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ABSTRACT

In this paper, we introduce the concept of W-compatiblity of mappings
F:XxXxX — X andg:X — X and based on this notion, we
obtain tripled coincidence and common tripled fixed point results in the
setting of partial metric spaces. The presented results generalize and
extend several well known comparable results in the existing literature.
We also provide an example to support our results.
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1. INTRODUCTION

Matthews [19, 20] introduced the notion of a partial metric space which is a
generalization of usual metric spaces in which the distance of a point to itself
is no longer necessarily zero.

A partial metric space (see [19, 20]) is a pair (X, p) such that X is a (non-
empty) set and p : X x X — RT (where R denotes the set of all non negative
real numbers) satisfies

(p1) p(z,y) = p(y,x) (symmetry)

(p2) If p(z,z) = p(x,y) = p(y,y) then x =y (equality)

(p3) p(z,z) < p(x,y) (small self-distances)

(p4) p(z,2) +p(y.y) < p(z,y) + p(y, 2) (triangularity)

for all x,y, 2z € X. In this case we say that p is a partial metric on X.

Each partial metric p on X generates a Ty topology 7, on X with a base
of the family open of p-balls {B,(z,¢) : ¢ € X,e > 0}, where By(z,¢) = {y €
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X :p(z,y) < p(x,z) + ¢} for all z € X and € > 0. Similarly, a closed p-ball is
defined as Bylz,e] = {y € X : p(x,y) < p(z,z) +¢}.

Definition 1.1 ([19, 20]). (1) A sequence {z,} in a partial metric space
(X,p) is called Cauchy if lim p(zy,,xn) exists (and finite),
n,m-—oo

(7i) A partial metric space (X, p) is said to be complete if every Cauchy

sequence {x,} in X converges, with respect to 7,, to a point € X
such that p(x,z) = Um  p(zn, ).
n,M_y 00

Notice that for a partial metric p on X, the function p® : X x X — RT given
by
(1.1) p*(x,y) = 2p(z,y) — plz,z) — p(y,y)
is a (usual) metric on X.

It is well known and easy to see that

(1.2) lim p*(z,2,) =0 < p(a,x) = lim p(r,z,) = lim p(z,, m).
n— o0 n—o0 n,m_— 00
Lemma 1.2 ([19, 20]). (A) A sequence {x,} is Cauchy in a partial metric
space (X, p) if and only if {x,,} is Cauchy in the metric space (X, p®).
(B) A partial metric space (X, p) is complete if and only if the metric space
(X, p®) is complete.

For simplicity, we denote from now on X x X --- X x X by X* where k € N

k terms
and X a non-empty set. We start by recalling some definitions where X is a

non-empty set.

Definition 1.3 (Bhashkar and Lakshmikantham [13]). An element (z,y) €
X? is called a coupled fixed point of a mapping F : X2 — X if x = F(x,y)
and y = F(y,x).

Definition 1.4 (Lakshmikantham and Ciri¢ [18]). An element (z,y) € X2 is
called

(i) a coupled coincidence point of mappings F' : X? - X and g: X — X
if gx = F(x,y) and gy = F(y,z), and (gz, gy) is called coupled point
of coincidence;

(ii) a common coupled fixed point of mappings F': X? -+ X andg: X — X
if x =gx=F(x,y) and y = gy = F(y, x).

Note that if g is the identity mapping, then Definition 1.4 reduces to Defi-
nition 1.3.

In 2011, Samet and Vetro [21] introduced a fixed point of order N > 3. In
particular, for N = 3 we have following definition.

Definition 1.5 (Samet and Vetro [21]). An element (z,y,2) € X? is called
a tripled fixed point of a given mapping F : X® — X if x = F(x,y,2), y =
F(y,z,z) and z = F(z,z,vy).
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Note that, Berinde and Borcut [12] defined differently the notion of a tripled
fixed point in the case of ordered sets in order to keep true the mixed monotone
property. For more details, see [12].

Now, we give the following definitions.

Definition 1.6. An element (z,y, z) € X3 is called
(i) a tripled coincidence point of mappings F' : X® — X and g : X — X
if g = F(x,y,2), gy = F(y,z,z) and gz = F(z,z,y). In this case
(gz, gy, gz) is called tripled point of coincidence;
(ii) a common tripled fixed point of mappings F': X — X and g: X — X
ife =gz =F(x,y,2),y=9y=F(y,z,2) and z = gz = F(z,x,y).

