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. Introduction

Rail corrugation has been a problem for railway industry as well
s a subject of investigation by engineers all over the world for
ore than a century. Rolling noise, vibration, deterioration of vehi-

le and track components, along with discomfort to passengers are
ts principal negative effects. Nevertheless, the present operating
onditions of railway vehicles, with higher speeds in passenger ser-
ices and greater axle loads in freight trains, together with a general
ncrease in railway traffic, make rail corrugation an even more seri-
us problem. There is thus an incentive to study the causes and
evelopment of this phenomenon in order to prevent or minimise

ts effects.
This defect appears in all types of tracks, due to the contin-

al passage of wheelsets, as a periodic undulation with a certain
avelength on the running surface of the rail. Grassie and Kalousek

nitially classified rail corrugation into six types [1]. Later, finding
he typology to be even more extensive, they proposed classify-
ng the phenomenon according to a wavelength-fixing mechanism
elated to resonance either from wheelsets, rails or the coupled
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ulating the conditions existing in the wheel-rail contact are based on sta-
s, the parameters associated with the wheel-rail contact are independent
previously. This supposition is a simplification of the real phenomenon,
onvergence of the contact parameters to their stationary values. However,

eans of non-stationary theories may differ from those obtained by using
al conditions vary rapidly. Certain types of rail corrugation may be related
gential forces transmitted through the contact, which may determine the

on the contact parameters, and consequently on the rail wear. In order
the contact process on the results of models of corrugation calculation, a
e rail wear depth due to a wheel running on a stretch of rail is developed.
roved contact model where non-stationary hypotheses and an exact elas-

t. The results show the influence of the more realistic hypotheses adopted

© 2008 Luis Baeza. Published by Elsevier B.V. All rights reserved.

vehicle–track system, and a damage mechanism such as plastic
deformation or wear [2]. These authors suggested that wear is the
damage mechanism responsible for most types of corrugation.
Since the problem is complex, mathematical models to simulate
the beginning and evolution of corrugation are an essential tool for
its analysis. Some of the existing models combine three mechan-
ical models: a vehicle–track dynamic interaction model, a rolling
contact model and a wear model [3–6]. The irregularities initially
present on the rail running surface cause variations in the wheel-
rail contact forces, in creepage and in the size of the contact patch.
The input data of the wear model is composed of the results given
by the vehicle–track dynamic interaction models and the contact
model. This approach was developed from the specially designed
tools for classic railway dynamics, such as the FASTSIM algorithm
[7], to calculate contact parameters.

FASTSIM provides excellent results in determining the relation-
ship between creepage and contact-transmitted forces, also for
calculating the stick and slip zones in the contact patch. It also
has the advantage of a low computational cost since it employs
a simplified elastic model. The elastic model considers that the dis-
placements associated with the elastic deformations at a point in
the contact patch are a linear function of the traction forces applied
at that point (Simplified Theory), also known as Winkler’s model or
Elastic layer. The effect of this simplified assumption was corrected

served.
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so that FASTSIM provides the same results than Kalker’s Linear
Theory at low external force or creepage. However, the local slip
calculation precision may be affected by the elastic model hypoth-
esis since this parameter has not been adjusted. This problem could
influence the calculations because the local slip is the input data in
wear models. The enhancing of the contact model can therefore be
a way of improving methods for estimating rail wear.

An approach in this sense was presented by Li [8] and Jin et al.
[9–11]. Li proposed a method for calculating wheel wear through
non-Hertzian normal contact models. In Jin’s studies, an improved
normal contact model (non-Hertzian) was considered which per-
mitted greater precision in determining the coupled dynamics
between track and vehicle. The last method was implemented in
rail wear calculations. Another work that followed this approach,
but applied to wheelflats, was that of [12] who made use of the
dynamic model proposed in [13].

The non-stationary contact process was investigated by Kalker
[7] and Gross-Thebing and Knothe [14–18]. Gross-Thebing et al.
studied the influence of the external tangential force variation on
creep coefficients due to non-stationary contact process. Kalker
developed a model to calculate the non-stationary contact process
based on an Exact Theory (non-simplified relationships between
displacements and tractions in the contact patch). Nevertheless,
he concluded that its applicability to practical cases was inade-
quate due to the rapid convergence of the contact process to its
stationary values. The non-stationary model has a much higher
computational cost than FASTSIM or the Linear Theory, a disad-
vantage that prevented it from being used when the model was
developed.

The applicability of a non-stationary contact model could how-
ever be related to the calculation of the contact parameters
associated with a corrugated rail. Nielsen [19] thus developed a

methodology to solve the tangential contact problem according to a
bi-dimensional theory applied to the case of a corrugated rail. From
its conclusions, the influence of the non-stationary process on wear
results is determined when the forces involved in the contact vary
rapidly.

