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FACTORIZATION THEOREMS FOR HOMOGENEOUS MAPS ON

BANACH FUNCTION SPACES AND APPROXIMATION OF

COMPACT OPERATORS

PILAR RUEDA AND ENRIQUE A. SÁNCHEZ-PÉREZ

Abstract. In this paper we characterize compact linear operators from Ba-
nach function spaces to Banach spaces by means of approximations with

bounded homogeneous maps. To do so, we undertake a detailed study of

such maps, proving a factorization theorem and paying special attention to
the equivalent strong domination property involved. Some applications to

compact maximal extensions of operators are also given.
Banach function space and p-th power and compact operator and homoge-

neous operator. 46E30 and 47B38 and 46B42 and 46B28

Introduction

It is well-known that compact linear operators between Banach spaces can be
approximated by a sequence of “elementary maps” — finite range linear operators—
whenever the approximation property is considered. Here we are interested in
compact linear operators defined on Banach function spaces into Banach spaces.
We will see that, in this case, no approximation properties are required to get
approximations by other elementary maps: bounded homogeneous maps with some
nice properties. These properties are related to the way homogeneous maps can
factor. As far as we know, there are no powerful classical factorization theorems
for homogeneous operators others than the so called Maurey-Rosenthal theorems
(see for example [2, 3]). Therefore, we provide a factorization theorem for a class of
homogeneous maps, that will give interesting information in our study of compact
linear operators.

These considerations yield to two main purposes in this paper. On one hand
to isolate those homogeneous maps that factor through a given homogeneous map
and to characterize them by means of a strong domination property. On the other
hand, to apply this study of strongly dominated homogeneous maps to characterize
compact operators, from Banach function spaces into Banach spaces, as norm limits
of homogeneous maps that satisfy a domination property. We prove that in some
cases it is also possible to obtain a factorization of the compact operator itself. To
get such characterizations, we consider those homogeneous maps that are dominated
by a distinguished homogeneous map, the so-called φp. This map will allow to
describe order bounded sets, that play an important role in the study of compact
operators. Some applications to operators allowing a compact extension to their
optimal domain —i.e. to the biggest Banach function space to which they can be
extended— are also given. Our most basic ideas are inspired in a classical technique
that has its roots in the Grothendieck’s description of weakly compact sets. The
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fact of considering the setting of Banach function spaces allows to combine these
techniques with tools as p-convexifications or Maurey-Rosenthal type theorems.

The paper is organized as follows. In Section 1 we fix notation and review defi-
nitions and basic properties on Banach functions spaces. In Section 2 we introduce
strongly dominated homogeneous maps and characterize them by means of a factor-
ization scheme. We define the distinguished homogeneous map φp : X(µ)→ X[1/p],
where X(µ) is a Banach function space and X[1/p] is its p-convexification, by

φp(·) := (·)1/p‖(·)‖1/p′ and use it to characterize order bounded sets in X. In
particular, homogeneous maps that are strongly dominated by φp take the unit
ball of X to a uniformly µ-absolutely continuous set. A weaker domination by φp
described as a norm inequality (see Proposition 2), is also characterized by means
of a factorization property, and yields to a property closely related to uniformly
µ-absolutely continuity. This property transforms essentially compact operators
to compact operators as shown in next section (Proposition 3). In Section 3 we
develop the consequences of the previous factorization/domination results to the
study of compact linear operators T : X(µ)→ E, where X(µ) is a Banach function
space and E is a Banach space. The main characterizations of compact opera-
tors are included in Theorem 3. Finally, in Section 4 we give some applications to
characterize compact optimal extensions of (compact) operators.

1. Background and notation

Our notation is standard. If E is a Banach space, BE and SE are the closed unit
ball and the unit sphere, respectively. We will write E∗ for its topological dual.
If φ : U → E is a homogeneous map —i.e. a map that satisfies φ(λx) = λφ(x),
for all x ∈ U and all λ ≥ 0— from a homogeneous subset U of a Banach space
F , we will call ‖φ‖ := supx∈U∩BF

‖φ(x)‖ the norm of φ on U . Convergence of
sequences of homogeneous maps will be considered in the sense of convergence with
respect to this norm. Given 1 ≤ p < ∞, we write p′ for the conjugate of p, i.e.
1
p + 1

p′ = 1. Along the paper, (Ω,Σ, µ) denotes a finite measure space, and L0(µ)

the space of equivalence classes of µ-measurable functions. Following the definition
in [7, Def.1.b.17, p.28], we say that a real Banach space X(µ) of (equivalence classes
of) µ-measurable functions in L0(µ) is a Banach function space (also called Köthe
function space) over µ if X(µ) ⊂ L1(µ) and contains all the characteristic functions
of measurable sets, and the norm ‖ · ‖X(µ) satisfies that if f ∈ L0(µ), g ∈ X(µ)
and |f | ≤ |g| µ–a.e. then f ∈ X(µ) and ‖f‖X(µ) ≤ ‖g‖X(µ). The inclusions

L∞(µ) ⊂ X(µ) ⊂ L1(µ) are always continuous, since they are positive. We will
write X instead of X(µ) if the measure is clear in the context. A Banach function
space X is order continuous if increasing sequences that are bounded µ-a.e. are
convergent in norm. If X(µ) and Z(µ) are Banach function spaces and X ⊆ Z,
we define the space of multiplication operators XZ as the space of (classes of)
measurable functions defining operators from X to Z by pointwise multiplication,
endowed with the operator norm. It is also a Banach function space over µ. This
space can also be defined between Banach function spaces X(ν) and X(µ), when
the measures ν and µ are defined on the same σ-algebra and are equivalent.

A relevant space of multiplication operators is given by XL1(µ), the Köthe dual
of X(µ), also called the associate space. It is the order ideal of L0(µ) defined by

X(µ)′ := {g ∈ L0(µ) : g ·X(µ) ⊂ L1(µ)}.
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Each g ∈ X(µ)′ can be identified with a continuous functional on X(µ) via the
integral of the multiplication operator f ∈ X(µ) 7→ fg ∈ L1(µ).

If Ω = [0, 1], we always consider Lebesgue measure on the space. For 1 ≤ r <∞,
we write Lr[0, 1] for the Lebesgue space of r−integrable functions.

Let 0 < p <∞. If f is a measurable function, we write f1/p for the measurable
function sign{f}|f |1/p. If X(µ) is a Banach function space, the p-convexification
of X is defined as

X[p] := {f ∈ L0(µ) : |f |1/p ∈ X}

that is a quasi-Banach function space over µ when endowed with the seminorm
‖f‖X[p]

:= ‖|f |1/p‖pX , f ∈ X[p]. It is a Banach space and the above expression
defines a norm if and only ifX is p-convex with p-convexity constant 1. For instance,
Lp[0, 1][p] = L1[0, 1] and L1[0, 1][1/p] = Lp[0, 1] isometrically. It is important to
note that every Banach function space X(µ) is r-convex (with r-convexity constant
equal to one) if 0 < r < 1, and so X[r] is always a Banach function space with
the norm given above. Other important fact that can be easily verified is that for
1 ≤ p < ∞ and for each f ∈ X(µ)[1/p], its norm can be computed as ‖f‖X[1/p]

:=

suph∈BX
[1/p′]

‖fh‖X . Moreover, the space of multiplication operators (X[1/p])
X

from X[1/p] to X is the Fatou completion X[1/p′] of X[1/p′] (see this definition under
the name of maximal normed extension and also Theorem 5 in [8]). We say that
a homogeneous subset U of a Banach function space X is solid if for every f ∈ U
and A ∈ Σ, fχA ∈ U .

Let E be a real Banach space and let (Ω,Σ) be a measurable space. A vector
measure from Σ into E is a set function m : Σ → E which is countably additive.
In particular, we are interested in vector measures defined by operators: given an
operator T : X(µ) → E, we write mT for the vector measure given by mT (A) :=
T (χA) for A ∈ Σ. If m : Σ → E is a vector measure, the variation |m| of m on a
measurable set A is defined by |m|(A) := sup

∑
B∈Π ‖m(B)‖ for A ∈ Σ, where the

supremum is computed over all finite measurable partitions Π of A. It defines a
(non necessarily finite) monotone countably additive function on Σ, i.e. a positive
scalar measure. The semivariation of m is defined by ‖m‖(A) := supB⊂A ‖m(B)‖,
A,B ∈ Σ. A set A ∈ Σ is m-null if ‖m‖(A) = 0. An operator T : X(µ)→ E is said
to be µ-determined if each mT -null set is µ-null.

A Σ-measurable function f is scalarly integrable with respect to m (scalarly m-
integrable) if it is integrable with respect to each scalar measure 〈m,x′〉 given by
〈m,x′〉(·) := 〈m(·), x′〉. If besides for every A ∈ Σ there is an element

∫
A
fdm ∈ E

such that 〈
∫
A
fdm, x′〉 =

∫
A
fd〈m,x′〉, x′ ∈ E′, then it is said that f is integrable

with respect to m (m-integrable). The set of all the (classes of m−a.e. equal)
scalarly m−integrable functions L1

w(m) defines a Banach function space with the
Fatou property and with weak unit χΩ —in the sense of [7, Def.1.b.17]— over any
Rybakov measure ν = |〈m,x′0〉| for m (see [4, Ch.IX,2]) with the norm

‖f‖L1
w(m) := sup

x′∈BE′

∫
Ω

|f | d|〈m,x′〉|, f ∈ L1
w(m).

