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β-Bi2O3 under compression: Optical and elastic properties and electron density topology analysis
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We report a joint experimental and theoretical study of the optical properties of tetragonal bismuth oxide
(β-Bi2O3) at high pressure by means of optical absorption measurements combined with ab initio electronic band
structure calculations. Our results are consistent with previous results that show the presence of a second-order
isostructural phase transition in Bi2O3 (from β to β ′) around 2 GPa and a phase transition above 15 GPa combined
with a pressure-induced amorphization above 17–20 GPa. In order to further understand the pressure-induced
phase transitions and amorphization occurring in β-Bi2O3, we theoretically studied the mechanical and dynamical
stability of the tetragonal structures of β- and β ′-Bi2O3 at high pressure through calculations of their elastic
constants, elastic stiffness coefficients, and phonon dispersion curves. The pressure dependence of the elastic
stiffness coefficients and phonon dispersion curves confirms that the isostructural phase transition near 2 GPa
is of ferroelastic nature. Furthermore, a topological study of the electron density shows that the ferroelastic
transition is not caused by a change in number of critical points (cusp catastrophe), but by the equalization of
the electron densities of both independent O atoms in the unit cell due to a local rise in symmetry. Finally, from
theoretical simulations, β ′-Bi2O3 is found to be mechanically and dynamically stable at least up to 26.7 GPa
under hydrostatic conditions; thus, the pressure-induced amorphization reported above 17–20 GPa in powder
β ′-Bi2O3 using methanol-ethanol-water as pressure-transmitting medium could be related to the frustration of
a reconstructive phase transition at room temperature and the presence of mechanical or dynamical instabilities
under nonhydrostatic conditions.
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I. INTRODUCTION

A significant increase in the number of published works
related to group-15 sesquioxides has occurred in the last
two decades. In particular, works related to bismuth oxide
(Bi2O3) have doubled in the last decade, thus reflecting the
scientific, technological, and industrial importance of this
compound. Its peculiar properties, including a large energy
gap, a high refractive index and dielectric permittivity, and
good photoconductivity [1–6], have made Bi2O3 suitable
for a large range of applications, such as optical coatings,
photovoltaic cells, microwave integrated circuits, fuel cells,
oxygen sensors, oxygen pumps, and catalytic activity [3,7–13].

The compounds of the group-15 sesquioxide family
(As2O3, Sb2O3, and Bi2O3) crystallize in a number of
polymorphs. Their structures can be understood in many cases
as derived from a defective fluorite structure by means of
symmetry-breaking atomic local distortions, with the activity
of the cation lone electron pair (LEP) of group-15 elements
being one of the main factors determining the stabilities of
the different polymorphs [14,15]. In fact, the presence of
cation-centered LEPs, such as those in Pb2+, As3+, Sb3+,
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and Bi3+, are tremendously important for applications that
require off-centered polyhedra and their associated dipoles in
ferroelectric, piezoelectric, and multiferroic materials, actua-
tors, nonlinear materials, ionic conductors, and high-refractive
index materials, e.g., BiFeO3 [16].

Notably, the most recent studies of Bi2O3 at room
conditions have been mainly devoted to the photocatalytic
properties of two polymorphs: α-Bi2O3 (bismite) and β-Bi2O3

(sphaerobismoite) [17–23]. In particular, it has been found
that the metastable β phase exhibits better properties, in
particular, better photocatalytic activity, than the more stable
α phase [17–21] because of the unique tunnel structure of
β-Bi2O3 caused by the special orientation of Bi LEPs. The
tunnel structure of β-Bi2O3 is ideal for the transfer of the
photogenerated electrons and holes, preventing their excessive
recombination and enabling more free carriers to participate in
the photodecomposition process [24]. In this respect, it is worth
mentioning that the recent observation of the β-Bi2O3 phase
in compressed α-Sb2O3 [25] could lead to the stabilization of
this phase in Sb2O3, thus leading to novel catalytic properties
of this Sb-related compound because Sb has a more active
LEP than Bi in β-Bi2O3. Therefore, an understanding of the
properties of β-Bi2O3 is of primary importance for its own
technological applications and those of related compounds.
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In a recent work, we performed an experimental and
theoretical study of the structural and vibrational properties
of synthetic β-Bi2O3 at room temperature by means of x-ray
diffraction (XRD) and Raman scattering (RS) measurements
at different pressures [26]. It was observed that this compound
undergoes a second-order isostructural phase transition (IPT)
from the β phase to the β ′ phase around 2 GPa. Our theoretical
lattice dynamics calculations suggested that the IPT is of
displacive second-order type, and it is driven by one optical
nonpolar soft mode, whose frequency goes to zero near
2 GPa and which couples to other eight optical modes. All
eigenvectors of the nine soft coupled modes displace atoms
towards more symmetric positions than those present in the
β phase [26]. Moreover, our XRD experiments suggested the
onset of a pressure-induced amorphization (PIA) of the β ′
structure above 17–20 GPa. This result contrasted with our
RS measurements above 15 GPa, which presented some weak
peaks probably related to an unknown phase observed even at
27 GPa [26].

