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Abstract We elaborate on the existing notion that quantum mechanics is an emergent
phenomenon, by presenting a thermodynamical theory that isdual to quantum me-
chanics. This dual theory is that of classical irreversiblethermodynamics. The linear
regime of irreversibility considered here corresponds to the semiclassical approxima-
tion in quantum mechanics. An important issue we address is how the irreversibility
of time evolution in thermodynamics is mapped onto the quantum–mechanical side of
the correspondence.

1 Introduction

In his Nobel Prize Lecture, Prigogine advocated an intriguing type of “complementar-
ity between dynamics, which implies the knowledge of trajectories or wavefunctions,
and thermodynamics, which implies entropy” [18]. Another Nobel Prize winner, ’t
Hooft, has long argued that quantum mechanics must emerge from some underlying
deterministic theory via information loss [11]. Entropy isof course intimately related
to information loss, hence one expects some link to exist between these two approaches
to quantum theory.

In an apparently unrelated venue, the Chapman–Kolmogorov equation [6]

F (z1)F (z2) = F (z1 + z2), (1)

is a functional equation in the unknownF , wherez1, z2 are any two values assumed
by the complex variablez. It has the general solution

Fa(z) = eza, (2)

with a ∈ C an arbitrary constant. Implicitly assumed above is the multiplication rule
for complex numbers. In other words, (2) solves (1) within a space of number–valued
functions. If we allow for a more general multiplication rule such as matrix multi-
plication (possibly infinite–dimensional matrices), thenthe general solution (2) of the
functional equation (1) can be allowed to depend parametrically on az–independent,
constantmatrix or operatorA acting on some linear space:

FA(z) = ezA. (3)
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The functional equation (1), in its different guises, will play an important role in what
follows. We see that its solutions are by no means unique, depending as they do on the
space where one tries to solve the equation. Moreover, we will see that the question of
specifying one solution space or another will bear a close relation to the question posed
at the beginning—namely, the duality between thermodynamics and mechanics, on the
one hand, and the emergence property of quantum mechanics, on the other.

LetX andY respectively stand for the configuration spaces of a mechanical system
and a thermodynamical system, the latter taken slightly away from equilibrium. We
will be interested in the quantum theory based onX , and in the theory of irreversible
thermodynamics in the linear regime based onY [16]. There exist profound analo-
gies between these two theories [1, 8, 15, 19, 20]. Furthermore, seeming mismatches
between the two actually have a natural explanation in the context of the emergent ap-
proach to quantum theory [2, 4]; closely related topics wereanalysed long ago in [3]
and more recently in [5, 7, 9, 10, 12, 14, 17, 21, 22]. One of these mismatches concerns
the irreversibility of time evolution in the thermodynamical picture, as opposed to its
reversibility in the quantum–mechanical picture.

The standard quantum formalism is invariant under time reversal. This is reflected,
e.g., in the fact that the Hilbert space of quantum statesL2(X ) is complex and self-
dual [23], so one can exchange the incoming state|φ〉 and the outgoing state〈ψ| by
Hermitean conjugation, without ever stepping outside the given Hilbert spaceL2(X ).
On the other hand, the thermodynamical space of states is thecomplex Banach space
L1(Y) of complex–valued, integrable probability densitiesφ : Y → C. This is in
sharp contrast to the square–integrable probability density amplitudesof quantum the-
ory. Now the topological dual space toL1(Y) is the Banach spaceL∞(Y) [23]. These
two spaces fail to qualify as Hilbert spaces. In other words,for any |φ) ∈ L1(Y) and
any (ψ| ∈ L∞(Y),1 the respective norms||φ||1 and||ψ||∞ are well defined, but nei-
ther of these derives from a scalar product. All there existsis a nondegenerate, bilinear
pairing

( ·|· ) : L∞(Y) × L1(Y) −→ C (4)

taking the covector(ψ| and the vector|φ) into the number(ψ|φ):

(ψ|φ) :=
∫

Y

ψ∗φ. (5)

Under these circumstances there is no exchanging the incoming state|φ) ∈ L1(Y) and
the outgoing state(ψ| ∈ L∞(Y), as they belong to different spaces. Therefore time
reversal symmetry is lost. We see thatdispensing with the scalar product in quantum
theory is the same as dispensing with time reversal symmetry.

