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Abstract: We derive analytical approximations for the variation of the effective indices of
the fundamental transverse electric (TE) and transverse magnetic (TM) modes with the
chemical potential of graphene in three common types of silicon graphene waveguides. In
all cases, a third-order polynomial provides an excellent degree of approximation (<10−4)
over the 1540–1560 nm wavelength band. The approximations can be useful in the design
of complex-integrated photonic circuits where graphene is employed to tune the refractive
of the dielectric waveguides.

Index Terms: Graphene, integrated optics, Microwave photonics

1. Introduction
Graphene is a 2-D single layer of carbon atoms arranged in an hexagonal lattice that has raised
considerable interest in recent years due to its remarkable optical and electronic properties [1]–
[3]. It features, for instance, a linear dispersion relationship in the so-called Dirac points where
electrons behave as fermions with zero mass, propagating at a speed of around 106 m s–1 and
mobility values of up to 106 cm2V−1s−1. Graphene also shows unusual optical properties [4]. For
instance, due to its linear dispersion, it can absorb light over a broad frequency range enabling
broadband applications. In addition, the density of states of carriers near the Dirac point is low,
and as a consequence, its Fermi energy can be tuned significantly with relatively low electri-
cal energy (applied voltage) [1]–[4]. This Fermi level tuning changes, in turn, the refractive in-
dex of graphene, and thus, the combination of graphene with integrated dielectric waveguides
opens unprecedented possibilities for the design of tunable components in optoelectronics [5] and
several groups have recently reported devices with applications in the microwave, terahertz and
photonic regions of the electromagnetic spectrum [3]–[6]. A particularly active area of research
aims at designing tunable integrated photonic components, and different groups have reported
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both theoretical and experimental contributions addressing different functionalities that include
electro-absorption modulation in straight waveguides [6]–[8], resonant modulators [9], channel
switching [10], and electro-refractive modulation [11]–[14]. Electro-refractive modulation is particu-
larly interesting since phase modulation enables additional functionalities, such as phase shifting
and true time delaying [15], which are highly desirable in the design of tunable optical filters [16]
and in microwave photonics [17].

The design of tunable electro-refractive phase shifters in a silicon graphene waveguide of length
L at a wavelength λ requires the knowledge of the dependence of the phase shift φ = (2πneff/λ)L
imposed by the waveguide on a control parameter, in this case, the chemical potential μc of
graphene, as the effective index of the guided mode neff is a function of this parameter. In general,
this relationship can only be obtained for a given wavelength by numerical means of a modal
solver and repeating this process within the wavelength region of interest. The motivation of our
work resides in the fact that for the design of graphene based devices featuring some degree
of complexity (modulators, finite and infinite impulse response optical filters, phase-shifters and
true time delay lines, etc.), it is useful to dispose of approximate analytical expression for the
variation of neff with μc as these will facilitate the higher-level design process (for instance, the filter
synthesis). This approach has also been followed as well, for instance, to render expressions to
approximate the impact that free carrier injection has on electroabsorption and electro-refraction
in silicon waveguides [18]. The difference here is that the approximation not only depends on the
properties of graphene, but it is also linked to the specific waveguide design. We have therefore
chosen three respresentative waveguide designs that have been reported in the literature [6], [12]
for the implementation of graphene based modulators. This is in principle a limitation, but in the
paper, we also outline the process to extend these analytical approximations to other waveguide
designs.

In this paper we provide analytical approximate relationships in the 1540–1560 nm wavelength
range between the value of the chemical potential and the effective index of transverse electric
(TE) and transverse magnetic (TM) (where applicable) fundamental modes for three different types
of Silicon waveguides that have been proposed in the literature to implement silicon graphene
electro-refractive modulators. After briefly reviewing basic aspects of the conductivity and dielectric
constant of graphene we describe in Section III, the three types of silicon waveguides considered
in the paper, including their physical dimensions and materials. In Section IV, we carry out the
numerical calculations for each type of waveguide and provide the polynomial approximations.
In all the cases, the modal effective index can be approximated by means of a seventh-order
polynomial with an excellent precision (i.e better than 10−4). For completeness, we also provide the
polynomial approximation for the absorption coefficient (expressed in dB/mm) where the precision
is in the range of 10−2. Finally, we discuss the results and provide a summary in Section V.

