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ABSTRACT. We prove under Martin’s Axiom that every separa-
ble metrizable space represented as the union of less than 2% zero-
dimensional compact subsets is zero-dimensional. On the other hand,
we show in Z F'C that every separable completely metrizable space with-
out isolated points is the union of 2* pairwise disjoint copies of the
Cantor set.
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1. INTRODUCTION

We say that a space X condenses onto a space Y if there exists a continuous
bijection f: X — Y. A space X has a weaker connected topology (also called
connected subtopology) if X condenses onto a connected space. In the article [6]
on connected subtopologies, the following two results were proved:

(a) Let C, be the Cantor set, for each o € A, and X = @{C, : a € A} the
disjoint topological union of the spaces C,. The space X has a weaker
T3 connected topology iff it has a weaker Tychonoff connected topology iff
|A| Z w1.

(b) If I, is the unit segment [0, 1], for each o € A, and X = P{l, : a € A} is
the disjoint topological union of the spaces I, then space X has a weaker
T3 connected topology iff |A| > w.

In Section 3 of this article, we study the problem of when the spaces of
the form {C, : a € A} or @{l, : @ € A} admit connected metrizable
subtopologies. Here we mention three more results on connected subtopologies
presented in [4] that will be used in the sequel.
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Theorem 1.1. Let X be a metrizable space of weight k < 2%. If there exists a
closed set P C X which admits a condensation onto a connected non-compact
metrizable space, then X condenses onto a connected separable metrizable space.

Theorem 1.2. FEvery metrizable space of weight 2“ admits a condensation
onto a connected separable metrizable space.

Theorem 1.3. Every metrizable space of weight k > 2% with achievable extent
admits a weaker connected metrizable topology.

Recall that a metrizable space X has an achievable extent if X contains a
closed discrete subset of the size equal to the weight of X.
The authors of [6] rose the following problem:

Problem 1.4. Is it true in ZFC that the topological sum of wi copies of the
Cantor set condenses onto a connected compact space?

Delay and Just in [3] gave the negative answer to the above problem under
the assumption that the real line cannot be covered by w; nowhere dense sets.

In Section 2 of the article we show under M A that if separable metrizable
space X is a union of less than 2 zero-dimensional compact subspaces, then
X is also zero-dimensional. In particular, under M A + —-CH, all metrizable
subtopologies on the space @{Cy : @ € w1} are zero-dimensional. This result
and Theorem 1.2 together imply that the existence of a connected metrizable
subtopology on the topological sum of w; copies of the Cantor set does not
depend on ZFC.

We also prove in Section 2 that the topological sum @{I, : a € A}, where
each I, is a copy of the unit segment [0, 1], admits a connected metrizable
subtopology iff |A| > w.

In connection with Problem 1.4 we show in Section 3 that the topological sum
of 2¢ copies of the Cantor set condenses onto the closed unit interval and, even
more, it condenses onto every compact metrizable space without isolated points.
Finally, we generalize the latter fact and prove that every separable complete
metrizable space without isolated points can be represented as a disjoint union
of 2% copies of the Cantor set.

The reader can consult Kunen’s book [5] for details about Martin’s Axiom
(for short, M A).

2. CONNECTED METRIZABLE SUBTOPOLOGIES

Let C, be the Cantor set for each o < wy and let X = @{Cy : @ < wy}.
We consider the question whether X admits a connected metrizable subtopol-
ogy. Notice that under CH, the answer is affirmative, since one can apply
Theorem 1.2.

The next theorem, combined with the well-known fact that every metrizable
space of weight < 2¢ admits a separable metrizable subtopology (see Lemma
2.5 in [4]), implies that the answer to the question is “no” under M A + -~CH.

In what follows the family of all finite subsets of a set A is denoted by [A]<“.



Connected metrizable subtopologies 141

Theorem 2.1. Suppose that M A holds. Let X be a separable metrizable
space represented as X = Ua<ﬁ K., where Kk < 2% and every K, is a zero-
dimensional compact subspace of X. Then X is also zero-dimensional.

Proof. Let B be a countable base for X. Pick a point g € X and take any
element W € B such that zqg € W. We have to show that there exists a clopen
set U in X such that zg € U C W.