We have in [1, 8] tocuhed on several basic issues concerning athermodynamical
formalism for quantum theory. Specifically, a map has been constructed between the
quantum mechanics of a finite number of degrees of freedom, onthe one hand, and the
theory of irreversible processes in the linear regime, on the other. The current paper
elaborates further on the properties of athermodynamical dual theoryfor emergent

1We follow the notations of ref. [1]. In particular, the roundbrackets in|φ) and(ψ| refer toL1(Y) and
its topological dualL∞(Y), respectively, while the angular brackets of the quantum–mechanical ket|φ〉 and
bra〈ψ| refer toL2(X ) and its topological dualL2(X ). Concerning the measure onX andY , see below.
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quantum mechanics. The underlying logic might be briefly summarised as follows:
i) it has been claimed that thermodynamics is complementary, or dual, to mechanics;
ii) mechanics is symmetric under time reversal while thermodynamics is not;
iii) dispensing with time reversal symmetry is the same as dispensing with the scalar
product in quantum theory;
iv) the representation of the Chapman–Kolmogorov equation (1)on the quantum me-
chanical Hilbert spaceL2(X ) makes decisive use of the scalar product;
v) here we construct representations of (1) on the thermodynamical Banach spaces
L1(Y) andL∞(Y), where no scalar product is present.

For simplicity we will henceforth assumeX andY both equal toR, the latter en-
dowed with the Lebesgue measure.

The aim of our paper is not to reformulate the theory of irreversible thermodynam-
ics as originally developed in [16]. Rather,we intend to exhibit irreversibility as a key
property of quantum–mechanical behaviour.

2 Different representations for Chapman–Kolmogorov

2.1 The quantum–mechanical representation

In quantum mechanics it is customary to write (1) as

U(t1)U(t2) = U(t1 + t2), t ∈ R, (6)

and to call it thegroup propertyof time evolution. IfH denotes the quantum Hamilto-
nian operator (assumed time–independent for simplicity),then (6) is solved by matrices
such as (3), here called time–evolution operators and defined as

U(t) := exp

(

− i

~
tH

)

. (7)

The solutions of (6) satisfy the differential equation

i~
dU

dt
= HU(t), H = i~

dU

dt

∣

∣

∣

t=0
. (8)

Comparing (7) with (3) we havez = t andA = −iH/~. TheU(t) are unitary on
L2(R). In a basis of position eigenfunctions|x〉, the matrix elements ofU(t) equal the
Feynman propagator:〈x2|U(t2 − t1)|x1〉 = K (x2, t2|x1, t1). In terms of the latter,
one rewrites the group property (6) as

K (x3, t3|x1, t1) =
∫

dx2K (x3, t3|x2, t2)K (x2, t2|x1, t1) . (9)

There is a path integral for the Feynman propagatorK:

K (x2, t2|x1, t1) =
∫ x(t2)=x2

x(t1)=x1

Dx(t) exp

{

i

~

∫ t2

t1

dt L [x(t), ẋ(t)]

}

, (10)

whereL is the classical Lagrangian function.
To summarise, the operators (7) provide a unitary representation of the commuta-

tive group (6) on the Hilbert spaceL2(R).
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2.2 Intermezzo

Here we recall some technicalities to be used later; a good general reference is [23].
L1(R) is the space of all Lebesgue measurable, absolutely integrable functions

φ : R −→ C, i.e., functions such that
∫

R
|φ(y)|dy < ∞. This is a complex Banach

space with respect to the norm||ψ||1 :=
∫

R
|φ(y)|dy.2 A a denumerablebasis (a

Schauder basis) exists forL1(R).
The topological dual space toL1(R) is L∞(R), a duality between the two being

given in Eqs. (4), (5).L∞(R) is the space of all Lebesgue measurable functions
ψ : R −→ C that are essentially bounded,i.e., functions that remain bounded on all
R except possibly on a set of measure zero.L∞(R) is a Banach space with respect to
the norm|| · ||∞, defined as follows. A nonnegative numberα ∈ R is said to be an
essential upper bound ofψ whenever the set of pointsy ∈ R where|ψ(y)| ≥ α has
zero measure. The norm||ψ||∞ is the infimum of all thoseα:

||ψ||∞ := inf
{

α ∈ R
+ : α essential upper bound of ψ

}

. (11)

A key property is that one can pointwise multiplyψ ∈ L∞(R) with φ ∈ L1(R) to
obtainψφ ∈ L1(R) because

∫

R
|ψφ|dy <∞; this is used decisively in the pairing (5).