Fixed point theorems on partial metric spaces have received a lot of attention
in the last years (see, for instance, [2, 3, 4, 5, 6, 7, 8, 9, 10, 14, 15, 16, 17,
22, 23, 24] and their references). Abbas et al. [1] introduced the concept of
w-compatible mappings and obtained coupled coincidence point and coupled
point of coincidence for mappings satisfying a contractive condition in cone
metric spaces. Very recently, Aydi et al. [11] introduced the concepts of w-
compatible mappings and generalized the results in [1].

The aim of this paper is to introduce the concepts of W-compatible map-
pings. Based on this notion, tripled coincidence point and common tripled
fixed point for mappings F': X x X x X — X and g : X — X are obtained
in partial metric space. The presented theorems generalize and extend several
well known comparable results in the literature. An example is also given in
support of our results.

Definition 1.7 (Abbas, Khan and Radenovié [1]). The mappings F : X? —
X and g : X — X are called w-compatible if g(F(z,y)) = F(gx, gy) whenever
gx = F(x,y) and gy = F(y, x).

Definition 1.8. Mappings F : X?> — X and g : X — X are called W-
compatible if

F(gz,9y,92) = g(F(2,y,2))
whenever F(z,y,z) = gz, F(y,z,2) = gy and F(z,y,x) = gz.

2. MAIN RESULTS

We present our first result as follows.

Theorem 2.1. Let (X,p) be a partial metric space and F : X3 — X and
g : X — X be mappings such that F(X?) C g(X) and g(X) is a complete
subspace of X. Suppose that for any x,y, z,u,v,w € X, the following condition

p(F(z,y,2), F(u,v,w)) < arp(F(z,y, 2), gx) + a2p(F(y, 2, ), 9y) + asp(F(z, 2, y), 92)

+ asp(F(u,v,w), gu) + asp(F (v, w, u), gv) + asp(F(w, u,v), gw) + arp(F (u, v, w), gz)
+ asp(F (v, w,u), gy) + agp(F(w,u,v), gz) + arop(F (2, y, 2), gu) + a11p(F(y, 2, ), gv)
+ a12p(F(z,2,y), gw) + ai3p(gr, gu) + a1ap(gy, gv) + a15p(gz, gw),
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9 15
holds, where a;, 1 = 1,--- ;15 are nonnegative real numbers. Ifz aﬁrz a; <
i=7 i=1
12 15
1 or Z a; + Zai < 1, then F and g have a tripled coincidence point.
i=10 i=1

Proof. Let xq,yo and zy be three arbitrary points in X. By given assumptions,
there exists (x1,y1, 21) such that

F(xo,y0,20) = 9gx1, F(yo,20,20) =gy1 and F(zo,20,%) = g21.

Continuing this process, we construct three sequences {x,}, {y,} and {z,} in

X such that

(2.1)

F(Inayn; Zn) = gTn+1, F(yn; Znaxn) = 9Yn+1 and F(Zruxn; yn) =gzns1 VneN.

Denote
On = P(9Tn+1, 9Tn) + P(GYn+1,9Yn) + P(92n+1, 92n)-
We claim that

(2.2) Sns1 < KO V¥mEN,

where k € [0,1) will be chosen conveniently.
First, taking (z,v,2) = (Tn, Yn, 2n) and (u, v, w) = (41, Ynt1, Znt1) in the
considered contractive condition and using (2.1), we have
P(9Tn+1, 9Tn+2) = P(F(Tn, Yn, 2n), F(Tnt1: Ynt1s 2n1))
< a1p(F(Tns Yn, 2n), 9Tn) + a2D(F(Yn, 20, Tn), 9Yn) + azp(F(2n, Tn, Yn), 92n)
+ aap(F(Tnt1, Ynt1s 2n41)s 9Tnt1) + a5P(F (Yn+1, Znt15 Tnt1)s GYnt1)
+ a6P(F (2n+1, Tnt1, Ynt1), 92n+1) + arp(F(Tnt1, Yns1, Znt1); 92n)
+ asp(F(Ynt1: 2041, Tnt1), §Yn) + aoP(F (2041, Tnt1, Ynt1)s 92n) + a10p(F(Tns Yns 2n)s 9Tn41)
+ a11p(F(Yns 2ns Tn)s GYnt1) + a12p(F (2ns Tn, Yn)s 92n41)
+ a13p(92n, gTnt1) + a14P(9Yn, 9Yn+1) + a15p(92n, 92n+1)
= a1p(9Tn+1, 9Tn) + a2p(9Yn+1, 9Yn) + a3p(9zn+1, 92n) + aap(9Tni2, gTn+1)
+ asp(gyYn+2, 9Yn+1) + a6p(92n+2, 92n+1) + a7p(9Tnv2, 9Tn) + asp(9Yn+2, 9Yn)
+ aop(92n+2, 92n) + @10P(9Tn+1, 9Tn+1) + a11P(9Yn+1, 9Ynt1) + @12P(92n41, 92n+1)
+ a13p(92n, 9Tnt1) + a14P(9Yn, 9Yn+1) + a15p(92n, 92n+1)-