Continuing with our study of the properties of group-15
sesquioxides, we report in this work a detailed experimental
and theoretical study of the optical properties of β-Bi2O3 up
to 26.7 GPa by means of optical absorption measurements
combined with ab initio total-energy calculations. We will
show that there is a considerable change of the indirect bandgap
behavior in the β and β ′ phases followed by a decrease
of the indirect bandgap above 15 GPa. These results are
consistent with the IPT and also with the phase transition
above 15 GPa and PIA above 17–20 GPa previously reported
[26]. Furthermore, we performed lattice dynamics calculations
at high pressures and evaluated the pressure dependence of
the elastic stiffness coefficients and phonon dispersion curves.
These calculations allow us to discuss the mechanical and
dynamical stability of β-Bi2O3 and β ′-Bi2O3 at high pressures.
Our calculations show that the β-to-β ′ IPT in Bi2O3 is indeed
a ferroelastic phase transition, which, according to the analysis
of the topology of the electron density, occurs due to the
equalization of the electron densities of both independent O
atoms in the unit cell. In addition, our theoretical calculations
show that β ′-Bi2O3 is mechanically and dynamically stable
up to 26.7 GPa under hydrostatic conditions. Therefore, we
suggest that PIA could occur above 17–20 GPa in pow-
ders of β ′-Bi2O3 using methanol-ethanol-water as pressure-
transmitting medium due to kinetic constraints of the phase
transition occurring above 15 GPa at room temperature and
the presence of mechanical or dynamical instabilities of the
β ′ structure under certain shear deformations that occur under
nonhydrostatic conditions.

II. EXPERIMENTAL DETAILS

Synthetic β-Bi2O3 powder samples used in the present
experiments were purchased from Sigma-Aldrich, Inc., with
grade purity higher than 99.9%. High-pressure optical ab-
sorption experiments at room temperature up to 26.7 GPa
were performed by the sample-in–sample-out method using
a micro-optical system [27] in combination with a tungsten
lamp and an Ocean Optics spectrometer. Powder samples
were loaded in a membrane-type diamond anvil cell (DAC)
and slightly compressed between the two diamonds in order

to form a transparent thin sample (around 5 μm thick)
with parallel faces composed of compacted powders stuck
onto one of the diamond windows. This sample was then
reduced to a lateral size of 100 × 100 μm2 and loaded inside
a DAC with a 16:3:1 methanol-ethanol-water mixture as
pressure-transmitting medium and ruby grains for pressure
calibration with the ruby fluorescence method [28]. For optical
measurements, stray light was measured in the high-absorption
region of the sample for every spectrum and subtracted from
the transmission spectrum. Afterwards, the experimental trans-
mittance spectrum was scaled to the theoretical transmittance
value in the spectral range where the sample is completely
transparent. Finally, the absorption coefficient α was obtained
from the scaled transmittance by taking into account the
sample thickness and reflectivity [29].

III. THEORETICAL DETAILS

Ab initio total-energy calculations were performed within
the framework of density functional theory (DFT) [30]. The
VASP package [31] was used to carry out calculations with
the pseudopotential method and the projector-augmented wave
(PAW) [32] scheme, which replace core electrons and make
smoothed pseudovalence wave functions while taking into
account the full nodal character of the all-electron charge
density in the core region. For bismuth, 15 valence electrons
(5d106s26p3) were used, whereas for oxygen, 6 valence
electrons (2s22p4) were used. The set of plane waves was
extended up to a kinetic energy cutoff of 520 eV to achieve
highly converged results. The exchange-correlation energy
was taken in the generalized gradient approximation (GGA)
with the revised Perdew-Burke-Ernzerhof (PBEsol) functional
[33]. A dense Monkhorst-Pack grid of k-special points was
employed to perform integrations on the Brillouin zone (BZ)
to obtain very well converged energies and forces. At selected
volumes, the structures were fully relaxed to their optimized
configuration through the calculation of the forces on atoms
and the stress tensor. In the optimized configurations, the forces

on the atoms were smaller than 0.006 eV Å
−1

, and deviations
of the stress tensor from a diagonal hydrostatic form were
less than 0.1 GPa. Within the DFT formalism, the theoretical
pressure, P (V ), can be determined at the same time as the total
energy, E(V ), since P (like other derivatives of the energy)
can be calculated from the stress. The obtained sets of volume,
energy, and pressure data for each structure considered in this
study were fitted with an equation of state. The electronic
band structure along selected paths on the first BZ and the
corresponding density of states (DOS) were calculated at
different pressures.

Lattice-dynamics calculations were performed at the zone
center (� point) of the BZ using the direct force constant
approach. This method involves the construction of a dynam-
ical matrix at the � point of the BZ. Separate calculations
of the forces, with small displacements from the equilibrium
configuration of the atoms within the primitive cell, are
needed. The number of such independent displacements in the
analyzed structures can be reduced by considering the crystal
symmetry. Highly converged results on forces are required
for the calculation of the dynamical matrix [34]. The sub-
sequent diagonalization of the dynamical matrix provides the
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frequencies of the normal modes. Moreover, these calculations
allow identification of the symmetry and eigenvectors of the
vibrational modes in each structure at the � point. To obtain
the phonon dispersion curves, along high-symmetry directions
of the BZ, and the phonon density of states (PDOS), we
performed similar calculations using appropriate supercells,
which allow the phonon dispersion at k-points to be obtained
commensurate with the supercell size [34].

The elastic constants, Cij , in the Voigt notation [35], were
obtained by computing the macroscopic stress for a small strain
with the use of the stress theorem [36]. For that purpose,
the ground state and fully optimized structures at several
pressures were strained in different directions according
to their symmetry [37]. The total-energy variations were
evaluated using a Taylor expansion for the total energy with
respect to the applied strain [38]. Due to this fact, it is important
to ensure that the strain used in the simulations guarantees
the harmonic behavior. The generalized stability criteria were
used in order to obtain information about the mechanical
stability of the tetragonal phase of Bi2O3. The study of the
generalized stability criteria applied to homogeneous crystals
can provide important information on solid-solid structural
transformations [39].

