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ABSTRACT

We study the ordered structure of the collection of star compactifica-
tions by n points and the behavior of these compactifications through
quotients obtained by identification of additional points.
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1. INTRODUCTION.

When we study compactification in a general topology course, we usually only
deal with three types of compactifications: (1) the Alexandroff compactifica-
tion, which is a one-point compactification; (2) the Stone Cech’s compactifica-
tion, and (3) some elementary examples of compactifications by a finite number
of points, for instance:

(1) [0,1] is a compactification of (0,1) by two points.

(2) [0,1]U[2,3] is a compactification of A = (0,1) U (2,3) by four points.

(3) Geometrically, two disjoint circles on R? are a compactification by two
points, of the set A in the previous example.

These examples of compactifications by a finite number of points are parti-
cular cases of star compactifications. Star topologies were defined in [7] and
we mention without proofs some results given in [7]; in particular, the ne-
cessary and sufficient conditions for such topologies to be compactifications or
Ts—compactifications of a non-compact space.



18 L. Acosta and I. M. Rubio

By compactness of a topological space X, we mean that every open covering of
X has a finite subcovering, and by compactification of a non-compact topo-
logical space X, not necessarily a Hausdorff space, we mean a compact space
containing X as a subspace, which is dense in the compactification.

Our intention is to illustrate the definition with simple star compactifications
and present some interesting results about the ordered structure of the collec-
tion of star compactifications by n points, of a topological space. We obtain the
stability of such collection by finite intersections. On the other hand, we present
the behavior of the quotients of star compactifications obtained through equi-
valence relations in which we make some identification between the additional
points. Moreover we establish the relationships between the star compactifica-
tions of a topological space and other compactifications of it by a finite number
of points.

2. PRELIMINARY RESULTS.

2.1. Star topologies and star compactifications. In this section we present
the definition and some known results concerning star topologies and star com-
pactifications, given in [7].

For this purpose, we consider a non-compact topological space (X, 7) and X,, =
X U{wi,...,wn}, where wy,...,w, are n distinct points not belonging to X,
n € N.

Proposition 2.1. Let U;, i = 1,....,n be open subsets contained in X.
Then

B=71U{(U;\ K)U{w}| K CX closed and compact; i =1,...,n}
is a base for a topology i on X,.
This topology is called the star topology associated to Uy, ..., U,.

Notice that B is a closed collection under finite intersections. Throughout
this paper we denote the star topology over X,, associated to Uy,...,U, by

n = <<Uv17 ceey Un))

Proposition 2.2. (X,,,u) is a compactification of (X, 1) if and only if
(1) X\ '61Ui is compact, and
1=
(2) Ui & K for each K closed and compact subset of X, i =1,...,n.

Observe that the second condition implies that for each i = 1,...,n, U; is non-
empty. By the definition of  we observe that (X, 7) is a subspace of (X,,, 1)
and X € p.
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2.2. The Alexandroff compactification. Let (X, 7) be a non-compact topo-
logical space and X7 = X U {w}, where w is a point not belonging to X.

Theorem 2.3. Ifn =7U{AU{w} | A € 7 and X \ A is compact} , then (X1,7n)
is a compactification of (X, 1) by one point.

This compactification is called the Alexandroff compactification of (X, 7).
It is the finest compactification of (X, 7) obtained by adding one point, and it
is called “the” compactification by one point in the class of Hausdorff spaces,
because it is the only Hausdorff compactification by one point when (X, 7) is
a Hausdorff and locally compact space. See [6].

3. ORDERED STRUCTURE OF THE STAR COMPACTIFICATIONS BY n POINTS.

We present some results regarding the inclusion order relation in the collection
of star compactifications by n points of a non-compact topological space, which
enable us to conclude that this collection is stable under finite intersections.
We exhibit the smallest element of the mentioned collection. This element can
be seen as a generalization of the Alexandroff compactification by n points,
with n > 1. On the other hand, we study the relationship between the open
sets that generate two star topologies when one of them is finer than the other.

Let (X, 7) be a non-compact topological space and W = {wy,ws,ws,...} be a
set of different elements not belonging to X.
We denote Xo = X, X,, = X,, 1 U{w,},n > 1.

It is known that all compactifications of (X,7) by n points are seen, up to
homeomorphisms, as X,, with a convenient topology, in such way that X is
considered a subspace of the compactification.