Another key property ofL∞(R) is that it admits no Schauder basis.
The spaceL1(R) is canonically and isometrically embedded into its topological

bidual, i.e., L1(R) ⊂ L1(R)∗∗. SinceL1(R) is nonreflexive, this inclusion is strict, a
property that will be used later on.3 Finally, the absence of a scalar product onL1(R)
andL∞(R) does not prevent the existence of unitary operators on them,the latter being
defined as those that preserve the corresponding norm.

2.3 The representation in irreversible thermodynamics

In statistics, the Chapman–Kolmogorov equation (1) was well known before the advent
of quantum theory [6]. Here one is given a certain measure spaceY (here assumed
equal toR endowed with the Lebesgue measure) and the corresponding Banach spaces
L1(R) and its topological dualL∞(R). These two will become carrier spaces for
representations of the Chapman–Kolmogorov equation (1).

One callsf1
(

y2

τ2

∣

∣

∣

y1

τ1

)

theconditionalprobability that the random variabley ∈ R

takes on the valuey2 at timeτ2 provided that it took on the valuey1 at timeτ1. Then
one usually writes the Chapman–Kolmogorov equation (1) in amanner similar to (9),

f1

(

y3
τ3

∣

∣

∣

y1
τ1

)

=

∫

dy2 f1

(

y3
τ3

∣

∣

∣

y2
τ2

)

f1

(

y2
τ2

∣

∣

∣

y1
τ1

)

, (12)

which expresses the Bayes rule for conditional probabilities. A representation of this
equation by means of linear operatorsU(τ) onL1(R) and onL∞(R) would thus have
to satisfy the algebra

U(τ1)U(τ2) = U(τ1 + τ2), (13)

2Just for comparison, the norm on the Hilbert spaceL2(R) is ||φ||2 :=
(∫

R
|φ(y)|2dy

)

1/2.
3The topological complementary space toL1(R), i.e., the spaceZ such thatL1(R)∗∗ = L1(R)⊕Z, is

known in the literature, but it will not be necessary here.
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which is again a presentation of (1). We can immediately readoff the matrix elements
of U(τ):

(y2|U(τ2 − τ1)|y1) = f1

(

y2
τ2

∣

∣

∣

y1
τ1

)

. (14)

As opposed to the quantum–mechanical case, the carrier space for the representation of
the algebra (13) is Banach but not Hilbert. The reason for this is that one deals directly
with probabilities rather than amplitudes.

The question arises: if one were to express the matrix (14) inthe form given by the
general solution (3), then clearly one would havez = τ , but what would the operator
A be? It is mathematically true, though physically unsatisfactory, to claim thatA
would be (proportional to) the logarithm ofU(τ). One of the purposes of this paper
is to determine the operatorA explicitly, and to interpret it in the terms stated in the
introduction. However, in order to do this, a knowledge of the conditional probabilities

f1

(

y2

τ2

∣

∣

∣

y1

τ1

)

is needed.

There are a number of instances in which thef1
(

y2

τ2

∣

∣

∣

y1

τ1

)

are known explicitly.

