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Abstract— During the last years, several time-frequency 

decomposition tools have been applied for the diagnosis of 
induction motors, for those cases in which the traditional 
procedures, such as the Motor Current Signature Analysis 
(MCSA), cannot yield the necessary response. Among them, the 
Cohen distributions have been widely selected to study transient 
and even stationary operation due to their high resolution and 
detailed information provided at all frequencies. Their main 
drawback, the cross-terms, has been tackled either modifying the 
distribution, or carrying out a pretreatment of the signal before 
computing its time-frequency decomposition. In this paper, a 
filtering process is proposed that uses advanced notch filters in 
order to remove constant frequency components present in the 
current of an induction motor, prior to the computation of its 
distribution, to study rotor asymmetries and mixed eccentricities. 
In transient operation of machines directly connected to the grid, 
this procedure effectively eliminates most of the artifacts that 
have prevented the use of these tools, allowing a wideband 
analysis and the definition of a precise quantification parameter 
able to follow the evolution of their state. 
 

Index Terms—AC machines, fault diagnosis, transient, time-
frequency distributions, finite impulse response filter, prognosis 

I. INTRODUCTION 

ransient motor current signature analysis has been 
recently developed for the diagnosis of induction 

machines in order to overcome some of the drawbacks that the 
analysis of stationary quantities [1]-[2] suffers in some cases, 
such as the difficulty of being applied to machines under 
unloaded condition or under unbalanced supply voltages, 
varying load or load torque oscillations [3]-[5].  

Due to the time-varying frequency spectrum of the transient 
current signal, suitable time-frequency decomposition tools 
must be applied for its analysis. Among them, wavelet 
transforms (WT) [6]-[8], Hilbert-Huang transform (HHT) [9] 
and other Time-Frequency Distributions (TFD), as the Short 
Time-Fourier Transform (STFT) or the more advanced 
Wigner-Ville distribution (WVD), have been used. 

The WVD features a relatively low computational cost and 
high resolution, since no windowing is applied and hence the 
entire signal is considered to obtain the energy at each time-
frequency bin. However, its application has been hindered by 
the appearance in the distribution of artifacts known as cross 
terms. Elder and Watson already identified this problem in one 
of the seminal works on the study of the transient current for 
diagnosis of induction machines [10]. 

Therefore, since the early applications of quadratic 
representations for the detection and evaluation of fault 
harmonics in electrical machines, some modifications to the 
detection procedure have been carried out. In [11] the authors 
propose and experimentally validate a method for diagnosis of 
brushless DC motors (BLDC) based on the analysis of a phase 
current. In order to avoid the cross-terms, the signal is filtered 
before sampling by an analog adaptive filter implemented via 
hardware, which consisted of switched capacitors clocked by 
the inverter’s rotor position sensor through a PLL (Phase 
Locking Loop). After this pretreatment (that eliminates 
harmonics not useful for the diagnosis) is applied, the signal is 
processed using a FIR filter in order to obtain the analytic 
signal, prior to the computation of smoothed versions of the 
WVD, designed to reduce the cross terms. The approach is 
extended in [12] to more advanced quadratic distributions, 
with a modified kernel for this same objective, and 
implemented on a DSP in order to evaluate the capacity of 
these computationally intensive transforms for the detection of 
faults in real time. 

In [13] the analog adaptive filter is avoided by filtering the 
stator current through the Empirical Mode Decomposition 
(EMD) procedure with the aim of detecting short circuits in 
the stator of Permanent Magnet Synchronous Motors 
(PMSM). After that, either the Smoothed WVD or the Zhao-
Atlas-Mark (ZAM) distributions are applied. In this last case, 
the method presents a relatively high mathematical 
complexity. 

Urresty et Al. [14] eliminate the filtering stage in the 
detection of short circuits in a PMSM. Consequently, the 
ZAM distribution is applied directly to study high frequency 
harmonics. The authors argue that the distribution correctly 
evaluates the energy of those harmonics, taking into account 
that in most applications it is difficult to find stationary 
periods of operation for that kind of motors. 

