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ABSTRACT

In this paper we will prove a slight generalisation of the Hewitt-
Marczewski-Pondiczery theorem (theorem 2.3 below) concerning the
density of k-box-products. With this result we will prove the existence
of generalized independent families of big cardinality (corollary 2.5 be-
low) which were introduced by Wanjun Hu.
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1. INTRODUCTION

Let d(X) denote the density and w(X) the weight of the topological space
X.

Definition 1.1. Let u, x be two cardinals with 8y < k£ < p and {X;} be a
family of topological spaces.

Ufe, Xi denotes the r-boz-product which is induced on the full cartesian product
[Lic, Xi by the canonical base

IS

B = {ﬂpri_l(Ui);I € P.(n) and U; is open in XZ-}
icl
where P, (p) :=={I C p; |I| < K}
For k = Ny the k-box-product is the usual Tychonoff-product [8] and for

kT = p the k-box-product is the full box-product mentioned by Kelley [5] and
Bourbaki [1].
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In this paper we will discuss the density of k-box-products and the connec-
tion with infinite combinatorics. The classical Hewitt-Marczewski-Pondiczery
theorem states:

d (D:zeowX ) < u for all spaces X; with d(X;) < p

This has been proven for separable spaces by E. Marczewski [6] in 1941. In
1944 E. S. Pondiczery [7] proved a slighty weaker version for Hausdorff spaces
and in 1947 E. Hewitt [3] proved the general version as stated above.

In theorem 2.4 we will prove:

d(Ofon X;) < p=" for all spaces X; with d(X;) < p

2. DENSITY OF k-BOX-PRODUCTS

In this section we will prove a generalisation of Theorem 1 in [2]. To do so
we start with the following definition and proposition:

Definition 2.1. Let &, 1 be two infinite cardinals with u > k, {X;};cr a family
of topological spaces and for all ¢ € I let 25; be a base of the topology on Xj.
W C Hiel X; is called a p-cube if for every ¢ € I there exists 2J; C B; with

W= Hie] (ﬂ mz)

Proposition 2.2. Let X be a set, p > K two infinite cardinals, {X;}icr a
family of topological spaces, {fi: X — Xi},c; a family of functions and let W
be a subset of [[;c; Xi which is a union of pi-cubes.

For every cardinal A < r and every tuple ({z;},cy ;{Ji};c\) of families {x;},c, C
X and {Ji};cn € P(I), where all J; are pairwise disjunct and not empty, there
exists a subset Q C W of cardinality less or equal to p

<F so that for all families
{jiiji € Ji},cy the following holds:

(Wﬁ ﬂpT (fi: (x5.)) # ®> = <Q N ﬂpT (f5: (x5.)) # ®> :

PEN PEA

Proof. For every tuple ({z;},c, ; {Ji}icy) with [{i € X;|J;| > 1}| = 0 the claim
is pretty obvious.

So we assume that the proposition is valid for cardinals less than v and let
({zi}ier i {Ji}icn) be a tuple with |[{i € X;|J;| > 1} = v.

Without loss of generality we may assume that |.J;| > 1 for alli € v and |J;| = 1
for all other i > v and that there exists at least one family {j;;j; € J;},c, with
W Nierrrs,! (fi (25.) # 2.

Let p € W be an point so that prj, (p) € f;,(z;) for all v < i e A

Then there exists an J € P<,(I) with

{q e [[xivi e pri(q) —ij(p)} Cw.
iel

We choose for all i € v and j; € (J; — J) a point ¢;, € f;,(z;) and we define a

point g € W as follows:
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ri(p) L ifie (I— U, (Ji—J
4, ,if i = ji and j; € (J; — J)
By the definition of ¢ we have ¢ € (W N(,c, prj:_l (fj.(xi))) for every family
{ji; ji € Ji};cy such that for all i € v: j; € (J; — J).

Now we have to consider families {j;;j; € Ji};c, with j; € (J; N J) for at
least one 7 € \.
We define

Si= {{J e li€rmJf = I <vA (£ Ji= Jf e P(JinJ)}.

