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ESTIMATES FOR VECTOR VALUED DIRICHLET POLYNOMIALS

ANDREAS DEFANT, URSULA SCHWARTING, AND PABLO SEVILLA-PERIS

ABSTRACT. We estimate the £1-norm °°_ ||a, || of finite Dirichlet polynomials 3>~ a,n~*,

n=1
s € C with coefficients a,, in a Banach space. Our estimates quantify several recent results on

Bohr’s strips of uniform but non absolute convergence of Dirichlet series in Banach spaces.

1. INTRODUCTION

It is a well known fact from the classical theory that each Dirichlet series D = > a,n™*
defines four significant abscissas: the infimum over all o such that in the halfplane [Re > o]
the Dirichlet series converges (o.(D)), defines a bounded, holomorphic function (o3(D)),
converges uniformly (o,,(D)) or converges absolutely (o4(D)).

H. Bohr showed in his fundamental Theorem [6|, Satz I] that o4(D) = 0, (D), and his main
interest was to determine the largest possible width of the band on which a Dirichlet series
can converge uniformly but not absolutely; in other words, to find the precise value of

S =supo,(D) — ou(D),

where the supremum ranges over all possible Dirichlet series D. The now called Bohr-
Bohnenblust-Hille Theorem [4,5] shows that S = 5

In the last few years there has been a renewed interest in this result, and it has been looked
at from different points of view. If we denote by H* the Banach space of all Dirichlet series
that define a bounded and holomorphic function on [Re > 0] (together with the sup norm),
then we can rewrite

S= sup o4(D),
DeHee

and by the Bohr-Bohnenblust-Hille Theorem every Dirichlet series in H°° converges absolutely

on [Re = % +¢], and the value % is optimal. A natural question then is to ask whether this even
holds for € = 0; that is: is it true that for every Dirichlet series in 1> we have ) lan] "‘ < 007

Extending the work of Konyagin and Queffélec from [20] (see also [27]) Balasubramanlan
Calado and Queffélec in |1, Theorem 1.1] gave a positive answer to this question. But they
prove a lot more: there is a constant C' > 0 such that for every »_ a,n™% € H*

C'/lognloglogn
(1.1) Z | ——————

Moreover, Defant, Frerick, Ortega Cerda, Ounaies and Seip showed in |10] that the supremum
of the set of all such real numbers numbers C equals % This adds a level of precision that

< oQ.

w\»—A

enables us to extract much more precise information about the coefficients of a Dirichlet series
than what is obtained from the classical solution of the Bohr-Bohnenblust-Hille Theorem.
Closely related to this, Maurizi and Queffélec observed in [25, Theorem 2.4] that the maximal
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2 A. DEFANT, U. SCHWARTING, AND P. SEVILLA-PERIS

width S of Bohr’s strip equals the infimum of all ¢ > 0 for which there exists a constant
C > 0 such that for all N and all aq,...,ay € C we have

(1.2) Z|an\ < CN”sup‘Zann @,
n=1

This motivates the following definition. Given a natural number N, let Qn be the best

constant D > 1 such that for each choice of ai,...,an in C
N

(1.3) Z|an| <Dsup‘Zann @,
n=1

The following result gives the asymptotically optimal upper and lower bound for @, and
it marks the endpoint of a long development started by Queffélec [27] in the mid nineties,
continued by Konyagin and Queffélec [20, Theorem 4.3] in 2002 and by de la Breteche [9,
Théorem 1.1] in 2008. The final result was proved in |10, Theorem 3]:

VN
(g +o(1))Viog NToglog N

A key ingredient of the solution given by Bohnenblust and Hille to Bohr’s problem was to
consider M-homogeneous Dirichlet series ) a,n~*, series for which a,, = 0 for all indices n
which do not have exactly M prime divisors according to their multiplicity. More precisely, if
n= p‘fl(n) - 'pffr(n) is the prime factorization of n and we write Q(n) := ai(n) + ...+ a,(n),
then an M-homogeneous Dirichlet series is of the form ZQ(n): a ann” . With this Sys can be
defined in the same way as S, just taking the supremum over all M-homogeneous Dirichlet
series, and Bohnenblust and Hille showed that

1 1

M= 3o

The M-homogeneous analog of ([1.1]) was proved in |1, Theorem 1.4]: for every Dirichlet series
in H (the Banach space of all M-homogeneous Dirichlet series in H*®) we have

(1.4) Qn =

oo M-1

(logn) =
(1.5) Z |an|—5— < 0.
ne1 n 2M
Q(n)=M

From this and a careful analysis of the proof of |25, Theorem 3.1] it follows that (up to
constants depending only on M)

NM—l

2M

(1.6) QN ~ ——r;
(log N)

clearly, Q% is here defined as above replacing arbitrary Dirichlet polynomials by M-homo-

geneous ones.

Let us turn to vector valued Dirichlet series ) a,n™%, where the coefficients a,, are in some
Banach space X (and s still a complex variable). The study of the width of Bohr’s strips for
such objects was initiated in [11] and continued in [15]. Given a operator v : X — Y between
two Banach spaces we define the number

S(v) :=sup (04(vD) — oy(D)),
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where the supremum is taken over all Dirichlet series D in X. Here, given a Dirichlet series
D(s) = > apn~*in X, vD denotes the Dirichlet series ) va,n™* in Y. The number Sy (v) for
M € N is similarly defined considering only M-homogeneous instead of all Dirichlet series. If
v is the identity on X we write S(X) and S/ (X). It turns out that for any finite dimensional
X we still have that S(X) = J and Sy(X) = % But if X is infinite dimensional these
two numbers coincide and depend only on the optimal cotype of X. More precisely, the main
result from [11] shows that for any infinite dimensional Banach space X (see Section [2|for the
defintinion of cot(X))

1
1. X)= X)=1—- ——.
For the scale of /,~spaces this gives
1 if1<p<2
S(l,) = Sar(y) = < 2 D
(p) M(p) {1_]10 if1<p<oo.