We denote
En ={p € Top(Xy) | (Xpn, ) is a star compactification of (X, 7)};

the collection of star compactifications of (X, 7) by n points. Observe that for
each u € &,, we have 7 C u, i.e., X € pu.

Notice that the inclusion order relation defined in &,, coincides with the order
usually defined between compactifications (see [4]).

Proposition 3.1. Let Q = ((Uy,...,U,)), where U; = X for each i. If p =
((V1,..., Vo)) is an arbitrary star topology on X,,, then Q C pu.

Proof. Let K be a closed and compact subset of (X,7). As V; C X for each
i=1,..,n,then A={w;}UX\K)={w}U((V;\K)U(X\K) € u, since
{wi} U(V;\K) ep and X \ K € 7 C pi. Therefore  C p. O

This proposition asserts that €2 is the smallest element of the set of star topolo-
gies on X,,, ordered by inclusion. Since (2 satisfies the mentioned conditions in
Proposition 2.2, then ) is a star compactification of (X, 7) by n points and Q
is the smallest element of (&, C).
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Remark 3.2. For the case n =1, Q = ((X)) = B, where
B=7U{{w1}U(X\K)| K C X closed and compact},

we have that Q = B and Q is the Alezandroff compactification of (X, 7). Since
the Alexandroff compactification is the finest compactification of (X, ) by one
point, then Q is the only star compactification of (X, T) by one point.

Proposition 3.3. If u = ((V4,...,V,,)) is a star compactification of (X, 1)
where Vi = Vo = ... =V, then p = .

Proof. Let {w;} U (V; \ K) be a basic open set in p for some i = 1,...,n and
some K closed and compact subset of X. X \ V; is closed and compact since

0V, =V
']Thus
{wit U(Vi\ K) ={wi} UX\ (KU (X \ V)] €9,
and p C Q. (]

Remark 3.4.

(1) If p = ((Vi,..., Vir)) is an arbitrary star topology on X,, with V} = V5 =
... = Vp, it could happen that u Z Q.

Example: Consider X = (0,1) with the usual topology as subspace of
R; Vi =...=V,=(4,1). Then {w;} € p, but {w;} ¢ Q.

(2) Proposition 3.3 is a particular case of Theorem 0.8 in [7]: “Let Ay, ..., A,
and Bi, ..., B, be two n-tuples of open sets in X. The star topologies
associated with those two n-tuples are the same if and only if the sets
A; — B; and B; — A; are contained in compact and closed sets for all
i=1,...,n".

Proposition 3.5. Let u = ((Uy,...,Uy)), 8= ((Vi,...,Vp)) be two star topolo-
gies on X,,. If V; C U; for each i =1,...,n, then u C 5.

Proof. Let A = {w;} U (U; \ K) € p. Since V; C U; and U; \ K € 7, then
A={w} U (Vi \K)U(U; \ K) € 6. 0

The next proposition asserts that the insersection of two star topologies on X,
is of the same kind and it describes the open sets associated with it.

Proposition 3.6. Let u= ((Uy,...,Uy,)), = ((Vi,...,V,,)) be two star topolo-
gies on Xy, then uN B =mn where n= (U UV,...U, UV,)).

Proof. i) By the previous proposition we have that n C u because U; C U; UV,
for each ¢ =1, ...,n and for the same reason, n C .

ii) For the other inclusion it is enough to see that all basic open neighborhoods
of w; in p N 5 are open neighborhoods of w; in 7, for each i = 1,...,n.
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Let M be a basic open neighborhood of w; in N B, for i = 1,...,n, that is,
M ={w;}UU;\ K1)UA ={w;} U(V;\ K2) UB, where K; and K> are closed
and compact subsets of X and A,B € 1.
Since (Uz U V:L) \ (K1 U KQ) Q (Uz \ Kl) U (‘/z \KQ) and
(Ui \ K1) UA = (V; \ K2) U B, then

(Uz\Kl)UA = (Uz\Kl)U(‘/Z\KQ)UAUB

= [(UZUVZ)\(Klqu)]U(UZ\Kl)U(%\KQ)UAUB

So, if we call C' = (U; \ K1) U (V; \ K2) U AU B, then C is an open set of 7 and
therefore M = {w;} U[(U; UV;) \ (K1 UK2)]UC € n. O

Proposition 3.7. Let p = ((Uy,...,Uyn)), 8= ({(Vi,...,Vp)) be two star topolo-
gies on X,. If p C B then there exist M;, N; open sets of T such that N; C M;
foreachi=1,...n and p= (M1, ..., M), B = ((N1,.... Np)).