Then, using (p2) and the triangular inequality (which holds even for partial
metrics), one can write for any n € N

(1 — a4 —ar — a10)p(gxn+2, 9Tnt1) < (a1 + a7 + a13)p(9Tn+1, 9Tn) + (a2 + as + a14)P(GYn, GYn+1)
(2.3)
+(a3 + ag + a15)p(92n, 9Znt1) + (as + as + a11)p(9Yn+2, 9Ynt1) + (a6 + ag + a12)p(92nt2, 92n11)-
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Similarly, following similar arguments to those given above, we obtain

(1 — a4 — a7 — a10)P(9Yn+2, 9Yn+1) < (a1 + a7 + a13)p(9Yn+1, 9Yn) + (a2 + ag + a14)p(92n, 9Zn+1)
(2.4)
+(as + ag + a15)p(9Tn, gni1) + (a5 + as + a11)p(g2n+2, 92n+1) + (a6 + ag + a12)p(gTn+2, gTn+1),
and

(1 — a4 — a7 — a10)p(92nt2; 92n+1) = (a1 + a7 + a13)p(gzn+1, 92n) + (a2 + as + a14)p(gn, gTn+1)
(2.5)
+(as + ag + a15)p(gYn; 9Yn+1) + (a5 + as + a11)p(92n+2, 9Tn+1) + (a6 + ag + a12)P(gYn+2; GYn+1)-

Adding (2.3) to (2.5) we have
(2.6)
(1—as—as—ag—ar—ag—a9—ai0—a11—a12)0n41 < (a1+as+as+ar+as+ag+aiz+aiatars)on,

that is
(27) 5n+1 <kid, Vne N,
where

. ay +az + a3z +ar+as+ag+ a3+ ayg + as

1= 12 :
e
i=4
9 15

As Zai + Zai < 1,500 < Ky < 1. Hence (2.2) holds for k = k;.

=7 =1
On the other hand, we have

P(9Tn+2, 9Tn41) = P(F (Tnt1, Ynt1s 2n41)s F(Tns Yn, 2n))

< a1p(F(Tnt1,Ynt1, Znt1)s 9Tnt1) + @2P(F (Yn+15 20415 Tnt1), 9Yn+1)

+ a3p(F(2n11; Tnt1, Ynt1)s 92n+1) + @ap(F(Tns Yns 2n), 9Tn)

+ asp(F(Yns 2ns Tn), 9yn) + asp(F (2, Tn, Yn)s 92n) + a7p(F (Tn, Yns 2n), 9Tn+1)

+ asp(F(Yn, 2n, Tn)s Yn+1) + a9P(F (20, T,y Yn), 92n+1) + a10P(F (Tnt1, Ynt1, 2nt1), 9Tn)
+ a11p(F(Yn+1: 241, Tnt1), 9Yn) + a12p(F (2041, Tnt1s Ynt1), 920) + a13P(9%nt1, 9%0)

+ a14p(9Yn+1, 9Yn) + a15p(g2n+1, 97n)

= a1p(9Tn+2, §Tn+1) + a2P(9Yn+2, 9Yn+1) + a3P(92n+2, 92n+1) + aap(gTni1, 9Tn)

+ asp(9Yn+1, 9Yn) + a6p(92n+1, 92n) + a7P(9Tn41, 9Tnt1) + asP(gYn+1, GYn+1)

+ agp(9zn+1, 92n+1) + a10P(9Zn+2, 9Tn) + a119(9Yn+2, 9Yn) + a12p(92n+2, 92n)

+ a13P(9%n, 9Tn+1) + @1aP(9Yn, 9Yn+1) + a15p(92n, G2n+1)-

Thus, using again (p2) and the triangular inequality

(1= a1 — a7 — a10)P(9nt2, gTn+1) < (as + a10 + a13)p(92n11, 9%n) + (a5 + ar1 + a14)p(gYn, GYn+1)