Notice that for every a < k, the open subspace K, NW of K, is o-compact
since K, is compact and metrizable. Hence, we can represent each K, in the
form Ko = U, c,, Ka,nU(Ko\W), where the sets K, ,, are compact and satisfy
Ko € W. Therefore, we can assume from the very beginning that K, C W
or K, NW = & for each a < k.

Let us consider the following family:

P={(FN: Fel, y,Ae B, el

Jrcw. UrnUn—o. Uxaguwu(w}.

acF

It is easy to see that the family P is not empty. Now we introduce a partial
order < in P by the following rule:

(F1,71, M) < (Fo, 72, A0) <= I, CFL & 2 Ty & A CAp

We claim that the poset (P, <) satisfies the countable chain condition. In-
deed, let @ C P be a subset of cardinality 8;. Since |B| = Xg there exist
Q* CQ,~* € [B]<¥, and \* € [B]<“ such that |Q*| = R; and all elements of Q*
have the form (F,v*, A\*) with F' € [5]<%. Take two elements P; = (F1,v*, \*)
and Py = (Fy,v*, A\*) of @*. It is easy to see that P = (F} U Fy,v*, \*) is in P,
P < Py and P < P,. This proves our claim. In fact, almost the same argument
shows that (P, <) is o-centered.

For every a € &, put Dy = {(F,v,A) € P : o € F}. Let us verify that
D, is dense in (P,<). Take an element P = (F,v,\) € P. It suffices to
find an element P* € D, such that P* < P. If K, C |JyUUA, then P* =
(FU{a},v,\) € D, and, clearly, P* < P. Otherwise, we put T = K,N{J~ and
T = K, ﬂm Then T and T are disjoint, and we may assume that T} # &.
Then, clearly, K, C W. Since K, is zero-dimensional, there exist clopen sets
A and B in K, such that AUB = K,, ANB =@, and T} C A, T, C B.
Evidently, the sets A and B are closed in X. Therefore, the sets A U m and
BU m are closed in X and disjoint. We choose disjoint open sets O and O3
in X such that AU m C 07 and BU m C O,. In addition, we can take O
with O; C W, since AU m C W. Let +' be an open cover of A by elements
of the base B such that W C 01, and X an open cover of B by elements of
B such that [JN C Oy. Tt is easy to see that P* = (F U {a},yU~,AUN) is
an element of P. In addition, P* € D, and P* < P. In the case when 77 = &
we take P* = (F U {a},v,AUX). Then again P* € D, and P* < P.
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We have thus shown that D, is dense in (P, <) for each a < k. It is also
clear that the cardinality of the family D = {D,, : « € x} is not greater than
Kk < 2¥. Hence, M A implies that there exists a D-generic filter G in (P, <),
that is, a filter G C P such that G N D, # @ for each a < w;. Now we define
two open subsets U and V of X by

U=|J{Jv:3 Fel[x]= 3 Xe B such that (F,y,\) € G},

V= J{lUr: 3 Feln™ 3 v€ B~ such that (F,7,\) € G }.
Let us check that the sets U and V satisfy the following conditions:

(1) xoe U CW,;

(2) UNV =g;

3) UUV =X.

Condition (1) follows from the definition of P. To show that (2) holds we
note that if P, = (Fi,71,A1) € G and P, = (Fa,72,\2) € G, then there exists
P = (F,v,\) € G such that P < P; and P < P,. Therefore, 77 U~y C ~
and A\; Uy C A Since JyNUA = @, we have that [Jy N JX2 = @ and
U NnUM = @. Hence, JyNUA = @ for arbitrary v and A that are used
to form U and V. To check (3) we note that for each a < &, there exists
P = (F*,v*,A*) € GN D,. Hence, @ € F* and K, C (IJ~v*) U (UX*). Since
Uy* CU and JA* CV, we have K, CUUV. It follows from (1) and (3)
that V # @ and, hence, U and V are clopen sets in X. Thus, the clopen set
U C X satisfies zg e U C W. O

Corollary 2.2. The existence of a connected metrizable subtopology on the
space X = @{C, : a € w1}, where each C,, is a copy of the Cantor set, does
not depend on ZFC.

In the second part of this section we study the problem whether there exists
a connected metrizable subtopology on the space X = @{I, : o € A}, where
each I, is the unit segment.

