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Abstract. 
 

The study in electric field distribution in the space by 
different charged geometries, allows to improve the designs of 
the devices used in electrical engineering. In this work the 
capacities of a charged unit cube by two different methods have 
been calculated by means of technical of finite element 
analysis. Firstly infinite elements in the air that surrounds the 
charged unit cube were considered, and secondly the conditions 
of contour of the Trefftz method were used. The proposed 
models has been achieved to calculate the capacitance of a unit 
cube based on the size of the element. 
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1. Introduction 
 

Since the decade of the fifties [1;2], the estimation 
the electrostatic capacitance is widely studied. The 
interest in this type of problems has been growing 
throughout the years, due to the development of the 
aerospace industry. 

Nowadays different iterative algorithms are used to 
calculate the electrostatic capacitance of any model, 
thanks to the performance that offer the computers. These 
algorithms are designed to obtain the superficial charge 
distributions, the charge density and the electrostatic 
capacitance. The disadvantage of these algorithms is that 
they are designed for a few specific cases, so that if the 
model changes, the algorithm must be reconstructed 
almost in his totality. 

In contrast to the disadvantage of the custom iterative 
algorithms, there are commercial softwares based on the 
finite elements method (FEM), which integrate generic 
algorithms applicable to most popular problems of 
electrostatics, independently of the geometry. This 
increases the flexibility, the costs and the times of 
development are minimized. 

In this work we have used the commercial software 
ANSYS [3], since this commercial software has a 
specific module to solve problems of electrostatics. 

In this paper a method based on FEM is proposed to 
study the case of a unit cube, since the electrostatic 
capacitance of this regular polyhedron has been solved 
witch accuracy. 

In order to calculate the electrostatic capacitance of a 
unit cube, a method based on transfinite elements 
boundary condition [4-7], and another based on the 
Trefftz method [8-14], have been used. In both methods, 
a three-dimensional (3D) model has been generated that 
allows to modify the geometric variables and the size of 
the elements, with the target to obtain a family of curves 
that permits to validate this model and to optimize future 
models. 
 
2. Transfinite Elements Method 
 

This method is based in three volumes generation. 
Fig 1 shows a section of the used model, where A, B and 
C represent the three generated volumes. The first of 
them, is the volume to calculate its electrostatic 
capacitance, in this case a unit cube. In the volume mesh 
there has not been changed the spacing ratio (see Fig 2). 
The second volume generated surrounds the first one, in 
this case an spherical volume with radius a which is 
centered in the coordinates origin of the first one is used. 
The material of this volume is the vacuum with relative 
dielectric permittivity equal a 1. The third volume which 
has spherical form with radius b surround the second one 
and receives the infinity boundary condition. 

 



 
Fig 1. Section of 3D model utilized in Transfinite Elements 

Method. 
The electrostatic capacitance calculated by this 

method depends on the element size, the mesh divisions 
of the first volume [6;7;15;16], the distance of the third 
volume [4] with respect to the coordinates origin and the 
mesh size of third volume [5]. 

Table I shows the variables of simulation and the 
obtained results, where SE_A, SE_B and SE_C are the 
maximum element sizes that compose the volumes A, B 
and C respectively. These results are comparable with the 
theoretical results of the unit cube capacitance in the 
vacuum (0.66067·4·π·ε0), previously calculated by other 
authors [7;17-20]. 

 
Fig 2. Mesh of unit cube witch uniform spacing ratio. 

 
3. Transfinite Elements Method 
 

In this method, three volumes are also created, but 
with some differences with the previous method. 

The first volume, as in the previous case, is designed 
to calculate its electrostatic capacitance, in this case a 
unit cube centred on the coordinates origin. In the mesh 
of this volume the spacing ratio has been changed, to 
improve the unit cube edge [6] (see Fig 3). 

 
 

Table I: Modelling results which Transfinite Elements. 

a (m) b (m) SE_A (m) SE_B (m) SE_C (m) Capacitance (F) Capacitance (4·π·ε0) 
0.167 2.09 7.5900E-11 0.6821552 
0.111 1.40 7.5600E-11 0.6794589 
0.0833 1.05 7.5500E-11 0.6785602 
0.0667 0.838 7.5400E-11 0.6776614 
0.0556 0.698 7.5400E-11 0.6776614 
0.0476 0.598 7.5400E-11 0.6776614 
0.0417 0.524 7.5400E-11 0.6776614 
0.0370 0.465 7.5300E-11 0.6767626 
0.0333 0.419 7.5300E-11 0.6767626 

3 4.00 

0.0303 0.381 

1.00 

7.5300E-11 0.6767626 
0.20 1.20 7.7937E-11 0.7004628 
0.10 1.20 7.7200E-11 0.6938390 
0.05 1.20 7.7020E-11 0.6922212 
0.05 0.40 7.6900E-11 0.6911427 

5 5.50 

0.05 0.20 

0.50 

7.6897E-11 0.6911158 
6 6.50 0.201 0.80 0.50 7.7980E-11 0.7008493 
7 7.50 0.20 0.80 0.50 7.7820E-11 0.6994113 
8 8.50 0.20 0.80 0.50 7.7579E-11 0.6972453 
9 9.50 0.20 0.80 0.50 7.7571E-11 0.6971734 

10 10.5 0.20 0.80 0.50 7.7445E-11 0.6960409 
14.5 0.50 7.6976E-11 0.6918258 
1.50 1.00 7.5813E-11 0.6813733 
16.0 2.00 7.4750E-11 0.6718195 
17.0 3.00 7.4590E-11 0.6703815 
18.0 4.00 7.4570E-11 0.6702017 
24.0 10.00 7.4657E-11 0.6709837 
64.0 50.00 7.8000E-11 0.7010290 

14 

114.0 

0.20 0.80 

100.00 8.0600E-11 0.7243967 



 
Fig 3. Mesh of unit cube witch non-uniform spacing ratio. 