Nevertheless, all these modifications come at the expense of 
losing some desirable properties. For instance, the ZAM 
distribution, although well suited for eliminating the cross 
terms in signals whose components are mostly parallel in the 
frequency direction of the time-frequency plane, generally 
does not fulfill the marginals. Therefore, it does not preserve 
the energy in the representation, a characteristic that may be of 
interest in the detection of incipient faults and their evolution 
with the aim of estimating the remaining life of the machine 
(prognosis). The issue on the energy preservation was 
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considered by Rosero et Al. in [15] for the detection of 
bearing defects on a PMSM. However, in this case the 
impossibility of filtering the main component, whose 
frequency varies in this type of machines, hinders an adequate 
representation of the fault harmonics by the WVD. 

Furthermore, the potential of the quadratic distributions is 
well portrayed by Blödt et Al. [16], in spite of being a study of 
the stator current of an induction motor during stationary 
operation. In this contribution, the pseudo-WVD is used to 
decompose the stator current during stationary operation in 
order to discriminate between dynamic eccentricities and load 
torque oscillations and load unbalances, an especially 
problematic issue in the industry. Under specific conditions, 
both faults would cause similar sidebands around the main 
current component. However, the proposed procedure detects 
the difference in phase between the upper sideband and the 
lower sideband harmonic allowing a correct identification of 
the defect. 

The preservation of the WVD’s good properties whilst the 
cross terms are reduced is considered, for induction motors 
directly connected to the grid, in [17]-[18]. In those works, the 
use of notch filters is proposed as pretreatment to suppress the 
fundamental component and other constant frequency 
harmonics of the stator current, before computing its time-
frequency distribution. This method improved the existing 
ones by widening the range of studied fault components 
evolving during the startup to higher frequencies. Such high 
order harmonics may provide useful information in some 
kinds of double faults [19], as well as under presence of low 
frequency load torque fluctuations. In addition, it allows the 
tracking and quantification of changing frequency harmonics 
as proposed in [20]. However, the use of infinite impulse 
response (IIR) filters introduces phase shifts of the current 
components [21], and alters the response. Additionally, these 
filters posses infinite step and impulse response [22], thus in 
the case of studying sharp transients, such as a direct startup, 
or noisy signals, the effect of the impulses is spread along a 
great time range of the distribution (Fig. 4), being sometimes 
its response longer than the sampling window in online 
applications [23]. 

Therefore, until now, there is still no time-frequency 
diagnosis method able to take advantage of the vast amount of 
information that those decomposition tools are capable to 
provide, especially that concerning the possibility of 
simultaneous transient tracking of high and low frequency 
fault components, which may be helpful in cases of difficult 
diagnosis, whilst avoiding the drawbacks caused by the cross 
terms and other interferences. 

Thus, this paper presents a method to analyze stator currents 
of induction machines directly connected to the grid during 
startup transients. The main novelty of the proposed method is 
that it is able to portray in a single analysis both high and low 
variable frequency harmonics caused by rotor asymmetries 
and mixed eccentricities, while preserving the energy and 
phase of the components, thus optimizing the approach 
introduced in [17, 18]. The method has a high resolution, 

allowing in some cases the tracking and quantization of such 
components even in healthy state, when they are the effect of 
constructive tolerances. For the outlined purpose, advanced 
FIR notch filters [22, 24] will be used in combination with the 
WVD to minimize the cross terms without modifying the 
kernel and hence preserving the good characteristics and 
relatively low computational cost (compared to the CWD or 
the ZAM) that exhibits this distribution. The results presented 
in this work prove the potential of the proposed transient 
technique to take advantage of the information provided both 
by the high and low frequency fault-related harmonics, 
increasing the reliability of the diagnostic. Furthermore, the 
procedure devised in this paper has been successfully applied 
to the study of a bar breakage during a fatigue test, where its 
lower computational cost allowed its application to the 
analysis of thousands of startups and its high precision energy 
assessment produced a rotor asymmetry fault indicator able to 
track the developing fault and hence, establish the breakage 
mechanism, which has especial interest for prognosis [25]. 

The paper is structured as follows: in Section II the 
behaviour of the harmonics of interest is presented. Following 
that, Section III introduces the current signature analysis tools 
and explains the detection and quantification procedure 
proposed. In Section IV, the experimental setup is presented, 
while Section V shows the experimental validation of the 
proposed method and finally, Section VI yields the 
conclusions. 

II. HARMONIC FEATURES OF INTEREST 

In this section the current components that are relevant for 
the diagnosis of rotor asymmetries and mixed eccentricities in 
induction machines are presented and their evolution during a 
direct startup of a motor characterized. A nomenclature for 
these harmonics is also introduced. 