The space L1(m) of (classes of) m-integrable functions is a Banach function sub-
space of L1

w(m) — with norm ‖ · ‖L1(m) = ‖ · ‖L1
w(m)—, and it is always order

continuous and has a weak unit. The formula supA∈Σ ‖
∫
A
fdm‖, f ∈ L1(m), gives

an equivalent expression of the norm in this space. Recall that a Rybakov measure
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has the same null sets that m. The reader can find the definitions and fundamental
results concerning the space L1(m) and L1

w(m) in [12] and the references therein.
If 1 < p <∞, the spaces Lp(m) and Lpw(m) are defined extending the definition

above in the natural manner. In fact, they can be defined as the 1/p-convexifications
of L1(m) and L1

w(m), i.e. Lp(m) := L1(m)[1/p] and Lpw(m) := L1
w(m)[1/p], respec-

tively. In particular, they are p-convex Banach function spaces with weak unit χΩ

over a Rybakov measure, with the norm

‖f‖Lp(m) := ‖|f |p‖
1
p

L1(m), f ∈ Lp(m).

Again, Lp(m) is order continuous and Lpw(m) has the Fatou property. It can be
easily seen that Lp(m) ⊆ L1(m). The reader can find more information on these
spaces in [5, 6, 12, 13]. Two interesting facts that will be used in the paper are that

the space of multiplication operators from Lp(m) to L1(m) is Lp
′

w (m), and

‖f‖Lp
w(m) = sup

g∈B
Lp′ (m)

‖
∫
fg dm‖E = sup

g∈B
Lp′ (m)

‖fg‖L1(m), f ∈ Lpw(m),

(see [12, Ch.3]). The expression supA∈Σ ‖
∫
A
|f |pdm‖1/p provides an equivalent

norm.
We will consider the integration operator Im : L1(m) → E given by Im(f) :=∫

Ω
f dm, f ∈ L1(m), and its restriction to Lp(m), for which the same symbol will

be used. The properties of the integration map has been largely studied in several
papers (see [11, 12] and the references therein). We will be interested in spaces
L1(mT ) for vector measures defined by operators T from order continuous Banach
function space X(µ) to a Banach space E: it is well known that L1(mT ) represents
the optimal domain for T , i.e. the greatest order continuous Banach function space
to which the operator can be extended.

The terminology regarding order properties and compactness properties of oper-
ators on Banach lattices is variate and often confusing. So let us finish this section
by establishing it clearly. We will deal mainly with two classes of (homogeneous
norm bounded) operators T from an order continuous Banach function space X(µ)
with a weak unit —µ being finite— to a Banach function space Z(ν) or to a Banach
space E.

1) A set B ⊂ Z(ν) is approximately order bounded if for each ε > 0 there is
f ∈ Z(ν) such that B ⊆ [−f, f ] + εBZ . A (bounded homogeneous) operator
T : X(µ) → Z(ν) is semicompact if T (BX) is approximately order bounded (see
Section 3.6 and Definition 3.6.9 in [9]). A set B ⊆ Z(ν) is uniformly ν-absolutely
continuous if

lim
ν(A)→0

sup
f∈B
‖fχA‖Z = 0

(see Section 2 and the comments around Lemma 2.37 in [12]). These sets are
also sometimes called uniformly µ-integrable sets. We will deal with maps T :
X(µ)→ Z(ν) that satisfy that T (BX) is a uniformly ν-absolutely continuous subset
of Z, and call them uniformly ν-absolutely continuous maps. For the case of order
continuous Banach function spaces, the class of uniformly ν-absolutely continuous
operators and semicompact operators coincide (see Lemma 2.37 in [12]).

2) A continuous linear operator T : X(µ)→ E is said to be essentially compact if the
set {T (χA) : A ∈ Σ} is relatively (norm) compact in E. If X(µ) is order continuous
and mT is the vector measure associated to T , this is equivalent to the range of mT



FACTORIZATION THEOREMS FOR HOMOGENEOUS MAPS 5

being relatively compact. Trivially, if m is a vector measure then the integration
operator Im is essentially compact if and only if the range of m is relatively compact.
It is easy to see that essential compactness of an operator T is equivalent to the
fact that the restriction of T to the space L∞(µ) is compact; in fact, the arguments
on the paper uses often that for order continuous Banach function spaces this is
equivalent to the operator being AM-compact in the terminology of [9], i.e. T maps
order bounded sets to relatively compact sets (see Section 3.7 in [9]).

2. A domination theorem for homogeneous maps

In this section we introduce a strong domination property between homogeneous
operators and its equivalent formulation in terms of a factorization. This factoriza-
tion theorem for strong dominated homogeneous operators is based in a separation
argument that has shown to be the key for proving factorization theorems for op-
erators between Banach function spaces. Similar arguments for the case of the
factorization of linear operators have been recently developed in [3] (see also [2]).
In what follow we show that they also work for the case of homogeneous opera-
tors. Whenever a homogeneous map S : X → X can factorize through X[1/p] then
bounded sets of X are mapped by S to approximately order bounded sets. This
will allow us to characterize compactness of linear operators. First let us recall Ky
Fan’s lemma (see e.g. [12, Lemma 6.12]).

Ky Fan’s lemma. Let W be a compact convex subset of a Hausdorff topological
vector space and let Ψ be a concave family of lower semi-continuous, convex, R-
valued functions on W . Let c ∈ R. Suppose, for every ψ ∈ Ψ, that there exists
xψ ∈ W such that ψ(xψ) ≤ c. Then there exists x ∈ W such that ψ(x) ≤ c for all
ψ ∈ Ψ.

Let E be a Banach space, and let Y (ν) and Z(ν) be Banach function spaces
such that Y (ν) ⊆ Z(ν). Let U ⊆ E be a homogeneous set, and φ : U → Y (ν) and
P : U → Z(ν) be bounded homogeneous maps. Assume also that Y Z has the Fatou
property and (Y Z)′ is order continuous. Then, for K > 0, the following statements
are equivalent.

(i) For every x1, ..., xn ∈ U and A1, ..., An ∈ Σ,∥∥∥ n∑
i=1

|P (xi)|χAi

∥∥∥
L1(ν)

≤ K
∥∥∥ n∑
i=1

|φ(xi)|χAi

∥∥∥
(Y Z)′

.

(ii) There is a function g ∈ KBY Z such that

|P (x)| ≤ g|φ(x)| µ− a.e.

(iii) There is a function g ∈ KBY Z such that for every x ∈ U there is a function
hx ∈ BL∞(ν) depending only on x/‖x‖ such that P (x) = g · hx · φ(x).

In other words, P factorizes through the homogeneous map φ̂ given by

φ̂(x) := hx · φ(x) as

U
P //

φ̂ !!

Z(ν)

Y (ν)

g

<<

In this case we will say that P is strongly dominated by φ.
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Proof. Since Y Z has the Fatou property and (Y Z)′ is order continuous, we have
that Y Z = (Y Z)′′ = ((Y Z)′)∗ (see [7, p.28-30]). Suppose (i) holds. For every
finite sequence x1, ...xn ∈ U and A1, ..., An ∈ Σ, we define the convex function
ψ : BY Z → R by

ψ(g) =

n∑
i=1

∫
|P (xi)|χAi

dν −K
n∑
i=1

∫
g|φ(xi)|χAi

dν,

for all g ∈ BY Z . ψ is continuous for the weak* topology on the compact convex set
BY Z . Let F be the concave family of all these functions ψ. If ψ ∈ F is defined by
means of x1, ...xn ∈ X1 and A1, ..., An ∈ Σ, take gψ ∈ BY Z in such a way that∥∥∥ n∑

i=1

|φ(xi)χAi
|
∥∥∥

(Y Z)′
=

∫
gψ

n∑
i=1

|φ(xi)χAi
| dν.

This element can be assumed to belong to the positive cone. This implies, by (i),
that ψ(gψ) ≤ 0. By Ky Fan’s lemma, there exists a function g0 ∈ BY Z such that
ψ(g0) ≤ 0 for all ψ ∈ F . This means that∫

A

|P (x)| dν ≤ K
∫
A

g0|φ(x)| dν

for every x ∈ U and A ∈ Σ. This clearly implies that

|P (x)| ≤ Kg0|φ(x)| µ− a.e.

and (ii) is proved.
If we assume (ii), there is a function hx ∈ BL∞(ν) such that P (x) = Khxg0φ(x).

It only rests to note that since P and φ are homogeneous,

P (x) = K‖x‖hx/‖x‖g0φ(x/‖x‖)

and so by writing φ̂(x) = hx/‖x‖φ(x) and g = Kg0, we obtain the desired factor-

ization through the homogeneous operator φ̂ given in (iii).
A direct calculation gives (iii) implies (i). �

Take U = X(µ) = Z and Y = X[1/p] for 1 < p < ∞. Let 0 ≤ h ∈ X[1/p]. The

homogeneous map P : X → X given by P (f) := sgn(f)‖f‖
(
|f |
‖f‖ ∧ h

)
, f ∈ X, is

an example of a map satisfying (iii) in Theorem 2, since it factors as P = ip ◦ φ,
for φ = P , where ip : X[1/p] → X is the inclusion map.