=B <p <pr < psr
For all o = {J;},., € ¥ we define a family {J7},., as follows:

1€V
Jo . Jr oJifiev
Yo lg Lifi>w

For all these {ng}ie/\ the proposition already holds, so we can choose a set
Qo € W with |Qo| < =" and for all families {j;;j; € J7},c, the following
holds:

(Wﬁ mp'rj_il (fh (Ijz)) 7£ ®> = (Qo’ N ﬂp'rj_il (fjl (‘le)) 7£ ®> :
i€ 1)

Let o = {ji;ji € Ji};e, be a family with W N,y pr" (f5, (25,)) # @.

Then o € ¥ and Q, N[;cy pTzl (f5: (z5,)) # @.

We define
Q= {Q} U U Qo
oEY
and because |Q| < p<" this is the set we were looking for. O

Theorem 2.3. Let x and p be two infinite cardinals with u > x and let Uf ; X;
be a k-boz-product with |I| < 2" and w(X;) < p for alli € I.

Then d(W) < p<" holds for every subset W C [[,.; X; which is a union of
p-cubes.

Proof. Let |I| = 2", so we may assume that I = 2/,

Let B* be a base of the x-box-product 0% , D of the discrete space D = {0; 1}
with |[B*| = u<".

For all i € 2# let B; be a base of the topology on X; with |B;| = i, X be a
set with [X| = p, {fi; fi : X — B;},c0. be a family of surjective functions and
2K — Hie” D be a bijection. We define

Y= {{{zi}icx; {Jitier) ;A < KAV, jEX:
T, € XND#J; C2UANY(S;) € B*N(i #j=J;NJ; =0)}



224 S. O. Elser

and choose for every o € ¥ a set @, C W with all the properties as stated
in proposition 2.2. We define Q := J, 5, @, Because of |B*| = 1 we have
|Z] < <% and therefore |Q] < p<". We will now show that @ is dense in W.

Let O be a nonempty open set in W and U an element of the canoni-
cal base B of Uf,.X; with @ # UNW C O. Then there exists a set
{ji;i € A} € P<x(2*) and a family {U;;U; € B}, with U = ;¢ pr. ' (Us).
We can choose for all i € A pairwise disjunct open sets B} € B* with ¢(j;) € B}
and x; € X with fji (.IZ) =U;.

Obviously o := ({zi};c;{Ji};c\) is an element of ¥ and we have the condi-
tion @ £ W N mie)\ij_il(fji (2;)), thus Q, NU #£ &
=QNOD0,NWNU=0,NU#g

Therefore @ is dense in W and we have d(W) < |Q] < u<". O

The following is a slight generalisation of the Hewitt-Marczewski- Pondiczery
theorem:

Theorem 2.4. Let k and X be two infinite cardinals with p > k and let Of ; X;
a k-box-product with |I| < 2* and d(X;) < u for all i € I.
Then d(05.; X;) < p<*.
Proof. Obviously there is a set D which is dense in O ; X; and |pri(D)| < p
for all i € I.
Let 07, W; be the s-box-product of discrete spaces W; with |W;| = p and
let f:]],c; Wi = D be a continuous and surjective function.
Because [[,.; Wi itself is an union of p-cubes and due to theorem 2.3 there is
a dense subset Q of W with |Q| < u<*.
Let O be a nonempty open set in (0%, X;. Then DN O # @ and f~H(DNO)
is open in Of ; W;.
SoQNfHDNO)£@and @ # f(QNfHDNO)) C F(Q)NO.
Therefore f(Q) is dense in O, X; and d (0%, X;) < p~". O
Following Wanjun Hu we define:

Definition 2.5. Let S be an infinite set, x, A and 0 be three cardinals with
k>R and A > 2. A family J = {Ja}, ., of partitions Jo = {IZ;8 € A} of S
is called a (k, 0, \)-generalized independent family, if following holds:

VI € Per(T)Vf: J — A Hﬂfgw;a e JH >0
We can now apply 2.4 on this theorem and we receive the following;:

Corollary 2.6. Let k and X be two infinite cardinals with u > K.
On every set with at least p=" elements ewists a (k, 1, 1)-generalized indepen-
dent family of cardinality 2*.

Proof. Let S be a set of cardinality p~<".

For every family {X;},., of topological spaces with d(X;) < A the following
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holds with theorem 2.4:
d (05, X:) < |5

icpri
Wanjun Hu proved in theorem 3.2 in [4] that this is equivalent to the existence
of a (k, 1, u)-generalized independent family of cardinality 2 on S. O
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