An important example is that ofclassical, irreversible thermodynamics of stationary,
Markov processes in the linear regime. For such processes one has [16]

f1

(

y2
τ2

∣

∣

∣

y1
τ1

)

=
1√
2π

s/kB√
1− e−2γ(τ2−τ1)

exp

[

− s

2kB

(

y2 − e−γ(τ2−τ1)y1
)2

1− e−2γ(τ2−τ1)

]

. (15)

The notation used here is that of [1]. Specifically,kB is Boltzmann’s constant, the
entropyS is a function of the extensive parametery, and we expandS in a Taylor
series around a stable equilibrium point. Up to quadratic terms we have

S = S0 −
1

2
sy2 + . . . , s := −d2S

dy2

∣

∣

∣

0
> 0. (16)

Moreover, the assumption of linearity implies the following proportionality between
the thermodynamical forceY := dS/dy and the fluxẏ := dy/dτ it produces [16]:

ẏ = LY, L > 0. (17)

The Onsager coefficientL must be positive for the process to be dissipative. Finally
γ := sL. Sometimes one also usesR := L−1, soγ = s/R.

The following path–integral representation for the conditional probabilities (15) of
these models is noteworthy [16]:

f1

(

y2
τ2

∣

∣

∣

y1
τ1

)

=

∫ y(τ2)=y2

y(τ1)=y1

Dy(τ) exp

{

− 1

2kB

∫ τ2

τ1

dτ L [ẏ(τ), y(τ)]

}

. (18)

The above exponential contains thethermodynamical LagrangianL, defined as

L [ẏ(τ), y(τ)] :=
R

2

[

ẏ2(τ) + γ2y2(τ)
]

, ẏ :=
dy

dτ
. (19)
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The path integral (18) is the thermodynamical analogue of (10). The corresponding
thermodynamical momentumpy equalsRdy/dτ , whereR plays the role of a mass,
and thethermodynamical HamiltonianH corresponding to (19) reads

H =
1

2R
p2y −

Rγ2

2
y2. (20)

It must be borne in mind, however, that the dimensions ofL andH are entropy per unit
time. With this caveat, we will continue to callH a Hamiltonian.

2.4 Mapping irreversible thermodynamics into quantum mechan-
ics

For the processes considered in (15) we claim that one can define operators onL1(R)
and onL∞(R)

U(τ) := exp

(

− 1

2kB
τH

)

(21)

with H suitably chosen, such that their matrix elements coincide with those given in
(14). Hence theU(τ) will provide a representation of the algebra (13). In what follows
we constructU(τ) explicitly, but one can already expect the argumentH of the expo-
nential (21) to be someoperatorversion of the thermodynamical Hamiltonianfunction
given in (20). For this reason we have not distinguished notationally between the two.
This operatorH will also turn out to be (proportional to) the unknown operatorAmen-
tioned after eq. (14). From (21) it follows that the thermodynamical analogue of the
quantum–mechanical equation (8) is

− 2kB
dU(τ)
dτ

= HU(τ), H = −2kB
dU(τ)
dτ

∣

∣

∣

τ=0
. (22)

We can resort to our previous work [1] in order to identify theoperatorH in its
action onL1(R) and onL∞(R). In [1] we have established a map between quantum
mechanics in the semiclassical regime, on the one hand, and the theory of classical,
irreversible thermodynamics of stationary, Markov processes in the linear regime, on
the other hand. In the mechanical picture, the relevant Lagrangian and Hamiltonian
functions are

L =
m

2

(

dx

dt

)2

− mω2

2
x2, H =

1

2m
p2x +

mω2

2
x2. (23)

Comparing them with their thermodynamical partners (19) and (20), we see that the
mechanical and the thermodynamical functions can be transformed into each other if
we apply the replacements4

ω ↔ γ,
mω

~
↔ s

2kB
, x↔ y, (24)

4While the first two replacements of (24) are dimensionally correct without any further assumptions, the
third identification also requires thatx andy have the same dimensions. Since this need not always be the
case, a dimensionful conversion factor must be understood as implicitly contained in the replacementx↔ y,
whenever needed.
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as well as the Wick rotation
τ = it. (25)

Furthermore, Boltzmann’s constantkB is the thermodynamical partner of Planck’s con-
stant~ multiplied by 2 [19]:

~ ↔ 2kB. (26)

As a consistency check one can apply all the above replacements to (7) in order to
arrive at

U(t) = exp

(

− i

~
tH

)

↔ exp

(

− 1

2kB
τH

)

= U(τ). (27)

However, we still have to identify the operatorH in its action on thermodynamical
states. This will be done in section 3.1.