In the sequel, we will center our attention in the case U = E = X(µ), Z(ν) =
X(µ) and Y (ν) = X(µ)[1/p] for a fixed 1 < p <∞.

Recall that the space of multiplication operators X[1/p] → X coincides with

the Fatou completion of X[1/p′], that we denote by X[1/p′]. In the case that X
has the Fatou property, then X[1/p′] has also the Fatou property. Thus, we have

that X[1/p′] = X[1/p′] (see [8, p.325]). Therefore, (X[1/p])
X = X[1/p′]. Besides, if

X is order continuous then X[1/p′] is p′-convex and so (X[1/p′])
′ is p-concave, this

dual space is also order continuous. Thus, X[1/p′] has the Fatou property and so

X[1/p′] = X[1/p′] = (X[1/p′])
′′ = ((X[1/p′])

′)∗. Therefore, the hypotheses of Theorem
2 are satisfied for order continuous Banach function space with the Fatou property.

Let X(µ) be an order continuous Banach function space with the Fatou property
and 1 < p < ∞. Let P : X(µ) → X(µ) and φ : X(µ) → X(µ)[1/p] be bounded
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homogeneous maps. If P is strongly dominated by φ then P (BX) is a uniformly
µ-absolutely continuous set.

Proof. By Remark 2 the space of multiplication operators X[1/p] → X fulfills the
conditions required in Theorem 2. By Theorem 2(ii), there is a function g ∈ X[1/p′]

such that |P (f)| ≤ g|φ(f)|, f ∈ X(µ). Consequently, for each A ∈ Σ and f ∈ BX ,

‖P (f)χA‖ ≤ ‖gχAφ(f)‖ ≤ ‖gχA‖X[1/p′]‖φ(f)‖X[1/p]
≤ ‖gχA‖X[1/p′]‖φ‖.

The order continuity of X[1/p′] gives the result. �

Let 1 < p <∞. A relevant particular case of homogeneous operator is the map
φp : X(µ)→ X(µ)[1/p] given by

φp(f) := f1/p‖f‖1/p
′

X , f ∈ X(µ).

In this case, Proposition 2 can be refined in order to give a characterization of
order bounded sets in X(µ). Recall that a bounded subset B in the order continuous
space X(µ) is uniformly µ-absolutely continuous if and only if for every ε > 0 there
is a function gε ∈ X(µ)+ such that B ⊆ [−gε, gε] + εBX , i.e. it is approximately
order bounded (see for instance Lemma 2.37(iii) in [12]).

If B ⊆ X(µ) is a homogeneous set, we call the homogeneous operator φB :
X → X given by φB(f) := f if f belongs to B and φB(f) := 0 otherwise, the
characteristic homogeneous operator of B. We say that a homogeneous set B ⊂
X(µ) is order bounded if B ∩BX is order bounded.

Let X(µ) be an order continuous space with the Fatou property. Let 1 < p <∞.
An homogeneous set B ∈ X(µ) is order bounded if and only if its characteristic
homogeneous operator φB is strongly dominated by φp.

Proof. Suppose that the characteristic homogeneous operator of B is strongly dom-
inated by φp. Then by Theorem 2(ii) and Remark 2 there is a function g ∈ X[1/p′]

such that |φB(·)| ≤ g|φp(·)|. Then for every function f in B we have that

|f(·)| ≤ g|f |1/p · ‖f‖1/p
′

X .

Thus, |f |1/p′ = |f |/|f |1/p ≤ g‖f‖1/p
′

X , and therefore |f | ≤ gp
′‖f‖X . Since gp

′ ∈ X,
this gives the result.

For the converse, let h be the order bound for B ∩ BX . For every norm one
element f0 of B, |f0|1/p

′ ≤ h1/p′ and so for every f ∈ B, (|f |/‖f‖)1/p′ ≤ h1/p′

which gives the strong domination

|f | = |f |1/p|f |1/p
′
≤ |f |1/p‖f‖1/p

′
h1/p′

of φB by φp.
�

Let φ : X → X be a bounded homogeneous map defined from an order contin-
uous Banach function space with the Fatou property X(µ) such that the norm of
the inclusion X ↪→ L1(µ) is equal to one. Suppose that ‖φ‖ = 1 and it satisfies that
φ(|f |1/pχA) = |φ(f)|1/pχA, f ∈ X, A ∈ Σ. For instance, let f ∈ X[1/p], f ≥ χΩ,
and consider

Uf = {g ∈ L0(µ) : there exists K > 0 so that |g| ≤ Kfp}.

Note that |g|1/p ∈ Uf whenever g ∈ Uf and that L∞(µ) = UχΩ .
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SinceX is order continuous and has the Fatou property, we have that (X[1/p])
X =

X[1/p′] and ((X[1/p′])
′)∗ = X[1/p′] (see Remark 2). Assume that φ is also well defined

and positively 1-summing when considered as a function φ : (X[1/p′])
′ → Lp(µ), that

is, there is a constant K > 0 such that for all positive elements g1, ...gn ∈ X,
n∑
i=1

‖φ(gi)‖Lp(µ) ≤ K sup
h∈BX

[1/p′]

n∑
i=1

|〈gi, h〉|.

In this case, for all f1, ..., fn ∈ X,∥∥∥ n∑
i=1

|φ(fi)|
∥∥∥
L1(µ)

=

n∑
i=1

‖φ(fi)‖L1(µ) ≤
n∑
i=1

‖φ(fi)
1/p‖Lp(µ)‖φ(fi)‖1/p

′

L1(µ)

≤
n∑
i=1

‖φ(|fi|1/p)‖Lp(µ)‖φ‖1/p
′
‖fi‖1/p

′

X ≤ K ′ sup
h∈BX

[1/p′]

n∑
i=1

|〈|fi|1/p, h〉|‖fi‖1/p
′

X

≤ K ′ sup
h∈BX

[1/p′]

∫ ( n∑
i=1

|fi|1/p‖fi‖1/p
′

X

)
|h|dµ ≤ K ′

∥∥∥ n∑
i=1

|fi|1/p‖fi‖1/p
′
∥∥∥

(X[1/p′])
′
,

where K ′ = K‖φ‖1/p′ . Then φ satisfies the inequality in (i) of Theorem 2 for the
homogeneous map φp, i.e φp strongly dominates φ.

Whenever X(µ) is an order continuous Banach function space with the Fatou
property and P : X(µ)→ X(µ) is a homogeneous bounded map strongly dominated
by φp, the factorization in Theorem 2 reads as follows: there is g ∈ X[1/p′] such
that for every f ∈ X there is a function hf ∈ BL∞(µ) depending only on f/‖f‖X
such that P (f) = ghfφp(f). In other words, P factors through the homogeneous

map φ̂p given by φ̂p(f) = hfφp(f) as

X(µ)
P //

φ̂p $$

X(µ)

X(µ)[1/p]

g
::

Moreover, by Proposition 2 the set P (BX) is uniformly µ-absolutely continuous.
Let us see analogous results when considering bounded homogeneous maps with

values on a general Banach space E. Note that, when E = X(µ) is order continuous
and satisfies the Fatou property, condition (i) in the next result is weaker than
strong domination of S by φp.

Let X(µ) be an order continuous Banach function space and let E be a Banach
space. The following statements for a bounded homogeneous operator S : X(µ)→
E and a function 0 < g ∈ X[1/p′] are equivalent.

(i) For all functions h ∈ X[1/p],

‖S(hp)‖ ≤ ‖hp‖1/p
′

X · ‖gh‖X .
(ii) The homogeneous operator S factorizes through

X(µ)
S //

φp

��

E

X(µ)[1/p]
g // X(µ) ,

R

OO
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where R is a bounded homogeneous operator with ‖R‖ ≤ 1.

In this case, S satisfies that limµ(A)→0 supf∈BX
‖S(fχA)‖ = 0.

Proof. (i)⇒(ii). Let us prove that the operator S factors through the proposed

scheme. The map φp(h) = h1/p‖h‖1/p′ , h ∈ X, is a bijection, and

φ−1
p (f) =

fp

‖fp‖1/p
′

X

, f ∈ X.

Clearly, since g ∈ X[1/p′] we have that the multiplication map f → gf is well
defined and continuous. Define R as follows. If h ∈ gX[1/p], then

R(h) := S(φ−1
p (h/g)) = S

(
(h/g)p

‖(h/g)p‖1/p
′

X

)
,

and R(h) = 0 for the functions h that do not belong to gX[1/p]. Note that the map
is homogeneous.

Let us show that R is bounded. Let h ∈ gX[1/p]. Then

‖R(h)‖ = ‖S(φ−1
p (h/g))‖ =

∥∥∥∥∥S
(

(h/g)p

‖(h/g)p‖1/p
′

X

)∥∥∥∥∥
=
‖S((h/g)p)‖
‖(h/g)p‖1/p

′

X

≤
‖(h/g)p‖1/p

′

X ‖h‖X
‖(h/g)p‖1/p

′

X

≤ ‖h‖X .

(ii)⇒(i). Is the consequence of the following calculation. If h ∈ X[1/p], then hp ∈ X
and so

‖S(hp)‖ = ‖R(gφp(h
p))‖ ≤ ‖R‖‖g(hp)1/p‖hp‖1/p

′

X ‖X ≤ ‖gh‖X‖hp‖1/p
′

X .

