}(3); 
end 
Ac_chan=Ac_chan*nchan/nchan_mald; %Total cross-sectional area of 

channels 

  
Vdot_amp=vpist*Ac_chan;  %Total fluid volume flow rate 
vchan=speed_distrib(Vdot_amp,pacRAW,bedcorrfun); 

  
%%% 2.2. Calculate number of time steps for CFL=1 in most restrictive 

channel 
dx=L/Nxmin; 
v_chan_amp=max(vchan); 

  
dt4=dx/v_chan_amp; %CFL=1=vdt/dx; 
Nt4=ceil(tconstv_pist/dt4); 
CFL4=v_chan_amp*(tconstv_pist/Nt4)/dx %Verify CFL=<1 

  



 

Nt3=1; 
vmax_chan_ramp=v_chan_amp-(v_chan_amp/Nt3)/2; 
dt3=dx/vmax_chan_ramp; 
Nt3_new=ceil(tacc_pist/dt3); 

  
done=0; 

  
while (done==0)     
    if Nt3==Nt3_new 
        done=1; 
    else 
        Nt3=Nt3_new; 
        vmax_chan_ramp=v_chan_amp-(v_chan_amp/Nt3)/2; 
        dt3=dx/vmax_chan_ramp; 
        Nt3_new=ceil(tacc_pist/dt3); 
    end 
end 

  
%%% 2.3. Calculate number of spatial nodes for dt4 value fixed 
Nx=0*vchan; 

  
for ii=1:length(vchan) 
if vchan(ii)~= max(vchan)     
    dx=vchan(ii)*dt4; %CFL=1=vdt/dx; 
    Nx(ii)=floor(L/dx); 
else 
    Nx(ii)=Nxmin; 
end 
end 

  
%% 3. Set cycle timing 

  
%%% 3.1. Number of time steps to each event 
Ntstart1=Nt1; %regenerator/magnet starts accelerating 
Ntstop1=Nt2+Ntstart1; %regenerator/magnet stops in magnetic field 
Ntpiststart1=Ntstop1+Nt1_2;%fluid starts flowing 
Ntpistacc1=Ntpiststart1+Nt3; %fluid flow reaches constant velocity 
Ntpistdec1=Ntpistacc1+Nt4; %fluid flow begins to decelerate 
Ntpiststop1=Ntpistdec1+Nt3; %fluid stops flowing 
Ntstart2=Ntpiststop1+Nt1; %regenerator/magnet starts accelerating 
Ntstop2=Ntstart2+Nt2; %regenerator/magnet stops outside magnetic field  
Ntpiststart2=Ntstop2+Nt1_2;%fluid starts flowing 
Ntpistacc2=Ntpiststart2+Nt3; %fluid flow reaches constant velocity 
Ntpistdec2=Ntpistacc2+Nt4; %fluid flow begins to decelerate 
Ntpiststop2=Ntpistdec2+Nt3;%fluid stops flowing 
Ntend=Ntpiststop2; 

  
%%% 3.2. Build cycle arrays: time, flow, regenerator/magnet position  
%Initialize arrays 
tnode(1:Ntend+1)=0; 
pplate(1:Ntend+1)=-dplate; %Position of the center of the regenerator 
velpist(1:Ntend+1)=0; 

  
for ii=2:Ntstart1+1 %Lag time 1 - Fluid stopped, regen stopped out of 

mag field 
    tnode(ii)=tnode(ii-1)+tlag1/Nt1; %dt1; 
end 
for ii=Ntstart1+2:Ntstop1+1 %Magnetization - Fluid stopped, regen 

moving inside mag field 
    tnode(ii)=tnode(ii-1)+tmag/Nt2; 



 

 

  
            if dacc_plate>(dplate/2) %constantly accelerating 
            if tnode(ii)<(tlag1+tacc_plate) 
                pplate(ii)=pplate(1)+0.5*aplate*(tnode(ii)-tlag1)^2; 
            else 
                pplate(ii)=-dplate/2+vacc_plate*(tnode(ii)-

(tlag1+tacc_plate))-0.5*aplate*(tnode(ii)-(tlag1+tacc_plate))^2; 
            end 
        else %reaches max velocity 
            if tnode(ii)<(tlag1+tacc_plate) 
                pplate(ii)=pplate(1)+0.5*aplate*(tnode(ii)-tlag1)^2; 
            elseif tnode(ii)<(tlag1+tacc_plate+tconstv_plate) 
                pplate(ii)=pplate(1)+dacc_plate+vplate*(tnode(ii)-