(2.8)
+(ag + ai2 + a15)p(92n, 92n41) + (a2 + as + a11)p(9Yn+2, 9ynt1) + (a3 + ag + a12)p(92n12, 92n11)-
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Similarly,

(1 — a1 — a7 — a10)P(gYn+2, 9Yn+1) < (as + aro + a13)p(9Ynt1, 9Yn) + (as + a1 + a14)p(92n, 92ni1)
(2.9)
+(as + a12 + a15)p(gTn, 9Tny1) + (a2 + ag + a11)p(92n+2, 92nt1) + (a3 + ag + a12)p(9Tn12, 9Tn11)
and

(1 —a1 — a7 — a10)p(92n+2; 92n+1) < (a4 + a10 + a13)p(92n+1, 92n) + (as + a11 + a14)p(gTn, GTn+1)
(2.10)
+(a6 + ai2 + a15)p(9Yn, gYn+1) + (a2 + as + a11)p(9Tn+2, gTnt1) + (a3 + ag + a12)p(9Yn+2, gYn+1)-

Adding (2.8) to (2.10), we obtain that

(2.11)

(1—a1—ag—as—ar—as—ag—a10—a11—a12)0n4+1 < (@a+as+as+aio+aii+aio+a13+aia+ais)o,.
From (2.11), one can write

6n+1 < KQ(Sn VneN

where
a4 +as +ag +aip +an + a2 + a3 +ag +as
Rg = 15 .
l—ai—az—az—) ;2 a
12 15
Since Z a; + Zai < 1,50 0 < ky < 1. Thus, (2.2) holds for kK = ka.
i=10 i=1
By (2.2), we have
(2.12) 6 < KOp_1 < - < K.

If 5o = 0, we get p(gzo, gz1) +p(9Y0, 9y1) = p(g20, g21) = 0, that is, gro = g1,
9yo = gy1 and gzo = gz1. Therefore, from (2.1) we have

F(x0,90,20) = 921 = gxo, F(yo,20,%0) = gy1 = gyo and  F(zo,20,Yy0) = 921 = G20,

that is, (zo, Yo, 20) is a tripled coincidence point of F' and g. Now, assume that
0o # 0. If m > n, we have

P(9%m; 9Tn) < P(9Tms 9Tm—1) + P(9Tm—1, 9Tm—2) + -+ + p(gTn+1, 9Tn),
P(9Ym; 9Yn) < P(9Ym, 9Ym—1) + P(9Ym—1, 9Ym—2) + -+ + P(gYn+1, 9Yn),
and
P(92m: 92n) < P(9Zm; 92m—1) + P(92m—1, 9Zm—2) + - + P(gZnt1, 92n).-
Adding above inequalities and using (2.12), we obtain (for m > n)
P(9Tm, 9Tn) + P(GYm, 9Yn) + P(92ms 92n) < Om—1 + Om—2 + -+ + dy,
(k™ k™ K™ 5

n

IN

IN

T /160 — 0 since k € [0,1).

This implies that
(213) N p(g2m, gzn) = Hm  p(gym, gyn) = lim  p(gzm, gzn) = 0.
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We deduce that {gx,}, {gyn} and {gz,} are Cauchy sequences in (g(X),p)
which is complete, then by Lemma 1.2, {gx,}, {gyn} and {gz,} are Cauchy

sequences in the metric subspace (g(X), p®). Since is also (g(X), p*) complete,
so that there exist x,y, z € X such that

(2.14) lim p°(g92n, gx) = lim p°(gyn,9y) = lim p°*(gzn,gz) = 0.
n—o0 n—oo n—roo

Again, by Lemma 1.2 and (2.13), we get that

(2.15) p(gz, gx) = lim p(gr,,gx) = lm p(gzm,gz,) =0,
n— 00 n,m—00

(2.16) p(9y,9y) = lim p(gyn,gy) = lim  p(gym,gyn) =0,
n— 00 n,M—00

and

(2.17) p(9z,92) = lim p(gzn,92) = lim  p(gzm,g2n) = 0.

Now, we prove that F(z,y,2) = gz, F(y,z,2) = gy and F(z,x,y) = gz. Note
that

p(F(x,y,2),92) < pF(x,y,2), F(@n, Yn,2n) + D(F (T, Yn, 2n), 97)
(2.18) = p(F(z,y,2), F(Tn, Yn, 2n) + p(9Tni1, 92).