Proof. Let N; = V;, M; = U; UV; for each i = 1,...,n sets of 7. Therefore
w={((My,...,Mp)), B={((N1,.... Np)) and N; C M; for eachi=1,....,n. O

Observe that this proposition is a weak version of the reciprocal of Proposition
3.5.

The next proposition guarantees that intersection is a closed operation in the
collection &, of star compactifications of (X, 7) by n points.

Proposition 3.8. If p = ((U1,...,Un)), 8 = ((V4,..., V)) are two star com-
pactifications of (X, 7) by n points, then n = ((Uy UVi,...,U, UV,)) is a star
compactification of (X, 7) by n points.

Proof. 1) We have that U; UV; ¢ K for each closed and compact subset K of
X, because U; € K for each i = 1,...,n.
ii)
g = X () (59)
- (X\ 'GlUi) a (X\ ‘61Vi> ’
1= 1=

where X\ '61Ui and X\ 'G1Vi are closed and compact subsets of X, then

1= 1=
X\ _L:jl (U; UV;) is compact. Therefore, 7 is a star compactification of (X, 1)
by n points. O

4. CERTAIN QUOTIENTS OF STAR COMPACTIFICATIONS.

We consider the quotients obtained by an equivalence relation ¢ on X,; ¢ =
{(z,2z) |z € X,} UR , where R is an equivalence relation on {wy, ...,w,}. The
star compactifications of these quotients have an interesting behavior.

Definition 4.1. We say that a compactification (Y, u) of (X, 7) is of A-class
if X €p.
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Observe that star compactifications are of A-class.

The next theorem asserts that a quotient of A-class compactification of (X, 7),
obtained through the mentioned equivalence relation ¢, is an A-class compac-
tification of (X, 7).

Theorem 4.2. Let (X,,, i) be an A-class compactification of (X, 7) by n points,
n > 1. If we consider the equivalence relation ¢ on X, defined above, then
(Xn/o, /o) is an A-class compactification of (X, 7) by m points, where m =
Hwi, . oywn} /R| < n.

Proof. We have X < X, N X, /¢, where i is the topological imbedding and
0 is the standard quotient map.

i) (Xn/o,p/0) is compact because 0 : (X, u) — (X, /o, pu/0) is a surjective
continuous map, where (X,,, 1) is a compact space.

ii) To see that #oi(X) is dense in X,, /¢ we need to see that 6 o z(X) =X,/¢
—{[a] |z € X} U{fw] |i =10}

IfA={[w]l|i=1,..,n}, then |A] = {w1,...,wn}/R| =

Supose that 6o (X)" wle S X, /o, that is, that there exists B € P (A) \ {@}
such that B € u/¢, then 9* (B) € P({wl,.. wn})\{@} and 071(B) € p, but

this is a contradiction because X is dense in X,,; therefore 6 0 i(X)" ° = n/o
and foi(X) is densein X, /¢.

iii) Let us see that o7 : X — X,,/¢ is a homeomorphism between X and
Ooi(X), where foi(X)=0(X)={[z] ={z} |z e X}:

¢ is a homeomorphism between X and i(X) = X. By the definition of o, 0
is a bijective map between i(X) = X and 6(X), then 0 o1 is a bijective map
between X and 0 04(X) = 0(X). By the continuity of § we have that § o is
continuous.

Let us see that 6 o7 is an open map:

Let A be an open set of 7, we need to see that 6 o i(A) = 0(A) € u/o.

0(A) ={la] | a € A} = {{a} | a € A} because A C X.

0(A) € p/o if and only if 61 (6(A)) € p. Since §(A) C (X ) and 6 is a bijective
map between X and 6(X), then 67! (§(A)) = A. Since i is a homeomorphism
between X and i(X) =X and A€ 7, then i(A) = A= BNX, where B € i1
and since X € p then A € p and 6(A) € pu/o. Thus, foi is an open
map, and then, it is a homeomorphism between X and 6 o i(X). Moreover,
0(X)~ X € u/o because X € p.