2. Graphene Refractive Index Versus Chemical Potential
Graphene is a material with noteworthy optical properties due to its conical band structure that
allows both intra-band and inter-band transitions [1]–[3], both contributing to its conductivity [19]

σ(ω) = σintra(ω) + σinter(ω) (1)

Intra-band transitions are the dominant source for the overall conductivity in the microwave and
terahertz regions of the spectrum and their contribution can be expressed in terms of the Kubo’s
formula [19]

σintra(ω) = i e2kB T
π�2 (ω + i 2�)

[
μc

kB T
+ 2 ln

(
e−(μc/kB T ) + 1

)]
(2)

where e represents the charge of the electron, � the angular Planck constant, kB the Boltzman
constant, T the temperature, μc the Fermi level or chemical potential, and

� = ev2
F

μμc
(3)
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Fig. 1. Real and imaginary parts of graphene refractive index of the dielectric constant of a layer
of graphene for λ = 1550 nm, T = 300◦K , and 1/2� = 5 × 10−13 sec as a function of the chemical
potential.

is the electron collision rate, which is a function of the electron mobility μ and the Fermi velocity
in graphene vF ≈ 106 ms−1. In the visible optical region of the spectrum, however, inter-band
transitions dominate the conductivity that is given if kB T << |μc|, �ω by [13]

σinter(ω) = i e2ω

π

∫ ∞

0

f (x − μc) − f (−x − μc)

4x2 − (�ω + i�)2
dx (4)

where f (x) is the Fermi-Dirac distribution

f (x) = 1

exp
[

(x−μc )
kB T

]
+ 1

(5)

From (1)–(5), one can get the dielectric constant of a layer of graphene:

εeff(ω) = 1 + iσ(ω)
ωεo	

(6)

where 	 = 0.35 nm is the thickness of the layer. Fig. 1 represents as an example, the real
and imaginary parts of the dielectric constant of a layer of graphene for λ = 1550 nm, T =
300◦K, and 1/2� = 5 × 10−13 sec as a function of the chemical potential.

In this particular example, a transition can be observed at |μc| = 0.4 eV, where the dielectric
constant changes from dominantly imaginary |μc| < 0.4 eV, to purely real |μc| > 0.4 eV. Note that
0.4 eV corresponds to the energy associated with λ/2(λ = 1550 nm) and thus this chemical
potential sets the onset of interband absorption in graphene. Thus, for |μc| > 0.4 eV graphene
becomes electro-refractive. On the other side, a small change in the chemical potential in both
directions around |μc| = 0.4 eV yields a substantial change in the imaginary value of the dielectric
constant (i.e the losses) and graphene is electro-absorptive in that region. Exploiting the electro-
refractive behaviour with a constant low absorption value of graphene lies at the heart of designing
modulators, tunable phase shifters, and delay lines, which are fundamental building blocks of more
elaborated subsystems such as, for instance tunable photonic filters. In practice, however, it has
been noticed [12], [13] that the region 0.4 eV < |μc| < 0.5 eV features a considerable non-constant
absorption, therefore the region for true electro-refractive behavior is |μc| > 0.5 eV, which is the
one we consider in this paper. The refractive index variation in region 0.4 eV < |μc| < 0.5 eV can
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Fig. 2. Typical silicon graphene waveguide designs reported in the literature and considered in this
study. (top) Type-I, deep silicon waveguide with a single layer of graphene on top of it separated by an
Al2O3 dielectric layer. (Bottom left): Type-II, buried silicon waveguide with a single layer of graphene on
top of it separated by an Si3N4 dielectric layer. (Bottom right): Type-III, buried silicon waveguide with a
double layer of graphene on top of it separated by an Si3N4 dielectric layer.

still be approximated by a polynomial but to obtain a similar approximation error a seventh-order
polynomial is required.

3. Silicon Graphene Waveguides
Modulators and tunable phase shifters and delay lines can be implemented by incorporating
Graphene into silicon waveguide designs. In this paper, we consider three typical representative
designs that have been proposed in the literature, which are shown in Fig. 2.