On the other hand, applying the given contractive condition, we obtain

p(F(2,y,2), F(Tn, Yn, 2n)) < ar1p(F(2,y, 2), g) + a2p(F(y, 2, 7), gy) + asp(F (2, 7,9), g2)

+ asp(F(Tn;, Yns 2n), 9Tn) + asp(F(Yn, 2n, Tn), gYn) + a6P(F (20, T, Yn), 92n)

+ a7p(F(xn, Yn, 2n), 92) + asp(F (Yn, 2ns Tn), 9y) + aop(F(2n, Tn,Yn), 92) + a10p(F(x,y, 2), g2n)

+ anp(F(y, z,x), gyn) + a12p(F (2,2, ), 92n) + a13p(9, gTn) + a14p(9Y, gyn) + a15p(92, 92n)

= a1p(F(z,y, 2), g7) + aep(F(y, 2, ), gy) + asp(F (2, 2,9), 92) + aap(9Tni1, 92n) + a5p(9Yni1, 9Yn)
+ aep(92n+1, 92n) + arp(9Tnt1, 92) + asp(gyn+1, 9y) + aop(gzn+1, 92) + ar0p(F (2,9, 2), gTn)
+anp(F(y, 2z, %), gyn) + a12p(F (2, 2,y), gzn) + a13p(g2, 975) + a14p(gy, gyn) + a15p(gz, gzn)-

Combining above inequality with (2.18) and using a triangular inequality, we
have

p(F(z,y,2),97) = arp(F(2,y,2), g) + a2p(F(y, z,7), gy) + asp(F (2,2, y), 92) + asp(gTn+1, gTn)
+ asp(9Yn+1, 9Yn) + a6pP(92n+1, 92n) + arp(gTn1, 9T) + asp(gyn+1, 9y) + a9p(gzn+1, 92)

+ a10p(F (2, y, ), 9x) + a10p(9z, 9zn) + a11p(F(y, 2, ), 9y) + a11p(9y, gyn) + a12p(F (2,2, y), 92)
+ a12p(92, 92n) + a13p(9, grn) + a14p(9y, gyn) + a15p(92, 92n) + p(9Tn+1, gz).
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Therefore,

(1 = a1 — a10)p(F(2,y,2), 9v) — (az + a11)p(F (y, 2, 7), gy) — (a3 + a12)p(F(z,2,9), g2)
< aap(9Tn+1, 9Tn) + asp(9Yn+1, 9Yn) + a6p(92n+1, 92n) + (1 + a7)p(gni1, gz)

+ asp(gyn+1, 9y) + a9p(9zn+1, 92) + (a0 + a13)p(9z, gn)

(2.19)

+ (a11 + a14)p(9y: gyn) + (a12 + a15)p(92, 92n).

Similarly, we obtain

(1 — a1 —aw0)p(F(y,2,7),9y) — (a2 + an)p(F(z,7,y), 92) — (a3 + a12)p(F(z,y, 2), gv)
< asp(gYn+1, 9Yn) + asp(9znt1, 9%n) + a6p(gTni1, 97n) + (1 + a7)p(gYn+1, 9y)

+ asp(92n+1,92) + agp(gTn+1, 97) + (ar0 + a13)p(9y, gyn)

(2.20)

+ (a1 + a14)p(92, gzn) + (@12 + a15)p(gz, gn),

and

(1 — a1 — alO)p(F(Za xZ, y)797«') - (G/Q + all)p(F(x7ya Z)agx) - (a3 + a12)p(F(y7 Z7x)7gy)
< asp(92n+1, 92n) + asp(9Tni1, 9Tn) + asp(gYnt1, 9yn) + (1 + a7)p(gzn11, 92)

+ agp(gTni1, 97) + agp(gyn+1, 9y) + (aio + a13)p(g9z, gzn)

(2.21)