Example 2.3. Let I, be the unit segment [0,1] for each n € w and X =
@P{I. : n € w}. Then the space X condenses onto a connected non-compact
subspace of the plane R2.

Proof. Let {ry, : n € N} be the set of rational numbers in [0, 1]. For each n € N,
put
Jo={(z,rp) ER*: 1/n <2 <1}

and Jy = {0} x [0,1]. Let us consider Y = [J{J, : n € w}. We claim that ¥’
is a connected subspace of R2. Indeed, let U be a clopen set of Y such that
Jo C U. Since Jy is compact, there exists € > 0 such that if U = {(z,y) €
R2:0< z <e OSyﬁl},thenJogﬁﬂYgU. Take ng € N such that
1/ng < €. Then for every n > ng, ¢, = (1/n,r,) € uny C U. Since ¢, € Jp,
Jn is connected, and U is a clopen set in Y, we conclude that J,, C U for every
n > ng.



Connected metrizable subtopologies 143

Take m < ng and let V be an open neighborhood of the point ¢, =
(1/m,ry,) in Y. Evidently,

[V {(1/m,ry):n e N}H=N,.

Therefore, there exists k > ng such that (1/m,ry) € JyNV CUNV # @.
It follows that ¢, = (1/m,rp) € cly(U). Since ¢, € Jp, we conclude that
Jm C U for every m < ng. Thus, U =Y and this proves that Y is connected.
For each n € w, take a continuous bijection f,: I,, — J,. Then the sum of
the functions f,, say,
f = vnewfn5 X =Y

is a continuous bijection (see Proposition 2.1.11 in [2]). Hence, f is a conden-
sation of X onto the connected separable metrizable space Y C R2. Finally, YV’
is not closed in R? and is not compact. ([

Corollary 2.4. Let X = @{l, : o € A}, where each I, is the unit segment
[0,1]. Then the space X admits a connected metrizable subtopology if and only
if |Al<1or |A|>w.

Proof. f 1 < |A| < w, then X is a disconnected compact space and, hence, it
does not admit a connected Hausdorff subtopology.

If |A|=w, it follows from Example 2.3 that X has a connected separable
metrizable subtopology.

Hw<|A] <2¥ then X D P =@{I,:n € w}. Theset P is closed in X and
condenses onto a connected non-compact metrizable space. Apply Theorem 1.1
to conclude that X admits a connected separable metrizable subtopology.

Let |A| > 2¥. In each I,, take a point z,. Then P = {z, : « € A} is a
closed discrete set in X whose size equal to the weight of X, that is, X has
achievable extent. It follows from Theorem 1.3 that X admits a connected
metrizable subtopology. (Il

3. CONDENSATIONS OF THE DISJOINT TOPOLOGICAL UNION OF 2“ COPIES
OF THE CANTOR SET

In Theorem 3.3 we prove that the topological sum of 2¢ copies of the Cantor
set condenses onto the unit interval I = [0,1]. Then we extend this fact to
compact metrizable spaces without isolated points (Theorem 3.8). We finish
with Theorem 3.10 that shows that the conclusion is valid for every separable
complete metrizable space without isolated points.

We will use the following notation. The Cantor set is C' = {0,1}*. If A C w,
then m4: C — {0,1}4 is the projection and, for n € w, 7, is the projection of
C onto the nth factor. If A C B C w, then 7% is the projection of {0, 1} onto
{0,1}4. For an open canonical set U C {0, 1}*, we put

coord(U) ={ie A:|m(U)| =1}.

If AC BCwand f € {0,1}*, then the set O(f) = (75)71(f) is called the
cylinder over f in {0,1}5.
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Let X be a space. We say that S C X is a first category set in X if
S = Uzo:l Sn, where each S, is a nowhere dense subset of X.

We start with a lemma.

Lemma 3.1. Let S be a subset of the Cantor set C. If there exists a family
{A,, : n € w} of pairwise disjoint infinite subsets of w such that w = |J{A, :
n € w} and [{0,1} A7\ w4, (S)| = ¢ for each n € w, then C is the union of
¢ = 2% pairwise disjoint copies of the Cantor set such that S intersects each of
these copies in at most one point.