The first design (Type-I), shown in the upper part of Fig. 2 was reported in [6] for an electroabsorp-
tion modulator and consists in placing a monolayer graphene sheet on top of a silicon bus wave-
guide, separated from it by a thin Al2O3 dielectric layer. The typical values for the dimensions in this
configuration are: tSi = 250 nm, tAl2O3 = 10 nm, tgraphene = 0.35 nm, and WSi = 500 nm. The struc-
ture was operated by means of two gold electrodes placed at both sides of the silicon waveguides.
One of them is extended towards the waveguide by extending a platinum film on top of the graphene
layer (see more details in [6]). The designs shown respectively in the left and right lower part of Fig. 2
correspond to a single (Type-II) and double (Type-III) graphene layer silicon waveguides optimized
for electro-refractive modulation operation [12], where the dielectric separating the graphene and
the silicon waveguide (left) and the two graphene layers (right) is Si3N4. The typical values for the
dimensions are: tSi = 160 nm, tSi3N4 = 10 nm, tslab = 60 nm, tgraphene = 0.35 nm, and WSi = 480 nm
for the single graphene layer waveguide and tSi = 220 nm, tSi3N4 = 10 nm, tgraphene = 0.35 nm, and
WSi = 480 nm for the double graphene layer waveguide. These designs are representative of the
two main approaches reported so far for the implementation of graphene based silicon modu-
lators. Type-I and variants based on using Al2O3 as insulator are reported in [1], [7], and [13],
where historically the first choice. However, Type-II and III rely on using Si3N4 and have been
proposed more recently [12] as this material provides a higher value of dielectric constant and
therefore requires an electric field value to reach the |μc| > 0.5 eV region which is less close to its
breakdown value.
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Fig. 3. Three steps involved in the modal solution of graphene silicon waveguides.

Fig. 4. Numerical computation results (solid blue)/(solid red) and polynomial approximation (broken
trace blue)/(broken trace red) for the effective index/ absorption coefficient of the fundamental TE mode
in a Type-I waveguide versus the value of the chemical potential. Results are shown for the lowest,
middle, and highest wavelength in the range of interest.
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TABLE I

Coefficients for the Fitting Polynomial [see (7)] for the TE Mode of Type-I Silicon Graphene Waveguide

Effective Index (neff) Propagation Losses (dB/mm)

λ(μm) a b c d δE-06 a∗ b∗ c∗ d∗ δE-03

1.540 −0.007 0.019 −0.020 2.529 8.44 0.895 −0.254 −1.084 0.895 7.03

1.541 −0.007 0.019 −0.020 2.527 8.26 −0.077 1.750 −2.437 1.193 5.18

1.542 −0.007 0.019 −0.020 2.526 8.10 −0.766 3.177 −3.401 1.407 3.89

1.543 −0.007 0.019 −0.020 2.525 7.97 −1.263 4.204 −4.094 1.560 3.05

1.544 −0.007 0.019 −0.020 2.524 7.87 −1.641 4.984 −4.620 1.676 2.53

1.545 −0.007 0.019 −0.020 2.523 7.81 −1.948 5.621 −5.050 1.771 2.24

1.546 −0.007 0.019 −0.020 2.521 7.73 −2.184 6.110 −5.379 1.843 2.13

1.547 −0.007 0.019 −0.020 2.520 7.65 −2.305 6.353 −5.535 1.876 2.03

1.548 −0.007 0.019 −0.020 2.519 7.56 −2.322 6.367 −5.530 1.873 1.85

1.549 −0.007 0.019 −0.020 2.518 7.47 −2.307 6.313 −5.478 1.858 1.67

1.550 −0.007 0.019 −0.020 2.517 7.38 −2.309 6.301 −5.458 1.851 1.54

1.551 −0.007 0.019 −0.020 2.516 7.30 −2.340 6.359 −5.490 1.857 1.44

1.552 −0.007 0.019 −0.020 2.514 7.22 −2.392 6.464 −5.556 1.871 1.38

1.553 −0.007 0.018 −0.020 2.513 7.15 −2.446 6.573 −5.627 1.886 1.36

1.554 −0.007 0.018 −0.020 2.512 7.11 −2.494 6.674 −5.693 1.900 1.38

1.555 −0.007 0.018 −0.019 2.511 7.08 −2.547 6.788 −5.771 1.917 1.48

1.556 −0.007 0.018 −0.019 2.510 7.05 −2.601 6.908 −5.855 1.936 1.66

1.557 −0.007 0.018 −0.019 2.508 7.00 −2.615 6.943 −5.879 1.942 1.78

1.558 −0.007 0.018 −0.019 2.507 6.94 −2.541 6.783 −5.766 1.916 1.70

1.559 −0.007 0.018 −0.019 2.506 6.89 −2.404 6.487 −5.557 1.868 1.49

1.560 −0.007 0.018 −0.019 2.505 6.83 −2.262 6.186 −5.346 1.820 1.34

4. Numerical Calculations and Polynomial Approximation
4.1. General Remarks
For all the three waveguide designs, the presence of the graphene layer modifies the propagation
characteristics (field profile, losses, and effective index) of the guided modes in the waveguide, and
these can be, as mentioned above, controlled and reconfigured changing the chemical potential by
means of applying a suitable voltage. In addition, all these properties are wavelength dependent,
and therefore, a complete description of how these parameters change in terms of chemical potential
and wavelength is required. With the exception of very simple (and unpractical) slab waveguide
configurations, this description requires the completion of the three steps described in Fig. 3, which
involve the use of numerical or mode solving techniques.