2.5 Incoming statesvs. outgoing states

In principle, thermodynamical states are normalised probability densities, hence ele-
ments ofL1(R). However, as we will see shortly, this viewpoint must be extended
somewhat. For this purpose let us call the elements ofL1(R) incoming states. Incom-
ing linear operatorsOin are defined

Oin : L1(R) −→ L1(R), (28)

so as to map incoming states|φ) ∈ L1(R) into incoming statesOin|φ) ∈ L1(R).
Incoming states are postulated to evolve in time according to

− 2kB
d|φ)
dτ

= Hin|φ), (29)

whereHin is an incoming linear operator, to be identified presently.
The space of outgoing states is the topological dual ofL1(R), henceL∞(R). Out-

going linear operatorsOout are similarly defined

Oout : L
∞(R) −→ L∞(R), (30)

in order to map outgoing states(ψ| ∈ L∞(R) into outgoing states(ψ|Oout ∈ L∞(R).
The operatorOT

in that is transpose to an incoming operatorOin is defined on the topo-
logical dual space:

OT
in : L∞(R) −→ L∞(R). (31)

In this wayOT
in is actually an outgoing operatorOout.5 By definition the transpose

satisfies

(ψ|OT
in|φ) = (ψ|Oin|φ), ∀ (ψ| ∈ L∞(R), ∀ |φ) ∈ L1(R). (32)

5Since the topological bidual(L1(R))∗∗ contains more than justL1(R), we stop short of stating that
“The transposeOT

out
to an outgoing operatorOout is an incoming operatorOin”. The previous statement,

trivially true in finitely many dimensions and still true onL2(R), no longer holds in our context, with the
consequence that twice transposing does not give back the original operator. We will see in section 3.2 that
this fact has far–reaching implications.
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What equation should govern the time evolution of outgoing states? Clearly it can
only be

− 2kB
d(ψ|
dτ

= (ψ|HT
in = (ψ|Hout, (33)

therefore

− 2kB
d

dτ
(ψ|φ) = (ψ|HT

in|φ) + (ψ|Hin|φ). (34)

The right–hand side of the above is generally nonzero: it expresses the irreversibil-
ity property of time evolution in thermodynamics. This is a far cry from the time–
symmetric case of standard quantum mechanics, wherei~d(〈ψ|φ〉)/dt = 0.

One further point deserves attention. In standard quantum mechanics onL2(R),
the matrix element〈ψ|O|φ〉 =

∫

dxψ∗(x)Oφ(x) naturally carries the dimensions of
the operatorO; here bothψ∗(x) andφ(x) have the dimension[x]−1/2 of a probability
amplitude onR. In the thermodynamical dual to quantum theory, the incoming state
|φ) ∈ L1(R) carries the dimension[y]−1 because it is a probabilitydensity, while the
outgoing state(ψ| ∈ L∞(R) is dimensionlessbecause it isnot meant to be integrated
on its own. It is only upon taking the pairing (5) that(ψ| will be integrated against
O|φ). So the dimensions of(ψ|O|φ) are again correct, although the dimensional bal-
ance between incoming and outgoing states that existed inL2(R) has disappeared.

Altogether, dispensing with the scalar product in quantum theory is the same as
dispensing with time reversal symmetry. Moreover, dispensing with the scalar prod-
uct has the consequence that, as thermodynamical states, one must regard not just the
elements ofL1(R) but also those of its topological dualL∞(R).

3 The harmonic oscillator representation of irreversible
thermodynamics

For mechanics we use thedimensionlesscoordinatex ∈ R. Then the quantum har-
monic oscillator equation onL2(R) reads

(

− d2

dx2
+ x2

)

w(x) = εw(x), ε ∈ R, (35)

whereε is a dimensionless energy eigenvalue.