(tlag1+tacc_plate)); 
            else 
                pplate(ii)=-dacc_plate+vplate*(tnode(ii)-

(tlag1+tacc_plate+tconstv_plate))-0.5*aplate*(tnode(ii)-

(tlag1+tacc_plate+tconstv_plate))^2; 
            end         
        end 

     
end 
for ii=Ntstop1+2:Ntpiststart1+1 %Lag time 2 - Fluid stopped, regen 

stopped inside mag field 
    tnode(ii)=tnode(ii-1)+tlag2/Nt1_2;%dt2; 
    pplate(ii)=0;   
end 
for ii=Ntpiststart1+2:Ntpistacc1+1 %Cold to hot blow - Piston 

accelerating, regen stopped inside mag field 
   tnode(ii)=tnode(ii-1)+tacc_pist/Nt3;%dt3; 
   pplate(ii)=0; 
   velpist(ii)=-apist*(tnode(ii)-(tlag1+tmag+tlag2)); 
end 
for ii=Ntpistacc1+2:Ntpistdec1+1 %Cold to hot blow - Piston moving, 

regen stopped inside mag field 
   tnode(ii)=tnode(ii-1)+tconstv_pist/Nt4;%dt4; 
   pplate(ii)=0; 
   velpist(ii)=-vpist; 
end 
for ii=Ntpistdec1+2:Ntpiststop1+1 %Cold to hot blow - Piston 

decelerating, regen stopped inside mag field 
   tnode(ii)=tnode(ii-1)+tacc_pist/Nt3;%dt3; 
   pplate(ii)=0; 
   velpist(ii)=-vpist+apist*(tnode(ii)-

(tlag1+tmag+tlag2+tacc_pist+tconstv_pist)); 
end 
for ii=Ntpiststop1+2:Ntstart2+1 %Lag time 1 - Fluid stopped, regen 

stopped inside mag field 
    tnode(ii)=tnode(ii-1)+tlag1/Nt1;%dt1; 
    pplate(ii)=0; 
end 
tstart2=2*tlag1+tmag+tlag2+tblow; 
for ii=Ntstart2+2:Ntstop2+1 %Demagnetization - Fluid stopped, regen 

moving out of mag field 
    tnode(ii)=tnode(ii-1)+tmag/Nt2;%dt2; 
    if dacc_plate>(dplate/2) %constantly accelerating 
            if tnode(ii)<(tstart2+tacc_plate) 
                pplate(ii)=-0.5*aplate*(tnode(ii)-tstart2)^2; 
            else 
                pplate(ii)=-dplate/2-vacc_plate*(tnode(ii)-

(tstart2+tacc_plate))+0.5*aplate*(tnode(ii)-(tstart2+tacc_plate))^2; 



 

            end 
    else %reaches max velocity 
            if tnode(ii)<(tstart2+tacc_plate) 
                pplate(ii)=-0.5*aplate*(tnode(ii)-tstart2)^2; 
            elseif tnode(ii)<(tstart2+tacc_plate+tconstv_plate) 
                pplate(ii)=-dacc_plate-vplate*(tnode(ii)-

(tstart2+tacc_plate)); 
            else 
                pplate(ii)=pplate(1)+dacc_plate-vplate*(tnode(ii)-

(tstart2+tacc_plate+tconstv_plate))+0.5*aplate*(tnode(ii)-

(tstart2+tacc_plate+tconstv_plate))^2; 
            end         
    end 
end 
for ii=Ntstop2+2:Ntpiststart2+1 %Lag time 2 - Fluid stopped, regen 

stopped out of mag field 
    tnode(ii)=tnode(ii-1)+tlag2/Nt1_2;%dt2; 
end 
tpiststart2=2*tlag1+2*tmag+2*tlag2+tblow; 
for ii=Ntpiststart2+2:Ntpistacc2+1 %Hot to cold blow - piston 

accelerating, regen stopped out of mag field 
   tnode(ii)=tnode(ii-1)+tacc_pist/Nt3;%dt3; 
   velpist(ii)=apist*(tnode(ii)-tpiststart2); 
end 
for ii=Ntpistacc2+2:Ntpistdec2+1 %Hot to cold blow - piston moving, 

regen stopped out of mag field 
   tnode(ii)=tnode(ii-1)+tconstv_pist/Nt4;%dt4; 
   velpist(ii)=vpist; 
end 
for ii=Ntpistdec2+2:Ntpiststop2+1 %Hot to cold blow - piston 

decelerating, regen stopped out of mag field 
   tnode(ii)=tnode(ii-1)+tacc_pist/Nt3;%dt3; 
   velpist(ii)=vpist-apist*(tnode(ii)-

