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Abstract

In this work a technique to improve the condition number s; of a simple eigen-
value A; of a matrix A € C"*" is given. This technique obtains a rank one
updated matrix that is similar to A with the eigenvalue condition number of
A; equal to one. More precisely, the similar updated matrix A + v;q*, where
Av; = \;v; and ¢ is a fixed vector, has s; = 1 and the remaining condition num-
bers are at most equal to the corresponding initial condition numbers. More-
over an expression to compute the vector ¢, using only the eigenvalue \; and its
eigenvector v;, is given.
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1. Introduction

Let A € C™*"™ and let A\; be a simple eigenvalue of A with associated right
and left eigenvectors v; and [;, respectively. The condition number of \; is given
N ol 1]

vi|| |1
" el 7T
that is, s; is the inverse of the cosine of the angle between the right and left
eigenvectors of A associated with A; (see [6, 8, 9]). To compute s; some authors
assume that the right and left eigenvectors are normalized. However, we assume
that the right eigenvectors are normalized and the left eigenvectors are chosen
in such away that [Jv; = 1.

The interpretation of the condition number of an eigenvalue A; is that an
O(e) perturbation in A can cause an O(es;) perturbation in the eigenvalue A;.
So, if s; is near to 1 a perturbation in A will have less effect. Byers and Kressner
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[5] study the variation of the condition number of a complex eigenvalue under
a real perturbation and they show that restricting the backward error to be
real the condition number decreases at most by a factor of 1/4/2. Therefore, an
interesting and more general problem is the following: Can we update the matrix
A maintaining the same spectrum and improving the corresponding eigenvalue
condition numbers?

In this work, we show that an n x n complex matrix with n distinct and
ill conditioned eigenvalues can be updated, with a rank one perturbation, to a
similar matrix such that one of its eigenvalue condition number is one and the
remaining eigenvalue condition numbers are less or equal than the correspon-
ding of those of the matrix A. In addition, the sensitivity of eigenvectors are
given. Finally, Theorem 2 gives a method to obtain this rank one perturbation
where it is only necessary to know one eigenvalue and its corresponding right
eigenvector.

It is worth to note that the rank one modification has also been used to
update the singular value decomposition [3] and the symmetric eigenproblem
[4].

2. Improving eigenvalue condition numbers

In this section we apply the Brauer’s Theorem and the results given in [2, 7]
to improve the eigenvalue condition number of a matrix with pairwise distinct
eigenvalues.

Theorem 1. Let A € C™"*"™ be a matriz with eigenvalues A1, Aa, ..., Ay, pair-
wise distinct, and vy, va, ..., Un, their associated unit right eigenvectors. Let
S1, S2, ..., Sn, be the corresponding eigenvalue condition numbers. Then, there
erists an m-dimensional vector qcy, with qi“l)vl = 0, such that the matriz

AL = A4+ Ulq(*l) is similar to A and the corresponding condition numbers of

its eigenvalues satisfy that sgl) =1 and sl(-l)

if vgl), v§1)7 ey v%l) are the associated eigenvectors of AV, then

< s;, fori=2,3,...,n. Moreover,

o | = < > | = vie] i=2,3,...,n.

Proof. Let ¢ be an arbitrary solution of the equation ¢*v; = 0. By
the Brauer’s Theorem (see [1, 2]) A and A + v1¢* are similar matrices. Let
l1, lo, ..., Iy, be the left eigenvectors of A associated with Ay, Ao, ..., Ay, Tes-
pectively, and such that [v; = dij, 1,7 = 1,2,...,n. Then, the eigenvalue
condition numbers are

l[oall 1% :
si=——=|l;||, i=1,2,...,n.
= i
By [2, Propositions 1.1. and 1.2.] and [7], the right {wi,ws,...,w,} and
left {ry,7a,..., r,} eigenvectors of A + v1¢* associated with A1, Aa,..., A,, are



respectively

w1 = 11, w; = Vi — 1 7':2737 , 1,
v A (1)
TTZZT+212)\1 1.1* ri =17, 1=2,3,...,n.
Since
TT’lUl = TT’Ul = (ll + Z )\1 l*> v1 = llvl —+ Z )\1 l)\. ;-k'Ul = 1, (2)
qvi q*v- .