Hence (X, /¢, u/¢) is an A-class compactification of (X, 7) by m points, where
m:|{w17"'7wn}/R|§n- O

Corollary 4.3. (X, /o, /o) is homeomorphic to an A-class compactification
of (X, 7) by m points, seen as (Xpm,n) for an appropriate 1.
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Consider (X,,, 1) a star compactification of (X, 7) by n points, with

w= ((Ur,...,Uy)) . Since (X, u) is of A-class, we know that (X, /o, n/0) is a

compactification of (X, 7) by m points, where m = |[{w1, ..., w,} /R| < n.

Since the quotient map 0 : X,, — X, /¢ is bijective in X, we say 0 (z) = x

and 0 (A) = A for each z € X and for each A C X, and then X,,/o = XUV

with V = {v1,..,om} = {0 (w;) | i =1,...,n}, v1 =0 (w1), vy = 0 (w;) where

i=min{je{l,...,n}|wj ¢ v1U...Jvg_1} for each k =2,...,m.

We denote I; = {j € {1,...,n} | 6 (w;) =v;} for each i = 1,...,m and if |[;| =

Nng, then I,L = {’il, ,an} .

The next proposition asserts that (X, /o, /o) is a star compactification of

(X, 7).

Proposition 4.4. u/o = ((My,...,M,,)) where M; = fleij for each i =
]:

1,...,m.

Proof. Let A be a basic open set of ((My, ..., M,,)): If A€ 7, since §~1(A) = A

and 7 C pthen A € p/o. If A= {v;} U(M;\ K) for some i = 1,...,m and

some K closed and compact subset of X, then
971(‘4) - {wila ""wini} U (MZ \ K)

= {wila"'awini} U (@1 Ul]) \K>
= {wis i b U (U \K))
= j@il ({wi; } U (U \ K)

then A € p/ o. Thus ((My, ..., My)) C p/o.

Consider now A € p/o, we see that A € (M, ..., M,,)) by showing that all its
points are interior in ((My, ..., My,)) .

We know that §~1(A) € p and let z be an element of A :

Case 1: If z € X then z € 7 1(A) and since p |x= 7, there exists an open set
=1(A)N X = B € 7 such that z € B C §71(A) then z € §(B) = B C A. Since
B € ({(My, ..., M,,)) then z is an interior point of A in ((My, ..., My,)) .

Case 2: z = v; for some i =1,...,m.

0= (v;) = {wiy,.ywi,, } € 071(A) and 671(A) is an open set of y, then for
each j € I;, there exists {w;, } U (U; \ K;) open set of y and subset of 671 (A).

Since (j’QlUij) \ (j’QlKj) C j@i (Ui; \ K;) we have:
E= j@il [{wi, } U U5\ Ky)]

(vi) U [(;UilUij) \ (j.TiUilKj)} U j@l (Uij \ K;)
(vi) U (M; \ K)U B C07'(A),

where K = BIK ;j is a closed and compact subset of X and
j=

9—1
971

B= TLIJI (Uij \ K;) is an open set of 7.
‘7:
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Thus, v; € 0 (E) = {v;} U(M; \ K)U B C A and since

{vi} U(M; \ K)U B is open in ({(My, ..., My,)), then v; is an interior point of
Ain ((My, ..., My,)).

By cases 1 and 2 we conclude that A € ((M;, ..., M,,)) . O

Therefore, the quotient of a star compactification by n points is a star com-
pactification by m points, where n > m. Consequently and by Remark 3.2, if
o= RU{(z,z) |z € X}, where R is the equivalence relation on {wi,...,w,}
in which all these points are related, then (X, /o, pu/¢) is the Alexandroff com-
pactification of (X, 7).

Moreover, by observing the form of the open sets M; and in view of the Propo-
sition 3.6 we obtain the next corollary.

Corollary 4.5. /o = ﬂP<<Up1, woyUp,.)) where P =1 x ... x I, and
pe
p= (pla 7pm) .

For instance, if ¢ only identifies wy with wy on X, then, in X,, 1 we have:

,u/<> = <<U1 uU,,Us,..., Un>> = <<[]17 Us, ..., Un>> N <<U2, Us, ..., Un>> .

On the other hand, the star compactifications show an interesting behavior
when, from a star compactification of (X,7) by m points, we obtain a com-
pactification of (X, 7) by n points, with n > m, so that certain quotient on X,
gives back the original compactification.