A. Broken bar harmonics 

The general expression for calculating the frequencies of 
the components amplified by rotor bar breakages is [10]: 

 

          ....5,3,1             )1()( 









p

k
fss

p

k
sfb

  (1) 

 

where s is the slip, that varies from 1 to near zero during the 
direct on-line startup, and f the supply frequency. From this 
expression, two harmonics are obtained whose frequencies at 
steady state are slightly smaller than the frequency of the 
current harmonic of k/p order; one of such low sidebands 
(LSH) evolves directly (“+” sign in (1)) and the other evolves 
indirectly, first reducing its frequency and then increasing it 
again (“–“ sign in (1)). 

In addition, the pulsations in the speed of the rotor that the 
above mentioned components cause, trigger further 
descending harmonics [26] which, from multiples of the 
fundamental frequency, converge towards the main 
component as the slip decreases during the startup, to become 
its upper sideband harmonics (USH). Hence, for the main 
current component, considering both LSHs (k/p=1 in 
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expression (1)) and USHs, it follows that: 
 

                 ....3,2,1    21)(  kfsksfb                (2) 
 

The two main sideband harmonics often traced for the 
diagnosis of rotor asymmetries have the frequencies fsb given 
by (2) for k=1 [1], and are known simply as lower sideband 
harmonic (LSH) and upper sideband harmonic (USH). 

Beyond these components, other authors [27] have proven 
the appearance of harmonic components due to the breakage 
located around the Principal Slot Harmonics (PSH); the 
frequencies of these components are given by (3) with Nr 
being the number of rotor bars; λ=1,2…; υ=1,3,5… [26]. 
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Since expressions (1), (2) and (3) are directly proportional 
to the slip s, the characteristic fault-related frequencies given 
by them for each harmonic vary during a speed transient. In 
the case of a direct startup, s evolves from 1 to almost 0, 
yielding sharp changes in those values. This wide evolution, 
better tracked on a continuous time-frequency diagram, is 
linear with the slip thus being possible to characterize them by 
their frequencies when the machine is connected and at steady 
state. The startup evolutions of the harmonics introduced by 
expression (2) for k=1,2,3, corresponding to the Motor I, 
whose characteristics are shown in the Appendix, is presented 
in Fig. 1 (a1). 

In addition, Tables I and II and Fig. 1 (a2) portray the 
evolution of the main high frequency lower sideband 
harmonics (LSHs) amplified by the asymmetry from the 
connection instant (s=1) till steady state, assuming ideal 
unloaded condition (s=0), according to (1). Table I 
characterizes the components computed using the “+” sign in 
(1), thus presenting a direct evolution. Table II presents the 
lower sideband harmonics computed using the “−” sign in (1), 
that is, having a negative frequency at the startup; their 
absolute frequency value falls progressively to zero and then 
increases again until reaching its steady state frequency. 

 

TABLE I 
HIGH FREQUENCY COMPONENTS AMPLIFIED BY THE ASYMMETRY ACCORDING 

TO (1) (DIRECT EVOLUTION). 
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 Hzsfb 1   Hzsfb 0  

LSH+S 150 3 f·(3-2·s) 50 150 
LSH+S 250 5 f·(5-4·s) 50 250 
LSH+S 350 7 f·(7-6·s) 50 350 

 

TABLE II 
HIGH FREQUENCY COMPONENTS AMPLIFIED BY THE ASYMMETRY ACCORDING 

TO (1) (INDIRECT EVOLUTION). 
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 Hzsfb 1   Hzsfb 0  

LSH 50 1 f·(1-2·s) -50 50 
LSH-S 150 3 f·(3-4·s) -50 150 
LSH-S 250 5 f·(5-6·s) -50 250 
LSH-S 350 7 f·(7-8·s) -50 350 

 
Finally, Table III and Fig. 1 (a3) show the main PSHs 

according to (3) for the Motor I. 
 

TABLE III 
PSH COMPONENTS ACCORDING TO (3) IN HZ 

 λ υ  1sfPSH
  0sfPSH

 

PSH-5 1 -5 -250 850 
PSH-3 1 -3 -150 900 
PSH-1 1 -1 -50 950 
PSH+1 1 1 50 1000 
PSH+3 1 3 150 1050 

 

 
Fig. 1.  Evolution of rotor asymmetry (a1, a2) and prevailing principal slot 
harmonics (a3) during a heavy startup for the machine tested for studying a 
rotor asymmetry (Appendix, Motor type I). 