The aim of the present work is to propose a method for esti-
mating rail wear in three dimensions by using an improved contact
model. The model input data are the contact geometry, the mechan-
ical properties of the materials and the resulting forces transmitted
between rail and wheel. The output gives the wear depth on the rail-
head. Regarding the models used for estimating wear, the contact
model is based on an Exact Theory and considers the non-stationary
wheel-rail contact process.

In the following section, the calculation model of the contact
parameters is described. These parameters include the local slip
used as input for the wear model implemented (Archard [20]). Sec-
tion 3 establishes the procedure for the prediction of rail wear. In
Section 4, the developed calculation method is applied to cases that
could be considered as real and the results are compared to those
of FASTSIM. The parameters of the model used in the calculations
are given in Table 1.

Table 1
Model parameters

Radius of the railhead curvature 300 mm
Radius of the wheel profile 409 mm
Wheel radius 500 mm
Vehicle speed 100 km/h
Friction coefficient 0.4
Young’s modulus 2.1 × 1011 N/m2

Poisson ratio 0.3
Normal force mean value 100 kN
Longitudinal force mean value 20 kN
Kw/H ratio for Archard model 3.40 × 10−14 m2/N
(2008) 1156–1162 1157

Fig. 1. Coordinate system.

2. Contact model

The method employed to calculate the contact parameters is
based on the non-stationary model developed by Kalker [7]. With
respect to the original model, a discretisation adapted to the contact
area is used with the aim of enhancing the quality of the solu-
tion when variations occur in the normal contact forces. A wide
description of the method can be found in [21].

The hypotheses associated with the non-conformal contact are
considered, and it is also assumed that the normal (Hertzian) con-
tact problem does not depend on the tangential contact problem. Its
formulation is based on two wheel-rail contact models, one kinetic
and one elastic. Both models will use a system of mobile coordi-
nates x1x2x3 (see Fig. 1) whose origin is situated at the centre of
the contact patch; the x1 axis defines the direction of the wheel
movement and the contact plane corresponds with x3 = 0.

To formulate the tangential contact problem, the following mag-
nitudes are defined referring to the previously mentioned reference
system

• The creepages �1 and �2, and spin �sp, or the theoretical contact
point velocities normalised in relation to the vehicle velocity V.

• The local slip s, or the relative velocity between the contact sur-
faces.

• The displacements associated with the elastic deformations u.
• The tractions transmitted from rail to wheel through the contact

patch p.
The relations between the magnitudes corresponding to the
kinetic model are as follows:

s = V

{
�1 − x2�sp

�2 + x1�sp

}
+ 2

∂u
∂t

(1)

And those corresponding to the elastic model (� = 1, 2) are

u�(x1, x2) =
2∑

�=1

∫ ∫
Contact area

A��(x1, x2, y1, y2) p�(y1, y2) dy1 dy2

(2)

where A�� are the elastic influence coefficients. The procedure
requires a double discretisation of the problem. The first discreti-
sation is done in the spatial domain and consists of dividing the
contact area into a Paul and Hashemi mesh [22] of the type shown
in Fig. 2. The local slip, the traction and the displacements asso-
ciated with the elastic deformations are assumed to be constant
inside each element and equal to the value they would acquire at
the centre of the element. According to this simplified hypothesis,
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tact model. Load case: longitudinal constant force and harmonic variation of the
normal force. The normal force subplot shows which instant in cycle is represented.
The complete cycle can be found in the Electronic Annex 1 in the online version of
this article.

in this zone. On the other hand, the longitudinal force variation can
be analysed in Fig. 4. As the precedent case, we can distinguish the
slip area in the leading edge of the contact patch, but the direction
of the traction and local slip is reverse. These aspects may influence
the results of the wear calculation models based on the local slip.

3. Wear calculation

The proposed method for estimating the worn profile of the rail
rolling surface aims to calculate the wear depth at the nodes of the
regular mesh by which this surface is discretised. It is based on a
combination of a wheel-rail contact model, described in Section 2,
and a wear model. The Archard wear model is chosen for this study
since it is the most frequently used in tribology for modelling sliding
wear.
1158 L. Baeza et al. / Wea

Fig. 2. Contact area discretisation according to Paul and Hashemi’s model.

