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1. INTRODUCTION AND PRELIMINARIES

In this paper we shall investigate the existence and uniqueness of common
fixed point of mappings via implicit relations in the setting of Gp - metric
spaces, inspired from the notion of Gp -metric spaces [25],[4],[6],[7] and other
papers. We remind that Gp - metric is inspired from the notions of G - metric
([15],[16],[1],[3],[14] and other papers) and partial metric ([13], [1], [2], [8], [9],
[10], [11], [12] and other papers).

Several classical fixed point theorems and common fixed point theorems have
been unified considering a general condition by an implicit relation in [17], [18].
Some fixed point theorems for mappings satisfying a implicit relation
in G - metric spaces are established in [19] - [22]. Recently, fixed point for
mappings satisfying implicit relation in partial metric spaces are obtained in
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[5], 9], [10], [24]. Quite recently, a fixed point result for mappings satisfying
an implicit relation in Gp - metric spaces is obtained in [23]. We first recall the
notion of Gp - metric.

Definition 1.1 ([25]). Let X be a nonempty set. A function Gp : X3 — R

is called a Gp - metric on X if the following conditions are satisfied:

(Gp1) : =y =z if Gp(z,y,2) = Gp(z,2,2) = Gp(y, y, y) = Gp(2, 2, 2),

(Gp2) : 0 < Gp(x,z,2) < Gp(z,z,y) < Gp(x,y,z) for all z,y,2z € X, with
Y # 2,

(Gps) : Gp(z,y,z) = Gp(y, z,x) = ... (symmetry in all three variables),

(Gp4) : Gp(I, Y, Z) < Gp(I, a, CL)—'—Gp(CL, Y, Z)_Gp(av a, a) for all T, Y, %z, ac X.

The pair (X, Gp) is called a Gp - metric space.

Definition 1.2 ([25]). Let (X, Gp) be a Gp - metric space and {z,} a sequence
in X. A point z € X is said to be the limit of the sequence {x,} or z, — x
({xn} is Gp - convergent to x) if lim,, y—oo GP(T, Tn, Tm) = Gp(z, 2, T).

Theorem 1.3 ([4]). Let (X,Gp) be a Gp - metric space. Then, for any {x,} €
X and x € X, the following conditions are equivalent:

a) {xn} is Gp - convergent to x,

b) Gp(xn, xn, ) = Gp(x,x,2) asn — oo,

¢) Gp(xp,z,x) = Gp(z,z,x) as n — 0.

Definition 1.4 ([25]). Let (X, Gp) be a Gp - metric space.

1) A sequence {x,} of X is called a Gp - Cauchy sequence in X if
limy, ;00 GP(Zp, Tm, Tm ) exists and is finite.

2) A Gp - metric space is said to be Gp - complete if every Gp - Cauchy
sequence in X, Gp - converges to z € X such that lim,, y—oo G (Zn, Tim, Tm) =
Gp(z,z, ).

Lemma 1.5 ([4]). Let (X,Gp) be a Gp - metric space. Then:
1) If Gp(x,y,2z) =0 then x =y = z,
2) If x # y then Gp(x,z,y) > 0.
Lemma 1.6. Let (X,Gp) be a Gp - metric space and {x,} is a sequence in
X which is G, - convergent to a point x € X with G, (z,z,2) = 0. Then,
limy, 00 G (Tn,y,2) = G(x,y,2) for ally,z € X.
Proof. By (Gpa4)
(1 1) Gp (Ia yv Z) S Gp (‘vanv‘rn) + Gp (‘Ina yv Z) - Gp (Ina Inv‘f’n«)
- SGp(I,In,In)—FGp(In,y,Z),
which implies
Gp (zn, Yy, 2)
Gp(zn,z,2) + Gp (2,y,2).

Gp (Iayvz) - Gp (I,In,zn)

By Theorem 1.3,
Gp (xpn,z,x) = Gp (z,z,2) =0
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and
Gp (z,xn,xy) = Gp (z,x,2) = 0.
Letting n tends to infinity in (1.1) we obtain

lim Gp (zn,y,2) = Gp(x,y,2).
n—oo
O

Quite recently, Meena and Nema [14] initiated the study of fixed points for
sequences of mappings in G - metric spaces.

2. IMPLICIT RELATIONS

Definition 2.1. Let §g, be the set of all continuous functions F'(t1, ..., t5) :
R5 — R satisfying the following conditions:
(F1) : F is non - increasing in variables to, t3, t4, s,
(Fy) : There exists h € [0, 1) such that for all u,v > 0, F(u,v,u,v,u+v) <0
implies u < hv.

In the following examples, the proofs of property (F;) are obviously.