The last assertion limµ(A)→0 supf∈BX
‖S(fχA)‖ = 0 follows from the calcula-

tions below and the order continuity of X[1/p′]. Let f ∈ X then

‖S(fχA)‖ ≤ ‖fχA‖1/p
′

X ‖gf1/pχA‖X
≤ ‖fχA‖1/p

′

X ‖gχA‖X[1/p′]‖f
1/pχA‖X[1/p]

= ‖fχA‖1/p
′

X ‖gχA‖X[1/p′]‖fχA‖
1/p
X

= ‖fχA‖X‖gχA‖X[1/p′] ≤ ‖f‖X‖gχA‖X[1/p′]

�

Let us summarize in the next theorem some sufficient conditions for a homoge-
neous operator to satisfy that the ball of X is uniformly µ-absolutely continuous
with respect to the seminorm ‖T (·)‖. We need the following lemma.

Let E be a Banach space. The norm limit T of a sequence (Sn)n of homogeneous
bounded operators Sn : X(µ)→ E satisfying

lim
µ(A)→0

sup
f∈BX

‖Sn(fχA)‖ = 0

for each n, is bounded, homogeneous and satisfies

lim
µ(A)→0

sup
f∈BX

‖T (fχA)‖ = 0.
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Proof. Let T be the norm limit of the sequence (Sn)n. It is clearly homogeneous
and bounded. Let ε > 0 and take n0 such that for all n ≥ n0, ‖Sn − T‖ < ε/2.
Using the triangular inequality, we find that there is δ > 0 such that if µ(A) < δ,

sup
f∈BX

‖T (fχA)‖ ≤ ε/2 + sup
f∈BX

‖Sn0
(fχA)‖ < ε.

�

Let X(µ) be an order continuous Banach function space and let T : X(µ) → E
be a bounded homogeneous operator. Each of the followings statements implies the
next one.

(i) X has the Fatou property and there is a sequence of solid homogeneous
order bounded sets (Bn)n in X(µ) and a sequence of bounded homogeneous
maps Rn : X(µ)→ E such that Rn ◦ φBn

converges to T in the norm.
(ii) X(µ) has the Fatou property and there is a sequence of solid homogeneous

sets Bn ⊆ X such that their characteristic homogeneous operators are
strongly dominated by φp

and a sequence of bounded homogeneous maps Rn : X(µ) → E such
that Rn ◦ φBn

→ T in the operator norm.
(iii) X(µ) has the Fatou property and there is a sequence of homogeneous maps

Pn : X → X that are strongly dominated by φp and a sequence of bounded
homogeneous maps Rn : X(µ) → E such that Rn ◦ Pn converges to T in
the norm.

(iv) T is the norm limit of a sequence Sn of homogeneous operators factoring
as

X(µ)
Sn //

φn

��

E

X(µ)[1/p]
gn // X(µ),

Rn

OO

where Rn are bounded homogeneous maps, gn ∈ X[1/p′] and |φn| ≤ |φp|.
(v) There is a sequence of homogeneous operators Sn so that there are functions

gn ∈ X[1/p′] such that

‖Sn(f)‖ ≤ ‖f‖1/p
′

X · ‖gnf1/p‖X , f ∈ X,

and Sn → T in the operator norm.
(vi) The operator T satisfies

lim
µ(A)→0

sup
f∈BX

‖T (fχA)‖ = 0.

Proof. (i)⇒(ii) is a consequence of Proposition 2. (ii) clearly implies (iii). If X(µ)
has the Fatou property, then (iii) is equivalent to (iv) by Proposition 2. The
same computations that proves (ii)⇒(i) in Proposition 2 gives that (iv) implies (v).
Proposition 2 and Lemma 2 give (v) implies (vi).

�
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3. Compact linear operators

Compactness of operators between Banach spaces is nowadays well understood,
and there are also a lot of characterizations of this property when the spaces in-
volved are Banach function spaces. Let X(µ) be an order continuous Banach func-
tion space. It is clear that a homogeneous operator T : X(µ) → E that factors
through a uniformly µ-absolutely continuous (non necessarily linear) homogeneous
map and an essentially compact operator is compact (see [9, Proposition 3.7.4] or
the argument in the proof of Proposition 3 below). In this section we are interested
in analyzing how far the converse of this statement is true, that is, if every compact
operator can be factored in this way.

Let T : X(µ)→ E be a compact operator. Then for each ε > 0 we can consider
the set T (SX), that is relatively compact in E. A simple compactness argument
provides a number of functions f1, ..., fn ∈ SX such that the balls Bε(T (fi)) of
radius ε and centers T (fi) cover T (SX). An inductive disjointification with the sets
T−1(Bε(T (fi))) provides a finite disjoint family B1, ..., Bn of subsets that covers
SX . Define the homogeneous map Pε(f) := ‖f‖fi if f/‖f‖ ∈ Bi, i = 1, ..., n. Note
that Pε(BX) is order bounded. For each f ∈ X(µ) there is i ∈ {1, . . . , n} such that
f
‖f‖ ∈ Bi. Then,

‖T (f)− T (Pε(f))‖ = ‖f‖
∥∥∥T( f

‖f‖

)
− T (fi)

∥∥∥ ≤ ‖f‖ε.
Hence,

lim
ε→0
‖T − T ◦ Pε‖ = lim

ε→0
sup
f∈BX

‖T (f)− T (Pε(f))‖ = 0.

Therefore, T is the norm limit of the sequence of homogeneous maps (T ◦ P1/n)n,
where obviously each of them factors through X by means of the order bounded
homogeneous map P1/n. This construction proves in fact the following

Let X(µ) be an order continuous Banach function space. An operator T :
X(µ)→ E is compact if and only if it is essentially compact and there is an order
continuous Banach function space Z(ν) containing X such that T extends to Z and
a sequence of uniformly ν-absolutely continuous homogeneous maps Qn : X → Z
satisfying that T is the norm limit of the sequence (T ◦Qn)n.

Proof. The comments above prove the factorization for a compact operator, with
Z = X. For the converse, just note that for each n the set Qn(BX) is uniformly
ν-absolutely continuous and essentially compact operators map this kind of sets to
relatively compact ones ([12, Proposition 2.41]). Therefore, the norm convergence
of (T ◦Qn)n to T allows to approximate T (BX) by relatively compact sets, so it is
compact. �

The next result allows to characterize when a particular sequence of homoge-
neous maps (φn)n taking values in a Banach function space gives for an operator
T a uniformly ν-absolutely continuous homogeneous map φ such that T = T ◦ φ.
We will see that not all sequences of homogeneous operators provide such a good
factorization, although after Proposition 3 we know that it is always possible to ap-
proximate a compact operator by means of homogeneous maps that are uniformly
ν-absolutely continuous. Recall that we always have that X ⊆ L1(mT ) for a µ-
determined operator T : X → E, and T can be extended to any order continuous
Banach function space Z(η) such that X ⊆ Z ⊆ L1(mT ).
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LetX(µ) be an order continuous Banach function space. The following assertions
for a compact µ-determined operator T : X(µ)→ E and a Rybakov measure ν for
mT are equivalent.

(i) There is an order continuous Banach function space Z(η), X ⊆ Z ⊆
L1(mT ), and a sequence of uniformly η-absolutely continuous homogeneous
maps (φn)n from X to Z such that T = limn T ◦ φn and

lim
n,m

sup
f∈BX

sup
A∈Σ
‖T ((φn(f)− φm(f))χA)‖ = 0.

(ii) There is a uniformly ν-absolutely continuous homogeneous map φ : X →
L1(mT ) such that T = T ◦ φ.

Proof. (ii)⇒(i). Take φn = φ and η = ν. (i)⇒(ii). Since φn : X → Z(η) ⊆ L1(mT ),
ν is a Rybakov measure for mT and the following inequalities hold

lim
n,m

sup
f∈BX

‖φn(f)− φm(f)‖L1(mT ) ≤ 2 lim
n,m

sup
f∈BX

sup
A∈Σ
‖T ((φn(f)− φm(f))χA)‖,

we have that the limit φ(f) := limn φn(f) is well defined for every f ∈ X and
belongs to L1(mT ), and (φn)n norm converges to φ, that is also a homogeneous map.
Let us show that it is uniformly ν-absolutely continuous. Let ε > 0 and fix n0 ∈ N
such that ‖φ−φn0‖ < ε. By the fact that φn0 is uniformly η-absolutely continuous,
there is ρ > 0 such that η(A) < ρ implies ‖φn0(f)χA‖L1(mT ) ≤ ‖φn0(f)χA‖Z < ε
for all f ∈ BX . Now, since T is µ-determined we have that µ� ν, and so µ ≈ η ≈ ν
by X ⊆ Z ⊆ L1(mT ). Thus there is δ > 0 such that ν(A) < δ implies η(A) < ρ.
Then there is n0 such that

‖φ(f)χA‖L1(mT ) ≤ ‖(φ(f)− φn0
(f))χA‖L1(mT ) + ‖φn0

(f)χA‖L1(mT ) < 2ε

for all A ∈ Σ such that ν(A) < δ. Therefore, φ is also uniformly ν-absolutely
continuous. This gives the result. �

Let us show an example of a compact operator satisfying the statements in
Proposition 3.