In our case, the TE and (if applicable) the TM modes of the waveguides have been numerically
calculated by means of a Finite Differences (FD) based commercial Field DesignerTM mode solver
from PhoeniX Software B.V. The refractive indices (@1550 nm) for the different materials are 1.746
for Al2O3, 3.477 for Si and 1.979 for Si3N4. The dispersive nature of the materials has been taken
into account in the numerical calculations in the wavelength range under study (1540–1560 nm) by
means of the corresponding Sellmeier equations and coefficients. Graphene has been modeled as
an isotropic material.
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TABLE II

Coefficients for the Fitting Polynomial [see (7)] for the TM Mode of Type-I Silicon Graphene Waveguide

Effective Index (neff) Propagation Losses (dB/mm)

λ (μm) a b c d δE-05 a∗ b∗ c∗ d∗ δE-02

1.540 −0.042 0.104 −0.095 1.906 11.00 −32.389 86.865 −74.690 22.212 11.20

1.541 −0.041 0.101 −0.093 1.903 10.40 −35.459 92.370 −77.777 22.748 10.30

1.542 −0.040 0.099 −0.091 1.901 9.79 −37.170 95.128 −79.049 22.893 9.51

1.543 −0.038 0.096 −0.089 1.898 9.27 −37.699 95.511 −78.764 22.705 8.89

1.544 −0.037 0.093 −0.087 1.896 8.80 −37.581 94.617 −77.658 22.345 8.37

1.545 −0.036 0.091 −0.085 1.894 8.38 −37.151 93.135 −76.193 21.914 7.91

1.546 −0.035 0.089 −0.083 1.891 7.99 −36.576 91.405 −74.594 21.461 7.50

1.547 −0.035 0.087 −0.082 1.889 7.64 −35.943 89.599 −72.975 21.011 7.13

1.548 −0.034 0.085 −0.080 1.887 7.31 −35.305 87.823 −71.403 20.578 6.79

1.549 −0.033 0.084 −0.079 1.884 7.00 −34.697 86.144 −69.923 20.171 6.47

1.550 −0.033 0.082 −0.078 1.882 6.72 −34.136 84.596 −68.556 19.794 6.17

1.551 −0.032 0.081 −0.077 1.880 6.46 −33.619 83.174 −67.298 19.447 5.88

1.552 −0.031 0.080 −0.076 1.878 6.22 −33.111 81.795 −66.091 19.116 5.60

1.553 −0.031 0.078 −0.075 1.876 6.00 −32.494 80.202 −64.750 18.758 5.35

1.554 −0.030 0.077 −0.074 1.874 5.80 −31.662 78.162 −63.113 18.337 5.12

1.555 −0.030 0.076 −0.073 1.871 5.62 −30.695 75.845 −61.297 17.878 4.91

1.556 −0.029 0.074 −0.072 1.869 5.44 −29.754 73.598 −59.540 17.435 4.71

1.557 −0.029 0.073 −0.071 1.867 5.28 −28.925 71.603 −57.968 17.036 4.52

1.558 −0.028 0.073 −0.071 1.865 5.12 −28.227 69.902 −56.608 16.685 4.34

1.559 −0.028 0.072 −0.070 1.863 4.96 −27.661 68.493 −55.459 16.383 4.17

1.560 −0.028 0.071 −0.069 1.861 4.82 −27.230 67.387 −54.529 16.132 3.99

We have found, after extensive simulations for the region of electrorefractive behavior is |μc| >

0.5 eV, that the refractive index modulation and the absorption coefficient can be both approximated
with a remarkable precision in the three silicon graphene waveguide designs by a third-order
polynomial as a function of the chemical potential:

nTE /TM
eff (μc) ≈ aμ3

c + bμ2
c + cμc + d

αTE /TM (μc) ≈ a∗μ3
c + b∗μ2

c + c∗μc + d∗ (7)

where the coefficients a,b,c,d and a×, b×, c×, d× depend on the waveguide configuration, the
operating wavelength, and the mode polarization. In the following subsections, we present the
results for each type of waveguide.