riw; = Uw,=1] <vi N _1)\i v1> =1ljv; — N _Z)\i =1, i=2,3,...,n,
the condition numbers §; of the eigenvalues \;, i = 1,2,...,n, of the updated
matrix A 4+ vi1¢* are

. [[wa ]l I

51 = - = vl lrall = [,

|riws | (3)
oo Malllimall el s =
55 Trw lwsll ]l = llwsll i, i=2,3,...,n
;s Wq
Therefore, §; < s;, whenever |lw;|| <1, for i =2,3,... n.
Since w; = v; — /\q Yi Y v1, by the approximation theory the vector w; has
1
*
minimal norm when )\q Ui "y vy is the orthogonal projection of v; on span{v; },
1
that is, when
avi v >

vy = Proj,, (v;) = vy = (viv;) v1.

A=A [|lv1 ]2

Then, we need that the vector ¢ satisfies the following system

qgvi = 0, (1)
v = (A —N) (vivi), i =2,3,...,n.

Let g(1) be the unique solution of this consistent system. Consider now the
updated matrix with this unique solution AM = A + vlqz‘l) and let us denote
the eigenvectors of this matrix with the superscript (1). By (1) the right and
left eigenvectors of A(), {vgl), vél), ... ,US)} and {l%l), l;l), ... ,l%l)} respectively,

associated with A1, Ao, ..., \,, are given by
Ugl) = V1, Ugl) :Ui_(vai)vla i:273a"'7na 5
() =t + S vio) 1, (89) =1, i=23n
Since v; and vy are unit vectors, note that val)H <1, fori=23,....,n

1)

Then, by equation (3) applied to the right eigenvector v; ’, the corresponging



eigenvalue condition numbers of A satisfy

sz(.l):‘vz(l)H Siési, 7::273,...711.
It remains to prove that 5(11) = ng)H = 1. The right and left eigenvectors of
AWM gatisfy
<v(1) v§1)> = (vgl))* vV =0, and
<o 1V 5= (lgn) ol = Y i) 1| (v = (wiv) v) =0,
j=2
fori=2,3,...n. Then
1
l:(Ll) € span {v§1)7 vél), e v,(ll_)l, vg)} = span {v%l)} ,
and therefore
151) = avgl).

*
Applying equation (2) to the new eigenvectors we have (Zgl)) v%l) =1. On the

other hand,
* * 2
() 0 () ) o] -

Then, « =1 and

1 1
1 =, (6)
Using equation (3) sgl) =1, since Hv%l)H =1
Finally, by (5) we obtain
‘vl(l) vl =] <wv, v >|=iv| i=2,3,...,n.
0

We illustrate the results of Theorems 1 with the following example, where
we have used MatLab.

Example 1. Consider the matrix

—149 —-50 —154 -1
537 180 546 2
=27 -9 =25 1

0 0 0 2.9999

A:

with eigenvalues \;1 = 1, Ao = 2, A3 = 3, Ay = 2.9999, and the corresponding
eigenvalue condition numbers

51 = 619.826169515, sy = 437.718033299,
s3 = 1006180.948310136, s4 = 1006143.406357263.



Applying Theorem 1 with the right eigenvector v; associated with A\; = 1 we

obtain the matrix AN = A + vqu‘I), similar to A, such that its eigenvalue
condition numbers are

sV = 1, s = 60.9478235921,

s = 252507.4326370870, s\ = 252533.6146298055.

Remark 1. Note that if we apply Theorem 1 to the matrix of the Example 1
using the eigenvalue A3 = 3 we obtain the updated matrix A1) = A + vgqé)
with the eigenvalue condition numbers

s 155.5492761525672,  s4") 167.7693394271733,
s = 1, s\ = 36.7972549222763.