In terms of Theorem 4.2 we have the next proposition.

Proposition 4.6. If (X,,, p) with p = (U1, ...,Up)) is a star compactification
of (X, 1) by m points, then (X,,, ) with

B=pU{BUA|BC{wnt1,-wn}, A€pu, {wi} UAE€E u}

is a star compactification of (X,7) by n points, n > m, such that a certain
quotient of (X, B) is (Xm, 1) .

Proof. Let see that 5 = ((U1,Us, ..., Up, U1, ..., Up)) .

By the definition of ((Uy,Us, ..., Uy, Us, ...,U1)) we observe that

2 C <<U17 UQ; ceey Um; Ula ey U1>> :

Let C be a basic open of ((Uy,Us, ..., Uy, Uy, ..., U1)):
IfCerorC={w}U(U\K) for somei=1,..mand some K closed and
compact subset of X, then C € u C j.

If C ={w;}U (U \ K) for some i =m+ 1, ...,n and some closed and compact
subset K of X, we have that A =U; \ K € 7 C p and {w1} U A € p, thus
C = BUA with B ={w;} € {wm+1,...,wn}, then C € j.

Therefore ((Uy,Us, ..., Up, U1, ..., U1)) C 5.

On the other hand let C be an element of 5. We see that

C € ({(U1,Us,...;Up, Uy, ...,Uyr)) showing that all of its points are interior points
in <<U17 UQ; ey Uma Ula ey U1>>



On star compactifications 25

Let z be a point of C':

Case 1: 1If z € X,,,, by the definition of 8 we have that C' N X, € u, thus
z € CNX, CC where CNX,, € (U,Us,...Up,Us,....,U1)) and z is an
interior point of C' in ((U1,Us,...,Up,, U1, ...,U1)) .

Case 2: 1f z = w;, for some i = m+1,...,n, then C = BU A where w; € B,
A € p, {w1}UA € p, thus there exists a closed and compact subset K of X such
that {w1 }U(U1\K) C {w1}UA. Since U1\ K C A, then w; € {w; }U(U;\ K) C
BUA = C where {w;} U (U3 \ K) is open in ((U1,Us, ..., Up,, U, ..., U1)) .
Therefore w; is an interior point to C' in ((Uy,Us, ..., U, U1, ..., U1)) .

By cases 1 and 2 we conclude that C' € ((Uy,Us, ...,Up, U1, ..., U1)) .

Finally, in the presentation of 8 as ((Uy,Us,...,Up, U, ...,U1)) it is clear that
the equivalence relation on X,, that identifies wi, wy, 41, ..., w, produces the star
topology pi. O

Remark 4.7. From a star compactification of y = ((Uy,...,Up)) on X, it is
quite simple to generate new compactifications by n points, n > m, by repeating
the U; as the open sets associated to new points.

For instance, 5 = ((Uy,Us, ..., Uz, U4, Us)) is a star compactification of (X, 7)
by nine points obtained from the star compactification by seven points p =
((Uy,...,Uz)) of (X, 7). Moreover, if ¢ is the equivalence relation on Xy that
identifies wy with wg and ws with wg then (Xg/¢, 5/¢) is the compactification

(X7a ,LL) .
5. STAR COMPACTIFICATIONS VS MAGILL COMPACTIFICATIONS.

A Magill compactification refers to the method of compactification by n points
of a non-compact topological space, presented by Magill in [3]. In this section
we show the relation between Magill compactifications and star compactifica-
tions.

5.1. The Magill compactifications. Using the notation that we have intro-
duced in this paper, we present the Magill compactification with his results
without proofs.

Proposition 5.1. If X contains n non-empty open subsets G;, i = 1,....,n;
two by two disjoint such that:

(1) H= X\z‘@lGi is compact and
(2) X\jgiGj is not compact for each i =1,....n,
then the collection
B*=1U{AU{w} |Aer,(HUG;)N(X\A) is compact in X; i =1,...,n}
is a base for a topology p on X,.
Observe that HUG; = X \jgiGj for each i = 1,...,n because GG; are mutually

disjoint. Under these conditions we have the following propositions.
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Proposition 5.2. (X, p) is a compactification of (X,7) by n points.
Proposition 5.3. If (X, 1) is locally compact and Ty then (X, p) is Ts.