4.2. Results for Type-I Waveguides
The numerical procedure described above was carried within the 1540–1560 nm wavelength region
(using a 1 nm step) and results obtained for the variation of the effective indexes vs the chemical
potential for the TE and TM fundamental modes, both of which are supported by Type-I waveguide.
Fig. 4 plots as an example the results corresponding to the numerical solution and the fitting
polynomial interpolation of the variation of the effective index for the TE fundamental mode as a
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Fig. 5. Numerical computation results (solid blue)/(solid red) and polynomial approximation (broken
trace blue)/(broken trace red) for the effective index/ absorption coefficient of the fundamental TE mode
in a Type-II waveguide versus the value of the chemical potential. Results are shown for the lowest,
middle, and highest wavelength in the range of interest.

function of the chemical potential and different operation wavelengths (1540, 1550, and 1560 nm).
Due to space constraints we only show the results for these three wavelengths, but Table I provides
the value of the coefficients for the fitting polynomial for the 1 nm spaced wavelengths and provides,
for each one, the mean approximation error δ in its last column. In a similar way, results have been
obtained for the TM mode (not shown here), which result in the coefficients for the fitting polynomial
shown in Table II. In both cases, the approximation is excellent with a mean error value δ < 10−4

and with a better approximation of the TE than for the TM mode.

4.3. Results for Type-II Waveguides
The numerical procedure described above was carried within the 1540-1560 nm wavelength region
(using a 1 nm step) and results obtained for the variation of the effective indexes vs the chemical
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TABLE III

Coefficients for the Fitting Polynomial [see (7)] for the TE Mode of Type-II Silicon Graphene Waveguide

Effective Index (neff) Propagation Losses (dB/mm)

λ (μm) a b c d δE-05 a∗ b∗ c∗ d∗ δE-03

1.540 −0.011 0.027 −0.027 2.520 1.69 −4.880 12.322 −10.134 3.077 4.55

1.541 −0.010 0.027 −0.026 2.519 1.63 −4.853 12.256 −10.079 3.063 4.51

1.542 −0.010 0.026 −0.026 2.518 1.57 −4.827 12.191 −10.026 3.049 4.48

1.543 −0.010 0.026 −0.026 2.517 1.52 −4.801 12.129 −9.974 3.035 4.44

1.544 −0.010 0.026 −0.026 2.516 1.47 −4.776 12.068 −9.924 3.022 4.41

1.545 −0.010 0.025 −0.025 2.515 1.43 −4.752 12.009 −9.875 3.009 4.38

1.546 −0.010 0.025 −0.025 2.514 1.39 −4.729 11.952 −9.829 2.997 4.35

1.547 −0.010 0.025 −0.025 2.513 1.35 −4.707 11.898 −9.784 2.985 4.33

1.548 −0.010 0.025 −0.025 2.512 1.31 −4.686 11.847 −9.742 2.974 4.30

1.549 −0.009 0.025 −0.025 2.511 1.28 −4.666 11.798 −9.702 2.964 4.28

1.550 −0.009 0.024 −0.025 2.510 1.25 −4.647 11.752 −9.663 2.954 4.26

1.551 −0.009 0.024 −0.025 2.509 1.23 −4.629 11.705 −9.625 2.944 4.24

1.552 −0.009 0.024 −0.024 2.508 1.20 −4.609 11.657 −9.585 2.933 4.22

1.553 −0.009 0.024 −0.024 2.507 1.18 −4.588 11.605 −9.542 2.922 4.19

1.554 −0.009 0.024 −0.024 2.506 1.16 −4.565 11.550 −9.496 2.910 4.16

1.555 −0.009 0.024 −0.024 2.505 1.14 −4.543 11.493 −9.449 2.897 4.13

1.556 −0.009 0.023 −0.024 2.504 1.12 −4.520 11.438 −9.403 2.885 4.10

1.557 −0.009 0.023 -0.024 2.503 1.10 −4.499 11.384 −9.358 2.873 4.08

1.558 −0.009 0.023 −0.024 2.502 1.08 −4.478 11.333 −9.316 2.862 4.05

1.559 −0.009 0.023 −0.024 2.501 1.07 −4.458 11.284 −9.275 2.851 4.03

1.560 −0.009 0.023 −0.024 2.500 1.05 −4.440 11.238 −9.236 2.841 4.01

potential for the TE fundamental mode, which is the only one supported by Type-II waveguide.
In this case, we have used a homogeneous doping level for signal, that is, we did not take into
account the effect of inhomogeneous charge distribution in the silicon region close to the Si-Si3N4

interface. This effect will tend to inhomogeneously decrease the refractive index in that region and
should be taken into account for a more precise description. Fig. 5 plots as an example the results
corresponding to the numerical solution and the fitting polynomial interpolation of the variation of
the effective index for the TE fundamental mode as a function of the chemical potential and different
operation wavelengths (1540, 1550, and 1560 nm).