(tpiststart2+tacc_pist+tconstv_pist)); 
end 

  
[muf,kf,cf,rhof,hf,sf]=fluidfun(293); 
mdot=rhof*Ac_chan*velpist'; %Total mass flow rate entering the bed vs 

time 
tau=tlag1*2+2*tmag+tlag2*2+2*tblow; 
dwell=1-2*tblow/tau; 

  
%% 4. Set applied magnetic field in regenerator in time and space 
% The magnet is a generic magnet based in an efficient arrangement in 
% Tagliafico 2013 ATE 52, in which the high field region provides 
% constant applied magnetic field muoHapp. 
% High field region measures L m and is centered at x=0 m 
% Low field region measures 30 mm and is at both sides of HF region. 
% Field in LW region decreases linearly from muoHapp to 0.02 T. 

  
%%% 4.1. Build generic magnetic field profile 
dx_B=0.001; %Spatial step for definition of mag field profile, [m] 
Nx_NF=L/dx_B; 
Nx_LF=(dplate-L)/dx_B; 
Nx_HF=L/dx_B; 

  
x=(-dplate-L/2:dx_B:L/2); %Position corresponding to mag field profile 

  
B(1:(Nx_NF+Nx_LF+Nx_HF)+1)=0; %Magnetic field profile array 
m=muoH_amp/(dplate-L); %In LF region, B=mx+b(linear increase of field) 



 

 

b=(dplate-L/2)*m; 
for ii=Nx_NF+2:(Nx_NF+Nx_LF) 
B(ii)=m*x(ii)+b; 
end 
for ii=(Nx_NF+Nx_LF+1):(Nx_NF+Nx_LF+Nx_HF+1) 
B(ii)=muoH_amp; 
end 

  
%%% 4.2. Build magnetic field array for each different channel (x,t) 
muoHapp=cell(1,nchan_mald); 

  
for mm=1:nchan_mald  
    for ii=1:Nx(mm) 
        muoH(ii,:)=interp1(x,B,(pplate-L/2+(ii-1/2)*L/Nx(mm))); 
    end 
    muoHapp{mm}=muoH;  
end 

  
%% 5. Volume of reservoir and losses to ambient 
ins=1; %1= insulation on the cold reservoir   0=remove insulation 

  
Vres=Ac_chan*(dpist+0.001); %Initial volume of reservoir (m) 
e_ais=0.02*ins; %Insulation thickness (m) 
k_ais=0.035;    %Thermal conductivity of insulation (W/m/K) 
k_pist=0.5;     %Thermal conductivity of piston or displacer (W/m/K) 
hconv_ri=100;   %Convection coeff. with the regenerator fluid (W/m2/K) 
hconv_re=10;    %Convection coefficient with the air (W/m2/K) 
UA_HHEX=0.1;    %UA of HEX in hot reservoir (W/K) 

  
Lr_ave=0.001+dpist/2;  %Average length of reservoir during cycle 

  
diapist=2*sqrt(Ac_chan/pi); %Cylindrical reservoir 
Rconv_ri=1/((pi()*(diapist/1000)^2/4+pi()*(diapist/1000)*Lr_ave)*hconv

_ri); 
Rconv_re=1/((pi()*(diapist/1000)^2/4+pi()*((diapist/1000)+2*e_ais)*Lr_

ave)*hconv_re); 
Rcond_r=log(((diapist/1000)+2*e_ais)/(diapist/1000))/(2*pi()*Lr_ave*k_

ais); 
Rcond_z=0.01/(pi()*(diapist/1000)^2/4*(k_pist)); 
Rcond=1/(1/Rcond_r+1/Rcond_z); 

  
Ramb_res=Rconv_ri+Rcond+Rconv_re; 