This means that in infinite dimensional Banach spaces Bohr’s strips do not distinguish be-
tween arbitrary and homogeneous Dirichlet series. In [15] this phenomenon was analysed for
operators on the £,-spaces. We have in [12, Corollary 5.7] and [15, Theorem 1.1] that for
I<p<g<oo

1 .
. 3 ifp<2
M,Q(l—max{l,% ) .
(1.9) Su(id : by — £g) = R s
~1 ifp>2.

Similarly, we know from [12, Corollary 5.9] and [14, Corollary 8.3] that for every operator
v : 41 — €4 we have

M—-2(1-1/q)

1 oM if1<¢g<2

Our main focus of this article is to give quantified versions of these vector valued results

(1.7)—(1.10) similar to ((1.4) and (1.6)), and this will be done in terms of the following definition
(motivated by (|1.2)).

Definition 1.1. Given N € N and an operator v : X — Y between Banach spaces, define
Qn(v) to be the best constant D > 1 such that for each choice of ay,...,an € X we have

N N '
Z lvanlly < DsupHZ ann~"
n=1 tER Ty

The M-homogeneous counterpart Q) (v) is defined by taking a1, . ..,ay € X such that a,, = 0
whenever Q(n) # M. If v is the identity on X, the notation we use is Qn(X) and Q¥ (X).

x

Note first that the width S(v) and Sps(v) can be rephrased in terms of these numbers.
A careful analysis of the proof of [25, Theorem 2.4] gives statement (1) in the following
proposition.
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Proposition 1.2.
(1) S(v) =inf{oc > 0| 3IC,YN : Qn(v) < C;N7}

L log QN (v)
(2) S(v) = lim sup = N

The corresponding results for Syr(v) also hold.

Proof. It remains to prove (2); take an s > lim sup log CéN @, Clearly, there is an Ny such that
log Qn(v) < log N* for every N > Ny. So there is a constant C' such that Qxn(v) < CN¥® for
every N, which implies that s € {o > 0| IC,VN : Qn(v) < C;N°}. Hence

1
lim sup 08 XNY) @n(v)

>inf{oc > 0| 3IC,VN : Qn(v) < CyN7} = S(v).
N—o0 logN

On the other hand, we know from (1) that for every o > S(v) there is a constant C, such
that Qn(v) < C,N for every N, which implies that

) logQn(v) .. logC, ologN
1 — 2 <] -
Vo Tlog N = NS \Tog N T Tog N ) 77
which gives the conclusion. O

We have the following general upper and lower estimates.

Proposition 1.3.

VN

< < ]
o(Fato())VIoEN g log N — Qn(v) <|v]| N

Proof. The lower estimate is an immediate consequence of ([1.4). The upper estimate follows
from Carlson’s equality (see [8] or [18, Lemma 3.2]): for every ay,...,any € C we have

N
2 _ it
>l = i 57 [ [t

With this we get

N
> lvanlly < Nlo|l max, flan]lx = Nljo|| max  sup [a’(a,)
<N ' €By/
n=1 <
1
< Nljo| sup (Z\x (@) = Nlol|_sup (hm / ’Zw (-t dt)
z'€By n—1 !

< N||v|| sup sup x/(z ann_itﬂ = N||v|| supHZ apn "
n=1 teR n=1

.Z"EBX/ teR

0

It turns out that for more concrete operators the general estimate in Proposition can be
improved considerably (see Theorems and .



ESTIMATES FOR VECTOR VALUED DIRICHLET POLYNOMIALS 5

2. PRELIMINARIES

By any < by we mean that there is a constant ¢ > 0 such that ay < cby for every N € N,
and whenever ay < by and by < ap, then we write ay ~ by. Moreover, ay < by means
that ay < cby for some constant ¢ and every N; if ay < by and by < ay then we write
ay ~ by. We already indicated that if n = p(lll(n) cepy () s the prime factorization of n € N,
then Q(n) := a1(n) 4+ ...+ a,(n). As usual, 7(n) denotes the number of primes p <. We use
standard notation and notions from Banach space theory, as presented e.g. in [23,24]. All
Banach spaces X are assumed to be complex, their duals are denoted by X’ and their open
unit balls by Bx. The conjugate exponent p* for 1 < p < oo is as usual defined by 1 = %—k z%'
A Banach lattice X is said to be g-concave, 1 < g < oo, if there is a constant C > 0 such that
for every choice of finitely many z1,...,xy € X we have

(nfjl o) < c)\(ﬁjl alt)’|

The best such C' is as usual denoted by M, (X).

A function P : X — Y between two Banach spaces is said to be a (continuous) M-homogeneous
polynomial if there is a (continuous) M-linear mapping A : X x...x X — Y such that P(x) =
A(z,...,x) for all x € X. We denote by P(M X,Y) the vector space of all M-homogeneous
continuous polynomials P : X — Y which together with the norm [|P|| = sup,cp, [|P(z)|y
forms a Banach space.