Proof. Let C,, = {0,1}* be a copy of the Cantor set for each n € w. Clearly,
C =T1[,", Cy. For every n € w, put S, = ma, (S). Since |Cy, \ Sp| = ¢, it is
possible to represent each C,, as the union Cy, = | J{Py,o : @ € T'y}, where each
P, .o is a doubleton, P, o, NP, g =@ if a # B, |Sp N Pyl <1, and Ty, is an
index set of cardinality c.

For an element v = (Vn)new of T =77 T, put Cy = [[" o Pn,y,.- It is
routine to verify that:
(i) C, C C is a copy of the Cantor set for every v € T;
(i) C=U{Cy:v €T} and T =2%
(iili) O, NCy =@ if v £ \;
(iv) [SNC,| <1 for every v € T
Our lemma is proved. O

Corollary 3.2. Let S be a countable subset of the Cantor set C. Then C is
the union of 2% pairwise disjoint copies of the Cantor set such that S intersects
each of these copies in at most one point.

Proof. Clearly, there exists a family {A, : n € w} of disjoint infinite sets
such that w = |J)—, An. We have that |74, (S)| = No and, therefore, the
complement {0,1}4" \ 74, (S) has cardinality ¢, for each n € w. Now apply
Lemma 3.1. g

Theorem 3.3. The unit segment I = [0, 1] is the union of 2% pairwise disjoint
copies of the Cantor set.

Proof. We take the Cantor set C' = {0, 1} “ and consider the mapping f: C' — I
defined by the formula

Ly
flx) = Z Sit1
i=0

where x; is ¢th coordinate of the point x € C.
It is known that f is a continuous mapping onto I (see 3.2.b of [2]). Although
f is not one-to-one, it is easy to see that there is a countable infinite subset
S C C such that [f~1(f(z))| = 2 for every x € S and |f~(f(z))] = 1 for
x € C\S. It follows from Corollary 3.2 that there exists a representation
C = J{C, : v € T'} such that the family {C, : v € T'} and the set S satisfy
conditions (i)-(iv) in the proof of Lemma 3.1. Put K, = f(C). Since |C, N
S| <1, it is evident that f, = f[c,: C; — K, is a homeomorphism; therefore,
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K, is a copy of the Cantor set for every v € I'. Notice that I = [J{K, :y € T}.
It is easy to see that if C;, NS = &, then K, does not meet any other K, and
if C, NS = {x}, then there is a unique A € I'\ {7} such that K, N K, # @. In
this case, K, N Ky = {y}, where y = f(z).

Hence, for every y € f(S) there exists a unique pair (o, 3,) € [[']? such
that K,, N Kp, = {y}. Put L, = K,, UKp,. Clearly, each L, is a copy of the
Cantor set and L, N L, = @ if y # z. We obtain that

I=J{K, :ver, cynS=a}u|J{L, v € (9},

that is, I is the union of 2 disjoint copies of the Cantor set. (|

In the sequel we will show that Theorem 3.3 remains valid if the unit interval
I is replaced by a compact metrizable space without isolated points. First we
need some lemmas. The following result is trivial.

Lemma 3.4. If F' C {0,1}* is a nowhere dense set and A C w is finite, then
T\ a(F') is a nowhere dense subset of {0, 13\ where T\ 4 15 the projection
of {0,1}¢ onto {0,1}\4,

Lemma 3.5. Let S C C = {0,1}* be a first category set. Then there are
infinite disjoint sets A and B such that w = AU B and the sets ma(S) and
75(S) are of the first category in {0,1}4 and in {0,115, respectively.

Proof. Let S = U,._, Fmm, where every F,, is a nowhere dense subset of C. We
will construct by induction two families {4, : n € w} and {B,, : n € w} which
satisfy following conditions for each n € w:

(i) An, By € [w]%;
) A, N B, =;
111) A, C An+1, An+1 \An #+ o;

) Bn g Bn+1, Bn+1 \Bn 7§ @;

) For every f € {0,1} A, there exists a family {Ups, Uiy,...,Unys} of open
canonical subsets of {0, 1} “\B» such that wﬁ}lB" (Usg) = A{f}, Uignmn B, (F3) =
@ and A,, C coord(U;s) C Ap41, for each i < mn;

(vi) For every g € {0,1} B, there exists a family {Uqg, Uig, ..., Ung} of open
canonical subsets of {0,1}“\An+1 such that F;}lAn+l(Uig) = {g}, Uy N
T\ A, (Fi) = @ and B,, C coord(Usg) C Bpy1, for each i < n;

(vii) n € A, U B,,.