Eq. (1) for the J-th element would be{
s J

1

s J
2

}
= V

{
�1 − x J

2 �sp

�2 + x J
1 �sp

}
+ 2

∂u J

∂t
(3)

and from Eq. (2) we obtain

u J
� =

2∑
�=1

N∑
K=1

D JK
�� pK

� � = 1, 2 (4)

where the values D JK
�� are calculated under the assumption that

the bodies behave elastically as infinite half-spaces, being N the
number of elements.

The next discretisation of the problem is performed in the time
domain and involves establishing an approximation by finite dif-
ferences of the value of the time derivative in (3) according to

∂u J

∂t
≈ u J − u J

o

�t
(5)

To consider local slip and its relation to contact tractions, a regu-
larisation model of Coulomb’s law is considered, in which � stands
for the friction coefficient,

p J
� ≈ − 2

�
atan

(
||s J ||

ε

)
�p J

3 s J
�

||s J || (6)

where ε is the regularisation parameter. Expression (6) converges
exactly to Coulomb’s law when ε tends to zero (the model provides
a good approach if ε = 10−5 m/s). The problem is formulated through
local slip when (6) is substituted in (4), and (4) and (5) in (3). The
solution to the tangential contact problem is obtained through the

following system of equations{

s J
1

s J
2

}
= V

{
�1 − x J

2 �sp

�2 + x J
1 �sp

}

− 4�

� �t

2∑
�=1

N∑
K=1

(
pK

3 atan(||sK ||/ε)

||sK ||

{
D JK

1� sK
�

D JK
2� sK

�

})
− 2

�t
u J

o

(7)

The nonlinear algebraic system associated with (7) is solved
via Newton–Raphson through a previous estimation of the
solution.

The results of the presented contact model yield contact param-
eter fields that cannot be calculated through models based on a
stationary theory. Figs. 3 and 4 show examples of these cases. These
calculations correspond to the longitudinal traction distribution in
the contact area for an instant when one external force transmit-
ted through the contact varies harmonically around its mean value.
Fig. 3 considers the variation of the external normal force. We can
observe that the maximal traction value �p3 is reached in the lead-
ing edge of the contact patch, and consequently there is a slip area
Fig. 3. Longitudinal traction distribution computed through a non-stationary con-
Fig. 4. Longitudinal traction distribution computed through a non-stationary con-
tact model. Load case: normal constant force and harmonic variation of the
longitudinal force. The longitudinal force subplot shows which instant in cycle is
represented. The complete cycle can be found in the Electronic Annex 2 in the online
version of this article.
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Archard’s model establishes that the wear rate ẇ (m/s) is directly
proportional to the normal tension applied to the surface p3 and
to the local slip modulus ||s||, and inversely proportional to the
material hardness H. That is

ẇ = kw

H
p3||s|| (8)

The proportionality constant kw is known as the wear coeffi-
cient and depends on the normal load and on the slip velocity.
The bibliography contains the values of wear coefficients obtained
experimentally as a function of these parameters [23]. In the
present study it is assumed that the wear coefficient does not
depend on the variations of the normal contact tractions or local
slips within the contact patch.

From the results of the model proposed in Section 2, for each
computed discrete time it is possible to obtain the wear rate in
each element by means of Eq. (8). The wear rate ẇ J is evaluated
through the Archard model in each element centre of coordinates
(x J

1 , x J
2 ). The wear algorithm requires a set of points to be generated

formed by the previous (x J
1 , x J

2 ) plus points located at the edge of
the contact patch. The union by segments of the latter must contain
the former.
Next, an enhanced solution of the wear rate field is estimated
through a Delaunay triangulation from the previous set of points. In
each triangular element an approximation is made of the wear rate
field from the nodes (x J

1 , x J
2 ) by means of a linear interpolation of

the nodal values ẇ J .
The calculation of the worn material is performed at a number of

discrete points on the railhead. Fig. 5 shows an example of this dis-
cretisation. If at a discrete time i the k-th point of the rail is located
within the contact patch, a wear rate value ẇk

i
can be estimated

through a linear interpolation of the nodal values in the triangular
element containing the rail point. The total wear depth value in the
rail node k is computed as

Wk = �t

M∑
i=1

ẇk
i (9)

where M is the number of discrete times at which the wear rate is
calculated. An improved solution of the wear depth calculation can
be attained if additional solutions of the contact problem are gen-
erated by means of linear interpolation of the parameters (x J

1 , x J
2 )

and ẇ J , corresponding to two consecutive discrete times.