Remark 5.4. Although Magill always considers Hausdorff topological spaces
in [3], it is clear that this construction still provides a compactification of X
without this assumption.

5.2. Relation between star compactifications and Magill compactifi-
cations. In this section we obtain that each Magill compactification of X by
n points is a star compactification. Thus the collection of Magill compactifica-
tions of X by n points coincides with the collection of star compactifications
with associated two by two disjoint open sets. In the case of Hausdorff compac-
tifications, when X is Hausdorff and locally compact, we have that the collec-
tions of Magill compactifications of X by n points and of star compactifications
of X by n points coincide and are all the possible Hausdorff compactifications
of X by n points.

Proposition 5.5. Fach star compactification of (X, 7) by n points, with asso-
ciated two by two disjoint open sets is a Magill compactification of (X, 7) by n
points.

Proof. Let p be a star compactification ((Uy,...,Uy,)) of (X, 7) where the sets
U; are two by two disjoint. The sets U; are open, non-empty subsets of X and
H=X\ _GlUi is compact.

1=
Moreover, X \ ﬁ-Uﬂ' is not compact because in the contrary case, since

VD)

Ui C X\ ‘L;‘Uj, with X \ 4L;.Uj a subset of X closed and compact, this contra-

J7F JF

dicts that (X, ) is a compactification of (X, 7).
Therefore, the sets U;, i = 1,...,n produce a Magill compactification that we
call p.
We assert that p = p.
i) Let (U; \ K)U{w;} be an element of B, base of the star compactification f,
where K is a closed and compact subset of X.
To see that (U; \ K) U {w;} € B*, base of the Magill compactification p, we
show that (HUU;) N (X \ (U; \ K)) is compact:

(HUU;) N (X\ (Ui \ K))

— (X\ y0) N\ @0 (X K)
=X\ jL;iin) UU;N(X\ K)))
— X\ j@lUj) N <<j§in> U (X\K)>)

X\jQIUj u(x\ ((jéiin) U(X\ K)))
X\ jglUj U (X \ #in) N K) ,
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where X\ ‘61Uj is compact and so is (X\ ,g.UJ’> N K because K is compact
j= J#i

and X \ _g_Uj is closed. Thus (HUU;) N (X \ (U; \ K)) is compact, with
VE)

U;\ K € 7; then BC B* and u C p.

ii) Let AU {w;} be an element of B*, base of p, then (HUU;) N (X \ A) is

compact and closed. Thus U; \ [(HUU;) N (X \ A)]U{w;} € B.
UN[HUU)N(X\A)] = Ui\ (HUU)] U [T\ (X \ 4)]

_[on (X\jgivj)] U\ (X 4)]

=2gU Ui\ (X \ A)]
=ANU,.
Since A € 7, we have that AU{w;} = AU[(ANU;)U{w;}] € and p Cp. O

Proposition 5.6. Each Magill compactification of (X, ) by n points is a star
compactification of (X, T) by n points.

Proof. Let p be a Magill compactification of (X, 7) obtained through n open,
non-empty subsets of X, G;, ¢ =1,...,n two by two disjoint.

Let p be the star topology ((G1, ..., Gy)). Reasoning as in the previous propo-
sition we obtain that p = p. Thus p is a star compactification of X and we
have that G; € K, for each K closed and compact subset of X. O

So we have that the collection of Magill compactifications of X by n points:
M, and the collection of star compactifications of X by n points associated
to n two by two disjoint open sets: Ep, are the same. From this fact and
Proposition 4.4 we obtain the following corollary.

Corollary 5.7. If (X,,, ) is a Magill compactification of (X, ) by n points and
o =RU{(x,x) | x € X}, where R is an equivalence relation on {wi,...,wn},
then (X, /o, /o) is a Magill compactification of (X,T) by m points, where
m = lea 7wn}/R| § n.

Remark 5.8. There exist star compactifications that are not Magill compacti-
fications.

Let X be the subspace (0,1) of R with the usual topology, and X = X U
{wi, w2}, = ((U1,Us)) where Uy = (0,3), Uz = (0,1).