 

B. Eccentricity components 

In an induction motor the eccentricity causes a non-uniform 
air-gap between stator and rotor. Conceptually, two main 
types of eccentricity exist; the static eccentricity and the 
dynamic eccentricity. In the case of the static eccentricity, the 
position of minimum air-gap remains fixed in space. On the 
other hand, the dynamic eccentricity appears when the rotation 
axis of the rotor does not overlap its geometric axis, so that the 
position of minimum air-gap changes with time. In practice, 
both types of eccentricity coexist, which is known as mixed 
eccentricity.  

If both types of eccentricities are present, sideband 
components appear near the fundamental and some of its 
harmonics [28]. The frequencies of these components are 
given by (4), being k an integer: 
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For υ =1 and positive frequencies, the classical expression 
for determining the frequency of these harmonics is obtained 
[29]. 
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Since (4) and (5) depend on the slip, as it varies from 1 to 
near 0 during a direct on-line startup, the components 
associated with the mixed eccentricity evolve in a very 
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characteristic way. For the Motor type II (see characteristics in 
the Appendix), and k=1, two components diverge from the 
supply frequency f (s=1) to reach almost 25 Hz and 75 Hz 
when the steady-state is reached (s≈0) (Fig. 2, (b1)). Table IV 
summarizes the main components calculated from (4): 

 

TABLE IV 
ECCENTRICITY COMPONENTS ACCORDING TO (4) IN HZ 

Component υ m 
Initial frequency 

value (connection, 
s=1) 

Final frequency 
value (steady-state, 

s=0) 
EC 25 1 -1 50 25 
EC+75 1 1 50 75 
EC–75 2 -1 100 75 

EC+125 2 1 100 125 
EC–125 3 -1 150 125 
EC+175 3 1 150 175 

 
The tracing of these components during the startup has been 

proven to be a reliable way for the detection of eccentricities 
[3], [30]. 

 
Fig. 2.  Evolution of eccentricity (b1, b2) and prevailing principal slot 
harmonics (b3) during a heavy startup for the machine tested for studying 
mixed eccentricity (Appendix, Motor type II). 

 

III. PROPOSED ANALYSIS PROCEDURE 

In this section, the processing tools used for the diagnosis of 
induction motors are presented as well as the procedure 
followed for its implementation. The proposed approach 
includes a pretreatment, in which constant frequency 
components are eliminated using two types of optimized FIR 
notch filters, as well as the time-frequency distribution, 
applied to the residual obtained. 

A. Introduction to the pretreatment 

Finite impulse response filters exhibit constant group delay 
and limited response length which reduces the smearing of 
steps and impulses. In spite of these good characteristics, 
especially indicated for studying sharp transients, their use has 
been hindered by the high number of coefficients needed, 
compared with their IIR counterparts. 

Furthermore, in the particular case of notch filters, the usual 
procedures utilized for the design of FIR filters, as the window 
algorithm or the Park-McClelland algorithm either employ 
numerical methods, as the former, or do not yield good results 
at all, as the latter. 

In order to overcome these problems, in [22] is proposed a 
complete analytical design procedure for both maximally flat 
and equiripple notch filters, which allows linking by specific 
equations the design parameters to the characteristics of the 
filter (among them, the number of coefficients). 

B. Maximally flat-bandpass notch filters 

For the maximally flat bandpass notch filters, the authors 
propose a narrow bandpass FIR filter approximating its 
response by a polynomial. Its complementary (notch) form is: 

 

𝑁௣,௤(𝑤) = 1 − 𝐶(1 − 𝑤)௣(1 + 𝑤)௤                  (6) 
 

being w=cos(ωT) ≡ cos λ, and C: 
 

𝐶 =
𝑝 + 𝑞

2𝑞
   

 

The multiples of the roots are defined by: 
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2
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                                𝑞  = ൤𝑛 · 𝑐𝑜𝑠ଶ ൬
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where the brackets denote the rounding operation and ωm the 
rejected frequency. The degree of the polynomial n depends 
on the width of the rejection band Δλ = ΔωT and its 
attenuation a through the following expression: 

 

                    𝑛 =
2 · 𝑙𝑜𝑔(1 − 10଴.଴ହ ௔)
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                          (10) 

 

The application of the analytical method provided by the 
authors allows the design of FIR notch filters of a moderate 
length, for 100 coefficients, the attenuation band Δλ is 0.45 
rd/s. In many practical cases, the length of the filter could be 
reduced neglecting the extreme terms having a value below 
10-3. Beyond this attenuation band, the energy of the signal is 
not modified. 