An operator v : X — Y is (p, ¢)-summing, 1 < p,q < oo, if there is a constant C' > 0 such

5.

that for each choice of finitely many x1,...,zny € X we have
N N 1
1/p A
(D loaal?) " <€ sup ([l (wa)|") "
n=1 @'€Bx N p—y

for the best such C' we write 7 4(v).
A Banach space X is said to have cotype ¢, where 2 < ¢ < oo, if there exists a constant C' > 0
such that for every choice of finitely many vectors x1,...,xny € X we have

(3 ko) " < o[ |5 ruttrmfae) ",
n=1 n=1

where 7, stands for the nth Rademacher function on [0, 1]; the best such C' is denoted by
Cy(X). We write cot(X) := inf {2 < ¢ < 0o | X has cotype ¢}. Note that every Banach space
has cotype co. In particular, it is well known that

(2.1) cot(lp) = {; zi Z
We finish this section by defining for each N and M the index sets
M(M,N) = {(i1,...,ip) | 1 <ip < N for each k} = {1,..., N}M
JM,N)={ie M(M,N) | i1 <...<iy}
A(M,N) = {a e N} |[a] = M}

There is a one-to-one correspondence between A(M, N) and J (M, N): for each « € A(M, N)
the associated index j, € J(M,N) is given by j, = (1,%.,1,2,%2,2,... N,*N N) and
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on the other hand for j € J(M,N) the associated multi-index Jao € A(M, N) is given by
Ja, = |{k | jx = r}|. We define the following equivalence relation in M (M, N): i ~ j if there
is a permutation o such that i, = jj for all 1 < k < M, then M(M,N) = Ujej(MJ\,)[j].
Note that card[j,] = %‘ for every o € A(M, N).

Our proofs involve techniques of complex analysis, number theory, local Banach space theory
and probability theory. One crucial ingredient is the following ingenious idea of Harald Bohr
relating the theory of Dirichlet series with infinite dimensional holomorphy. This fact was
rediscovered and systematised by Hedenmalm, Linqvist and Seip [18]: the mapping

B: Ho(B, ——— H>
Za Caza Ca—(lpa Zn ann_s
defines an isometric isomorphism. Here Ho(B.,) denotes the Banach space of all bounded,
holomorphic (i.e. complex Fréchet differentiable) functions on the open unit ball B, of c.

In the vector valued case, using the Hahn-Banach theorem we have that H.(Be,, X) and
H>(X) (both spaces defined in the obvious way) are isometrically isomorphic; in particular

for every finite choice of aq,...,any € X we have
N N
(2.2) supHZ a,n|| = sup HZ anz(fl(n) g
teRT 1 X z€DN T, X

Our aim is to give estimates of Qy(v) and Q¥ (v) for certain concrete operators. We will
obtain general upper and lower estimates involving (7, 1)-summing operators. Then the es-
timates for concrete operators between ¢, spaces (Theorems and will follow from
these general estimates (Theorems and , together with the following two well-known

Grothendieck-type inequalities:

e Bennett-Carl inequalities [3,[7]: for 1 < p < ¢ < oo the embedding id : £, — g, is
(r,1)-summing with 2 = 14 % — max{%, 1}, A forerunner of this result is Littlewood’s
%—inequality stating that id : {1 — E% is (%, 1)-summing.

. Kwapieﬁ’i theorem [21]: every linear operator v : ¢; — {4 is (r,1)-summing for

% =1- i % . The case ¢ = 2 is Grothendieck’s theorem.

In both results the corresponding r is known to be optimal.

3. ESTIMATES FOR IDENTITY OPERATORS

In view of Proposition our first result is a quantified version of (|1.7]).

Theorem 3.1. Let X be a Banach space. Then with constants depending only on X we have

VN

(3.1) Qn(X) = o(Z5+o(1)VIog Noglog N
N]VIJ\_41
2
(3.2) N(X) ~» ——
(log N) 2
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provided X is finite dimensional. Whereas if X is infinite dimensional, then (with constants
depending on X and and €)

1—

(33) N'"FD < Qu(X) < N'@moow
N_\ao I
(34) <10g N) t(X) < Q%(X) < Nl ot (X<

Proof. We suppose first that X is finite dimensional; then the identity idx is absolutely
(1,1)-summing. Hence for every choice of aq,...,any € X we have

ZHanH<7Tll(ldX) sup Z|x (an)| < ma(idx) sup QNsup’Z (an)n~"

n=1 IEBX/n 1 ZL‘EBX/ teR
N
_ id / —it _ id —it
=m,1(idx)@nsup sup |z ann = 1,1 (idx )@ N sup ann
teRa'€By,| o teR

This gives the upper estimate in (3.1)). The proof for (3.2) follows the same lines. The lower
estimates both in (3.1)) and (3.2)) follow from the finite dimensional case ([1.4). Let us assume
3.3)

now that X is infinite dimensional and let us give the upper estimate in (3.3[). We know from

(1.7) and Proposition that

1
 cot(X)

=S(X)=inf{oc >0|3C,VN : Qn(X) < C,N"}.
Hence for every g > cot(X) there is a constant C, such that for all N

QN(X) < C,N'a

This completes the proof of the upper bound; the M-homogeneous case follows in the same
way.
Finally, given X let us take r < cot(X). By [16, Theorem 14.5] for every 0 < ¢ < 1 and for

every N there are z1,...,xy € X so that for every z € CV
N
< <
(3.5) < H;zm L S lele
In particular, taking z = e,, we have ﬁ < ||zp||. Then we have