+ (a11 + a14)p(9x, gxyn) + (a12 + a15)p(9y, 9yn)-

Letting in (2.19)-(2.21) and using (2.15)-(2.17), we get that
(1—a1—az—az—aro—an—a2)[p(F(2,y, 2), 92)+p(F (y, 2, ), gy)+p(F (2, 2, y), g2)] = 0.
It follows that p(F(z,y,2),9x) = p(F(y, z,2), gy) = p(F(z,z,y),gz) = 0, that

is Fx,y,2) = gz, Fy,z,x2) = gy and F(z,z,y) = g=z. O

As consequences of Theorem 2.1, we give the following corollaries.
Corollary 2.2. Let (X,p) be a partial metric space. Let F : X3 — X and

g : X — X be mappings such that F(X?) C g(X) and g(X) is a complete
subspace of X. Suppose that for any x,y, z,u,v,w € X

p(F(z,y,2), F(u,v,w)) < ar[p(F(2,y, 2), gz) + p(F(y, 2, 7), gy) + p(F (2,2, y), 92)]
+ a[p(F(u,v,w), gu) + p(F (v, w, u), gv) + p(F(w, u,v), gw)]
+ as[p(F(u, v, w), gz) + p(F (v, w,u), gy) + p(F(w, u,v), gz)]
+ au[p(F(2,y,2), gu) + p(F(y, 2z, x), gv) + p(F (2,2, y), gw)]
+ as[p(gz, gu) + p(gy, gv) + p(g2, gw)],

where a;;, © = 1,--- |5 are nonnegative real numbers. If as + Zai <1/3 or
i=1
s K3
g + Zai < 1/3, then F and g have a tripled coincidence.

=1
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Proof. Take a1 = a3 = a3 = a1, a4 = a5 = ag = Q2, A7 = ag = Ay = A3,
ajp — a11 — a12 = 04 and a13 = Q14 — Qa15 = Q5 in Theorem 2.1 with
5 5

as + Zai <1/3oras+ Z a; < 1/3. The result follows. O

i=1 i=1

Corollary 2.3. Let (X,p) be a partial metric space. Let F:X?2— X and
g : X — X be mappings satisfying F(X?) C g(X), (9(X),p) is a complete
subspace of X and for any x,y,u,v € X,

p(F(2,y), F(u,v)) < a1p(F(z,y), g7) + azp(F(u,v), gu) + asp(F (u,v), gz)

(2.22) asp(F(z,y), gu) + asp(gz, gu) + asp(gy, gv),

6
where a;, 1 = 1,--- |6 are nonnegative real numbers such that as + Zai <1

i=1
6

or a4 +Z a; < 1. Then F and g have a coupled coincidence point (z,y) € X2,
i=1

that is, F(:E,y) =gz and F(y,w) =9Y-

Proof. Consider the mappings F : X3 — X defined by F(z,y,z) = F(x,v)
for all z,y,z € X. Then, the contractive condition (2.22) implies that, for all
T, Y, 2, u,v,w € X

p(F(I, Y, 2)7 F(U, v, U})) < alp(F(x, Y, Z)a g$) + a2p(F(u7 v, U}), gu) + GSP(F(x7 Y, Z)a gu’)
+ a4p(F(U7 v, U}), gI) + G/5p(g$, gu) + a/ﬁp(gya g’U)
Then F' and g satisfy the contractive condition of Theorem 2.1. Clearly other
conditions of Theorem 2.1 are also satisfied as F(X?) C g(X) and g(X) is
a complete subspace of X. Therefore, from Theorem 2.1, F' and g have a
tripled fixed point (z,y, z) € X? such that F(x,y,2) = gz, F(y,z,x) = gy and
F(z,x,y) = gz, that is, F(z,y) = gz and F(y,z) = gy. This makes end to the
proof. O

Now, we are ready to state and prove a result of common tripled fixed point.

Theorem 2.4. Let F: X? = X and g : X — X be two mappings which
satisfy all the conditions of Theorem 2.1. If F' and g are W -compatible, then
F and g have a unique common tripled fized point. Moreover, common tripled
fized point of F and g is of the form (u,u,u) for some u € X.

Proof. First, we’ll show that the tripled point of coincidence is unique. Suppose
that (z,y,2) and (z*,y*,2*) € X3 with