(1) Let X be a reflexive Banach function space over µ. Take a µ-determined
compact operator T : L1(µ) → E, and consider its restriction TX to X. Since
L1(mT ) = L1(|mT |) we have that BX is a relatively weakly compact subset of
L1(|mT |) and so it is approximately order bounded (uniformly |mT |-absolutely
continuous). So in this case the inclusion map i : X → L1(mT ) provides a suitable
homogeneous map φ = i such that T ◦φ = T ◦ i = TX . However, the definition of φ
as i does not provide always the desired factorization, as will be shown in Example
3.

(2) Consider the integration map I : L1[0, 1]→ R defined by Lebesgue measure.
For each n ∈ N we define φn(f) := k/n‖f‖χ[0,1] if

∫
f/‖f‖ dx ∈ (k−1

n , kn ] for

−n+1 ≤ k ≤ n, and φn(f) := −1‖f‖χ[0,1] if
∫
f/‖f‖dx = −1. Clearly limn I◦φn =

I. In fact, if we define φ(f) := (
∫
fdx)χ[0,1], f ∈ L1[0, 1], we have that limn φn = φ

in the norm.
Clearly, each essentially compact operator T that satisfies the requirements of

the result above is compact. However, there are sequences of homogeneous maps
approximating compact operators as above that do not converge to a homogeneous
map in any Banach function space. Let us show this with an example.

Let F be a Banach lattice. Consider a compact integration map Im : L1(m) →
F associated to a positive vector measure m. Then it is known that L1(m) =
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L1(|m|). Consider a sequence of homogeneous maps (φn)n from L1(m) to L1(m)
approximating Im in the sense given in Proposition 3 that satisfies φn(fχA)χA =
φn(fχA) for all n and A ∈ Σ. Suppose that it converges in L1(m) to a homogeneous
map φ as in Proposition 3. Then φ satisfies also the equality

(1) φ(fχA)χA = φ(fχA)

for f ∈ L1(m) and A ∈ Σ. Thus, the set φ(BL1(m)) is uniformly ν-absolutely
continuous, where ν is a Rybakov measure for m. Since ν and m are equivalent
measures, they are also equivalent to |m|, and so the set φ(BL1(m)) is uniformly
|m|-absolutely continuous. The solid hull C of |φ(BL1(m))| is still uniformly ν-
absolutely continuous. This implies that it is relatively weakly compact, by the
characterization of weakly compact sets in L1-spaces. Since in this case the space
L1(m) is not reflexive, we can find a function f ∈ BL1(m) not belonging to C. So
there is a non-null measurable set B ∈ Σ such that |fχB | > gχB for all g ∈ C:
otherwise we should have that f ∈ C, since C is solid. Therefore the positivity of
m gives

0 < ‖|f |χB − φ(|f |χB)χB‖L1(m) = ‖Im(|f |χB − φ(|f |χB)))‖,

which gives a contradiction. The required condition (1) on each φn is satisfied for
example for φn(f) = sign(f)‖f‖

(
|f |/‖f‖∧nχΩ

)
. Also homogeneous maps that are

strongly dominated by φp satisfy this requirement.
It is well-known that compactness and essential compactness are not equivalent

properties for operators on Banach function spaces. An example that will be useful
also in the next section is the Volterra operator. Let 1 < r < ∞. Consider the
Volterra operator Vr : Lr[0, 1]→ Lr[0, 1] given by Vr(f)(x) :=

∫ x
0
f(t)dt, x ∈ [0, 1],

f ∈ Lr[0, 1]. It is known to be compact (see Example 3.10 in [12]). However,
the integration map Iνr : L1(νr) → Lr[0, 1] associated to the Volterra measure
νr(A) := Vr(χA) for any Borel set A in [0, 1], is not compact, while it is essentially
compact as a consequence of Vr being compact (see Remark 3.57(ii) and Proposition
3.52 in [12]). The first aim of this section is to characterize the difference between
these two properties for general operators from order continuous Banach function
spaces into locally convex spaces.

Proposition 3 suggests that uniformly µ-absolutely continuous maps are the nat-
ural elements appearing in a reasonable factorization for compact operators. A rel-
evant class of µ-absolutely continuous sets is the one defined by subsets of the unit
ball of the p-convexifications X[1/p] of X(µ) when considered as subsets of X(µ). As
far as we know no specific description of compactness using the p-convexifications
of the spaces —their 1/p-th powers in the terminology of [12]— has been given. We
will show how useful are p-convexifications for our purposes. Actually, our second
aim of this section is to characterize compact operators as limits of homogeneous
maps that factor though a space X[1/p] for a given 1 < p <∞.

We need the next lemma, that is a consequence of Hölder’s inequality ‖gh‖X ≤
‖g‖X[1/p]

‖h‖X[1/p′] for g ∈ X[1/p] and h ∈ X[1/p′] (see [6, Lemma 3.8] and Proposition

2.41 in [12] for similar arguments).
Let 1 < p <∞. Let X(µ) be an order continuous Banach function space and E

be a Banach space. A continuous operator T : X(µ)→ E is essentially compact if
and only if for every h ∈ X[1/p′] the map Th : X[1/p] → E given by Th(·) := T (h ·),
is compact.
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Proof. Assume that T is essentially compact. Then {T (χB∩A) : A ∈ Σ} is relatively
compact for all B ∈ Σ, and so the operator Th is compact for simple functions h. Let
now h be an arbitrary function in X[1/p′]. Since the set of simple functions is dense
in X[1/p′], for ε > 0 there is a simple function h0 such that a ‖h − h0‖X[1/p′] < ε.

Then, if g ∈ X[1/p],

‖Th(g)− Th0
(g)‖ ≤ ‖T ((h− h0)g)‖

≤ ‖T‖‖h− h0‖X[1/p′]‖g‖X[1/p]
< ε‖T‖‖g‖X[1/p]

.

Thus, the fact that compact operators are closed for the operator norm gives that
Th is compact for all h ∈ X[1/p′]. The converse is obvious. �

Let 1 ≤ p <∞. Let X(µ) be an order continuous Banach function space and let
E be a Banach space. The following statements for a continuous linear operator
T : X → E are equivalent:

(i) T is compact.
(ii) T is essentially compact and for every ε > 0 there exists gε ∈ X[1/p′] such

that T (BX) ⊂ T (gεBX[1/p]
) + εBE .

(iii) T is essentially compact and for every ε > 0 there exists Kε > 0 such that
T (BX) ⊂ T (KεBX[1/p]

) + εBE .

Proof. (i)⇒(ii). By the compactness argument described before Proposition 3,
given ε > 0 there exist finitely many f1, . . . , fl ∈ BX such that

T (BX) ⊂ ∪li=1T (fi) + εBE .

For each i = 1, . . . , l write fi = gihi, where gi ∈ BX[1/p′] and hi ∈ BX[1/p]
. Notice

that by the lattice properties of the norm of X[1/p], for any ĝ1, ĝ2 ∈ X[1/p′] satisfying
|ĝ1| ≤ |ĝ2| a.e., we have that ĝ1BX[1/p]

⊆ |ĝ2|BX[1/p]
. Indeed, given h ∈ BX[1/p]

define g(x) := ĝ1(x)
|ĝ2(x)| if ĝ2(x) 6= 0 and g(x) = 0 if ĝ2(x) = 0. Then ĝ1 = g|ĝ2|

and |hg|p ≤ |h|p. By the ideal property of Banach function spaces it follows that
hg ∈ BX[1/p]

. Therefore ĝ1h = g|ĝ2|h ∈ |ĝ2|BX[1/p]
.

Define gε =
∑l
i=1 |gi|. Since |gi| ≤ gε, we obtain that giBX[1/p]

⊂ gεBX[1/p]
, and

so T (giBX[1/p]
) ⊂ T (gεBX[1/p]

) for all i = 1, . . . , l. Therefore,

∪li=1T (giBX[1/p]
) + εBE ⊂ T (gεBX[1/p]

) + εBE

and (ii) is proved.
Let us prove (ii)⇒(iii). Let ε > 0 and consider g ε

2
∈ X[1/p′] given by (ii). By

continuity there exists δ > 0 such that T (δBX) ⊂ ε
2BE . Since simple functions

are dense in X[1/p′], we find a simple function s such that ‖(g ε
2
− s)f‖X ≤ ‖g ε

2
−

s‖X[1/p′] < δ for every f ∈ BX[1/p]
, and so T ((g ε

2
− s)BX[1/p]

) ⊆ ε
2BE . Take

Kε := ‖s‖L∞(µ). Then, again by the ideal property of X[1/p], we obtain

T (BX) ⊆ T (g ε
2
BX[1/p]

) +
ε

2
BE ⊆ T (sBX[1/p]

) + T ((g ε
2
− s)BX[1/p]

) +
ε

2
BE

⊆ T (sBX[1/p]
) +

ε

2
BE +

ε

2
BE ⊆ T (KεBX[1/p]

) + εBE .

