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formulated. This inclination is due to the process of
manufacture.
Nowadays, thanks to the performance that offer the
actual computers, different iterative algorithms are used
to solve the equations that govern the behaviour of this
type of capacitors [4-8], these algorithms are designed in
order to obtain the superficial charge distribution, the
electric field values and the capacitance. The
disadvantage of these algorithms is that they are designed
for a few specific cases, so that if the geometry changes,
the algorithm should be reconstructed completely.
Thanks to the development of the finite elements
method (FEM), commercial software exist that integrate
these method to solve the electrostatics generic problems,
with independence of the geometry. This increase the
flexibility and minimize the costs and the times of
development. This is due to the fact that in these
commercial software the graphic interface is employed to
draw the geometry to analyze. When the geometry is
drawn, the suitable boundary conditions are applied,
which are necessary for a correct solution.
In this work, the FEM was implemented by the
commercial software ANSYS [9], which has a specific
module to solve electrostatics problems.

Abstract.
In this work we show the influence of the edge-effect on
the electric field distribution, and hence on inner capacitance
and outer capacitance of the inclined angle, of a inclined-plate
capacitor system in a plane, surrounded by an insulating
medium taking into account the thickness of the conducting
plates for a complete set of dimensions and insulating
characteristics. Where available we compare our results with
previous published works. Finally, using statistical tools, we
obtain the expression for computing the relationship between
capacitance and insulation characteristics, insulation gap, plate
dimensions and inclined angle.
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1. Introduction
In the last years the development of the hybrid
microelectronics technology [1], has opened new
possibilities for the resolution of the technological
problems that arise in every day from the Electrical
Engineering. The development of etched fuses is of
particular interest in the last three decades [2;3]. One of
the advantages of this technology is the compression of
the electric circuits. Nevertheless, the low distance
between the conductors and the high potentials that they
are created during the performance of a fuse causes that
the capacitance between conductors and the electrical
field between them is an important aspect to consider.
The aim of this work is to study the distribution of
the electric field and the capacitance of an electric line
constituted by two conductors of rectangular section and
of unitary length. For this purpose, a few equations that
allow to know about approximately from the capacitance
of the capacitor generated in the applications where twoplate inclined plane capacitor of rectangular section was

2. Inclined plate capacitor
The most common electrical engineering capacitor, is
the one formed by two conductors.
Due to manufacturing and application constraints,
one conductor plate is often inclined and not parallel to
the other [10-12]. Recently, mathematical expressions
based on hyperbolic functions were presented to calculate
the theoretical capacitance of this type of capacitors,
bearing in mind the “ edge-effect ”.
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Table I: Variables of the model with its corresponding values
used for the simulation.

Fig. 1: Two-dimensional model of inclined capacitor.
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Taking one dq of the surface of an armor, being:

As the electric field E is normal to the plates of the
capacitor, the field lines alike to arcs of circumference
(see Fig. 2) whose axis is the point O (see Fig. 1). The
electric field intensity has constant module along a field
line and does not depend any more than of the radio r of
this one. So the potential difference ΔV between the
armors is equal to the circulation of the field along a field
line:
E ·dl =

l (m)

15
30
45
60
75

Table II: Simulation results with an angle α=15º, a length
l=0.5m, a thickness e=0.01m and ε2=1.

In order to compare a real capacitor with one ideal
one, a commercial software has been used to calculate the
capacitance [10] and the electric field distribution
between the conductors [13]. For this purpose, two-plane
inclined plate capacitor has been generate, in which all
relative permittivities and the geometric variables levels
can be changed.
The geometry used in this model is shown in Fig. 1,
where e it is the conductors thickness, l is the conductors
breadth, d is the distance of the conductors to the
coordinates origin, α is the inclination angle, ε1 is the
relative permittivity of the dielectric volume between the
conductors and ε2 is the relative permittivity of the
dielectric volume that surround the system.
Table I shows the variables of the model with its
corresponding values used for the simulation. Merging
the values of this table, 3125 simulations have been
carried out.
Table II show the results of the model simulation
with an angle α=15º, a length l=0.5m, a thickness
e=0.01m and ε2=1.
To evaluate the capacitance of the ideal capacitor, the
equation proposed by Xiang, Y. can be used [11]. In this
work the following mathematical exposition was
employed [14].
Departing from the assumption of which both plates
are in electrostatic balance, loaded with a constant charge
q uniformly distributed by the surface of the plates
connected to a d.o.p. ΔV .

ΔV =

α (º)

dq = σ ( r )·dS = σ ( r )·1·dr

(4)

(1)

The superficial charge density σ on the armors,
evaluated at a distance r of the point O, is:

σ ( r ) = ε 0 ·ε 1 · E ( r )

(2)

From the equations (1) and (2) it obtains:

σ (r ) =

ε 0 ·ε 1
r ·α

·ΔV

Fig. 2: Electric Field distribution on inclined plate capacitor
with α = 75º, d = 1m, e = 0.1 m, l = 2 m, ε1=1000, ε2=1.