Sup H Z z,nt

<(QN' SUP Hj{:$n2n

2€DN

1
< Qn(X) sup [[z]l; = @n(X)N*
2€DN

1
This implies % < Qn(X) for every 0 < € < 1, hence N7 < @Qn(X). Since this holds
for every r < cot(X) we get the lower estimate in (3.3). For (3.4) let us define a,, = z,, for
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n=1,...,N (and 0 otherwise) and consider the Dirichlet series ) ark™®. We have by (2.2)

PN

) sup H Z TnZn

2eDN

< QL () sup ||zl = QL (X)N.
2eDN

Proceeding as before and by the Prime Number Theorem we have
1

N \1=% 1 M
- <
(logN> < Qn(X) <Qn(X),
as desired. O

Remark 1. For ¢,—spaces with 2 < p < co we can improve the upper estimate given in ((3.3))

1
getting Qn(¢4p) < N's, Indeed, the case p = oo is shown in Proposition For2 <p <o
we have

(i Hanup)’l’ - (ii rana)p)’l’ < (li (i:;l |an<1>|2)g>p
- (3t (e [

Now, for each fixed L we have, using Minkowski’s inequality

=1 n=
o\ > 2 1 T 2
dt| <[ lim — H it
) ) —(ngogT/_T 2 o

<supHZann

teR

Since this holds for every L we have, by Holder’s inequality,

N
Z llan|lp < N (Z ||an||p> <N supHZ ann't
n=1

4. UPPER ESTIMATES

For our first upper estimate we follow the proof of Konyagin and Queffélec [20] as presented
by de la Breteche in [9] for the scalar case together with its improvement of Defant, Frerick,
Ortega-Cerda, Ounales, and Seip in [10]. The crucial point there is the so called hypercon-
tractivity of the polynomial Bohnenblust-Hille inequality. We will use a vector valued variant
of this inequality |13, Theorem 5.3].

Note that, although the setting here is quite general, when v = id¢ then ¢ =2 and r = 1, we
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recover the scalar result ((1.4)).

Theorem 4.1. Let Y be a g-concave Banach lattice with 2 < g < co andv : X — Y an
(r,1)-summing operator with 1 < r < q. Then
1

N
(2E~ / %7%1%)(1)) v1og Nloglog N
e

q

Qn(v) <

Proof. For any natural n let P (n) be the largest prime factor of n and P~ (n) the smallest
prime factor of n, with the convention P*(1) = P~(1) = 1. For M, N € N and y < N define
the following sets

S(N,y) = {n<N|P"(n)<y}
T(N,y) = {n<N|[P(n)>y}
Tu(N,y) = {neT(N,y)|Qn)=M}.

By [9, Lemme 2.3] there is an absolute constant D > 0 such that for any M, N,y
N
(4.1) ITn (N, )| < 37 (log M) e

Note that for any y < N each n € {1,..., N} can be uniquely decomposed as
(4.2) n=kl, where k€ S(N,y) and l € T(¥,y).

Given a Dirichlet polynomial D = YN a,n* in X, let P = B~1(D) be the associated

polynomlal P(z) = ZN—1 anzy o1(n) --zd( ") with d = m(N) (the cardinality of all primes
N). With the decomposition from (4.2)) we have

2) = Zanziu(n) o Zstd(n) _ Z Zfél(k) . zscs(k) Z aklz?flrl(l) o ng(l)’
n=1

k€S(N,y) 1eT(N y)
where s = 7(y). For k € S(N,y) define
Pe(2s41y ..., 24) = Z aklzsf{l( ). .Zcol‘d(l) 7
leT(fy)

and denote by P,EM) the M-homogeneous part of Pj. Following [20], an easy calculation shows
that

2T 27r . .
Py(2) / P(e', ... et z)e(a®hitetas®id gy, gt

(2m)s
This and Cauchy’s 1nequaht1es give
M
(4.3) 1P < 1Pl < 1P
We have

levanlly— Yoo > lvall < [S(NE) b S vawlly -

kES(Ny) M211eTy (£ y) N) MZ211eTy (N )
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: e s : . M M
Using Holder’s inequality with pys = wﬁ and ph, = (q_lﬁwi_%ﬂ we get
v 1
> dwanlly < (D vandl) ™ [T (N, y) A
1€Tn (5 ) 1€Tn (¥ y)
By |13, Theorem 5.3] there is an absolute constant C' > 0 such that

1
e M
(X lvawll)™ < cMp™).

Then , and give

1
ST vaully < CMIP|Tar(N, y)| 7

Y

N
< oM supHZ ann't
teR 17—

N TN
(M (log N)y_l eDy>
N

where

hijy(@) = 2logC = (3 = )z log N - “Glwlogy
+ (3 = ) logy + 1 (y — 1) loglog N + 172 Dy .

Vl1og N

This holds for every y < N; we take y = Toglog ¥

have that, for N big enough

B (M) < <_m+ 0(1)> log N loglog N

and by differentiating and maximizing we

for every M. Then

g=1.1 1 VIog Nloglog N
e<— 2 7 (% q)+o(1)> log N log log N

N

qg—1 .

E lvaki|ly < N 4 supHE ann™
teR 11—

Viog N
On the other hand as in [9] we use that ‘S(N, lovgi)fg]yv)‘ < eMlosloeN for some p > 0. Since N
has at most lﬁ)gg];[ prime factors, we have that TM(%7 y) = 0 for each M > 1{?;;. Summarizing
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we finally have

log N
Zuvanuy <[5 LB

]IG lvaly
)lelGTM(%ﬂ/)

Vo —-1,1 1
HloglogN+ og lﬁ)gg];+(—1/27qq (;—6)+0(1))\/10gN10g10gN

keS(

T supHZ ann

teR

_ . [oaq=1,1 1 JIog Noglog N
e( 2 a7 (7 q)-‘ro(l)) Tog Nloglog N

We now present a general upper estimate for the M-homogeneous case.