C. Equiripple notch FIR filters 

In addition, the same authors propose a method for the 
synthesis of FIR notch filters that allows the existence of 
ripples in the passband [22], i.e., slightly modifying the energy 
signal in those non-filtered frequencies, resulting in filters 
with a lower number of coefficients or, equivalently, a 
reduction in the bandwith of the rejection band Δλ, feature 
especially interesting for obtaining a seamless time-frequency 
diagram. 

The development of these filters is founded in the study of 
the Zolotarev polynomials, obtained from the solution to his 
first problem in approximation theory concerning polynomials 
that approximate constant value on a two disjoint intervals. 
Zolotarev developed the general solution using elliptic 
functions, and although Chen and Parks in 1986 [31] applied 
them to design FIR narrowband filters exhibiting equiripple 
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behavior over the stopbands, an analytical method for their 
synthesis was needed in order to allow their efficient 
application. 

This was achieved in [32] by studying the differential 
equations for Zolotarev polynomials defined in two disjoint 
intervals within (-1,1), and solving, using power series, the 
second order linear differential equation obtained. A recursive 
algorithm yields the approximated polynomial. 

Furthermore, the authors extend the algorithm to the 
expansion in the form of the Chebyshev polynomials of the 
Zolotarev polynomial obtained, therefore, replacing the 
traditional application of the FFT in order to obtain the filter 
coefficients from its response in frequency. 

The narrow bandpass filters and their complementary 
notch filters are optimal in the Chebyshev sense [22], i.e, the 
maximum ripple in the rejection or pass bands, respectively, is 
minimal: 

 

‖𝐸‖ஶ = 𝑚𝑎𝑥ିగஸఒழగ|𝐻(𝜆) − 𝐷(𝜆)|        (11) 
 

where H(λ) is the obtained response in frequency and D(λ) 
is desired response in frequency (usually flat). 

These results, that allow the design of notch filters with 
very sharp rejection frequencies, have been used to remove the 
constant frequency components in the stator current and thus 
optimizing the method presented in [18]. 

D. The Wigner-Ville distribution 

The Wigner-Ville distribution is a particular case of the 
Cohen class distributions. For a given signal x(t) is defined by 
(12): 

 




  detxtxtW j
X



 





 






  ·

2
·

22

1
),( *       (12) 

where x* denotes the conjugate of x. Thus, the Wigner 
integral is the Fourier transform, with respect to the delay 
variable τ, of x(t+τ/2) x*(t-τ/2), the instantaneous correlation. 
It has Hermitian symmetry in τ remaining always real [33], 
although it can reach negative values at some points of the 
distribution.  

The Wigner-Ville transform presents several advantages, 
among them, its high resolution, which is a consequence of 
not using any window to limit the length of the signal before 
processing. In addition and contrary to other recently applied 
distributions [10]-[15], the Wigner-Ville distribution has the 
desirable property of fulfilling the marginal conditions [33], 
thus total signal energy can be calculated in time or in 
frequency using the Plancherel formula: 
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The values ║x(t)║2 and ║X(ω)║2 can be interpreted as 
energy densities in time and frequency, respectively. This 
enables the computation of the energy present at a given time-
frequency box directly from the WVD output. 

Furthermore, the WVD first conditional moment for a given 
time tc mathematically equals the instantaneous frequency 

[33]: 
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         (14) 

 

Therefore, it can be computed as the average of all 
frequencies ω present in the time-frequency plane at a time tc. 

However, when applied to the analysis of multicomponent 
signals, the use of the Wigner-Ville distribution is hindered by 
the appearance of oscillatory interferences, among those 
components, at time instants and frequencies in which there 
should be no energy. 

As a consequence, it is advisable to calculate the WVD on 
the analytic signal obtained from the Hilbert transform [33] of 
the real signal, since the Fourier transform of an analytic 
signal has no negative frequency components and thus, there 
cannot be any interference between positive and negative 
frequency ones. 

E. Implementation for fault detection 

With the aim of carrying out a fault detection, the signal 
processing tools presented are implemented in a three stage 
approach (Fig. 5): 

1) Suppression of the constant components of the tested 
signal. 