This fact shows that the improvement of the eigenvalue condition numbers
depends on the eigenvector with we are working on. Then, to choose the eigen-
vector to use is a natural question. The following theorem gives some insight
on this question.

Proposition 1. Let A € C"*™ be a matriz with eigenvalues A1, Ao, ..., An,
pairwise distinct. Let vy,va, ..., v, and let ly,lo, ... 1, be their associated right
and left eigenvectors, such that, ||v;]| =1, ¢ = 1,2,...,n, and [Jv; = &;;. Let
S1,82,...,8n be the corresponding eigenvalue condition numbers.

Let AN be the matriz obtained by applying Theorem 1 to matriz A working
with the right eigenvector associated with 1. Then the eigenvalue condition
numbers of AN are given by

Sgl) =1, and 851) = [sin(ou)| si, for 1=2,3,...,n,

where aq; denotes the angle between the vectors vy and v;.

Proof. Let ay; be the angle between the vectors v and v;, 1 = 2,3,...,n.
By definition of eigenvalue condition number we have, for i = 2,3, ..., n, that
@[,
_ 1% H ki H _

s, =

1
o sl = |

PRI £ L B L (1) P 2] . .
‘(l?”)*v?”’ ‘ v; H s; = |sin(aq4)]| si-
O

Consequently, smaller angle between the vectors v; and v; better eigenvalues
condition number sgl) of AW, Of course an alternative method can be used for
instance choosing the eigenvalue with the largest condition number as we can
done in Remark 1.

Next result gives an expression to compute g(;) by a matrix vector product.
Note that this expression use only one eigenvalue and its right eigenvector.

Theorem 2. The unique solution of the system (4) can be obtained directly by
q(y = vi (M1 — A). (7)



Proof. Consider the similar matrices A and A = A+, qz‘l) of Theorem 1.

Let J4 = VLAV be the Jordan form of A, where
I
I3
V=[vvg...v,] and V'=1] 7 |,
I

with |lv;|| =1, i =1,2,...,n. Then
-1
Ja=J40 = (V<1>) AOY ),

By equations (5) and (6) we have

v = [051) vél) ’(}7(11)] = [v1 vg — (Viv2)vy ... v, — (ViVL)U1],
v
-1 I3
(V(l)) = :
b

Therefore, A1) = (V(l)V_l) A (V (V(l))71> = Tl_lATl7 where

U1
l5
T = [vive ... vy . = v10] + v2ld +vgls + -+ vl
I
vivy + 1 —vlf =T+ v (v =17),
7 = T—v (vf=13).
Then,
AW = Aol =TT ATy = (I — vy (v = 1)) A (1 + o1 (vf = 1))

= ([ —vi(v] = 17)) (A+ Awvr (0] — 1))

= A+ v (v] = 17) —v1of A+ ol] — Aoy (0] = 15) v (0] = 17)
= A4 Mo —vvfA

= A+uv (Ao —ovi4A).

Note that, the vector Ajv] — vi A satisfies
()\1”[)1< — ’UTA) v = )\1’1)1%)1 — ’UTA”Ul = )\1”1)1”2 - )\1”’[)1”2 = O,
and for i =2,3,...,n,

(Mo — v A)v; = Ao, — 0] Av; = Mojo; — Moo, = (A — \p) (0] ;).



Then, the system (4) has a unique solution
qy = Mvp — v A =07 (M1 — A).
O

Remark 2. Note that this rank one updated process can be applied recursively
without losing the improved condition numbers. That is, with the matrix A1) =

A+ vlqz‘l) we obtain a rank one updated matrix A = AM 4 vél)q&), where

vél) is the right eigenvector of A associated with Ay and where q(2) is obtained
by the updated expression (7)

iy = (1£7) (27 = 4").

Now, the eigenvalue condition numbers of the eigenvalues of A \; and X,
are both equal to 1 and the remaining condition numbers are less than or equal
to those of the initial matrix.
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