Theorem 4.2. Let Y be a q-concave Banach lattice with 2 < ¢ < oo andv : X — Y an
(r,1)-summing operator with 1 < r < q. Then for every 0 < \ < %(M —1) there is D >0
such that for every N and every M-homogeneous Dirichlet series Y apn™*

logn))‘ it
ZHUCLRHY@I)M—M<D?Q£HZQNTL
qM

For the proof we need the following Lemma.

Lemma 4.3. With the assumptions of Theorem[].3, for every N and every M-homogeneous
polynomial P € P(MOY X)), P(2) = S bj,. iy zir -+ 2y we have

1
N N
q
(Z ( Z ”UbjlijHg/> ) =C Sup H Z bjl---jMij"ZjM

. . X zE .
Jm=1 3‘12‘,]1\4?12 BN " jeg(M,N)
> SIM

)

_ M—-1
where C = MMq(Y)\/iM 17rr71(v) (1 + ﬁ)

Proof. Let P € P(M¢Y, X) be an M-homogeneous polynomial, and A its associated sym-
metric M-linear mapping such that P(z) = A(z,...,2). It is well know that the monomial
coefficients bj, j,, of P and the coefficients a;,. i, := A(e;,,...,ei,,) defining A are related
in the following way

bjr...ju = card(jlaj, .y, -
On the other hand, for each j = (j1,...,jm-1) € J(M —1,N) and 1 < ipy < N we write

j)iM = (jla"'?jM—laiM) and have

card[jing] M HE[Ge=13" Kk |k =N} <M
cardj] (M =1V [{k] G =13 HekGoin)r =N} =
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With this, using the fact that Y is g-concave, we get

r

(i( > Hvbﬁ...jMuqy>2>i_<§:< 5 Hcard[j,w]vaj,wuqy);)

Jm=1 “ji,gm—1: iv=1 “j1,Jm—1:
1< <im J1<<ing

) <§N: ( 2 HCard[j’M”%’,m)H??)2)i

imy=1 jeJ(M~—1,N)

gM<i( ) ||cawouﬂmj,im||;é);>i

iv=1 SjeJ(M—1,N)

N 17\ 1
gMMq(Y)<Z < > ycard[j]vam,u)yq)

ipr=1 jej(Mfl,N) Y

N I :
gMMq(Y)<Z < > ycard[j]vam,u)y?)

iy=1ll NjeJ(M—1,N) Y

Let now pV denote the normalized Lebesgue measure on TV. By [2, Theorem 9] (see also [10,
Lemma 2]) for every P € P(M¢Y C), P(z) = Dach(M,N) Ca?” We have

( 3 )ycaﬂ) <\fM/

a€AN(M,N

N (2).

Ca?
ozGA(M N)

Applying Krivine’s calculus (as presented e.g. in [24, pp. 40-42]), this inequality also holds
in Banach lattices. Hence by Minkowski’s integral inequality,

(>

2

TN
T
Y>

(X Jeondiuag, 0F)

ip=1 jeJ(M—1,N)
N TN 7
M-1 .

< \/5 ( Z . Z Card[.]]vaj,iM (l)zjl 2 V] d:uN(Z) )

in=11"T ez (v—1,n) Y
_
<V2 / ( card(jlvaj iy, 2, 2, ) dp™ (2)
in=1 JeJM 1,N) Y

Z VAjip 2j1 """ Zgna—1

JEM(M—-1,N)

Noa / ( ;)id,uN(z).

ipy=1
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Finally we bound the integrand. We first apply that v is (7, 1)-summing and in the final
step |17, Theorem 1]
-
Y)
N

N
(>
< Wr,l(v) Sup Z 37/< Z Ajing g1 " sz1> ‘

ip=1
!
v'€Bx1 =1 JEM(M—1,N)

N
/
E : € < E : Qj,in %j1 "'ZleyiM>‘

=1 JEM(M—1,N)

Sl

Z VAj,ipn 2g1 """ Rn—1
JEM(M-1,N)

=mp1(v) sup sup
.’E/GBX/ yEBéN
[e o)

=7r1(v) sup  sup |2 (A(z,...,2,))]
CC’GBX/yEBl]o\]o

1 M—-1 1 M—-1
<o (1) (e Ple=mo (1) 1Pk

This gives the conclusion. O

Proof of Theorem[{.2 In order to keep the notation as simple as possible we define

(qfl)M*q(%fﬁ

Wy = i
Given N and an M-homogeneous Dirichlet series Y a,n°, we define the M-homogeneous
polynomial
PN X, P(x)= Z bizj, - Zjur s
JET(M,N)
where

by = bjy.jns = {apn“'pm if pj - pjn < N
1---JM °
0 else.