First of all, the captured current is filtered using the 
advanced notch filters in order to remove constant frequency 
components, related to the fundamental component, as well as 
stator winding and saturation harmonics. This procedure, 
which eliminates cross terms and yields a clearer 
representation of the results, can be applied stepwise; 
eliminating the main current harmonic in all cases and 
removing higher order ones as needed. As the studied fault 
component’s frequencies evolve widely during a direct 
startup, the problems seen in the application of notch filters to 
the study of rotor asymmetries in stationary operation, that is, 
the attenuation of the sidebands [23], have no influence in this 
case. In addition, for certain sampling rates, comb filters based 
in the same approach, as presented in [24] can be used to filter 
the constant frequency harmonics greatly reducing the number 
of filter coefficients. 

When the study is focused on a specific time-frequency 
box, the signal is also filtered by means high, low or bandpass 
FIR filters. Further, down sampling eases the computational 
requirements. 

2) Computation of the analytic signal 
In order to avoid the cross terms produced as a result of 

positive and negative frequency components interfering, the 
analytic signal is obtained from the filtered data by means of 
the Hilbert transform [33], in the second step of the data 
processing. 

3) Application of the WVD 
Finally, the time range is selected and the WVD of the 

resulting signal is calculated using the TFTB Toolbox 
developed by CNRS (France) and Rice University (USA) for 
MATLAB [34]. 
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Fig. 3.  Proposed signal analysis approach. A FIR filtering pretreatment 
removes constant frequency harmonics and limits a time-frequency box, if 
necessary. The analytical signal of the residual is obtained in the second step 
and finally the WVD is computed. 

 
The advantages of the combination of the FIR filters and the 

Wigner-Ville distribution are well portrayed in Fig. 4. IIR 
filters, as used in [17, 18] cause the smearing of impulses (Fig. 
4 (a)) and a consequent increase of cross terms in the time-
frequency distribution, whilst FIR filters cannot extend the 
influence of any sharp transient (including the ones caused by 
noise) beyond their own coefficient’s length (Fig. 4 (b)) 

 

 
(a) 

 

 
(b) 

Fig. 4. Application of the detection approach to a 100 ms, 38 Hz pulse, (a) 
using IIR filters as pretreatment [17, 18], (b) using equiripple FIR filters 
proposed in this work. The smearing effect and associated cross terms on the 
time-frequency diagram due to the infinite impulse response time are clear in 
the first case. 

F. Implementation for Quantification 

The quantification procedure proposed in this paper, 
derived from [35], consists of obtaining, following the steps 1 
to 3 presented in the previous point, a suitable time-frequency 
box in which a fault component prevails. In addition: 

4) Using (14), the instantaneous frequency for each time 
instant of that time-frequency box is computed. The result 
oscillates sharply, thus it is smoothed, firstly discarding the 
values above and below the frequency limits of the considered 

time-frequency box and then using a low pass filter, whose 
pole is adjusted in order to avoid the influence of noise in the 
evolution of the instantaneous frequency.  

5) The result follows the evolution of the prevailing fault 
harmonic, and hence its energy eif,bw, which reflects the degree 
of the fault, can be computed by integrating the value of the 
WVD on a narrow band, whose width bw is determined 
empirically, centred for each time in that instantaneous 
frequency if (15): 

 

                 𝑒௜௙,௔ = ෍ ෍ 𝑊𝑉𝐷(𝑓, 𝑡௖)

௜௙ା௕௪/ଶ

௙ୀ௜௙ି௕௪/ଶ௧

                 (15) 

 

where if is the instantaneous frequency in each time interval 
tc of the time-frequency box considered, bw is the bandwidth 
and WVD is the Wigner-Ville distribution computed for that 
time-frequency box. 

The ratio of this value over the energy in the original 
current waveform for the same time limits yields a 
quantification parameter: 

 

                           𝛾ௐ,ఞ = 10 · 𝑙𝑜𝑔 ቈ
 2 ∑ 𝑖ଶ

௧

𝑒௜௙,௕௪

቉                        (16) 

 

where, χ is the name of the evaluated component, i is the 
instantaneous value of the current, whose energy is integrated 
in the same time range and sampling frequency as in (15). 
Since the computation of the analytical signal doubles the 
energy of the original real one, the value of the numerator in 
(16) is increased twofold. 