gr = F(2,y,%) gzt = F(z*,y",2")
gy = F(y,z,z) and  { gy* = F(y*, 2%, z%)
gz =F(z,z,y), gz" = F(z*,x%,y%).
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Using contractive condition in Theorem 2.1 and (p2), we obtain
p(gI, g$*) = p(F(I, Y, 2)7 F(I*, y*7 Z*)) < alp(F($, Y, Z)a g$) + GQP(F(ya z, I), gy) + a3p(F(Za z, y)7 gZ)
+asp(F(z*,y", 2%), 92%) + asp(F(y*, 2", x%), gy*) + aep(F (2", 2", y"), gz")
+arp(F(z*,y", 2%), 9x) + asp(F(y", 2", x%), gy) + agp(F (2%, 2%, y"), gz) + arop(F (2, y, 2), gz*)
+anp(F(y, z,2), gy*) + a12p(F(z, 2, y), 92") + a13p(gz, 97*) + a1ap(9y, 9y”) + a15p(g9z, g2")
< (a1 + aq + a7 + aro + a13)p(gr™, gx) + (a2 + as + ag + a1 + a14)p(9y”™, gy)
+ (as + ag + ag + a12 + a15)p(gz*, g2).
Similarly, we have
P9y, 9y*) = p(F(y, z,2), F(y", 2", 2%)) < (a1 + as + a7 + a10 + a13)p(9y”, gy)
+ (a2 + a5 + ag + a11 + a14)p(9z*, gz) + (a3 + as + ag + a12 + a15)p(ga”™, gx),
and
p(9z,92") = p(F (2, 2,y), F(2",2%,y")) < (a1 + aa + a7 + a19 + a13)p(92”, g2) + (a2 + a5 + as + a1
+ a14)p(ga™, gx) + (a3 + as + ag + ai2 + a1s5)p(gy™, gy).

Adding above three inequalities, we get

15
plgz, g™ )+p(9y, 9y™)+p(92, 92°) < (Y ai)lp(gr, g2*)+p(9y, gy™)+p(9z, 92°)].
1=1
15
Since Z a; < 1, we obtain
=1

p(gz, 9=*) + plgy, gy*) + plgz, 92") = 0,

which implies that

(2.23) gr=gx*, gy=gy" and gz = gz",

which implies uniqueness of the tripled point of coincidence of F' and g, that

is, (9, gy, gz). Note that

plgz, 9y") = p(F(z,y,2), F(y", 2%, 2%)) < arp(F (2,y, 2), 9x) + azp(F(y, 2, %), gy) + asp(F (2, 2, y), 92)
+asp(F(y", 2", %), gy") + asp(F (27, 2%, y%), 92") + asp(F (2", y", 27), g27)

+arp(F(y*, 2%, a%), gx) + asp(F (2", 2", y"), gy) + aop(F (z",y", 2%), g2) + ar0p(F (2, y, 2), 9y")
+anp(F(y, 2, 2), 927) + a12p(F (2, %, y), gx*) + a1sp(gx, gy*) + a1ap(gy, 92*) + a1sp(gz, gz*)
< (a1 + aq + a7 + aro + a13)p(gy”™, gv) + (a2 + as + ag + a11 + a14)p(9z™, gy)

+ (as + ag + ag + a12 + a15)p(gx™, gz).

Similarly

p(9y,92") < (a1 + as + a7 + aro + a13)p(92", gy) + (a2 + a5 + as + a11 + a14)p(g92”, g2)
+ (a3 + ag + ag + a1z + a15)p(gy”™, gz),
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and

p(gz, g2*) < (a1 + ag + a7 + a0 + a13)p(92”, 92) + (az + as + as + a1 + a14)p(gy™, g)
+ (az + ag + ag + a12 + a15)p(9z", gy).

Adding the above inequalities, we obtain

15
(g, 9y )+p(gy, 92" )+p(92, 927) < (Y @) (plgz, gy*)+p(gy, 927 )+p(92, 927)),
1=1

which again yields that

(2.24) gr=gy*, gy=gz" and gz=gz".
In view of (2.23) and (2.24), one can assert that

(2.25) gr = gy = gz.

That is, the unique tripled point of coincidence of F' and g is (gz, gy, gz).
Now, let u = gz, then we have u = gz = F(x,y,z) = gy = F(y,z,2) = gz =
F(z,x,y). Since F and g are W-compatible, we have

F(gz,gy,92) = 9(F(x,y, 2)),
which due to (2.25) gives that
F(u,u,u) = gu.

Consequently, (u, u, u) is a tripled coincidence point of F' and g, and so (gu, gu, gu)
is a tripled point of coincidence of F' and ¢, and by its uniqueness, we get
gu = gx. Thus, we obtain

u=gr=gu= F(u,u,u).