Example 2.2. F(ty,...,t5) = t1 — aty — bts — ct4 — dt5, where a,b, ¢, d > 0 and
a+b+c+2d<1.
(F») : Let u,v > 0 and F(u,v,u,v,u+v) =u—av—bu—cv—d(u+v) <0,

which implies u < hv, where 0 < h = 1“_+(§I§> <L

Example 2.3. F(t1,...,t5) = t1 — kmax{to, t3,t4,t5}, where k € [0, %)
(F») : Let u,v > 0 and F(u,v,u,v,u+v) =u—k(u+v) <0 which implies
u < hw, whereOSh:% < 1.

Example 2.4. F(t1,...,t5) =t1 — kmax{tg,tg, t“;t") }, where k € [0, 1).

(Fy) : Let u,v > 0 and F(u,v,u,v,u+v) =u— kmax{u,v, “'22”} <0. If
u > v, then u (1 — k) <0, a contradiction. Hence u < v, which implies u < hwv,

where 0 < h =k < 1.

Example 2.5. F(t1,...,t5) = t3 — ataotz — btsty — ctats, where a,b,c > 0 and
a+b+2c<1.

(F2) : Let u,v > 0 and F(u,v,u,v,u+v) = u? — auv — buv — cv (u + v) < 0.
If u > v, then u[l — (a + b+ 2¢)] < 0, a contradiction. Hence u < v, which
implies u < hv, where 0 < h =+va+ b+ 2c < 1.

Example 2.6. F(t1,...,t5) = t1 — aty — bmax{2ts, t4 + t5}, where a,b > 0 and
a+3b<1.

(Fy) : Let u,v > 0 and F(u,v,u,v,u~+v) =u—av—bmax{2v,u+2v} < 0.
If w > v, then u[l — (a + 3b)] < 0, a contradiction. Hence u < v, which implies
u < hv, where 0 < h=a+3b < 1.

Example 2.7. F(t1,...,t5) = t1 —ato —bmax {t3 + t4,2t5}, where a,b > 0 and
a+4b < 1.
(Fy) : Let u,v > 0 and F(u,v,u,v,u+v) = u—av—bmax{u+v,2 (u+v)} =

u—av—2b(u+v) <0. Hence u < hv, where 0 < h = ‘ff%g < 1.
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Example 2.8. F(t1,...,t5) = t3 — at3 — bt3 — ctyt5, where a,b,c > 0 and
a+b+2c<1.

(Fp) : Let u,v > 0 be and F(u,v,u,v,u+v) = u?>—av?—bu?—cv (u + v) < 0.
If u > v, then u?[1 — (a + b+ 2¢)] < 0, a contradiction. Hence u < v, which
implies v < hv, where 0 < h =+va+ b+ 2c < 1.

Example 2.9. F(t1,...,t5) = t1 — amax{ts, t3} — bmax{ty, t5}, where a,b >0
and a + 2b < 1.

(Fy) : Let u,v > 0 be and F(u, v, u, v, u+v) = u—amax{u,v}—b(u+v) < 0.
If u > v, then u[l — (a + 2b)] < 0, a contradiction. Hence v < v, which implies
u < hv, where 0 < h=a+2b < 1.

3. MAIN RESULTS

Theorem 3.1. Let (X,Gp) be a Gp - complete metric space and {Tp}nen :
(X, Gp) — (X, Gp) be a sequence of mappings such that for all x,y,z € X and
i,5,k € N:

F(Gp(TZIa ijv TkZ), Gp(.f, Y, Z)a Gp(TZ'rv Y, TkZ),

(3.1) Gp(Tiz, 2, T;y), Gp(Tjy, Tez,x)) <0

where F' € §ap. Then, {T,,}nen has a unique common fized point.

Proof. Let zp be any arbitrary point of X. We define a sequence {z,} in S
such that 41 = Thy12,, n=20,1,2,....
By (3.1) we have successively

F(Gp(Tn:En—la Tn—i—lxnu Tn+2$n+1)u GP(CCn—l y Ty xn—i—l)a Gp(Tn:En—la Tn, Tn+2$n+1)u
Gp(Tn:En—la Tn+1, Tn-i—lxn)u GP(Tn-',-lfUm Tn+2xn+lu :En—l)) S 0

(3 2) F(Gp(.’l]n, x’ﬂ-i—lu $n+2)7 Gp(xn—l y Ty $n+1)7 Gp(x’nu Tn, $n+2)7
- Gp(xn;InJrl;InJrl)va(InJrl;In+2;xn71)) S 0.
By (sz),
Gp(;vn, Tn, $n+2) < Gp($nu Tn41, $n+2)
and