We start with Ag = {0} and By = {1}. Now suppose that for some n € w
we have constructed {Ay : k <n} and {Bj : kK < n} which satisfy (1)—(vii).

Let us construct A,,1. Take f € {0,1}4» and let O(f) be the cylinder
over f in {0,1}“\B». For each i = 0,1,...,n, the set T\ B,, (F;) is nowhere
dense in {0,1} “\B» (see Lemma 3.4). Hence, for each i < n there exists an open
canonical set Uy C {0, 1} “\B» such that U;y C O(f) and Uiy N 5, (F;) = @.
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Clearly, w\Bn(Uif) ={f}, An C coord(U;s) and coord(U;s) N B,, = @. Put
Apr = U{U coord(Uis) : f € {0,1}*"} and a,,+1 = min(w \ (4, U By,)).

We set Apy1 = An+1 U{ani1}. Tt is easy to see that A, ;1 is finite, A, C 4,11,
Api1 \ An # @, and A,y1 N B, = @. The choice of a,+1 and (vii) together
imply that n 4+ 1 € A, 41 U B,,. In addition, for every f € {0,1}*» and each
i < n we have that coord(U;s) C Ant1.

Now we construct By, 1. Take g € {0,1}5» and let O(g) be the cylinder over
gin {0,1}\n+1 Foreachi=0,1,...,n, the set T\ A1 (Fi) is nowhere dense
in {0,1}¥\4n+1 (see Lemma 3.4). Hence, for each i < n there exists an open
canonical set Uy, C {0, 1}*\4+1 such that Uy, € O(g) and UigNT\ A,y (F7) =

@. Clearly, W\A"“( Uig) = {9}, Bn C coord(Uiy) and coord(Uiy) N Apy1 = @.
Let

B = U{U coord(Usy) g € {0,1}57} and byyy € (w\ (Angr U By)).
=1

We set B,11 = EHH U {bn+1}. It follows from the construction that Bj41
is finite, A1 N Bpy1 = &, B, € Byuy1, and Byi1 \ B, # @. In addition,
coord(U;y) C Bpy1, for every g € {0,1}5" and each i < n. Therefore, A, 11
and By, satisfy conditions (i)—(vii).

Thus we have constructed two families {A, : n € w} and {B,, : n € w}.
Now we define A = {4, : n € w} and B =J{B, : n € w}. It follows from
(i)—(iv) that A and B are disjoint infinite subset of w. Condition (vii) implies
that AU B = w. It remains to verify that m4(S) and wp(S) are of the first
category in {0, 1} and in {0, 1}Z, respectively.

To prove that m4(S) = U _,7a(Fim) is of the first category in {0,1}4, it
suffices to verify that ma(F,,) is nowhere dense in {0,1}4, for each m € w.
Indeed, fix an open canonical non-empty set U C {0,1}* and m € w. As
coord(U) C Ais finite, (iii) implies that there is k € w such that coord(U) C Ay.
Let n = max{k, m}, then coord(U) C A, and m < n. Take an arbitrary
fe wﬁ (U) C {0,1}*". By (v), there exists an open canonical set U, in

{0,1}%\Bx such that w“\Bn(Umf) = {f}, Unsg N mo\p, (Fm) = @ and A, C
coord(Upmys) € Apt1 € A Put V = ﬂ'X\B" (Unmy) and let K = coord(U). We
have:
K C A, C coord(Uy,ys) = coord(V) (1)
and
TR (U) = {mig (1)} = 7™ Ung) = 7k (V). 2)
It follows from (1) and (2) that V' C U. To verify that V N wa(Fp) = &,

we assume the contrary and choose an element g € V N wa(F,,). Since
coord(V) C Any1 C A, we have that wﬁnﬂ(g) € 4 V) Nma, o (F).