The topology of the electron density was calculated from the
charge density obtained with VASP coupled to the CRITIC2
program [40], which enables both critical point location
and basin integration. Relative errors in charge and volume
integrations amount to a maximum of 10−6 and 10−4 arb. units,
respectively. The number of critical points was in all cases
coherent, providing a Morse sum equal to zero, as expected for
a periodic system (see Table S1 in the Supplemental Material
[41] for more details).

IV. RESULTS AND DISCUSSION

A. Optical absorption measurements

As already commented, a second-order IPT has been
recently reported to occur in β-Bi2O3 near 2 GPa [26]. At the
β-to-β ′ transition, the frequency of a zone-center soft optical
mode goes to zero at the IPT pressure in a similar way to what
happens in ferroelectric and ferroelastic phase transitions at
different temperatures or pressures [42]. In ferroelectric phase
transitions, usually a steep increase of the dielectric constant
has been observed in the vicinity of the second-order phase
transition because of the polar character of the soft mode [43].
On the other hand, no appreciable change of the dielectric
constant has been observed in phase transitions where the soft
mode has nonpolar character [42]. Figure 1 shows a selection
of the experimental optical transmission curves of β-Bi2O3 at
several pressures. As can be observed, no noticeable change
of the maximum transmittance of the sample, which could
be attributed to a notable change of the dielectric constant,
occurs with increasing pressure as expected in a second-order
IPT driven by a nonpolar soft mode [26]. Note that fluctuation
of up to 5% in transmittance in measurements performed at
different pressures is almost unavoidable due to the inaccuracy
of the exact location of the light spot when the direct and
transmitted intensity are measured at two different pressures.
This fluctuation can be more important in compacted powders

FIG. 1. Optical transmission spectra of β-Bi2O3 and β ′-Bi2O3 at
pressures below and above the IPT (around 2 GPa).

with irregular faces than in layered crystals, which can be
perfectly exfoliated in samples with well-polished and parallel
faces [44].

The optical absorption edge of β-Bi2O3 at room tem-
perature and pressure has been measured in several works;
however, there is no clear conclusion about the value of
the indirect and direct bandgaps reported between 1.75 and
2.6 eV [45–47]. For this reason, we have calculated the
electronic band structure and electronic DOS of β-Bi2O3 at
room pressure [see Fig. 2(a)]. Calculated indirect and direct
bandgaps (around 1.3 eV) are similar within 0.1 eV both
without spin-orbit interaction and with spin-orbit interaction
(not shown). Note that spin-orbit interaction is small for the
case of Bi2O3 [48]. As can be observed, the conduction band
(CB) shows considerable dispersion, and the conduction band
minimum (CBM) is at the � point. In contrast, the top of
the valence band (VB) is rather flat, and the valence band
maximum (VBM) is between the M and � points of the BZ.
The energy of the indirect bandgap is just 0.02 eV higher than
the direct bandgap at the � point. The DOS reveals that the
CBM has an important contribution of Bi 6p orbitals, followed
by Bi 6s orbitals, whereas the VBM is dominated by O 2p

orbitals, with some contribution of Bi 6s and 6p orbitals. Since
allowed electric dipolar transitions correspond to transitions
between bands where the change of orbital number �l = ±1,
our calculations show that both the direct and indirect bandgaps
correspond to partially allowed transitions. On the other hand,
the DOS of β ′-Bi2O3 at 5 GPa [shown in Fig. 2(b)] is similar
to that of β-Bi2O3 at room pressure, but with the VBM shifted
from the � to the M point and with a larger energy difference
between the VB maxima at the M and � points (0.32 eV). We
want to stress that this energy difference increases up to 2 GPa
and does not change appreciably above this pressure up to
27 GPa.

A selection of the optical absorption spectra in β-Bi2O3

under increasing pressure up to 26.7 GPa is shown in Fig. 3(a).
As it can be observed, there is a red shift of the fundamental
absorption edge with increasing pressure; however, there is
a change in the slope of the high-absorption coefficient tail
as pressure increases. This combination leads to a complex
pressure dependence of the bandgap, as will be explained
below. At this point, we just want to comment that our sample
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FIG. 2. Electronic band structure and density of states of β-Bi2O3 at 0 GPa (a) and of β ′-Bi2O3 at 5.0 GPa (b).

is relatively thick (around 5 μm) to measure a direct bandgap.
Therefore, we expect to see mainly evidence of the indirect
bandgap in the fundamental absorption edge, which can be
estimated by extrapolating a linear fit of (α · hν)1/2 vs hν to
zero [see Fig. 3(b)]. It must be mentioned that despite the
fact that this method does not give an accurate value of the
bandgap energy, it yields a rather accurate value of the pressure
coefficient of the bandgap energy [29].

Figure 4 shows the experimental pressure dependence of
the indirect bandgap energy in β-Bi2O3 upon increasing (solid
symbols) and decreasing (open symbols) pressure, as obtained
from the extrapolation noted in the previous paragraph.
Our estimated indirect bandgap is around 2.12(1) eV at
room pressure, which is a value in between those given
in the literature (between 1.75 and 2.6 eV) [45–47]. Note
that ab initio–calculated bandgaps obtained within the DFT
approximation are considerably underestimated, although the
pressure dependence of the bandgap is well described [49].

For this reason, in order to compare the theoretical results
with the experimental data, we shifted the theoretical curve of
the indirect bandgap to match the experimental value of the
indirect bandgap at room pressure (Fig. 4).