Gp(Tn—1,Tn,Tn) < GP(Tp—1,Tn, Tni1)-
By (Gp4) and (Gp2)
Gp(Tn—-1,Tn,Tn) + GD(Tn, Tni1, Tni2)
Gp(@p—1,Tn, Tnt1) + GP(Tny Trg1, Tnta)-

Gp(Tp—1,Tnt1, Tnt2) <
<

By (3.2) and (F;) we obtain

F(Gp(.fn, Tn+1, ‘I’n«+2)a Gp(x’n«*la Tn, In+1)7 Gp(In, Tn+1s In+2)a
Gp(xn—l 9 :Ena xn+l)7 Gp(x’n,—l7 x’ﬂ? x’ﬂ"rl) + Gp(x’nu xn-l—l 9 $n+2)) S 0

By (F») we obtain

Gp(iUm Tn41, wn+2) S hGp(:En—la Tn, :En-i-l)
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which implies
(3.3) Gp(Tp, Tny1, Tnra) < W Gp(xo, 21, T2).
Now for any integers k > m > n > 1 we obtain by (Gp4) that

Gp (In; Imvxk) S Gp ($n7$n+17$n+2) + Gp (In+la Tn+2, In+3) + ...+
+ Gp(Tk-2,Tk-1,7k)
< R (L4 h+ ..+ B"") Gp (o, 21, 22)
h”l
< 7 hG(xo,:vl,;vg)%Oasn%oo.

Since by (Gp2), Gp(Tn,Tm,Tm) < Gp(Tn,Tm,zr) it follows that
Gp (T, Tm,Tm) — 0 as n, m — oo and thus, {z,} is a Gp - Cauchy
sequence. Since (X, Gp) is a Gp - complete metric space, by Theorem 1.5, (3.3)
and Definition 1.4, there exists v € X such that limy, m—oc0 GD (Tn, Tm, Tm) =
limy, 00 Gp (U, Tp, ) = Gp (u, u,u) = 0.

Now we prove that u is a common fixed point of {7}, }nen.

By (3.1) we have successively

F(Gp(Tnxnfla Tjua Tku)a Gp(a:n,l, u, u)a Gp(TnInfla U, Tku)v
Gp(Tnflenflv u, Tju)a Gp(Tjuv Tkuv 'I’n,fl)) S 0;

F(Gp(il?n, Tjua Tku)a Gp('rnfla u, u)a Gp('rna U, Tku)a
Gp(xn, u, Tju), Gp(Tju, Tru, xn—1)) < 0.

Letting n tends to infinity we obtain

F(Gp(xnv Tjuv Tku)v 05 Gp(ua u, Tku)a
Gp(u,u, Tju), Gp(u, Tju, Tru)) < 0.

By (Gp2) and (Fy) we obtain

F(Gp(u, Tju, Tyu), Gp(u, Tju, Trw), Gp(u, Tju, Tyu),
Gp(u, Tju, Tyu), Gp(u, Tju, Tyu) + Gp (u, Tju, Tru)) < 0.

By (Fz) it follows that
Gp(u, Tju, Tyu) < hGp(u, Tju, Tiu)

(3.4)

which implies
Gp(u, Tju, Tpu) = 0.
By Lemma 1.5 (1), v = Tju = Tpu. Thus, u is a common fixed point of
{Tn}nEN-

Suppose that {7}, },en has another common fixed point v.
Then by (3.1) we have successively
Gp(Tiu, v, Tju), Gp(Tju, Tyv,w)) <0,
F(Gp(u7 u? U)? Gp(u7 u7 ’U), Gp(u7 u? U)?
Gp(u,v,v), Gp(u,v,v)) < 0.
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By (F1) we have
F(Gp(u7 u? U)? Gp(”? u? U)? Gp(u7 u? U)?
Gp(u7 u’ /U)’ Gp(u5 /U, v) + Gp (u’ u? v)) S 0'
By (F») we have
Gp(u,u,v) < kGp(u, v, v),
which implies
G(u,v,v) =0.
By Lemma 1.5 (1), u = v.
Hence, u is the unique common fixed point. (Il

Theorem 3.2. Let (X,Gp) be a Gp - complete metric space and {T,}nen :
(X,Gp) — (X, Gp) be a sequence of mappings such that for all x,y,z € X and
i,5,k € N:
F(Gp(Tiz, Tyy, Tyz), Gp(x, y, 2), Gp(Tiw, y, 2),

Gp(.’l], iju Z)u Gp(x, Y, Tkrz)) S 0

where F' € Fap. Then, {T,}nen has a unique common fized point.

(3.5)

Proof. The proof is similar to the proof of Theorem 3.1. O
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