(3)
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Integrating dq it is obtained:
q=

ε 0 ·ε 1
α

·ΔV ·∫

dr

d +l

r

d

=

ε 0 ·ε 1
α

⎡
⎣⎢

·ΔV ·ln 1 +

l⎤

(5)

d ⎦⎥

Applying the capacitor general expression
q = C ·ΔV , the calculation of the capacitance is
immediate.
C=

ε 0 ·ε 1
α

⎡
⎢⎣

·ln 1 +

l⎤

(6)

d ⎥⎦

Fig. 3: Results of simulation, varying inter plates relative
permittivity and separation.

Applying the Taylor series transformation to the
logarithmic term of the equation (6), the following
expression is obtained:

C=

ε 0 ·ε 1
α

m

∑ ( −1)

·

n −1

(· l d )

the capacitor (ε1), dielectric relative permittivity of
the dielectric volume that surround the plates (ε2).
By means of the employment of n-dimensional
technical analyses [15], the following polynomical
function has been obtained that defines the behaviour of a
real capacitor, for the particular case of which the
dielectric volume between plates is not air.
The obtained R2 error in the interpolation is 0.9996,
which indicates that the equation fits well to the
interpolated points.

n

(7)

n

n =1

Fig. 3 shows graphically the values shown in the
Table II. It can be seen in this figure that as it diminishes
the ratio length - distance, there is more difference
between the behaviour of a real capacitor and the ideal
one. This difference is due to the fact that, as the plates of
a capacitor approach, the distance with regard to the
origin diminishes and the influence of the edge-effect in
the capacitance also increases.
If we consider the plates charged with a constant
charge q, a secondary result of the simulation shows that
the charge density at the top plate edge increase as it
moves away from the low plate.
From the obtained results, the value of capacitance of a
real capacitor according to 6 basic parameters was
calculated; these are: angle of inclination (α), length (l),
separation (d), thickness (e), dielectric relative
permittivity of dielectric volume between the plates of

3. Model validation
The validation of the model has been conducted
comparing the values of the capacitance obtained in the
simulation, with those calculated using the equation (10)
proposed in [12], which is valid in the assumption of that
the relative permittivity of the dielectric volume between
the plates is vacuum, that is to say, ε1=1, the lengths of
the plates are equal, that reject the edge-effect and the
thickness of the conductors.The k R and k L coefficients
that appear in (11), are valid for the case of the
perpendicular electrode plates (see Fig 1).

l
Cregression = Cideal · A·e + B·d + C + D·α + E · + F ·l + G·ε 0 ·ε 1 + H ·ε 0 ·ε 2
d

(8)

Where, the obtained coefficients are:

A = 1.2154; B = 0.2184; C = 2.2061; D = 0.0077; E = 0.0018; F = -0.1124; G = 1.5127; H = -0.2799;

⎛ K ′ ( k R in ) K ′ ( k R out ) K ′ ( kL in ) K ′ ( k L out ) ⎞
+
+
+
⎟
⎝ K ( k R in ) K ( k R out ) K ( kL in ) K ( k L out ) ⎠

C Xiang = ε 0 ·⎜

(9)
(10)

Where the coefficients k R and k L are calculated by the following expressions:
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(11)

plane inclined plate of rectangular section, considering
the thickness of these.
This model also includes the volume that surrounds
the conductors and considers the edge-effect of these.
In Fig 4 there appears the electric field distribution
considering the edge-effect of the conductors and the
volume that surrounds these.

Fig 1. Two perpendicular electrode plates [12].

Fig 2 shows the calculated capacitance based in FEM
with the assumption of Xiang, it can be seen that it fits to
the capacitance calculated by Xiang method in [12],
using the expression (10).
Fig 3 shows the electric field distribution in the
model with the simplifications of the Xiang equations.

Fig 4. Electric field distribution.

Fig 5 shows the relation between the capacitance and
the geometric model variables.

Fig 2. Simulation capacitances with Y. Xiang assumptions.

Fig 5. Simulation capacitances.

As it can be observed in Fig 5, the calculated
capacitance considering the edge-effect of the conductors
and the volume that surrounds these, are slightly bigger
than the calculated capacitance taking in account the
simplifications of Y. Xiang [12] (see Fig 2).
Thanks to the performance that offer the actual
computers, it is possible to calculate the capacitance of
any conductor system and to obtain polynomical
equations that serve as calculation tool for the industrial
making of complex systems, which are the most frequent
cases in the field of the hybrid microelectronics.

Fig 3. Electric field distribution with Y. Xiang assumptions.

4. Conclusions
In this paper it has been demonstrated the validity of
FEM to calculate the capacitance between two-plates
capacitor. For a certain angle it has been calculated the
capacitance between two-plane inclined plate capacitor
and a polynomical expression has been obtained, that
allows to calculate the existing capacitance between two-
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