It follows from the definition of V' that wﬁnﬂ(V) = wz\i (Upy). Hence,
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wﬁnﬂ(g) € wj}fl‘(Umf) N7a,,, (Fm). Take an element g € m,\p, (Fn) such

that ﬂ'j}f? () = ﬂ'ﬁnﬂ(g). Then g € Upy, since coord(Uns) € Apt1. We
obtain a contradiction, as U,y N m\ B, (Frn) = @. We have thus proved that
7A(Fy,) is nowhere dense in {0,1}4 for each m € w and, hence, m4(S) =
Use_, ma(F) is of the first category in {0, 1} 4. The verification that 75(S) =

U _, m5(Fy) is a first category set in {0,1}% is similar. O

Lemma 3.6. Let S be a set of the first category in the Cantor set C. There
is a decomposition w = UZOZO A, such that each A, is infinite, A, N A, = O
if n # m, and wa, (S) is a first category set in {0,114 for every n € w.

Proof. The proof consists of applying w times the previous lemma. O

If f: X — Y is a continuous mapping and U C X, then we put f#(U) =
Y\ f(X\U). In the following lemma we collect some well-known facts that
will be frequently used in the sequel.

Lemma 3.7.

(a) Let f: X — Y be a continuous closed and irreducible mapping. If U C
X is open, then V. = f~Y(f#(U)) is an open dense subset of U (see [1,
Problem 109, Chapter VIJ).

(b) The inverse image of a closed nowhere dense set under a continuous closed
wrreducible mapping is a closed nowhere dense set.

(¢) If X is a Gs-set in a compact space and X does not have isolated points,
then | X| > ¢ (see [2, 3.12.11 (b)]).

(d) A non-empty open subset of the Cantor set can be represented as the union
of countably many pairwise disjoint copies of the Cantor set.

Theorem 3.8. Every compact metrizable space without isolated points can be
represented as the union of 2% pairwise disjoint copies of the Cantor set.

Proof. We consider the Cantor set C and a compact metrizable space without
isolated points Y. We can assume that ¥ C I*, where I is the closed unit
interval.

Let f: C — I be the continuous mapping onto I considered in the proof of
Theorem 3.3. Now define g: C¥ — I¥ by g = [[{g: : i € w} where g; = f for
each i € w. Since g is a perfect mapping, there exists a closed subset C' C C¥
such that g(C’) = Y and gl¢:: ¢/ — Y is irreducible (see [2, 3.1.C(a)]).
Clearly, C’ does not have isolated points and hence is homeomorphic to C.
Therefore, we can assume from the very beginning that there exists a continuous
irreducible mapping of C' onto Y which is denoted by the same letter f. Let
S={zeC:|f'(f(z))]>1}.

Our first step is to verify that S is of the first category in C. For each
m € N, we choose a finite covering {U1,...,Unk,, } of C by clopen sets of
diameter less than or equal to 1/m with respect to a given metric on C. For
each m € N and each i = 1,2,...,k,,, the set Vi = f~1(f#(Upn;)) is open
and dense in U,,; by (a) of Lemma 3.7 and, hence, Fy,;; = Up; \ Vins is closed
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and nowhere dense in C. Therefore, for each m € N the set F,,, = Uf:l Fo
is closed and nowhere dense in C. Put F = |J,-_, F,,,. We claim that S = F.
Indeed, for x € C'\ S we have that |f~!(f(z))| = 1. From this, if z € Uy
for some m € N and i € {1,2,...,kn}, then x € f=2(f#(Upn;)) = Vini, that
is, ¢ Fp; = Upi \ Vini- Now, it is evident that = ¢ F. Thus, F C S.
For z € S, let z = f(x). There exists y € C \ {z} such that z = f(y). We
choose m € N and i € {1,2,...,ky,} such that € Up,; and y ¢ U,,;. Then
z= f(y) € f(Y\Upy), that is, z ¢ f#(U,,;). We have that z € f~1(2)NU,,; C
Ui \ f7X(f#(Upmi)) = Frmi € Fyn € F. Therefore, S € F. This implies that
S=F =, _, Fmn , where every F,, is a closed nowhere dense subset of C'.