We begin by splitting the sum and then bounding it using Hélder’s inequality with ¢ and ¢*:

N
[van| A [[vbslly A
> logm)t = Y T opy 37 (08D~ Pi)
n=1 jEJ(M,N) J1 JIM
N A
< Z (M log pj,,) Z [vbslly
iy w
=1 Pins ™ JsesdM—1 (pjl N 'ij_l) "
J1<<im
. (logpyy,)* g -
A 0g pj 1 —q*w 1
<M Z D WAA/; < Z ||Ub_]||§1/> ( Z (pjl o 'ij—l) M>
Jm=1 Jm J1yesdM—1" J1yesdM—1"
J1<.<im J1<.<jim
N (1 ))\ 1 ]\4:1
A 0g Pj 1 —q* 1
< 57 CERT (5 ety ) (3 )
Jm=1 IM JLoe M -1 J<im

< Sim
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Using the fact that for 0 < a < 1

-«

x
—Q T—00
Z b ~ logx

p<z
| o s M=1
NEREENE
logij

(see e.g. [26, Satz 4.2, p.22] we get
Using this and again Holder’s inequality (with » and 7*) we finally obtain the following bound:

M—-1

<Z qu*wM> -

J<im

M—1 1

o [lvan| 5 (logpjp) 0
X |
> o < art 57 BEP T (57 iy )
n=1

= Im=1 pj]\/[ "

JlsesdM—1
J1<<jim
N r* ,\fb) &/ N e\ *
10 . ( a* T q T
SM*(Z 008 Piae) ) (Z( > ||vbj|r%) ) .
Jm=1 Piar Jm=1 “j1,edm—1
1< <jm

The left factor in the upper product converges for all A < ]V{] A = E(M — 1) since, by the

q
prime number theorem, we have
1

N pr (M1 L N oo (M1 1
(log pj,) ( i ) " (log(nlogn)) ( @ ) "
< Z J ) < <Z nlogn '

Jm=1 Piar n=1

For the right factor Lemma and (2.2) finally give

1

N 2 T
ST b)) < s | S wn, -
M= .7'12-»]24'71 >~ JEJ(M,N)

1< S<jm

Y

and this gives the conclusion. ([l

5. LOWER ESTIMATES

Getting lower estimates requires to find M-homogeneous Dirichlet series satisfying certain
properties. We find them following the ideas of Maurizi and Queffélec in the scalar case
(see [25, Theorem 3.1]). In one case (Theorem we use probabilistic techniques, whereas
in the other case (Theorem we give a deterministic way through Schur matrices.

Theorem 5.1. Fizr 1 < p < 2 and M,K € N. Then for every N there exists an M-
homogeneous Dirichlet polynomial Zgzl cnn”% in Eff such that for every p < q we have (with
constants not depending on N )

N

1 N
(5.1) leall ~ KT —
; e (log N)M
and
N 1
. N3
(5.2) supHZ ean| < 72MK1
n=1 P (lOg N)7

teR
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For the proof we need first two lemmas.

Lemma 5.2. Given M there exists a constant C' > 0 such that for every finite I C {n € N |
Q(n) = M} and every choice of scalars (an)ner C C we have

/ H 3" angn(w)zpt ™o

nel

P(Meg,,C)

N

<C [IBg;(\an\ 1+ logcard I + (nzel|an|2> \/rlogM] ,

where g, for n € I are independent Gaussian random variables and r = max{w(n) | n € I}.

Proof. We choose independent Gaussian random variables (g,)ner and consider for each w
the M-homogeneous polynomial

Pw(z) = Z angn(w)z‘lxl(n) . Zgr(n) )
nel

Then [19, Chapter 6, Theorem 3] implies that there is a constant C; > 0 such that

(5.3) P <||Pw||oo > () mﬂ%W) < Ml%r-

nel

Moreover, by [22, Proposition 6.8] we have

/||Pw\|oodw < G/max‘
nel

1
tgzinf{t>0|m(||Pw||oo > 1) < g 3}.

() .. par(n)

nGn (w)zfl 28

dw + 619,
o0

where

Now, (5.3) and the fact that M2e” > 8,3 for M, r > 2, give that ty < Cg(anzl |an|2)%\/rlogM
for some Cy > 0. On the other hand,

angali0) 5" -2

:/max|angn(w)] sup |zf1(n)---z7?""(")|dw

< max |ay| /max |gn(w)]|dw < (max ]an|)\/1 + logcard I,
nel nel nel

max }
nel

where the last inequality follows from [28, Proposition 45.1]. This completes the proof. [

Lemma 5.3. Given M € N there exists a constant C > 0 such that for every 1 < p < 2,
every K € N, every finite I C {n € N | Q(n) = M} and every choice of scalars (an)ner in C
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we have

dw
'p(]\/ler gK)

/Hza" Zekn €k> ai(n) 20 ()

nel

<C

1 1_1
(ma;c\an] 1+ logcard I + (Z‘anP)? WlogM)KE‘i
ne

nel

+max <|an\

7))

where (epk)n i i a family of Rademacher random variables and r = max{m(n) | n € I}.

Proof. We choose independent Gaussian random variables g, forn € T and k=1,..., K. It
is a well known fact that the Rademacher averages are dominated by the Gaussian averages
(see |16l Proposition 12.11})):

/HZan ngn €k>zl 1(n )...Zﬁvr(n)

nel

w
Par(05,,45)

< /HZ% ngn ek) 1) ()

nel

dw
P (ﬁgo ,@{7()

/H S gl (W?l(m,. Sor() k)H oy
€tp

nel
1<k<K

By Chevet’s inequality 28| Corollary 3.2] we have

ar(n) | ar(n)
/H Z 9kn (@) (anzy “r ®€k)HP(1‘MgO)®E£{,<dw

nel
1<k<K
1 K
r 2\2
<[ s (S aro) [ swren]]
y' eP(Mer) k=1 P
ly/lI<t
1
5 ar(n)
() IS, o
yEBK/ Z Z n r P(Myr)

nel

Note that for 1 < p <2

[NIE

1
H (Zly )" = sup (Zw )* = lid: € - 6| = K3,

VEB K =1 /zK =1
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and from the proof of |15, Lemma 4.2] we know that