3.1 The oscillator on the Banach spacesL1(R) and L
∞(R)

For thermodynamics we use thedimensionlesscoordinatey ∈ R. Then the dimension-
less thermodynamical momentum is represented as−id/dy, and the equation for the
thermodynamical oscillator reads

−
(

d2

dy2
+ y2

)

w(y) = σw(y) σ ∈ R. (36)

Above,σ is a dimensionless eigenvalue (entropy per unit time), which we require to be
real for physical reasons. With respect to (35), the only change in (36) is the sign of
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the potential term (see (19) and (20)). Eq. (36) identifies the operatorH explicitly in
its action onL1(R) andL∞(R), a question posed in section 2.4. Specifically, for the
action of the Hamiltonian on the initial states we have

Hin = − d2

dy2
− y2 : L1(R) −→ L1(R). (37)

The operatorHout is formally the same asHin, but it acts on the dual space:

Hout = − d2

dy2
− y2 : L∞(R) −→ L∞(R). (38)

In order to solve (36) we first look for a factorisation ofw(y) in the form

w(y) = h(y) exp(αy2), α ∈ C, (39)

whereα is some constant to be picked appropriately. With (39) in (36) one finds

d2

dy2
h(y) + 4αy

d

dy
h(y) +

[

(2α+ σ) + (4α2 + 1)y2
]

h(y) = 0. (40)

The choiceα = i/2 simplifies (40) considerably:

d2

dy2
h(y) + 2iy

d

dy
h(y) + (i + σ)h(y) = 0. (41)

Finally the change of variablesz = ei
3π

4 y reduces (41) to

d2

dz2
h̃(z)− 2z

d

dz
h̃(z)− (1 − iσ)h̃(z) = 0, (42)

where we have defined̃h(z) := h
(

e−i 3π
4 z

)

= h(y). Now (42) is a particular instance

of the Hermite differential equation on the complex plane,

H ′′(z)− 2zH ′(z) + 2νH(z) = 0, ν ∈ C. (43)

In our case we have2ν = −1+ iσ with σ ∈ R, soν /∈ N. Whenν /∈ N two linearly in-
dependent solutions to the Hermite equation are given by theHermite functionsHν(z)
andHν(−z), where [13]

Hν(z) =
1

2Γ(−ν)

∞
∑

n=0

(−1)nΓ
(

n−ν
2

)

n!
(2z)n. (44)

The above power series defines an entire function ofz ∈ C for any value ofν ∈ C. Its
asymptotic behaviour is [13]:

Hν(z) ∼ (2z)ν −
√
πeiπν

Γ(−ν) z
−ν−1 ez

2

, |z| → ∞, π/4 < arg(z) < 5π/4. (45)
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In (45) we have dropped subdominant terms, keeping only the leading contributions;
the angular sector π/4 < arg(z) < 5π/4 is imposed on us by the change of variables
z = ei

3π

4 y made above fory ∈ R.
Altogether, two linearly independent solutions to (36) corresponding to the eigen-

valueσ ∈ R are given byw±
σ (y), where

w±
σ (y) := H− 1

2
+ iσ

2

(

±ei
3π

4 y
)

eiy
2/2. (46)

By (45), their asymptotic behaviour for|y| → ∞ is

w±
σ (y) ∼

(

±2ei
3π

4 y
)− 1

2
+ iσ

2

eiy
2/2−

√
πe−π(σ+i)/2

Γ
(

1−iσ
2

)

(

±ei
3π

4 y
)− 1

2
− iσ

2

e−iy2/2. (47)

We are looking for eigenfunctions withinL1(R) and/orL∞(R). Eqn. (47) proves that
w±

σ (y) ∈ L∞(R) butw±
σ (y) /∈ L1(R).

3.2 The spectrum

Summarising, the operator−d2/dy2 − y2 onL∞(R) has an eigenvalue spectrum con-
taining the whole real lineR.6 This spectrum is twice degenerate, the (unnormalised)
eigenfunctions corresponding toσ ∈ R being given in Eq. (46). The same opera-
tor acting onL1(R) has a void spectrum. This latter conclusion is not as tragic as it
might seem at first sight—on the contrary, everything fits together once one realises
that evolution in thermodynamical timeτ is irreversible, and that the spaceL1(R),
which admits a Schauder basis, has a topological dualL∞(R) admitting no Schauder
basis. Let us analyse these facts from a physical and from a mathematical viewpoint.