This gives the result.
We prove (ii)⇒(i) (the proof for (iii)⇒(i) is the same). Take an arbitrary ε > 0

and chose gε ∈ X[1/p′] such that T (BX) ⊂ T (gεBX[1/p]
) + εBE . By Lemma 3

the set T (gεBX[1/p]
) is relatively compact in E. Then we have shown that for
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any ε > 0, there is a relatively compact set T (gεBX[1/p]
) such that T (BX) ⊂

T (gεBX[1/p]
) + εBE . By Grothendieck’s characterization of compactness it follows

that T (BX) is relatively compact.
�

Notice that in fact the requirement of order continuity is just needed to assure
that simple functions are dense in the involved spaces, so the result is also true
just assuming this fact. This let us include the relevant case of L∞(µ) which can
be considered in a sense as a limit case of the above theorem in which the second
assumption in (ii) and (iii) is trivially satisfied, although the space is not order
continuous (see Proposition 2.41 in [12]). In this case, we have that X[1/p] =
L∞(µ)[1/p] = L∞(µ) = X isometrically, and so an operator T : L∞(µ) → E is
compact if and only if its essential range is relatively compact, since T (BL∞(µ)) is
included in the closure of the absolutely convex hull of the essential range of T .

Next result, that is already known (see the arguments that prove Corollaries 5.16
and 5.20 of [12]) is a direct consequence of Lemma 3.

Let 1 < p < ∞. Let X(µ) be an order continuous Banach function space and
let E be a Banach space. If T : X(µ) → E is a continuous essentially compact
operator then the restriction T |X[1/p]

: X[1/p] → E is compact.

1.- Both conditions in (ii) and (iii) are necessary for the result above to be true,
even if the operator T involved is positive. Let us see some examples.
(i) Take X(µ) = L1[0, 1] and 1 < p < ∞. Then X[1/p] = Lp[0, 1] isometrically.
Consider a partition {Ai}∞i=1 of [0, 1], where µ(Ai) > 0 for all i ∈ N. Take a
sequence of non-null measurable sets {Bi}∞i=1 such that Bi ⊆ Ai for all i and
ri := µ(Bi)/µ(Ai) ↓ 0 and the operator T : L1[0, 1] → `1 given by T (f) :=∑∞
i=1(

∫
Bi
f dµ)ei ∈ `1, f ∈ L1[0, 1]. Let us show that the requirement on {T (χA) :

A ∈ Σ} of being relatively compact is fulfilled. Consider the sequence {riei}∞i=1.
For every A ∈ Σ,

T (χA) =

∞∑
i=1

µ(Bi ∩A)ei ≤
∞∑
i=1

µ(Ai)(riei)

in the order of `1, and so each T (χA) is in the closure of the convex hull of {riei}∞i=1.
Thus, it is relatively compact. In fact, any `1-valued continuous operator defined on
an order continuous Banach function space is essentially compact (see [12, Lemma
3.53(v)]). However, since for every i we can find a positive norm one function fi
of L1(µ) with support in Bi, the set T (BL1[0,1]) includes all {ei}∞i=1, and so T
is not compact. Consequently, there is ε > 0 such that there is no K such that
T (BL1[0,1]) ⊆ KT (BLp[0,1]) + εB`1 .

(ii) Although operators of compact range with domain in an L1-space allow some-
times good characterizations —due mainly to 1-concavity of L1—, this fact is
not crucial in the example above. Consider p ≥ q ≥ 1 and the class of spaces
Ep,q = (⊕p)∞i=1L

q(Ai, µ|Ai), where the A′is are chosen as in (i), with the norm

|‖f‖|p,q :=
( ∞∑
i=1

‖f |Ai
‖pLq [0,1]

)1/p

, f ∈ Ep,q.

It is a Banach function space of Lebesgue measurable functions on [0, 1] over a mea-
sure µa given by µa(A) :=

∑∞
i=1 aiµ(Ai∩A), where a = (ai) is any strictly positive

element of B`p′ . Notice also that it contains L1[0, 1]. The same calculations that
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in the above case prove that T defined as in (i) —i.e. T (·) :=
∑∞
i=1(

∫
Bi

(·) dµ)ei—,

is continuous also if defined from Ep,1 to `p, and its essential range T is relatively
compact, but the operator is not compact. Then, since (Ep,1)[1/p] = Ep2,p, we get
that there is an ε > 0 such that T (BEp,1

) * KT (BEp2,p
) + εB`p for all constants

K > 0.
More examples of T having compact essential range and not being compact can

be found in Example 3.49 of [12] (see also the comments after Proposition 3.48 in
[12]).

2.- The extreme case of operators from L∞ can be considered also as a particular
instance of our result. In the case of considering the operator T∞ as the restriction
of the operator T in 1.(i) to L∞[0, 1], Remark 3 applies: T is compact, since its
essential range is compact and BL∞[0,1] = BL∞[0,1][1/p]

.
Let us show a sufficient condition for T to be compact by choosing a particular

element g ∈ BX[1/p]
for each f ∈ X and K in the criterion given by Theorem 3.

Our aim is to show the role of the corresponding p-convexifications.
Let 1 < p <∞. Let X(µ) be an order continuous Banach function space, E be

a Banach space, and T : X(µ) → E be an essentially compact continuous linear
operator. Let Φ : BX → BX[1/p]

be a function. If

lim
K→∞

sup
f∈BX

∥∥T (fχ{|f |≥K|Φ(f)|})‖ = 0

then T is compact.

Proof. Let 1 < p <∞ and ε > 0. Choose Kε ≥ 1 such that

sup
f∈BX

∥∥T (fχ{|f |≥Kε|Φ(f)|})‖ < ε.

Let f ∈ BX . Then for every h ∈ BL∞(µ),

inf
g∈BX[1/p]

∥∥T (f −Kεg)
∥∥ ≤ ∥∥T (f −KεΦ(f)h)

∥∥.
Take now h := f

KεΦ(f)χ{|f |<Kε|Φ(f)|}, and notice that h ∈ BL∞ . Then

inf
g∈BX[1/p]

∥∥T (f −Kεg)
∥∥ ≤ ∥∥T (f −KεΦ(f)

f

KεΦ(f)
χ{|f |<Kε|Φ(f)|}|)|

∥∥
=
∥∥T (fχ{|f |≥Kε|Φ(f)|})

∥∥ < ε.

Theorem 3 gives the result.
�

An example of application of this criterion —by putting Φ(f) := χΩ for all
f ∈ BX and assuming that ‖χΩ‖ = 1— is the following well-known sufficient
condition for compactness. If an essentially compact operator T : X → E satisfies

lim
K→∞

sup
f∈BX

∥∥T (fχ{|f |≥K})‖ = 0,

then it is compact. For the particular case of kernel operators, this kind of com-
putation provides more specific sufficient conditions for compactness. Consider
Ω = [0, 1] and µ Lebesgue measure on [0, 1]. Let k : [0, 1] × [0, 1] → [0,∞) be a
kernel function, that is a Borel measurable function such that, for all y ∈ [0, 1] the
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function ky(x) := k(y, x), x ∈ [0, 1], is µ-integrable. Let Tk be the associated kernel
operator given by

(Tkf)(y) :=

∫
[0,1]

f(x)k(y, x) dx,

for any measurable function f : [0, 1] → R for which the above integral is defined
for y ∈ [0, 1] a.e. Let us give an example. Assume that 1 < p < ∞ and let Tk
be an essentially compact kernel operator Tk : Lp[0, 1] → Y (ν) that admits an
extension to L1[0, 1]. Although we know by Corollary 3 that Tk is compact we are
able to prove the compactness of Tk as an application of Corollary 3. For a nonzero
function f ∈ BLp[0,1] and K > 0, by Hölder’s inequality we have

µ({|f | > K}) ≤
(∫

[0,1]

|f |p dµ
)1/p(∫

[0,1]

1

Kp′
dµ
)1/p′

≤ 1

K
.

A direct computation shows

‖Tk(|f |χ{|f |>K})‖Y ≤ ‖Tk‖
1

K1/p′

that tends to 0 uniformly on f ∈ BLp(µ) when K →∞. Corollary 3 gives now the
compactness of Tk. This argument can be extended in the following way.

Let T be an essentially compact (positive) kernel operator T : X(µ) → Y (ν)
such that the kernel k satisfies that

lim
µ(A)→0

∥∥∥‖χAk(x, y)‖X′(y)
∥∥∥
Y

= 0.

Then T is compact.

Proof. Let ε > 0 and take δ > 0 such that∥∥∥‖χAk(x, y)‖X′(y)
∥∥∥
Y
< ε

for all measurable sets A with µ(A) < δ. If 0 6= f ∈ BX(µ), K > 0 and X ′ is the
Köthe dual of X then

µ({|f | > K}) =

∫
{|f |>K}

dµ =

∫
{|f |>K}

|f | · 1

|f |
dµ

≤ ‖f‖X
∥∥∥∥χ{|f |>K} 1

|f |

∥∥∥∥
X′
≤ 1

K
‖χΩ‖X′ < δ,

for K large enough (not depending on f). Then,∥∥∥(∫ |f |χ{|f |>K}|k(x, y)|dx
)

(y)
∥∥∥
Y

≤
∥∥∥∥∥|f |χ{|f |>K}∥∥X · ∥∥χ{|f |>K}|k(x, y)|

∥∥
X′(y)

∥∥∥
Y

≤
∥∥∥∥∥χ{|f |>K}|k(x, y)|

∥∥
X′(y)

∥∥∥
Y
< ε

for all f ∈ BX(µ). This proves that

sup
f∈BX

∥∥∥(∫ fχ{|f |>K}k(x, y)dx
)

(y)
∥∥∥
Y
→ 0

when K →∞. Corollary 3 (for Φ(·) = χΩ) gives the result.
�
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The sufficient condition in Corollary 3 can be relaxed when considering the
optimal extension of the operator T : X(µ) → E, but then µ-determination of T
is required. Recall that a linear operator T : X(µ) → E is µ-determined if each
mT -null set is µ-null.