1
2
sup <E Y (a ) Ssup(a
yePMir) v/ (@ nel lan]
lly' H<1

« . T T
( '))Hldzﬁoo—>€2HM

= Sup<|an|
nel

Moreover, by [28, Proposition 45.1]

K
[ e
k=1

Finally, Lemma gives the conclusion. (|

1
‘ dw < K.
o

Proof of Theorem[5.1. We fix N and M and consider

We define the set I = {n € N | n:pilu'pw, 1<iy <ig...<ipy <r}. Note that by the
definition of 7 for each n € I we have n < pM < N. Given K € N and Rademacher random

variables (e,k)1<n<n, we define the M-homogeneous Dirichlet polynomial D, in f by
1<k<K

N N K
D,(s) = Z cpn” %= Z an (Z Enk (w)ek) n_°,
n=1

n=1 k=1

where

1 ifnel,
an =
0 ifné¢l

Then we have

K 1 )
leally = (3= lansanerl?) * = lanl K,
k=1

and hence
N 1
> llenlly = Ka card I .
n=1

L
By the prime number theorem r = W(N%) ~ ng, and hence card I = () ~ TWM, ~

This gives (5.1)).
We take now the M-homogeneous polynomial P, = B8-1(D,,). By Lemma |5.3| and (2.2) we

__ N
(log N)M
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have

J 1Dl = [ 1P

1
< [(max|an| 1+ logcard I + (Z |an|2> 2 /rlogM> Kv 2
nel el
a(n)!) M1
K
+i1§}’(’“"|\/ ) }

Using again the estimate for card ] and the fact that sup,ea(a) \/]% < 1 we easily get

that the second summand is the one that increases faster. This gives (b.2)) and completes the
proof. O

Our second lower estimate will follow from the following result.

Theorem 5.4. Let 1 < p < 2. Then for each K there exists an M-homogeneous polynomial
P 3TE 0K P(z) = 2 lal=m CaZ”, such that

(5.4) S lealla =K

and

(5.5) sup H Z ca2®

2€BMEK T GeN(M,MEK)

Proof. Let (a;j)i; be a complex K x K-matrix satisfying

K
> apbgm = Kbim and  |aym| =1 forall l,m € N
k=1

2miml

(for example take a,,; = e kK ). With this we define the M-homogeneous polynomial P :
Ky E{f by

P(z) = E : Alipg Qippipg—1 " " Vigiy1 Zig FK +ia ** " B(M—1)K+ip Cins -
iEM(M,MK)
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Let us show that P satisfies (5.5). Indeed, if 2 € Byux, we have by the conditions of the
matrix (aij)m' that

K 2
2 _ P L
1P(2)]lz = § : ‘ E : Aling Qipping—1 " * " Qigin %y~ Z(M*]-)K‘H;M’
iv=1 ieM(M-1,K)
K 2
< E : ‘ E : Qipping—1 * " Figiy Riy * " F(M—2)K+ip_1
iv=1 ieM(M-1,K)
- E : E @inging—1 Vingjing—1 * " Z(M*2)K+’L']\/I—lE(M*Q)K‘i’jlu—l
iy=lijeM(M-1,K)
:< E , @ingving—20jns—1jnr—2 """ Z(M_Q)K+iM—12(M_2)K+jM—1
i,jEM(Mfl K)
E alMlM 1 @i ng— 1)
iy=
2
=K E P Qi R )
- (M—=2)K+in—1 iV 1902 (M—=3)K+in—2
iv—1=1 ijeM(M—-2,K)
K 2
SK E ‘ E aijw_liju_g et ai2i1zi1 Tt Z(M—3)K+iM72

iv-1=1 LjeM(M-2,K)

Repeating this argument we finally end up in

K
P <K S| s =K 5 (3 i)
2=

=1 4;=1 i1,J1=1 “ip=1

K
:KM—I Z |Zi1|2 < KM

i1=1
Thus,

. 1_1 M
sup  [[P(2)]lp < lid: £ = &[] sup [|P(2)]la < K#» 2K

2€B,k M 2€B,k M
(oo} oo

On the other hand P satisfies (5.4) since

Z [eallz = Z @i @ipring—y ** * Qinir €ipg |2

a€A(M,MK) ieM(M,K)
1
2
- Z (Z’ahMaZIWZJW 1 “'a/izileiM(k)’2> = Z 1= KM
ieM(M,K) e MOLE)
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6. ESTIMATES FOR OPERATORS IN {,, SPACES

We begin with an estimate of Qn(v) when v is the inclusion from some ¢, to some other .
This gives a sort of quantified version of ([1.8)) and ([1.9).

Theorem 6.1. Let 1 < p < g < oo. Then with constants depending only on p,q we have:

VN

ifl1<p<2
(61) QN(ld . ep s gq) < . 7—max{ }+o Vlog N loglog N
N ifp>2.
For1<p<2 and)\<% we have
]M—Q(%—max{%,%}) NM—Q(%—max{%,%})
2M 2M
6.2 <QM@id: e, — 1) < :
" (log )L vty ) (log N)?
and for 2 <p < q< oo cmd)\<q;ql(M—1)
N'w
p
6.3 Mad:e,—¢ — .
(63) QYA+ 6y = ) < (s

Proof. The estimate in follows immediately from Theorem and the Bennett-Carl
inequalities (see Section ; indeed if 1 < p < ¢ < 2, then ¢, has cotype 2 = 2-concave and
the inclusion £, — {, is (r,1)-summing with % = % + % - %. If1 <p<2<ygq, we clearly
have that Qn (£, — ¢4) < Qn(¢p — f2) and hence this case follows from the preceding one.
Finally, for 2 < p we have Qn({p — ¢;) < Qn(fp — £;,) and the estimate is a consequence of
Remark [l