Hence, (u,u,u) is the unique common tripled fixed point of F' and g. This
completes the proof. O

Corollary 2.5. Let (X,p) be a cone partial metric space. Let F:X?2 5 X
and g : X — X be mappings satisfying F(X?) C g(X), (9(X),p) is a complete
subspace of X and for any x,y,u,v € X,

p(F(x,y), F(u,v)) < a1p(F(z,y), gz) + azp(F(u,v), gu) + asp(F (u,v), gx)

+ asp(F(2,y), gu) + asp(gz, gu) + agp(gy, gv),
6
where a;, 1 = 1,--- 6 are nonnegative real numbers such that as + Zai <1

i=1
6

or as + Zai < 1. If F and g are w-compatible, then F and g have a unique
i=1

common coupled fixed point. Moreover, the common fized point of F' and g is

of the form (u,w) for some u € X.
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Proof. Consider the mappings F : X3 — X defined by F(z,y,z) = F(x,y)
for all z,y,z € X. From the proof of Corollary 2.3 and the result given by
Theorem 2.4, we have only to show that F' and g are W-compatible. Let
(r,y,2) € X3 such that F(x,y,2) = gz, F(y,z,2) = gy and F(z,z,y) = g=.
From the definition of F, we get F(z,y) = gx and F(y,z) = gy. Since F and
g are w-compatible, this implies that

(2.26) 9(F(z,y)) = F(gz, gy).
Using (2.26), we have

F(gz,gy,92) = F(gz, gy) = g(F(x,y)) = g(F(x,y, 2)).
Thus, we proved that F' and g are W-compatible mappings, and the desired
result follows immediately from Theorem 2.4. O

Remark 2.6.

e Theorem 2.1 of Aydi [5] is a particular case of Corollary 2.5 by taking a; =
a1 =as = a4 =0 and g = Ix, the identity on X.

e Theorem 2.4 of Aydi [5] is a particular case of Corollary 2.5 by taking as =
as = a5 = ag = 0 and g = Ix, the identity on X.

e Theorem 2.5 of Aydi [5] is a particular case of Corollary 2.5 by taking a; =
as = as = ag = 0 and g = Iy, the identity on X.

e Corollary 2.2 extends Theorem 2.9 of Samet and Vetro [21] to partial metric
spaces (corresponding to the case N = 3).

e Theorem 2.4 extends Theorem 2.10 of Samet and Vetro [21] to partial metric
spaces (case N = 3).

e Theorem 2.4 extends Theorem 2.11 of Samet and Vetro [21] to partial metric
spaces ( case N = 3).

Similar to the Corollaries 2.3 and 2.5, by considering F(z,y,z) = fx for
all z,y,z € X where f: X — X, we may state the following consequence of
Theorem 2.4.

Corollary 2.7. Let (X,p) be a partial metric space and f,g : X — X be
mappings such that

p(f:c,f'LL) < alp(f:c,g:c)+a2p(fu,gu)+a3p(fu,g:£)
(2.:27) + asp(fz, gu) + asp(gu, gz)
5
for all x,u € X, where a; € [0,1),i = 1,---,5 and a3 —l—Zai <1 orag+

i=1
5

Zai < 1. Suppose that f and g are weakly compatible, f(X) C g(X) and
i=1

9(X) is a complete subspace of X. Then the mappings [ and g have a unique
common fized point.

Now, we give an example to illustrate our obtained results.
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Example 2.8. Let X = RT endowed with the partial metric metric p(z,y) =
max(x,y) for all z,y € X. Define the mappings F: X® — X and g : X — X
by
T 2x + 3y + 4z

9z = 3 and F(z,y,z) = = .

We will check that all the hypotheses of Theorem 2.1 are satisfied.
Note that FI(X?) C g(X) with g(X) is complete in X. Now, for all ,y, z, u, v, w €

X, we have

p(F(x,y,2), F(u,v,w))

max(F(z,y, z), F(u, v, w))
20+ 3y + 42 2u+ 3v+4w

<
S max(——p—— )
1
< glmax(3, 5} +max{Z, 2} + max{Z, 3]
1 1 1
= gPloz, gu) + 709y, 9v) + 7 p(g2, gw).
Then, the contractive condition is satisfied with a; = 0 for all + = 1,--- 12
and a13 = a14 = a5 = 1/4. All conditions of Theorem 2.1 are satisfied.

Consequently, (z,vy, z) is a tripled coincidence point of F' and g if and only if
x =y = z = 0. This implies that F' and g are W-compatible. Applying our
Theorem 2.4, we obtain the existence and uniqueness of a common tripled fixed
point of F" and ¢g. In this example, (0,0,0) is the unique common tripled fixed
point.
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