It is clear that (X3, u) is a star compactification of X by two points. If p is a
Magill compactification, then by Proposition 5.6 we have that p = ((G1, G2))
where (G; and G5 are non-empty, open and disjoint subsets of X, that satisfy
the other conditions to be a compactification. But since ((G1,G2)) is a com-
pactification of X by two points, with G; and G5 disjoints, it follows that there
are a,b € (0,1) such that G; = (0,a), G2 = (b,1) with a < b; without loss of
generality we can suppose that a < % < b then, by Proposition 3.5 we have
that <<U1, U2>> Q <<G1,G2>> .
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Moreover, Go U {ws} € ((G1,G2)) but Go U {wa} ¢ ((U1,Us)) because for all
AU{wse} € ((Uy,Us)) there exists ¢ € (0,1) such that (0,¢) C A and clearly
(0, C) g GQ.

Therefore ((Uy,Uz)) & ((G1,G2)) and (X2, p) is a star compactification of X
that is not a Magill compactification.

Furthermore, for each n > 1 we have that M,, g &, because (X, Q)! is a star
compactification of (X, 7) that is not a Magill compactification.

We mention without proof Theorem 0.5 of [7]:

“Let X be a locally compact Hausdorff space. Then any Hausdorff compactifi-
cation for X is the star topology associated with an m— tuple of open mutually
disjoint subsets of X”.

We denote:

HC,, the collection of T5 compactifications of X by n points,

HE,, the collection of T, star compactifications of X by n points and
HM,, the collection of T Magill compactifications of X by n points.

Proposition 5.9. If (X, 7) is Ts, locally compact and non-compact then
HC, = HE, = HM,,.

Proof. i) Clearly HE,, C HC,,. By Theorem 0.5 of [7] we have HC,, C HE,.
ii) By Proposition 5.6, HM,, C HE,,. Let 1 be an element of HE,, C HC,,, by

Theorem 0.5 of [7], p is a T, star compactification of X associated with n open
mutually disjoint subsets of X. Then pu € HM,, by Proposition 5.5. (]

Remark 5.10. Observe that p = ((Uy,Us)) is not a Ty compactification of X
by Remark 5.8.

6. SOME EXAMPLES.

In this section we present simple examples of star compactifications, and exam-
ples of compactifications of a topological space by a finite number of points that
are not of A-class and, therefore, are not star compactifications.

Example 6.1. Consider the topological space (R, 7), where
T={(—z,2) :x >0} U{¢p,R}.

To find the star compactifications by two points of this space we need two open
sets Uy, Us such that L = R\ (U; U Us) is compact. Since the only closed and
compact set of this space is ¢ we need that U; U Us = R and this happens
if one of them is R. Thus, for this space we have basically three types of star
compactifications by two points: ((U,R)), ((R,U)) and ((R,R)), where U is
an open set of the form (—z,z).

On the other hand, there exist infinity star compactifications by two points of
type ((U,R)), that depend on the open set U = (—z, x) that we consider. All

LConsidered as defined in Proposition 3.1.
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the compactifications of this type are ordered by inclusion, so that each non-
empty subcollection of them has its intersection or its union in the same type
of star compactifications. That is, we again obtain a star compactification.
However, in general this fact is false.

Example 6.2. Let X be the open interval (0,1) of R with the usual topology
of subspace. In this case there exist seven star compactifications by two points,
which are classified in three types: (1) the lowest compactification ((X, X)) ;
(2) four of the type ((X,Us)) or ((Up, X)) that are obtained accordingly if
Ui, for i = 1,2 is either (0,a) or (a,1) for some a, with 0 < a < 1; and (3)
two maximal compactifications of the form ((Uy,Us)), where Uy = (0,a) and
Us = (b,1) or on the contrary, where a,b € (0,1) and in this case the order
between a and b is irrelevant because the different possibilities produce the
same compactification.

The two maximal compactifications can be seen as the compactification [0, 1]
of (0,1) where the additional points 0 and 1 correspond to wy and wa; w3 =0
if Uy = (0,a),orwy =1if Uy = (b, 1).

Example 6.3. Consider X = (0,1) U (2,3) as a subspace of R with the usual
topology. In this case the star compactifications by two points are classified
in twelve different types. In these twelve, we find three types of maximal
compactifications in which X5 can be represented as a subset of R?, where
the basic neighborhoods of wy and we are precisely obtained by the subspace
topology of R?, with the usual topology. These can be represented as in Figure
1:

(X2, 1) (X2,p) (X2, )
w1
w1 w2
w1
w2
X5 is the X5 is the union of X5 is the union of
circumference. the segment and the two disjoint
the circumference. circumferences.