The upper estimates in and follow easily from Theorem For1<p<¢g<2
the space ¢, is 2—concave and the Bennett-Carl inequalities (see Section imply that the

4

embedding ¢, — {, is (r,1)-summing for % = % + % — %. Then Theorem [4.2| implies that for

every M-homogeneous Dirichlet series > a,n™* and A < % we have

M 2(%7%) M,g(;,l)

]Og ) N 2M i
ZHaan_ ZH n”q (3 1) S Tlog M) SupHZa”” t
P 4/ n=1

P q
2M

If ¢ > 2 we clearly have that Q¥ (¢, — Eq) < QX (f, = £3). The case 2 < p follows in the
same way.

For the lower estimate in let us first note that the case 1 < p < 2 < ¢ follows
immediately from the case ¢ = 2 since clearly Q¥ (id : £, — £) < QN (id : £, — £,). We
W(Nﬁ)

choose K to be the biggest natural number smaller than and take the M-homogeneous
polynomial > c,2® from Theorem . Then for every a« € A(M, MK) we have that p® <
p% x < N. We define the M-homogeneous Dirichlet-polynomial Zgzl ann”® by

0 else .

{% if o € A(M, MK)
CLpa =
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Clearly,

N
Dollanlla= > llealle = KM,
n=1

aeA(M,MK)

and by (22)

N

E a2

a€A(M,MK)

sup
teR

= sup
p ZGBZ%K

ann't
n=1
Hence

M- M_(l_,)
Qnd: b, — ly) > K2 'p 2

1 1
By the definition of K and the prime number theorem K > N = N e
Mlog (Nﬁ) log N
M-2(-1)
1
N ’
M /.
d:tl, — ¢
QN (id: 6 = £2) > (logN)

In this way we get a lower estimate for the case ¢ = 2 using a deterministic argument. This

case follows also by a probabilistic argument, that is actually more reaching, since it also gives
1

the lower estimate for 1 <p < ¢ < 2. Given N and M we take K = w(N ) in Theorem

This gives

NIt u Nztim
7]\4_'_1 < QN(ld N eq — eP)W’
(logN)™ " (logN)z"»
and this gives the conclusion. (Il

Finally, the quantified version of ([1.10)) is
Theorem 6.2. Given an v : {1 — {4, we have

VN

orl<qg<?2
(6.4) Qn(v) < § (G tol) vios NToghog ¥ f q<
Nate for2<qg< oo
and
N%_ﬁ(l_%) M—1
T log Y for1<q<2and0 << 5=
M [€ T i 1
(6.5) Qn (v) < 7Ngog"N)§M for2<q < M and 0 <\ < (M —1)
Nzte for%<q<oo.

Proof. Let us note first that for v : {1 — ¢, we can always do

N N N
> lvanlly < lloll Y- llanli < ol @x (e sup || > ann®
n=1 n=1 teR n=1

. .

Then (3.3)) gives that both Qx(v) and QY (v) are < N2t If1 < q < 2, then ¢, is 2-concave
and, by Kwapieri’s theorem (see Section [2)) every operator v : £; — ¢, is (r,1)-summing for
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1 _3_ 1

F=9" g On the other hand ¢, for 2 < ¢ < oo is g-concave and every operator is (r, 1)-

summing for 1 = % + % These facts, together with Theorem ! and Theorem . give the
1

conclusion. Note that for 775 < ¢ < oo we have (1 — ) — o > 1 O

7. THE WIDTH OF THE STRIPS ARE ATTAINED

By the very definition of the number S(v) of an operator v : X — Y we have that for every
Dirchlet series in H*>(X),

1
Z [vanlly —smyee nS)+e <00

n=1

The following vector valued analog of (1.1]) (and also ([1.5)) shows that in certain situations
this inequality even holds for ¢ = 0, and that we can even go a little bit further.

Proposition 7.1. Let Y be a g-concave Banach lattice, with 2 < ¢ < oo, andv: X — Y an
(r,1)-summing operator with 1 <r < q.
(1) For every D =) apn™° € H™(X) and every e > 0,

(21 %—%—e)\/lognloglogn

q

o0

e
ZHUGHHY 1 < 00.
n=1 a

n

(2) For every D =3 ap,n™° € H3(X) and every 0 < A < q;ql(M -1)

(log n)*
Z lvan |y —(q D11 < 00.
qM

Proof. For the proof of (1] let us note first that combining [1, Theorem 1.1] with the Hahn-
Banach Theorem we have that there is a constant C' > 0 such that for every Dirichlet series
in H*(X)

N
H Z apn”
n=1

1
_ . _ / =—1. .
Let 7 := 2%, /% — é. Since the sequence e(7—€)vlognloglogn, 3= is Jecreasing from some ng

on, we have, using Theorem

< ClogNH Z anpn”°®
n=1

6(7' 6)\/10g2kloglog2k 2k+1
Z [vanly

o0
Z Hvan\ly (r— g\/m<<z

k=0 2 n=2k
oo (7—¢)/log 2F log log 2 o
- +1
lo 2k+1 D D
< kzo o(TH0(1))1/log 27+ 1 log log 2++1 0g | D]|oo < [|D]]oo 2 \/W
On the other hand follows from Theorem proceeding as in 1, page 297]. 0

Clearly this result applies to the embeddings id : ¢, < ¢, and for operators v : {1 — {,.
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