Let X(µ) be an order continuous Banach function space, E be a Banach space
and T : X → E be a µ-determined operator. If T is essentially compact and satisfies

lim
µ(A)→0

sup
f∈BX

‖T (fχA)‖ = 0,

then T is compact.

Proof. Let us show a proof of this result using the vector measure mT . We extend
the operator T to the space L1(mT ) by means of the integration map ImT

using the
well known fact that ImT

◦ [i] = T , where [i] : X → L1(mT ) is the canonical identi-
fication of the elements of X as mT -integrable functions. Since T is µ-determined,
[i] is injective. Since T is essentially compact, so is ImT

. Note now that for A ∈ Σ,

sup
f∈BX

(
sup
B⊆A

‖
∫
B

fχAdmT ‖
)

= sup
f∈BX

sup
B⊆A

‖T (fχB)‖ = sup
f∈BX

‖T (fχA)‖.

So we get by using the equivalent expression for the norm of L1(mT ) given in the
introduction that [i](X) is a uniformly ν-absolutely continuous subset of L1(mT )
for a Rybakov measure ν for mT , since µ is absolutely continuous with respect to ν.
This is a consequence of the fact that mT is equivalent to µ, and so ν is equivalent
to µ. Consequently, T (BX) = ImT

([i](BX)) is a relatively compact subset of E. �

Now we are in conditions of using the results on factorization of homogeneous
maps of the previous section to analyze compact operators.

For a µ-determined operator, each one of the assertions in Theorem 2 implies
that T is compact.

Let us refine now Theorem 3 in order to provide a characterization of compact-
ness of a linear operator T in terms of approximation of T by means of homogeneous
operators strongly dominated by φp. Given a homogeneous subset B ⊂ X(µ), the
characteristic homogenous operator φB is defined by φB(f) := f if f ∈ B and
φB(f) := 0 if f /∈ B.

Let E be a Banach space, X(µ) be an order continuous Banach function space
with the Fatou property and 1 < p < ∞. The following statements for a linear
operator T : X(µ)→ E are equivalent.

(i) T is compact.
(ii) T is essentially compact and there are gn ∈ X[1/p′] and bounded homoge-

neous maps ϕn : X → X[1/p] such that ϕn(BX) is order bounded and the
sequence T ◦ (gn · ϕn) converges to T in the norm.

(iii) T is essentially compact and there are bounded homogeneous maps ϕn :
X → X such that ϕn(BX) is order bounded and the sequence T ◦ ϕn
converges to T in the norm.

(iv) T is essentially compact and there are order bounded homogeneous sets
Bn and bounded homogeneous maps ϕn : X → X such that the sequence
T ◦ φBn ◦ ϕn converges to T in the norm.

(v) T is essentially compact and there are bounded homogeneous maps ϕn :
X → X and homogeneous maps ϕpn that are strongly dominated by φp such
that the sequence T ◦ ϕpn ◦ ϕn converges to T in the norm.
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Proof. (i)⇒(ii). If the operator is compact, then following the ideas in the proof
of Theorem 3, for each n we find finitely many functions g1, . . . , gl ∈ X[1/p′] and
h1, . . . , hl ∈ B[1/p] such that

T (BX) ⊂
l⋃
i=1

T (gihi) +
1

n
BE .

Define gn :=
∑l
i=1 |gi| ∈ X[1/p′]. Take ki ∈ BL∞(µ) such that higi = ki|hi|gn. By

a disjointification argument, we can find disjoint sets Ci ⊂ T (higi) + 1
nBE such

that
⋃l
i=1 T (gihi) + 1

nBE =
⋃l
i=1 Ci + 1

nBE . Define ϕn : X → X[1/p] given by

ϕn(f) = ki|hi|‖f‖ if f
‖f‖ ∈ T

−1(Ci + 1
nBE) and consider hn =

∑l
i=1 |hi| ∈ X[1/p].

For any f ∈ BX , |ϕn(f)| ≤ hn and then ϕn(BX) is order bounded. Moreover, for
f ∈ BX ,

‖T (f)− T (ϕn(f)gn)‖ ≤ 1

n

and then the sequence T ◦ (gn · ϕn) converges to T in norm.
(ii)⇒(iii) Take as new ϕn the map gn · ϕn above.
(iii)⇒(iv) is clear by taking for Bn the homogeneous hull of ϕn(BX).
(iv)⇒(v) is a consequence of Proposition 2 with ϕpn = φBn

.
(v)⇒(i) Let ε > 0 and take n such that T (f)− T ◦ ϕpn ◦ ϕn(f) ∈ εBE for every

f ∈ BX . Since ϕn(BX) is bounded and ϕpn is strongly dominated by φp, by Propo-
sition 2 ϕpn(ϕn(BX)) is uniformly µ-absolutely continuous. The essentially com-
pactness of T yields that T (ϕpn(ϕn(BX))) is relatively compact. By Grothendieck
characterization of compactness we conclude that T (BX) is relatively compact.

�

Just changing the T in the approximating homogeneous maps in the above the-
orem by sequences of bounded homogeneous maps Rn we get, among others, the
following characterization.

Let E be a Banach space, X(µ) be an order continuous Banach function space
with the Fatou property and 1 < p < ∞. The following statements for a linear
operator T : X(µ)→ E are equivalent.

(i) T is compact.
(ii) T is essentially compact and there are order bounded homogeneous sets

Bn, bounded homogeneous maps ϕn : X → X and uniformly µ-absolutely
continuous homogeneous maps Rn : X → E such that the sequence Rn ◦
φBn
◦ ϕn converges to T in the norm.

Notice that the characterization of compactness given in the above result can be
written also in terms of inequalities: an operator T is compact if and only if it is
essentially compact and for each n ∈ N there are homogeneous maps ϕn, ϕ

p
n : X →

X such that for f1, ..., fn ∈ X and A1, ..., An ∈ Σ,∥∥∥ n∑
i=1

|ϕpn ◦ ϕn(fi)|χAi

∥∥∥
L1(µ)

≤ Kn

∥∥∥ n∑
i=1

|ϕn(fi)|1/p‖ϕn(fi)‖1/p
′
χAi

∥∥∥
(X[1/p′])

′
.

such that T ◦ϕpn ◦ϕn converges to T in the norm. This is a consequence of Theorem
2 and Theorem 3(v).
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Let us finish this section by showing some particular factorizations of operators
through the relevant Lp-spaces. We will use a variant of the classical Maurey-
Rosenthal Theorem due to Defant [2, Corollary 2] on factorization of homogeneous
operators between Banach function spaces.

Let E be a Banach space, X(µ) be an order continuous q-concave Banach func-
tion space, for some 1 < q < ∞, and T : X → E be a linear operator. Then the
following assertions are equivalent for any p ≥ q:

(i) T is compact.
(ii) T is essentially compact and there are order bounded sets Cn ⊂ Lp(µ),

bounded homogeneous maps ψn : X → Lp(µ) satisfying ψn(BX) ⊂ Cn and
functions hn ∈ Lp(µ)X(µ) such that the sequence (T ◦ (hn ·ψn))n converges
to T in norm.

(iii) There are order bounded sets Cn ⊂ Lp(µ), bounded homogeneous maps
ψn : X → Lp(µ) satisfying ψn(BX) ⊂ Cn, functions hn ∈ Lp(µ)X(µ) and
essentially compact linear operators Tn : X → E such that the sequence
(Tn ◦ (hn · ψn))n converges to T in norm.

Proof. (i)⇒(ii). By Theorem 3(ii) there are gn ∈ X[1/p′], order bounded homo-
geneous sets Bn and bounded homogeneous maps φn : X → X[1/p] such that
φn(BX) ⊂ Bn and the sequence T ◦ (gn ·φn) converges to T in the norm. Since the
space X[1/p] is always p-convex and X is p-concave, an application of the abstract
version of the Maurey-Rosenthal Theorem [2, Corollary 2] to the linear operator
Mgn : X[1/p] → X, Mgn(f) := gnf , provides a function hn ∈ Lp(µ)X(µ) such that
the following diagram commutes:

X[1/p]

Mgn //

Rn $$

X

Lp(µ) ,

Mhn

<<

where Rn is given by Rn :=
Mgn

hn
. Now define Cn := Rn(Bn) and ψn := Rn ◦ φn.

(ii)⇒(iii) is trivial.
(iii)⇒(i) Let ε > 0 and take n such that T (f)−Tn ◦ (hn ·ψn)(f) ∈ εBE for every

f ∈ BX . It follows from the fact that Mhn(Cn) is order bounded and its image by
an essentially compact operator is relatively compact that the set Tn◦(hn ·ψn)(BX)
is relatively compact. The well-known Grothendieck’s characterization of compact
sets yields that T (BX) is relatively compact.