 
The second volume is an cubic volume with side L2 

which surrounds the first one and is also centred on the 
origin of coordinates. At the exterior surface of this 
volume infinite boundary condition is imposed. This 
boundary condition forces the perpendicularity of the 
electric field lines to it. It should be noted the importance 
of the value of L2, since if the distance between the first 
volume and the external surface of the second one is 
small, the deformation of the electric field lines increases 
because of the restricted infinite boundary condition. 

The third volume allows to generate a Trefftz domain 
[10;12], where the Trefftz equations are applied, with the 
Trefftz method boundary conditions [11;14]. This 
volume, is situated between the external surface of the 
first volume and the second one. In this case it is used a 
spherical volume of radius a and centred on the 
coordinates origin (see Fig 4). 

Table II shows the obtained results and the 
simulation variables, where SR_L1 is the mesh spacing 
ratio of the lines that compose the volume A, and SE_A. 
SE_B and SE_C are the maximum element size of the 
elements that compose the volumes A, B and C 
respectively. It can be seen in this table that the values of 
the capacitance obtained with the method Trefftz are 

similar with those of the theoretical unit cube capacitance 
in the vacuum (0.66067·4·π·ε0). 

 
Fig 4. Section of 3D model utilized in Trefftz Method. 
 

 
4. Model validation 
 

In this paper the two proposed models were validated 
comparing the simulation results with the theoretical 
ones. Comparisons between the superficial charge 
density obtained in the diagonal and in the edge of the 
models, were made with the results obtained by other 
authors in order to further validate the proposed models 
[21;22] 

The unit cube edge charge density is shown in Fig 5. 
The edge distribution is rescaled with the values at centre 
of the edge of the cube, Y is the distance from the centre 
of the edge of the cube. 

 
 

 
 
 

Table II: Modelling results witch Trefftz Elements. 

SR_L1 
(%) 

L2 
(m) 

a 
 (m) 

SE_A 
(m) 

SEC_B 
(m) 

SE_C 
(m) 

Capacitance 
(F) 

Capacitance 
(4·π·ε0) 

0.00 5.00 2.00 0.1 0.50 3.14 7.3756E-11 0.6628859 
5.00 5.00 2.00 0.05 0.50 3.14 7.3536E-11 0.6609086 

0.05 0.50 7.3530E-11 0.6608547 
0.1 0.0455 7.3617E-11 0.6616366 

0.05 1.00 7.3577E-11 0.6612771 10.00 5.00 2.00 

0.05 2.50 

3.14 

7.3775E-11 0.6630566 
11.00 5.00 2.00 0.05 0.50 3.14 7.3529E-11 0.6608457 
12.00 5.00 2.00 0.05 0.50 3.14 7.3528E-11 0.6608367 

0.133 1.18 7.3537E-11 0.6609176 2.00 0.75 0.133 0.589 7.3562E-11 0.6611423 
0.625 3.14 7.3536E-11 0.6609086 15.00 

5.00 2.00 
0.05 

0.333 3.14 7.3525E-11 0.6608097 



 
Fig 5. The edge distribution of a unit cube. 

 
The validation of the edge distribution, has been 

realised using the equation (1), described in [21;22]. This 
equation is used in the last-passage method and is valid 
as boundary of the containing singularities. For any edge 
of a conducting surface, the charge distribution ( ),xσ δ  
on a curve parallel to the edge. but separated from it by 
distance δ . with δ  small. 

 
( ) ( )/ 1, · ex xπ ασ δ δ σ−=  (1) 

 
The unit cube superficial charge density distribution 

in the diagonal of one of the faces, obtained with two 
presented models is show in Fig 6. The diagonal is 
rescaled witch the values at geometric centre of the cube 
face, r is the distance from the geometric centre of the 
face at corner of the cube. 

 
Fig 6. The diagonal distribution of a unit cube face. 

 
 
5. Conclusions 
 

In this paper it has been demonstrated the validity of 
FEM to calculate the unit cube capacitance. The 
superficial charge density distributions have also been 
calculated in the edges and in the diagonal of one of the 
faces of the unit cube. 

The model also includes the volume that surrounds 
the conductor and take into account the corner and the 
edge effect of this. 

The proposed models based on FEM are not only 
valid to calculate the capacitance of the unit cube and to 
obtain the surface charge distributions, as well as the 
electric field distribution in the volume that surrounds the 
conductor, but is also valid for any geometric figure 
thanks to the flexibility of the FEM, which could be a 
helpful tool for calculation of complex systems which are 
the most popular problems in the aerospace industry. 
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