As observed in Fig. 4, there is a decrease of the experimental
indirect bandgap up to 5–6 GPa and an increase above that
pressure range. Both facts are in rather good agreement with
the theoretical evolution of the indirect (solid line) bandgap.
However, there is a notable deviation of the theoretical values
of the indirect bandgap with respect to experimental values
above 15 GPa. This is consistent with the phase transition
observed above 15 GPa in a previous study [26]. Furthermore,
the values of the extrapolated indirect bandgaps on decreasing
pressure from 26.7 GPa (open symbols in Fig. 4) are larger than
in original samples, thus indicating the nonreversibility of the
compression process. This result gives support to the existence
of a phase transition and its related PIA above 17–20 GPa as
already reported [26]. Further support for the existence of
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FIG. 3. (a) Optical absorption edge of β-Bi2O3 and β ′-Bi2O3 on
increasing pressure up to 26.7 GPa. (b) (α · hν)1/2 vs hν plot with
extrapolated lines to determine the pressure dependence of the indirect
M-� bandgap.

FIG. 4. Experimental (symbols) and theoretical (line) pressure
dependence of the indirect M-� bandgap energy in β-Bi2O3 and
β ′-Bi2O3 both under increasing pressure (full symbols) and decreas-
ing pressure (empty symbols). Theoretical calculations are upshifted
to match the experimental indirect bandgap energy at room pressure.

this phase transition and PIA will be discussed in the next
section.

B. Elastic properties

Compounds crystallizing in the structure of β-Bi2O3 (space
group P -421c, No. 114) belong to the tetragonal Laue group TI.
In this tetragonal symmetry, the stress-strain relations, given
in the standard Voigt form, which describe the elastic behavior
of the material, can be expressed as:⎛
⎜⎜⎜⎜⎜⎝

σ11

σ22

σ33

σ23

σ13

σ12

⎞
⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎝
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e22
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⎞
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(1)

where σij are usual stress components for i,j = 1 − 3 in
Cartesian coordinates, and Cij are the elastic constants.
Displacements ui are related to strain components eij by
eii = ∂ui/∂xi and eij = ∂ui/∂xj + ∂uj/∂xi when i �= j . For
a correct description of the elastic properties under homoge-
neous loading, like those at high hydrostatic pressures, elastic
constants must be replaced by elastic stiffness coefficients Bij ,
which can be readily obtained from elastic constants [50]. In
the special case of hydrostatic pressure applied to a tetragonal
crystal, the elastic stiffness coefficients are: B11 = C11 −
P , B12 = C12 + P , B13 = C13 + P , B33 = C33 − P , B44 =
C44 − P , and B66 = C66 − P , where P is the hydrostatic
pressure. Note that the Bij and Cij coefficients are equal at
0 GPa. When the Bij elastic stiffness coefficients are used,
all the relations of the theory of elasticity can be applied
for the crystal under any loading, including Born’s stability
conditions, which are identical in both loaded and unloaded
states [50–55].

The theoretically calculated pressure dependence of the six
elastic constants and elastic stiffness coefficients in β-Bi2O3

up to 1.9 GPa and in β ′-Bi2O3 up to 26.7 GPa are shown in
Figs. 5(a) and 5(b), respectively. Table I summarizes the set
of six Bij elastic stiffness coefficients as well as their linear
and quadratic pressure coefficients in the β phase (at 0 GPa)
and in the β ′ phase (at 2.3 GPa) as obtained from our ab initio
calculations. Unfortunately, our theoretical values cannot be
compared to experimental measurements in β-Bi2O3 even at
room pressure; however, the set of elastic constants of glass
Bi2O3 has been measured at 1 atm and 300 K, obtaining
values of C11 = 86.5 GPa and C44 = 26.5 GPa [56]. Glass
Bi2O3 has two independent elastic constants, C11 and C12.
Taking into account that C44 = (C11 − C12)/2, the C12 elastic
constant of glass Bi2O3 is 33.5 GPa. These measurements
show that experimental C11 and C12 values of glass Bi2O3

are 51% and 189% greater than C11 and C12 calculated for
β-Bi2O3, respectively. On the other hand, experimental C44 of
glass Bi2O3 is 18% smaller than C44 calculated for β-Bi2O3.
We note that the discrepancies between the calculated elastic
constants of β-Bi2O3 and those measured for glass Bi2O3

could be explained because the local environment of glass
Bi2O3 is likely more similar to that of α-Bi2O3, the stable
phase at room conditions, than to that of the metastable phase
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FIG. 5. Pressure dependence of the elastic constants (a) and elastic stiffness coefficients (b) in β-Bi2O3 and β ′-Bi2O3. A clear change in the
behavior of elastic constants and elastic stiffness coefficients is noted near 2 GPa, where the IPT between the two polymorphs is experimentally
observed.

β-Bi2O3. A comparison of the theoretical elastic constants of
monoclinic α-Bi2O3 with those of glass Bi2O3 is out of the
scope of this work.

As observed in Fig. 5(b), all elastic stiffness coefficients
show a positive linear pressure coefficient with increasing
pressure in both β and β ′ phases, except B12 in the β

phase, which shows a negative linear pressure coefficient
and attains negative values for pressures above 1.1 GPa, and
B66 in the β ′ phase, which shows a small negative linear
pressure coefficient. The behavior of B12 will be discussed
in the next section when we study the dynamic stability
of β-Bi2O3. The most notable feature is that the pressure
dependence of all elastic stiffness coefficients undergoes
sudden and discontinuous changes near 2 GPa. This result
can be interpreted as evidence of the β-to-β ′ IPT around this
pressure, in good agreement with the present high-pressure

optical absorption measurements and previous high-pressure
XRD and RS measurements [26].