Again, due to space constraints, we only show the results for these three wavelengths, but Table
III provides the value of the coefficients for the fitting polynomial for the 1 nm spaced wavelengths
and also provides, for each one, the mean approximation error δ in its last column. Again, an
excellent approximation, this time with a mean error value δ < 2 × 10−5, is obtained.

4.4. Results for Type-III Waveguides
Again, the numerical procedure described above was carried within the 1540–1560 nm wavelength
region (using a 1 nm step) and results obtained for the variation of the effective indexes vs the
chemical potential for the TE and TM fundamental modes, which are supported by Type-III wave-
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Fig. 6. Numerical computation results (solid blue)/(solid red) and polynomial approximation (broken
trace blue)/(broken trace red) for the effective index/ absorption coefficient of the fundamental TE mode
in a Type-III waveguide versus the value of the chemical potential. Results are shown for the lowest,
middle, and highest wavelength in the range of interest.

guide. Fig. 6 plots as an example the results corresponding to the numerical solution and the fitting
polynomial interpolation of the variation of the effective index for the TE fundamental mode as
a function of the chemical potential and different operation wavelengths (1540, 1550, and 1560
nm). Due to space constraints, we only show the results for these three wavelengths, but Table IV
provides the value of the coefficients for the fitting polynomial for the 1 nm spaced wavelengths
and also provides, for each one, the mean approximation error δ in its last column. In a similar way,
results have been obtained for the TM mode (not shown here), which result in the coefficients for
the fitting polynomial shown in Table V. In both cases, the approximation is excellent with a mean
error value δ < 3 × 10−4 and with a better approximation of the TE than for the TM mode.

Vol. 8, No. 5, October 2016 4501613



IEEE Photonics Journal Electro-Refraction Modulation Predictions

TABLE IV

Coefficients for the Fitting Polynomial [see (7)] for the TE Mode of Type-III Silicon Graphene
Waveguide

Effective Index (neff) Propagation Losses (dB/mm)