Apply Lemma 3.6 to find a family {A,, : n € w} of infinite 1 disjoint subsets
of w whose union is equal to w and such that 74, (S) is a first category set in
Cn = {0,1} 4» for each n € w. It follows that the complement C,, \ wa, (S) is
a dense subset of the Cantor set C,,. In addition, C,, \ 74, (5) is a Gs-set in
C, since every set w4, (Fp,) is closed in C),. Then by Lemma 3.7(c), we obtain
that |Cy, \ w4, (S)| = ¢ for each n € w.

Thus the family {A, : n € w} and the set S C C satisfy the conditions of
Lemma 3.1 and, hence, we can represent C' in the form C' = (J{C, : v € T'},
where |I'| = 2“ and every C, is a copy of C. In addition, C, NC\ = @ if v # A
and [SNC,| <1 for each vy €T

Let K, = f(C,) for each v € I'. Since f[c, is a homeomorphism, K., is a
copy of the Cantor set for each v € I" and we have that Y = [ J{K, : vy €T}

Note that the family {K, : v € I'} has the following properties:

(i) f C, NS =0, then K, NK, =@ for each A € T'\ {~};

(ii) if Cy NS # @, then C, NS = {s} for some s € S; in this case for each
A eI\ {7y} we have:
(ii1) Ky NKyx=2 if C\nf1(f(s)) =o;
(ia) KN Ky = {f(s)} if Cr N/~ (f(5)) £ 2.

Now for every y € f(S), we define K, = {K,:veTl, C,Nf ' (y) #2}. It
is easy to see that JK, NUK, =@ if y # z and

Y= J{Ky:yer.cons=a}u| UK,y e £(9)} (%)

Consider the family K, for some y € f(5). Choose an element v, € I' such that
K., € K. For every A € I'\{~, } such that K € Iy, put Ly = Kx\{y}. Every
L) is an open subset of the Cantor set, so it can be represented as the union
of countably many disjoint copies of the Cantor set (item (d) of Lemma 3.7).
Since

UKy ={Lx: Kaneky, A#y UK,
for every y € f(), the set | IC, can be represented as the union of some number

ky of disjoint copies of the Cantor set, where |Cy| < ky < || - w. Taking into
account the equality (*), we obtain the conclusion of the theorem. 0

Remark 3.9. Let Y be a compact metrizable space without isolated points,
C the Cantor set and f: C' — Y a continuous irreducible mapping. If S is a set
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of the first category in C' and {z € C : |[f~1(f(x))| > 1} C S, then repeating
the argument in the proof of Theorem 3.8 one can represent Y as the union of
2% pairwise disjoint copies of the Cantor set such that every copy meets the set
f(S) in at most one point.

Due to the above observation it is possible to extend Theorem 3.8 as follows:

Theorem 3.10. FEvery separable completely metrizable space without isolated
points can be represented as the union of 2 pairwise disjoint copies of the
Cantor set.

Proof. Let X be a separable completely metrizable space without isolated
points. We can assume that X C I¥. Then Y = clj«(X) is a metrizable
compactification of X. Since X has no isolated points and is dense in Y, it
follows that Y is a compact metrizable space without isolated points. The
space X is Cech-complete, therefore, the remainder R = Y \ X is a F,-set in
Y. Hence, R = Uff:l F,,, where every F,, is a closed nowhere dense subset of
Y.

Consider a continuous irreducible mapping f: C' — Y, where C' is the Cantor
set (see the proof of Theorem 3.8). Then each f~1(F,) is a closed nowhere dense
subset of C, by (b) of Lemma 3.7, and S’ = f~Y(R) = U,—, f~'(F,). In the
proof of Theorem 3.8 we have established that S” = {z € C': |f~1(f(z))| > 1}
is the union of countably many closed nowhere dense subsets of C. Put S =
S"U S and apply Remark 3.9 to conclude that Y = [J{K, : v € T'}, where
IT| = 2¥, every K, is a copy of the Cantor set, K, N Ky = @ if v # X and
K, N f(S)| <1 foreach yeT.

Since R C f(S), the set RN K., is empty or consists of one point. For each
v €T, we define I~(7 =K, \ (KyNR). It is evident that X = U{IN(V :y e}
Every IN(,Y is a copy the Cantor set or an open subset of this copy. In the

last case K., can be represented as a union of w pairwise disjoint copies of the
Cantor set, by (d) of Lemma 3.7. This finishes the proof. O
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