With the set of six elastic stiffness coefficients, standard
formulas for the bulk (B) and shear (G) moduli for the
tetragonal Laue group TI in the Voigt [57], Reuss [58], and
Hill [59] approximations, labeled with subscripts V , R, and
H , respectively, can be then applied [60]:

BV = 2B11 + B33 + 2B12 + 4B13

9
(2)

BR = 1

2S11 + S33 + 2S12 + 4S13
(3)

BH = BV + BR

2
(4)

TABLE I. Bij elastic stiffness coefficients and their linear and quadratic pressure coefficients a and b for the β phase (at 0 GPa) and
the β ′ phase (at 2.3 GPa). Data were obtained by fitting the Bij vs pressure data to the equation Bij (P ) = Bij (0) + a · P + b · P 2 and
Bij (P ) = Bij (2.3) + a · (P − 2.3) + b · (P − 2.3)2, respectively.

β-Bi2O3 β ′-Bi2O3

Bij at 0 GPa (GPa) a b (GPa−1) Bij at 2.3 GPa (GPa) a b (GPa−1)

B11 57.2(4) 14(1) 4.0(9) 144.7(4) 8.4(2) − 0.19(1)
B12 11.6(6) −6(2) −3(1) 31.9(2) 4.95(6) − 0.060(5)
B13 11.32(4) 7.5(1) −0.48(8) 40.7(3) 7.4(1) − 0.109(8)
B33 88.3(3) 14.6(9) −0.7(6) 121.3(4) 7.1(2) − 0.16(1)
B44 32.4(1) 2.6(3) 37.6(1) 0.77(2) − 0.043(2)
B66 33.3(1) 3.3(4) 39.2(1) −0.021(8) − 0.0098(6)
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FIG. 6. Pressure dependence for the elastic moduli (B, G, E), Poisson’s ratio (ν), and B/G ratio of β-Bi2O3 and β ′-Bi2O3. Squares, circles,
and triangles refer to the Voigt, Reuss, and Hill approximations, respectively. Data for the universal elastic anisotropy index (AU ) are plotted
with squares.

GV = 2B11 + B33 − B12 − 2B13 + 6B44 + 3B66

15
(5)

GR = 1

8S11 + 4S33 − 4S12 − 8S13 + 6S44 + 3S66
(6)

GH = GV + GR

2
(7)

For the case of the Reuss approximation, we use formulae
where BR and GR are obtained from the components of the
Sij elastic compliances matrix, which is defined as the inverse
of the Bij matrix. In the Voigt and Reuss approximations,
uniform strain or stress is assumed throughout the polycrystal,
respectively [57,58]. Hill has shown that the Voigt and Reuss
averages are limits and suggested that the actual effective B and
G elastic moduli can be approximated by the arithmetic mean
of the two bounds [59]. Young’s (E) modulus and Poisson’s
ratio (ν) are calculated with the expressions [61,62]:

EX = 9BXGX

GX + 3BX

(8)

νX = 1

2

(
3BX − 2GX

3BX + GX

)
(9)

where the subscript X refers to the symbols V , R, and H .
Figure 6 shows the pressure dependence for the elastic moduli

and Poisson’s ratio of β-Bi2O3 and β ′-Bi2O3. Table II contains
the calculated values for the elastic moduli and Poisson’s
ratio of β-Bi2O3 at 0 GPa and of β ′-Bi2O3 at 2.3 GPa in
the Voigt, Reuss, and Hill approximations. It is interesting to
note that the bulk modulus of β-Bi2O3 at 0 GPa in the Hill

TABLE II. Elastic moduli given in the Voigt, Reuss, and Hill
approximations, labeled with subscripts V , R, and H , respectively,
for β-Bi2O3 at 0 GPa and β ′-Bi2O3 at 2.3 GPa. The Poisson’s ratio
(ν), B/G ratio, and universal elastic anisotropy index (AU ) are also
given.

β-Bi2O3 β ′-Bi2O3

BV , BR , BH (GPa)
30.1, 29.1, 29.6 70.8, 70.6, 70.7

GV , GR , GH (GPa)
30.9, 30.0, 30.4 42.7, 41.7, 42.2

EV , ER , EH (GPa)
69.0, 67.0, 68.0 106.7, 104.5, 105.6

νV , νR , νH

0.12, 0.12, 0.12 0.25, 0.25, 0.25
BV /GV , BR/GR , BH /GH

0.98, 0.97, 0.97 1.66, 1.69, 1.68
AU

0.18 0.12
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approximation (BH = 29.6 GPa) is in very good agreement
with the value obtained from our ab initio structural data
(B0 = 29.6 GPa) and with the value obtained from high-
pressure XRD measurements [B0 = 34(5) GPa] [26]. There-
fore, these results give us confidence about the correctness
of our elastic constant calculations in order to present further
discussions.

From Fig. 6, it can be observed that there is a sudden
increase of the Hill bulk modulus, BH , from the β phase
(43.0 GPa at 1.9 GPa) to the β ′ phase (70.7 GPa at 2.3 GPa), as
expected for a second-order IPT. Similarly, there is a sudden
increase of the Poisson’s ratio, ν, from the β phase (0.14 at
1.9 GPa) to the β ′ phase (0.25 at 2.3 GPa). On the other
hand, there is a continuous increase of the Hill shear modulus,
GH , from the β phase (30.4 GPa at 0 GPa) to the β ′ phase
(42.2 GPa at 2.3 GPa). The same behavior is observed for the
Hill Young’s modulus, EH , the value of which increases in a
continuous way from the β phase (68.0 GPa at 0 GPa) to the
β ′ phase (105.6 GPa at 2.3 GPa).