λ (μm) a b c d δE-05 a∗ b∗ c∗ d∗ δE-02

1.540 −0.027 0.069 −0.067 2.451 5.80 −15.016 37.817 −31.167 9.261 1.42

1.541 −0.027 0.068 −0.066 2.450 5.58 −14.958 37.664 −31.033 9.223 1.44

1.542 −0.026 0.066 −0.065 2.449 5.39 −14.901 37.516 −30.902 9.186 1.45

1.543 −0.025 0.065 −0.064 2.447 5.22 −14.846 37.372 −30.776 9.150 1.46

1.544 −0.025 0.063 −0.063 2.446 5.08 −14.792 37.232 −30.654 9.116 1.47

1.545 −0.024 0.062 −0.062 2.444 4.97 −14.740 37.097 −30.535 9.083 1.48

1.546 −0.024 0.061 −0.061 2.443 4.88 −14.690 36.966 −30.421 9.051 1.49

1.547 −0.023 0.060 −0.060 2.441 4.80 −14.642 36.840 −30.310 9.020 1.50

1.548 −0.023 0.058 −0.059 2.440 4.73 −14.595 36.718 −30.203 8.990 1.51

1.549 −0.022 0.058 −0.058 2.439 4.64 −14.550 36.601 −30.100 8.961 1.52

1.550 −0.022 0.057 −0.058 2.437 4.50 −14.506 36.488 −30.001 8.933 1.53

1.551 −0.022 0.057 −0.058 2.436 4.26 −14.465 36.379 −29.906 8.907 1.54

1.552 −0.022 0.057 −0.058 2.435 3.88 −14.425 36.275 −29.814 8.881 1.55

1.553 −0.022 0.058 −0.058 2.434 3.39 −14.386 36.175 −29.726 8.856 1.56

1.554 −0.023 0.059 −0.059 2.433 2.95 −14.350 36.080 −29.642 8.833 1.56

1.555 −0.023 0.060 −0.061 2.432 2.78 −14.315 35.990 −29.562 8.810 1.57

1.556 −0.024 0.061 −0.061 2.431 2.85 −14.283 35.904 −29.485 8.789 1.58

1.557 −0.024 0.062 −0.062 2.430 2.97 −14.252 35.822 −29.413 8.769 1.58

1.558 −0.024 0.061 −0.062 2.429 3.03 −14.223 35.746 −29.344 8.749 1.59

1.559 −0.024 0.061 −0.061 2.428 3.01 −14.196 35.674 −29.279 8.731 1.60

1.560 −0.023 0.061 −0.061 2.427 2.96 −14.170 35.607 −29.219 8.714 1.60

5. Summary and Discussion
We have derived analytical approximations for the variation with the chemical potential of graphene
of the effective indices and absorption coefficients of the fundamental TE and TM modes in three
common types of silicon graphene waveguides. In all the cases a third-order polynomial provides
an excellent degree of approximation (<10−4) over the 1540–1560 nm wavelength band for the
effective index. The approximation polynomials are useful in the process of device and subsystem
design where one is interested in tuning their characteristics by applying suitable voltage control
signals that, in turn, will change the chemical potential of the graphene layer(s) placed on top of the
waveguide core. In this way, a given operation regime can be stated explicitly by a set of N required
phase shift values:

φi (μc,i ) = 2πneff,i (μc,i ) L
λ

; i = 1, 2 . . . N . (8)

Starting from (8) and using (7) with the suitable coefficients for the operation wavelength and
waveguide mode, one can obtain the required values of the chemical potentials. As we do not
have access to experimental results, we can compare the results with those obtained in [12], which
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TABLE V

Coefficients for the Fitting Polynomial [see (7)] for the TM Mode of Type-III Silicon Graphene
Waveguide

Effective Index (neff) Propagation Losses (dB/mm)

λ (μm) a b c d δE-05 a∗ b∗ c∗ d∗ δE-02

1.540 0.013 −0.021 −0.006 1.800 9.05 −40.951 105.25 −89.325 26.279 3.41

1.541 0.013 −0.022 −0.005 1.799 9.04 −40.048 103.01 −87.484 25.776 3.34

1.542 0.014 −0.022 −0.005 1.797 9.03 −39.177 100.85 −85.706 25.290 3.27

1.543 0.014 −0.023 −0.004 1.796 9.02 −38.336 98.763 −83.987 24.819 3.21

1.544 0.014 −0.024 −0.004 1.794 9.01 −37.524 96.743 −82.324 24.364 3.15

1.545 0.014 −0.024 −0.003 1.793 8.99 −36.738 94.788 −80.715 23.922 3.09

1.546 0.015 −0.025 −0.003 1.791 8.98 −35.978 92.895 −79.155 23.494 3.03

1.547 0.015 −0.025 —0.002 1.790 8.97 −35.241 91.062 −77.644 23.079 2.98

1.548 0.015 −0.026 −0.002 1.788 8.95 −34.528 89.284 −76.177 22.675 2.93

1.549 0.015 −0.026 −0.001 1.787 8.94 −33.836 87.559 −74.754 22.283 2.88

1.550 0.015 −0.027 −0.001 1.785 8.93 −33.165 85.885 −73.372 21.902 2.83

1.551 0.016 −0.027 0.000 1.784 8.91 −32.514 84.260 −72.029 21.532 2.78

1.552 0.016 −0.028 0.000 1.783 8.90 −31.881 82.681 −70.723 21.171 2.74

1.553 0.016 −0.028 0.001 1.781 8.88 −31.267 81.145 −69.454 20.820 2.69

1.554 0.016 −0.029 0.001 1.780 8.87 −30.670 79.653 −68.218 20.478 2.65

1.555 0.016 −0.029 0.002 1.778 8.85 −30.089 78.200 −67.016 20.145 2.61

1.556 0.017 −0.030 0.002 1.777 8.84 −29.524 76.787 −65.845 19.820 2.57

1.557 0.017 −0.030 0.002 1.776 8.82 −28.974 75.411 −64.704 19.504 2.53

1.558 0.017 −0.031 0.003 1.774 8.81 −28.439 74.070 −63.593 19.195 2.49

1.559 0.017 −0.031 0.003 1.773 8.79 −27.918 72.764 −62.509 18.893 2.46

1.560 0.017 −0.032 0.004 1.771 8.77 −27.410 71.492 −61.453 18.599 2.42

is the most complete work reported so far for electro-refractive modulation using graphene. In
this sense, for type-II waveguides the refractive index variation is in the 10−4 orders of magnitude
while for the type III is in the 10−3 orders of magnitude. In both cases these orders are within the
same range as those reported in the paper. The approximation derived in the paper can therefore
be applied for the design of a wide range of silicon graphene integrated devices ranging from
simple configurations such as tunable polarization filters and dividers to complex electro-refractive
modulators and finite/infinite impulse response tunable filters.