Fig. 6. Wear depth calculation when a con
Fig. 5. Node generation on the railhead.
4. Results

The first calculation aims to establish the influence of the appli-
cation of a contact model based on an Exact Theory. For this, a
three-dimensional version of the well-known problem “From Cat-
taneo to Carter” is considered with the parameters contained in
Table 1. From a practical point of view, this case could be compared
to the sudden application of a traction torque in a driving wheel.
The contact parameters obtained from the non-stationary model
rapidly converge to their stationary values, resulting a deviation in
relation to the creepage calculated by using FASTSIM of only 3%.
Fig. 6 shows the estimated wear calculated through both contact
models. Although a significant difference can be appreciated in the
zone where the contact area is located at the initial time, the wear
shapes after this zone coincide. Nevertheless, a difference exists
between the models of the order of 15%, which can be attributed to
the use of a Simplified Theory in FASTSIM.

In order to appreciate the effect of the rapid variation of the
forces transmitted in the wheel-rail contact, two cases are consid-
ered

stant longitudinal force is applied.



1160 L. Baeza et al. / Wear 265 (2008) 1156–1162

Fig. 7. Wear depth calculation when a 30 mm wavelength variable force is applied.

Fig. 8. Wear depth calculation when a 15 mm wavelength variable force is applied.
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• Variation of the normal force. This is the immediate conse-
quence of a wheel rolling on a corrugated rail. A sinusoidal
variation is analysed with different wavelengths 
. The force
variation amplitude and the mean force are 45 and 100 kN,
respectively.

• Variation of the longitudinal force. This case could be attributed
to the torsional modes of the wheelset or to instabilities of
the power train. In a similar way as the previous case, a sinu-
soidal variation of the longitudinal force is considered, where the
force variation amplitude and the mean force are 10 and 20 kN,
respectively.

In Figs. 7 and 8, the wear results derived from both contact mod-
els are presented. The rail stretch length analysed in these figures
corresponds to that of a single cycle of the external force varia-
tion. In each figure, the upper graphics analyse the normal force
variation while the lower ones result from the longitudinal force
variation. The graphics shown on the left- and right-hand side are
obtained through the non-stationary contact model and FASTSIM,
respectively. The calculations in Fig. 7 correspond to a force vari-
ation associated with a wavelength of 
 = 30 mm, while those in
Fig. 8 correspond to a wavelength of 15 mm. Differences between
results from both contact models are observed. These differences
cannot be only attributed to the elastic model (Simplified or Exact
Theory), but also to the contact process. These differences are more
pronounced when the wavelength is reduced or the amplitude of
the force variation increases.

5. Conclusions

In this paper, the influence of the non-stationary contact process
on the estimation of corrugation patterns is investigated. To this
end, a method implementing a wheel-rail contact model together
with a methodology for computing the three-dimensional rail wear
is developed.

The rail wear calculation method is based on the Archard’s
model. The main input parameter is the local slip provided by the
contact model. An enhanced solution of the local slip field in the
contact patch is obtained by combining a Delaunay triangulation
and a linear interpolation among values at the vertices of each tri-
angle. Consequently, smooth contact parameter fields are obtained.
These results are assigned to the nodes of a regular mesh of the rail
running surface.

The proposed non-stationary contact model is a modified ver-

sion of CONTACT. In comparison with the original methodology
based on the assumption of a potential contact area, this model
uses a spatial discretisation adapted to the contact patch size. This
assumption does not introduce errors when the normal force varies
and therefore, it is adequate for simulating corrugation patterns on
rails.

The results of the proposed method are compared with the
results from analogous calculations in which FASTSIM is used
for computing the contact parameters. With the aim of deter-
mining the influence of the elastic model independently of the
non-stationary process, the conditions in which the contact pro-
cess converges to its stationary values are simulated initially. In
these calculations, differences of around 15% between the wear
parameters obtained through both methods are detected. FASTSIM
is more accurate in relating creepages and external forces since it
was adjusted through these parameters by means of the Linear The-
ory; however, the local slip field could be estimated less precisely.
Taking into account the uncertainty inherent to the wear model
and its parameters, the above mentioned differences may not be
relevant as they do not affect to the general shape of the worn
railhead.
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The second calculation set considers those situations in which
the external force (normal or longitudinal) vary rapidly. The faster
the contact conditions vary, the more noticeable are the differences
in the estimated wear depth field through both models. This fact
implies that the type of contact model determines the corrugation
pattern, mainly in the cases of short-wavelength defects. A ten-
dency permitting the prediction of that deviation through the most
simplified model cannot be appreciated.

The observed differences are mainly due to the non-stationary
contact process. In comparison with a stationary model, the contact
parameters computed by using the non-stationary contact model
are out of phase with the externally applied force. In addition,
reverse contact or slip areas in the leading edge of the contact
patch may appear when employing a non-stationary model. These
phenomena may determine the wear pattern of the rail running
surface.
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