Figure 6 also shows the pressure dependence of the B/G
ratio and the AU universal elastic anisotropy index, defined
as AU = 5GV /GR + BV /BR − 6 [63] for both β-Bi2O3 and
β ′-Bi2O3. Table II summarizes the values of the B/G ratio and
AU for both β-Bi2O3 at 0 GPa and β ′-Bi2O3 at 2.3 GPa. The
ratio between the bulk and shear modulus, B/G, has been
proposed by Pugh to predict brittle or ductile behavior of
materials [64]. According to the Pugh criterion, a high B/G
value indicates a tendency for ductility. If B/G > 1.75, then
ductile behavior is predicted; otherwise, the material behaves
in a brittle manner. In our particular case, we found a B/G
ratio in the Hill approximation close to 1 in the β phase at 0
GPa and around 1.7 in the β ′ phase at 2.3 GPa (the value in
the β ′ phase increases with increasing pressure). These values
indicate that Bi2O3 is brittle in the β phase and ductile in the
β ′ phase above 3.0 GPa.

The elastic anisotropy of crystals is of importance for both
engineering science and crystal physics, since it is highly
correlated to the possibility of inducing microcracks in the
materials [65]. If AU is equal to 0, no anisotropy exists. On
the other hand, the more this parameter differs from 0, the
more elastically anisotropic is the crystalline structure. Here,
β-Bi2O3 at 0 GPa and β ′-Bi2O3 at 2.3 GPa have AU values
slightly above 0; therefore, they are slightly anisotropic. As
regards the pressure dependence of AU , it is almost constant
in the β phase and increases monotonically with increasing
pressure in the β ′ phase; however, AU only reaches 0.65 at
26.7 GPa, which indicates that β ′-Bi2O3 has a rather small
elastic anisotropy up to this pressure.

C. Mechanical and dynamical stability

We will first study the mechanical stability of β-Bi2O3

and β ′-Bi2O3 at different pressures. At zero pressure, a
lattice is mechanically stable only if the elastic energy
change associated with an arbitrary deformation given by
small strains is positive for any small deformation [66].
This implies restrictions on the Cij elastic constants that are
mathematically expressed by the fact that the principal minors
of the determinant with elements Cij are all positive. The latter
restrictions are often called the Born-Huang stability criteria,

FIG. 7. Pressure dependence of the generalized stability criteria
for β-Bi2O3 and β ′-Bi2O3.

and, for the case of a tetragonal crystal with six Cij elastic
constants, mechanical stability requires that [66]:

C11 > 0, C44 > 0, C66 > 0, C11 − C12 > 0 (10)

and

C11C33 + C12C33 − 2C13
2 > 0 (11)

In our particular case, all the above criteria are satisfied, and
β-Bi2O3 is mechanically stable at zero pressure as expected.
In order to study the mechanical stability of this compound
at high pressure, Eqs. (10) and (11) have to be modified to
include the particular case when the external load is different
from zero [50]. The five generalized stability criteria, Mi

(i = 1 to 5), valid for a tetragonal crystal when the crystal
is subjected to an external hydrostatic pressure P , take the
form [50]:

M1 = B11 > 0 (12)

M2 = B11 − B12 > 0 (13)

M3 = (B11 + B12)B33 − 2B2
13 > 0 (14)

M4 = B44 > 0 (15)

M5 = B66 > 0 (16)

with Bij being the elastic stiffness coefficients. Figure 7 shows
the evolution with pressure of the five generalized stability
criteria in β-Bi2O3 and β ′-Bi2O3. Generalized stability criteria
are not violated either in β-Bi2O3 or in β ′-Bi2O3 up to
26.7 GPa. Therefore, both tetragonal phases are mechanically
stable under hydrostatic pressure up to 26.7 GPa.

Now we will study the dynamical stability of β-Bi2O3 and
β ′-Bi2O3 at high pressures. For this purpose, we present in
Fig. 8 the phonon dispersion curves of β-Bi2O3 at 0, 1.4, and
1.9 GPa and curves of β ′-Bi2O3 at 3.8, 15.7, and 26.7 GPa. It
can be observed that at 0 GPa, there are several branches
in β-Bi2O3 with imaginary frequencies near the � point.
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FIG. 8. Phonon dispersion curves of β-Bi2O3 at 0 GPa (a), 1.4 GPa (b), and 1.9 GPa (c), and of β ′-Bi2O3 at 3.8 GPa (d), 15.7 GPa (e), and
26.7 GPa (f).

This result could be interpreted as a dynamical instability
of β-Bi2O3. However, since β-Bi2O3 is a metastable phase
at room conditions, we interpret the imaginary frequencies
at 0 GPa to be a consequence of performing calculations

in the quasiharmonic approximation at 0 K, which do not
include the anharmonic interactions that are necessary for the
stability of the lattice at finite temperatures. Note that similar
theoretical imaginary frequencies were previously reported
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for different Bi2O3 polymorphs by calculations at 0 GPa and
0 K [14].

Leaving aside the imaginary frequencies near �, our
calculations at 1.4 and 1.9 GPa show an additional acoustic
phonon branch along the �-Z direction that softens as pressure
increases near � (long-wavelength modes) and reaches the
maximum imaginary value around 1.9 GPa. The softening
of this acoustic branch of β-Bi2O3 near � suggests that
the second-order IPT near 2 GPa is in fact a ferroelastic
phase transition between the low-symmetry β phase and the
high-symmetry β ′ phase [42]. In this regard, a feature of the
ferroelastic phase transition is that one of the acoustic branches
near � goes to zero (not to imaginary frequencies), and,
correspondingly, there is a decay of one elastic constant to zero
[42]. Therefore, we ascribe the observation of the imaginary
frequency of the soft acoustic branch and the observation
of a negative value of the elastic stiffness coefficient B12 in
the β phase to the lack of anharmonic contribution in our
calculations. We consider that if anharmonic contributions
would have been taken into account in our calculations,
both the B12 elastic stiffness coefficient and the acoustic
phonon frequency would approach the zero value at the IPT
near 2 GPa.