As mentioned before, the polynomial approximation is linked to specific waveguide designs. In
this respect, we wish to point out that we have focused on three particular designed that have been
proposed in the literature of which, type-III is the most efficient in terms of refractive index mod-
ulation. The method outlined here can, however, be expanded following the guidelines described
in Section IV.1 and Fig. 3 to investigate other waveguide designs and obtain suitable polynomial
approximations.
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[17] J. Capmany, D. Doménech, and P. Muñoz, “Graphene integrated microwave photonics,” J. Lightw. Technol., vol. 32,

no. 20, pp. 3785–3796, Oct. 2014.
[18] M. Ndeljkovic, R. Soref, and G. Z. Mashanovich, “Free-carrier electrorefraction and electroabsorption modulation

predictions for silicon over the 1-14 mm infrared wavelength range,” IEEE Photon. J., vol. 3, no. 6, pp. 1171–1180, Dec.
2011.

[19] G. W. Hanson, “Dyadic Green’s function and guided surface waves for a surface conductivity model of graphene, ” J.
Appl. Phys, vol. 103, 2008, Art. no. 064302.

Vol. 8, No. 5, October 2016 4501613



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Algerian
    /Arial-Black
    /Arial-BlackItalic
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BaskOldFace
    /Batang
    /Bauhaus93
    /BellMT
    /BellMTBold
    /BellMTItalic
    /BerlinSansFB-Bold
    /BerlinSansFBDemi-Bold
    /BerlinSansFB-Reg
    /BernardMT-Condensed
    /BodoniMTPosterCompressed
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /BritannicBold
    /Broadway
    /BrushScriptMT
    /CalifornianFB-Bold
    /CalifornianFB-Italic
    /CalifornianFB-Reg
    /Centaur
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /Chiller-Regular
    /ColonnaMT
    /ComicSansMS
    /ComicSansMS-Bold
    /CooperBlack
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FootlightMTLight
    /FreestyleScript-Regular
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /HarlowSolid
    /Harrington
    /HighTowerText-Italic
    /HighTowerText-Reg
    /Impact
    /InformalRoman-Regular
    /Jokerman-Regular
    /JuiceITC-Regular
    /KristenITC-Regular
    /KuenstlerScript-Black
    /KuenstlerScript-Medium
    /KuenstlerScript-TwoBold
    /KunstlerScript
    /LatinWide
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaBright
    /LucidaBright-Demi
    /LucidaBright-DemiItalic
    /LucidaBright-Italic
    /LucidaCalligraphy-Italic
    /LucidaConsole
    /LucidaFax
    /LucidaFax-Demi
    /LucidaFax-DemiItalic
    /LucidaFax-Italic
    /LucidaHandwriting-Italic
    /LucidaSansUnicode
    /Magneto-Bold
    /MaturaMTScriptCapitals
    /MediciScriptLTStd
    /MicrosoftSansSerif
    /Mistral
    /Modern-Regular
    /MonotypeCorsiva
    /MS-Mincho
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /NiagaraEngraved-Reg
    /NiagaraSolid-Reg
    /NuptialScript
    /OldEnglishTextMT
    /Onyx
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Parchment-Regular
    /Playbill
    /PMingLiU
    /PoorRichard-Regular
    /Ravie
    /ShowcardGothic-Reg
    /SimSun
    /SnapITC-Regular
    /Stencil
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TempusSansITC
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanMTStd
    /TimesNewRomanMTStd-Bold
    /TimesNewRomanMTStd-BoldCond
    /TimesNewRomanMTStd-BoldIt
    /TimesNewRomanMTStd-Cond
    /TimesNewRomanMTStd-CondIt
    /TimesNewRomanMTStd-Italic
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /VinerHandITC
    /Vivaldii
    /VladimirScript
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZapfChanceryStd-Demi
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Suggested"  settings for PDF Specification 4.0)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