Figure 1: Maximal compactifications.

Some intermediate compactifications are:
e = ((Uy,Us)), where Uy = (0,1) and Uy = (b,1)U(2,3), with 0 < b <
1. We have that n C ¢ and  C p.
o v = ((V1,Va)), where Vi = (0,1)U (2,a) and V5 = (b,1) U (2, 3), with
2<a<3and0<b< 1 We have that v C 7.
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e a = ((W1,W3)), where W7 = (0,a) U (2,3) and Wy = (b,1) U (2,3),
with 0 < a < 1 and 0 < b < 1. Notice that o and ~ are incomparable.

We know that every star compactification is of A-class, but there exist com-
pactifications of A-class that are not star compactifications. This is illustrated
in the following example.

Example 6.4. Consider the topological space (X, 7) of the real numbers with
the usual topology and the simplest possible compactification: (X, 1), where
w=1U{X,}, for n > 1. We can easily verify that (X,,, 1) is a compactification
of A-class of (X, 7) that is not star.

The following propositions provide examples of non A-class compactifications.

Proposition 6.5. If (X1, 1) is a compactification of (X, T) by one point, where
X1 =XU{w}, then 7 C p.

Proof. i) X € p.

In fact, since (X, 7) is not compact, there exists a covering {4; |i € I} of X
by open sets of 7 that cannot be reduced to a finite covering.

For each i € I there exists B; € p such that A; = B; N X.

X, = _UIBi = X = kalBik (because X7 is compact).
1€ =
= X = kGI(Bik N X) = kGIAik.
This is a contradiction and then X; # ‘UIBi'
1€

But
Xlg uB, = w%Bi, foralliel
i€l
= B; CX, foralliel
— A, =B;, foralliel
= X € pu.
ii)Aer = A=BnNX forsomeBecpu
= Aep. (because X € pu.) O

The previous proposition asserts that X is an open set in every compactification
of (X, 7) by one point. This is equivalent to saying that each element of 7 is an
element of pu. Thus, each compactification of (X, 7) by one point is obtained
with the original open sets and by adding some additional sets in an appropriate
way. However, this fact cannot be generalized to compactifications by more
than one point.

Definition 6.6. We say that a topological space (Y, v) is hyperconnected if
v\ {@} is a collection closed for finite intersections, that is to say, if each pair
of non-empty open sets has non-empty intersection.
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Some examples:

(1) (Y,p), where Y is an infinite set and ¢ is the cofinite topology, is

hyperconnected.

(2) (R,7), where 7 is the topology with base {(—a,a) C R |a > 0}, is hy-
perconnected.

(3) (R, ), where p is the topology with base {(a,+o0) C R |a € R}, is
hyperconnected.

(4) R with the usual topology is not a hyperconnected space.

The next proposition provides examples of compactifications by more than one
point that are not of A-class.

Proposition 6.7. If (X, 7) is a hyperconnected, non-compact topological space
then (X,7) has a compactification by more than one point in which X is not
an open set.

Proof. Let X5 be the set X U {wq,ws}

= {AU{wi} | A€\ {2}} U2, Xz}
It is clear that u is a topology on X5 and X ¢ p.
i) (Xa, ) is compact because if {B; | i € I} is a covering of X5 by open sets
of u, X9 = B, for some i € I, and then this covering can be reduced to a finite
one.
11) 1% |X: T.
iii) X is dense in Xa, because on the contrary some {wq},{wa} or {wi, w2}
will be open sets of p.

Thus, (X2, 1) is a compactification of (X, 7) by more than one point, in which
X is not a open set. O

Remark 6.8. In the previous proposition we can take Y = X UZ, where wy € Z,
XNZ = @ and Z is a finite or infinite set that contains more than one element.
Following the proof we obtain that (Y, ) is a compactification of (X, 7) by more
than one point that does not contain X as an open set.

The next fact can be proved in a simple way.

Proposition 6.9. If (X, u) is a Th compactification of (X, 1) then (X, u) is
of A-class.

Question 6.10. If we consider other types of compactifications of (X, 7) by n
points, what is the relationship between these types of compactifications and
Star (Magill) compactifications?
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