On the other hand, calculations of phonon dispersion curves
of β ′-Bi2O3 at different pressures above 3.8 GPa show that all
phonons have real frequencies that increase with increasing
pressure at least up to 26.7 GPa. This means that β ′-Bi2O3 is
dynamically stable up to 26.7 GPa.

It is well known that the response of a material to
compression could be sensitive to experimental conditions
(e.g., deviatoric stresses, rate of compression, initial crystalline
state, defects in the samples). As an example, it is known
that the amorphization transition in α-SiO2 is highly sensitive
to the degree of nonhydrostaticity produced by the pressure-
transmitting medium [67–70]. Therefore, it is advisable to
perform experiments using powder and single crystals and
with different pressure-transmitting media in order to fully
understand the PIA process in a given material. In β-Bi2O3,
we note that powder samples were used instead of single
crystals because the β phase is a metastable phase that has
been stabilized in submicron-sized particles and nanoparticles
[71] and in N- and Y-doped Bi2O3 [22,72]. The use of
gaseous environments (i.e., He or Ne) as pressure-transmitting
media assures a larger hydrostatic regime than liquid media;
however, some studies have shown that the use of gas can
modify the compressibility of certain materials with porous
or open framework structures when gas molecules can enter
into the large voids of the crystalline structure with the
increase of pressure, as in As4O6 [73], SiO2 [74], and other
porous materials [75]. In this regard, β-Bi2O3 contains large
channels in its structure, which are formed by the presence of
LEPs from Bi atoms. Therefore, these structural voids do not
suggest the use of gaseous pressure-transmitting media with
β-Bi2O3, since they could modify the structural properties
under pressure. Consequently, we used in our experiments the
more hydrostatic, nonpenetrating liquid pressure-transmitting
medium available (methanol-ethanol-water mixture).

In order to help clarify the cause for PIA in β-Bi2O3, we
carried out ab initio calculations. These calculations show that
the β and β ′ phases are thermodynamically not competitive

FIG. 9. Theoretical calculation of enthalpy difference vs pressure
for different Bi2O3 phases. Enthalpy of monoclinic α-Bi2O3 is taken
as the reference.

with respect to many other phases (see Fig. 9), including:
the monoclinic α-Bi2O3-type structure [76] above 0 GPa;
the trigonal HP-Bi2O3-type structure [77] above 0.5 GPa; the
hexagonal HPC-Bi2O3-type structure [78] above 1.5 GPa; the
trigonal A-type rare-earth sesquioxide (A-RES) structure [79]
above 7.9 GPa; the orthorhombic Rh2O3-II-type structure [80]
below 4.1 GPa and above 11.1 GPa; and the orthorhombic
ε-Bi2O3-type structure [81] above 21.8 GPa (see Fig. 9). Since
our calculations suggest that the β ′ structure is mechanically
and dynamically stable under hydrostatic conditions, we can
conclude that for our particular case of powder β ′-Bi2O3 using
methanol-ethanol-water as pressure-transmitting medium, the
onset of PIA observed above 17–20 GPa in a previous work
[26] must be likely related, on one hand, to the frustration of
a reconstructive phase transition at room temperature and, on
the other hand, to a mechanical or dynamical instability of this
tetragonal phase against shear deformations occurring under
nonhydrostatic conditions in powders. Observation of PIA in
powders by nonhydrostatic stresses, which does not occur in
single crystals, is well documented [82]. Further experiments
at high pressure and high temperature could elucidate the
nature of the high-pressure phase above 15 GPa, for which
the transition from β ′-Bi2O3 is frustrated at room temperature.

D. Chemical bond analysis

As a final study in this work, we performed an analysis
of the topology of the theoretical electron density as obtained
from our ab initio calculations in order to understand better
the nature of the β-to-β ′ second-order IPT. It is well known
that pressure-induced second-order phase transitions are char-
acterized by a change in the compressibility, which can be
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attributed to the microscopic behavior of atoms in the sample,
and thus the electron density. A division of the system into
atoms, with an associated atomic volume, can be done in terms
of the electron density, following what is known as the atoms
in molecules (AIM) approach [83].

In an ordinary molecule, the electron density has maxima
(cusps) at the nuclei and decays exponentially as the electron
density moves away from the nuclei. The resulting topology of
the molecular density looks like an assemblage of mountains,
each of which is identified as an atom. Within this approach,
one identifies chemical bonds with the valleys (bond paths) in
between mountains. The lowest point in the valley (first-order
saddle point) is also known as the bond critical point (BCP).
Using this approach, atoms are well defined in three dimen-
sions, and it is possible to integrate the properties of each atom
and obtain their corresponding atomic volume and charge.

It has been proposed that IPTs are related to changes in
the bonding pattern (in the number of BCPs) without changes
either in the space group or in the Wyckoff positions [84].
Most commonly, critical points come close together upon
compression and collapse at the IPT (also known as cusp
catastrophe), yielding a different number of critical points
and a different compressibility behavior before and after the
transition pressure. However, analysis of the topology of the
electron density in β-Bi2O3 demonstrates that this condition is
not necessary, since the number of critical points is maintained
along the β-to-β ′ IPT despite their symmetry changes (see
Table S1 in the Supplemental Material [41]). More specifically,
there is a rise in the point symmetry of the critical points in the
β ′ phase with respect to the β phase. An equalization of Bi-O1
distances is observed (see Fig. S1 in the Supplemental Material
[41]): The first and second O1 neighbors around Bi atoms are
different in phase β and become equal in phase β ′. Moreover,
in spite of Bi-O1 and Bi-O2 distances being different, the
electron density at their corresponding BCPs becomes very
similar, with no associated cusp catastrophe (see Fig. S2 in
the Supplemental Material [41]), unlike what was previously
assumed [85].