Physically, an empty spectrum onL1(R) just means thatthere can be no incoming
eigenstates. Moreover, no incoming state can ever evolve into an incoming eigenstate
under thermodynamical evolution. This is an expression of irreversibility. However, as
a result of evolution inτ , one can perfectly well obtainoutgoingeigenstates. The latter
remain outgoingeigenstatesunder thermodynamical evolution.

Mathematically, in standard quantum mechanics onL2(R) one is used to taking
the transpose of a matrix by exchanging rows with columns. Implicitly understood
here is the existence of Schauder bases in the space ofL2(R) and in its topological
dual (againL2(R)). Once one diagonalises an operator, how can it be that its transpose
is not diagonal as well? While this cannot happen inL2(R), this can perfectly well
be the case when dealing with the spacesL1(R) andL∞(R), becauseL1(R) admits
a Schauder basis whileL∞(R) does not. In turn, this is a consequence of the fact
that we are renouncing probability densityamplitudes(elements ofL2(R)) in favour
of probabilitydensities(elements ofL1(R)), as befits a thermodynamical description
of quantum theory.

One would like to identify the thermodynamical analogue of the quantum mechan-
ical vacuum state; one expects to somehow map the quantum–mechanical state of least
energy, or vacuum, into the thermodynamical state of maximal entropy. Let us recall

6Actually the eigenvalue spectrum of this operator onL∞(R) also contains nonreal eigenvalues (see
(48)), but here we are only interested in real eigenvalues.
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that the (unnormalised) quantum–mechanical vacuum wavefunction is exp(−x2/2).
The Wick rotation (25) introduces the imaginary unit, giving us the termexp(iy2/2) in
(46). Nowν = −1/2 + iσ/2 = 0 only whenσ = −i, a possibility we have excluded
per decree. Let us temporarily sidestep this decree and observe that

−
(

d2

dy2
+ y2

)

e±iy2/2 = ∓i e±iy2/2 (48)

is very reminiscent of the equation governing the quantum–mechanical vacuum. The
thermodynamical density corresponding to the stateexp(±iy2/2) equals the constant
unit function onR, which is nonnormalisable under|| · ||1 in L1(R) but carries fi-
nite norm under|| · ||∞ in L∞(R). As a perfectly uniform probability distribution,
exp(±iy2/2) is the thermodynamical state that maximises the entropy. All the eigen-
states in (46) are thermodynamical excitations thereof, hence they carry less entropy.
Of course, we cannot allow the eigenvaluesσ = ±i within our spectrum, but the above
discussion is illustrative because, by (47), all our thermodynamical eigenstates (46)
tend asymptotically to a linear combination of the statesy−1/2 exp

[

± i
2

(

σ ln(y) + y2
)]

.
In other words, all our thermodynamical eigenstates can be interpreted asfluctuations
around a state of maximal entropy.

3.3 Irreversibility vs. nonunitarity

A key consequence of irreversibility is nonunitarity. Contrary to the operatorsU(t) of
(7), which are unitary onL2(R), the operatorsU(τ) of (21) arenonunitary onL∞(R).

Nonunitarity is readily proved. Letwσ ∈ L∞(R) be such thatHoutwσ = σwσ.
Sinceσ ∈ R we have, by (21),

U(τ)wσ = exp

(

− τσ

2kB

)

wσ, τσ ∈ R, (49)

hence

||U(τ)wσ ||∞ = exp

(

− τσ

2kB

)

||wσ ||∞, τσ ∈ R, (50)

which proves our assertion. To summarise: combining (21), (37) and (38) we find,
after reinstating dimensional factors, that the operators

U(τ) = exp

[

τ

2kB

(

1

2R

d2

dy2
+
Rγ2

2
y2
)]

, τ ≥ 0, (51)

provide anonunitary, infinite–dimensional representation of the Chapman–Kolmogorov
semigroup (13) onL∞(R). The spaceL1(R) also carries an infinite–dimensional rep-
resentation of (13) on which the operators (51) act.