�

Notice that in the case that the space Lp(µ)X(µ) is order continuous then the
assertions in Corollary 3 are equivalent to the following one:

iv) There are bounded homogeneous maps ψn : X(µ)→ Lp(µ), functions hn ∈
Lp(µ)X(µ) and essentially compact linear operators Tn : X → E such that
the sequence (Tn ◦ (hn · ψn))n converges to T in norm.

This is so because we do not need to ask for order boundedness to the sets ψn(BX),
since then the sets hn · ψn(BX) are uniformly µ-absolutely continuous and so the
composition of hn ·ψn with an essentially compact operator gives a compact homo-
geneous map.
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4. Applications: Compact optimal extensions for essentially compact
operators

If X(µ) is an order continuous Banach function space over a finite measure µ then
any continuous µ-determined linear operator T from X(µ) into a Banach space E
can be extended continuously to L1(mT ), wheremT is the vector measure associated
to T . This space is the optimal domain for T , i.e. the biggest order continuous space
to which T can be extended (see [12, Theorem 4.14] and the references therein). In
that case, the optimal extension of T is given by the associated integration operator
ImT

: L1(mT )→ E.
In this section we study the following problem: Let X(µ) be an order continuous

Banach function space over a finite measure µ and let T : X(µ)→ E be a Banach
space valued operator with compact essential range. When is the maximal extension
of T compact?

A closely related question has been studied in [10] recently. In that paper it
is shown that a µ-determined compact operator T allows a maximal compact ex-
tension —not necessarily to the space L1(mT )— if and only if the associated inte-
gration map ImT

: L1(mT ) → E is compact (see Theorem 1.1 and Lemma 2.2 in
[10] for some arguments that are close to the ones we use in the proof of Theorem
4). Moreover, it is well known that compactness of the integration map of a vector
measure m imply that L1(m) = L1(|m|) (see [11] or Proposition 3.48 in [12] and
the references therein).

The following reformulation of Theorem 3 for the integration operator Im asso-
ciated to a vector measure m provides the main result of this section. Recall that
R(m) is the range of m.

Let 1 ≤ p <∞. The following statements are equivalent.

(i) The integration operator Im : L1(m)→ (E, ‖ ‖E) is compact.

(ii) R(m) is relatively compact and for every ε > 0 there exists gε ∈ Lp
′
(m)

such that Im(BL1(m)) ⊂ Im(gεBLp(m)) + εBE .
(iii) R(m) is relatively compact and for every ε > 0 there exists Kε > 0 such

that Im(BL1(m)) ⊂ Im(KεBLp(m)) + εBE .

Let 1 < p < ∞, let X(µ) be an order continuous Banach function space, E a
Banach space and T : X(µ) → E a µ-determined continuous linear operator. The
following statements are equivalent:

(i) The optimal domain of T is L1(|mT |) and the extension ImT
is compact,

i.e. T factorizes compactly as

X(µ)
T //

� r

[i] $$

E.

L1(|mT |)
ImT

;;

(ii) T is essentially compact, and for each ε > 0 there is a function hε ∈ X[1/p′]

and a bounded homogeneous map φε : X → X[1/p] such that

sup
A∈Σ
‖T (φε(f)pχA)‖1/p ≤ sup

A∈Σ
‖T (fχA)‖

and

‖T (f − hεφε(f))‖ < ε · sup
A∈Σ
‖T (fχA)‖, f ∈ X.
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(iii) T is essentially compact and for each n ∈ N there is a constant kn > 0 and
a bounded homogeneous map φn : X → X[1/p] such that for all f ∈ X,

max

{
kn · sup

A∈Σ
‖T (φn(f)pχA)‖1/p, n · ‖T (f − φn(f))‖

}
≤ sup
A∈Σ
‖T (fχA)‖.

Proof. Let us start the proof by establishing that, taking apart the essential com-
pactness assumption, (ii) is equivalent to the fact that for each ε > 0 there is
hε ∈ X[1/p′] such that

(2) sup
f∈BL1(mT )∩X(µ)

(
inf

g∈BLp(mT )∩X[1/p]

(∥∥T (f − hεg)
∥∥)) < ε.

To see this, just note that the computation of the infimum in this statement can
be used to define a function φε : BL1(mT ) ∩X → BLp(mT ) ∩X[1/p] that carries each
function to one that makes the inequality less than ε. In fact, it can be assumed to
be a bounded homogeneous function (X, ‖ · ‖L1(mT ))→ (X[1/p], ‖ · ‖Lp(mT )) just by
taking φ′ε(f) = ‖f‖L1(mT )φε(f/‖f‖L1(mT )), f ∈ X. This shows that the condition
above is equivalent to the existence for each ε > 0 of a function hε ∈ X[1/p′] such
that

‖T (f − hεφ′ε(f))‖ < ε sup
A∈Σ
‖T (fχA)‖, f ∈ X.

Recall that the expression supA∈Σ ‖T (fχA)‖ is equivalent to ‖f‖L1(mT ) for func-
tions belonging to X. The converse argument follows too, and so we have the
equivalence.

Exactly in the same way, it can be proved, taking again apart the essential
compactness assumption, that (iii) is equivalent to the fact that for each ε > 0
there is a constant Kε > 0 such that

(3) sup
f∈BL1(mT )∩X(µ)

(
inf

g∈BLp(mT )∩X[1/p]

(∥∥T (f −Kεg)
∥∥)) < ε

holds (as in (2) but with a constant Kε instead of a function hε), just using the
fact that this relation is satisfied for ε = 1/n and Kε = 1/kn.

We start proving (iii)⇒(i). Let us see that under the assumption of the property
given by (3), the inclusions appearing in Proposition 4(iii) hold. Indeed, let ε > 0
and f ∈ BL1(mT ). Since the simple functions are dense in L1(mT ), there exists a
simple function s ∈ BL1(mT ) such that

(4) ‖f − s‖L1(mT ) <
ε

2(‖ImT
‖+ 1)

.

As s ∈ BL1(mT ) ∩X(µ) we can apply part (iii) —actually we apply its equivalent
formulation (3)— to s: there exist Kε/2 > 0 and g ∈ BLp(mT ) ∩ X[1/p] such that
‖T (s−Kε/2g)‖ < ε/2. Then, by (4) we get

‖ImT
(f −Kε/2g)‖ ≤ ‖ImT

(f − s) + T (s−Kε/2g)‖

≤ ‖ImT
‖ ε

2(‖ImT
‖+ 1)

+
ε

2
< ε.
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Then ImT
satisfies the inclusion property in Proposition 4(iii). On the other hand,

the essential compactness of T is trivially equivalent to mT having relatively com-
pact range. Proposition 4 applied to mT yields that ImT

is compact. By [11,
Theorems 1 and 4] L1(mT ) = L1(|mT |) and then, since L1(mT ) is the optimal
domain of the map, we obtain the desired factorization diagram for T through
L1(|mT |).

The proof of (ii)⇒(i) is similar using (2) and Proposition 4(ii) instead of (3) and
Proposition 4(iii) respectively.

We finally prove (i)⇒(iii) (the implication (i)⇒(iii) is similar). Since ImT
is

compact, T is compact and so essentially compact. Compactness of ImT
gives

also by Proposition 4 that for each ε > 0 we find a constant Kε > 0 such that
ImT

(BL1(mT )) ⊆ ImT
(KεBLp(mT )) + εBE . Taking into account that X[1/p] is dense

in Lp(mT ), (3) and so (iii) follow easily.
�

More results can be obtained on compact optimal extensions by applying the
outcomes of Section 3. For example, the following result is a direct application of
Corollary 3. We need that Lp(mT ) = Lpw(mT ) for assuring the Fatou property for
Lp(mT ), what happens for instance if E is reflexive (see [5] for sufficient conditions
for this to hold).

Let 1 < p <∞ and let X(µ) be an order continuous Banach function space. Let
T : X(µ) → E be an essentially compact operator and ν a Rybakov measure for
mT . Suppose that Lp(mT ) = Lpw(mT ) and there is an increasing sequence of solid
homogeneous sets {Bn}∞n=1 in X satisfying that for each n ∈ N there is a constant
Kn > 0 such that for each finite set f1, ..., fk ∈ Bn,∥∥∥ k∑

i=1

|fi|
∥∥∥
L1(ν)

≤ Kn ·
∥∥∥ k∑
i=1

|fi|1/p‖fi‖1/p
′
∥∥∥

(Lp′ (mT ))′
,

and T ◦ φBn → T in the operator norm. Then ImT
is compact.
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[6] I. Ferrando and J. Rodŕıguez, The weak topology on Lp of a vector measure, Topology Appl.

155(13), 1439–1444 (2008)

[7] J. Lindenstrauss and L. Tzafriri, Classical Banach Spaces, II, Springer, Berlin (1996)
[8] L. Maligranda and L. E. Persson, Generalized duality of some Banach function spaces, Indag.

Math. 51, 323–338 (1989)



24 PILAR RUEDA AND ENRIQUE A. SÁNCHEZ-PÉREZ
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Departamento de Análisis Matemático, Universidad de Valencia, 46100 Burjassot -
Valencia, Spain.
pilar.rueda@uv.es

Enrique A. Sánchez-Pérez
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