Since we are looking at a change in compressibility, and
Bader atomic volumes are well defined, it is possible to track
the IPT in terms of Bader atomic compressibility changes.
Figure S3(a) in the Supplemental Material [41] shows the
evolution of the atomic volumes in β-Bi2O3 under pressure. As
observed, the absolute changes at the IPT near 2 GPa are small,
so we have plotted in Fig. 10(a) the pressure dependence of the
atomic volumes where the atomic volume at zero pressure has
been subtracted for comparison purposes. As can be seen, there
is a change in the atomic compressibilities that accompanies
the β-to-β ′ transition. In addition, in the β phase, the atomic
volume of O1 decreases at a larger rate than that of O2;
however, in the β ′ phase, both atomic volumes decrease at
a similar rate because the electron density at the BCP along
the different Bi-O bonds becomes similar (see Fig. S2 in the
Supplemental Material [41]) in spite of O1 and O2 having
slightly different atomic volumes and charges {see Fig. S3(a)
and S3(b), respectively, in the Supplemental Material [41]}.

The change in the electronic structure at the IPT can also be
followed by inspection of the atomic charges {see Fig. S3(b)
in the Supplemental Material [41]}. Again, due to the small
absolute changes in atomic charges, it is more convenient to

FIG. 10. Evolution of Bader relative volumes (a) and relative
charges (b) with respect to zero pressure in the atomic basins of
β-Bi2O3 upon compression. O1 and O2 labels represent oxygen atoms
located at the Wyckoff positions 8e and 4d , respectively.

plot the relative changes of the atomic charges with respect to
the value of zero pressure [see Fig. 10(b)]. It can be observed
that whereas charges of atoms O1 and O2 exhibit a very
different behavior in the β phase, they follow almost the
same pattern in the β ′ phase in spite of their slightly different
absolute values.

In summary, the results of the topological analysis of the
electron density highlight that (i) the response of the O1 and
O2 atoms to pressure is rather different in the β phase and
becomes very similar in the β ′ phase, in good agreement
with the increase of structural symmetry observed in the
pressure-induced β-to-β ′ transition, and (ii) the IPT is driven
by an equalization of the electron densities at the BCPs of
the different Bi-O bonds and not by the existence of a cusp
catastrophe.

V. CONCLUSIONS

We have performed an experimental and theoretical study of
the optical properties of tetragonal bismuth oxide (β-Bi2O3) at
high pressure by means of optical transmission measurements
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combined with ab initio electronic band structure calculations.
We have measured and calculated the pressure dependence of
the indirect bandgap of β-Bi2O3. The obtained results are
consistent with previous reports of the second-order β-to-β ′
IPT in Bi2O3 near 2 GPa and with the phase transition and
possible PIA around 15 and 17–20 GPa, respectively [26].
We have also theoretically studied the pressure dependence
of the elastic stiffness coefficients of β-Bi2O3 and β ′-Bi2O3.
An abrupt change of elastic stiffness coefficients is found
near 2 GPa, which gives additional support to the IPT
already noted. The mechanical and dynamical stability of
the tetragonal structure of β-Bi2O3 and β ′-Bi2O3 has been
theoretically studied at high pressure. Both phases are found
to be mechanically stable under hydrostatic conditions in the
studied pressure range. However, β-Bi2O3 is dynamically
unstable near 2 GPa. The dynamical instability leads to a
ferroelastic (β-to-β ′) phase transition, in good agreement
with the experimentally observed features of the IPT. On
the other hand, β ′-Bi2O3 is dynamically stable at least up
to 26.7 GPa under hydrostatic conditions; thus, the possible
PIA observed above 17–20 GPa in powder β ′-Bi2O3 using
methanol-ethanol-water as pressure-transmitting medium is
likely related, on one hand, to the frustration of a reconstructive
phase transition at room temperature and, on the other hand, to

a mechanical or dynamical instability of this tetragonal phase
against shear deformations occurring under nonhydrostatic
conditions in powders. Finally, our study of the topology of
the theoretical electron density shows that the ferroelastic IPT
is not caused by a cusp catastrophe, but by the equalization of
the electron densities of both independent O atoms in the unit
cell at the bond critical points along the different Bi-O bonds.
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I. M. Tiginyanu, Phys. Status Solidi B 252, 2043 (2015).

[30] P. Hohenberg and W. Kohn, Phys. Rev. 136, B864 (1964).
[31] G. Kresse and J. Hafner, Phys. Rev. B 47, 558 (1993).
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P. Ordejón, and E. Canadell, Phys. Rev. B 63, 125330 (2001).
[45] V. Dolocan, Appl. Phys. 16, 405 (1978).
[46] V. Dolocan and F. Iova, Phys. Status Solidi A 64, 755

(1981).
[47] J. George, B. Pradeep, and K. S. Joseph, Phys. Status Solidi A

103, 607 (1987).
[48] A. L. J. Pereira, O. Gomis, J. A. Sans, J. Pellicer-Porres, F. J.

Manjón, A. Beltrán, P. Rodrı́guez-Hernández, and A. Muñoz, J.
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Choi, A. Ö. Yazaydin, R. Q. Snurr, M. O’Keeffe, J. Kim, and
O. M. Yaghi, Science 329, 424 (2010).

[76] A. L. J. Pereira, D. Errandonea, A. Beltrán, L. Gracia, O. Gomis,
J. A. Sans, B. Garcı́a-Domene, A. Miquel-Veyrat, F. J. Manjón,
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