It is interesting to observe that the eigenfunctions in (48), which we have discarded
for reasons already explained, circumvent the above proof because their eigenvalues
are purely imaginary. Each one of them actually provides a 1–dimensional,unitary
representation of (13) onL∞(R).
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4 Discussion

Classical thermodynamics is the paradigm of emergent theories. It renounces the de-
tailed knowledge of a large number of microscopic degrees offreedom, in favour of a
small number of macroscopic averages that retain only some coarse–grained features
of the system under consideration. It has been claimed in theliterature that quantum
mechanics must be an emergent theory [2, 4, 11]. As one further piece of evidence in
support of this latter statement, in this paper we have developed a thermodynamical
formalism for quantum mechanics.

In the usual formulation of quantum theory, one is concernedwith the matrix el-
ements〈ψ|O|φ〉 of some operatorO, where the incoming state|φ〉 belongs toL2(R)
and the outgoing state〈ψ| belongs to the topological dual space, againL2(R).

In the thermodynamical theory that is dual to quantum mechanics one is again
concerned with matrix elements of the type(ψ|O|φ). However, now the incoming
state is not square integrable but just integrable,|φ) ∈ L1(R), while the outgoing state
(ψ| ∈ L∞(R) belongs to a totally different space. NeitherL1(R) nor its topological
dualL∞(R) qualify as a Hilbert space, because their respective norms do not derive
from a scalar product; they are just Banach spaces. The absence of a scalar product
is the hallmark of irreversibility. Indeed the thermodynamics that is dual to quantum
mechanics is that of irreversible processes (considered here in the linear regime).

One is often interested in the case when the operatorO is the time evolution opera-
torU connecting the incoming and the outgoing states. Not being allowed to exchange
the incoming and the outgoingstatesin the transition probability(ψ|U|φ), because they
belong to different spaces, emphasis falls on theprocessU connecting these two. Ir-
reversibility manifests itself through the nonunitarity of the representation constructed
here for the Chapman–Kolmogorov equation. The latter is thefunctional equation sat-
isfied byU .

Incoming states|φ) ∈ L1(R) are probability densities, as opposed to the probability
densityamplitudes|φ〉 ∈ L2(R) of standard quantum theory. Outgoing states(ψ| ∈
L∞(R) have a different physical interpretation. The norm|| · ||∞ can be regarded
as a probability density that isnot meant to be integrated. Indeed a general function
ψ ∈ L∞(R) need not be normalisable under the norms|| · ||1 and|| · ||2 onL1(R) and
L2(R) respectively. There is nothing unusual about this—scattering states in standard
quantum theory also give rise to nonnormalisable probability densities.

As an example, in section 3.1 we have worked out the spectrum for the thermody-
namical harmonic oscillator. This implies solving the Schroedinger equation for the
repulsivepotentialV (y) = −y2, the wrong sign being due to the Wick rotation con-
necting irreversible thermodynamics to mechanics. Not surprisingly, the spectrum is
empty when diagonalising the Hamiltonian on the spaceL1(R), while exhibiting rich
features on the spaceL∞(R). In particular, all our eigenstates turn out to be nonnor-
malisable under the norms|| · ||1 and|| · ||2 onL1(R) andL2(R) respectively, hence
they all are analogous to scattering states in standard quantum theory. However all our
eigenstates are normalisable under the norm|| · ||∞ of L∞(R).

An apparently striking feature is the reluctance of incoming states to buildeigen-
statesof the Hamiltonian, as seen in section 3.2. This apparent difficulty disappears
once one realises thatoutgoingstates make perfectly good eigenstates. Furthermore,

12



the existence of outgoing states that cannot be reached by the time evolution of any
incoming state whatsoever is another sign of irreversibility. We cannot renounce ir-
reversibility because we have programatically dispensed with time reversal symmetry.
Hence incoming eigenstates must go.

Exeunt omnes.
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(A) Physique Théorique1 (1964) 1.

[4] R. Carroll, On the Emergence Theme of Physics, World Scientific, Singapore
(2010).

[5] G. Chirco, H. Haggard and C. Rovelli,Coupling and Thermal Equilibrium in
General Covariant Systems, arXiv:1309.0777 [gr-qc].

[6] J. Doob,Stochastic Processes, Wiley, New York (1953).

[7] H.-T. Elze,Discrete Mechanics, Time Machines and Hybrid Systems, EPJ Web of
Conferences58 (2013) 01013,arXiv:1310.2862 [quant-ph].
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