Thus, this quantification procedure presents the advantage 
of integrating the energy in a band which is centred on the 
fault component, minimizing the contributions of noise and 
other small amplitude fault harmonics, always present in the 
startup current due to manufacturing tolerances, therefore 
yielding a more stable fault indicator as compared to the 
techniques such as the one proposed in [36] and applied in 
[25], based on the Discrete Wavelet transform, which 
evaluates the energy present in a complete time-frequency 
box. Furthermore, the use of FIR filters allow a lower 
distortion of the energy of the detected harmonics, from an 
attenuation of 60 % in the bands of 0-40 Hz and 210-240 Hz 
in [17, 18] to 25 % using the equiripple approach. 

 

IV. EXPERIMENTAL SETUP 

In order to validate the proposed approach, tests were 
carried on two types of commercial motors. Their 
characteristics are shown in the Appendix. 

A. Rotor asymmetry 

For the case of the rotor asymmetry, two rotors, the first 
being healthy and the second having a rotor bar drilled at its 
junction with the short circuit ring (Fig. 5), were successively 
assembled in the same stator of a one pole pair motor. 
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B. Eccentricity 

In the case of the eccentricity, the original shaft position 
was modified by replacing the end ball bearings of the motor 
(see Fig. 6(a)) by roller bearings (Fig. 6(d)) with greater inner 
diameter and smaller outer diameter. The clearance gained 
allowed accommodating two precision eccentric machined 
steel sockets (Fig. 6(b) and 6(c)). The cylindrical surfaces of 
both sockets were eccentric, 0.15 mm in the case of the outer 
ring b, and 0.25 mm in the case of the inner ring c. Fig. 6(e) 
shows the new assembly mounted on the shaft, obtaining in 
this way a rotor having a 30% static eccentricity and a 50% 
dynamic eccentricity. 

 

 
Fig. 5.  Rotor featuring a broken bar. 

 
 

  
 

Fig. 6.  Rotor of the eccentric motor unit. Top, from left to right: a) original 
bearing, b) external and c) internal eccentric rings, and d) new bearing. 
Bottom: e) mounted unit on the shaft. 

C. Test stand 

For loading purposes, a DC machine, with an inertia of 0.11 
kg·m2 was used (Fig. 7). This relatively large inertia allowed, 
for the motors used in the validation of the approach, startups 
of up to seven seconds for the case of the one pole pair 
machine, and 3 seconds for the two pole pair one. 

 

 
 

Fig. 7.  Experimental test bench. Induction motor and load. 
 
For the acquisition of the currents used as diagnostic signal; 

a 15/5, class 0.5 current transformer and a 1A, 60 mV shunt 
were utilized; the resulting voltage signal was captured by 
means of a digital oscilloscope with a sampling frequency fs = 
5000 samples/s and 16 bits of resolution, and finally 
transferred to a PC for the analyses in MATLAB. 

The signals obtained following the aforementioned 
procedures underwent two analysis methods; the first one 
yields a wideband time-frequency diagram to provide an 
insight of the evolution of several fault harmonics, which 
enhances the possibility of correctly detecting the presence of 
the fault. The seamless evolution of the fault harmonics 
provided by the FIR filter allows an easier implementation of 
image recognition techniques to automatize this task. The 
second procedure focuses on a determined time-frequency box 
in order to perform a quantification of the energy contained in 
one of such fault harmonics, with the aim of determining the 
severity of the failure. 

V. RESULTS AND DISCUSSION 

In this section, the results obtained from the application of 
the proposed approach to the induction motors are presented. 

A. Connection instant 

The analysis of the connection instant of an induction motor 
directly fed from the grid presents great difficulties due to the 
influence of the sharp initial impulse linked to the 
electromagnetic transient. 

However, the application of the maximally flat bandpass 
notch filters introduced in Section III exhibit low smearing of 
the initial impulse. Its effect is spread only to a number of 
samples equal to the length of the filter, and even in this case 
most of the energy is concentrated in the connection instant, 
allowing tracking some PSHs from their origin, as it is seen in 
Fig 8, in which two filters of these characteristics have 
eliminated the main harmonic and the 250 Hz winding 
harmonic for studying the startup of a healthy Motor type I. 
The PSH +3 is clearly identified, having a frequency at 
connection of 150 Hz (c1), as exposed in Table III, and 
directly evolving towards high frequencies. The evolution of 
the also prevailing PSH-1 is detected since the 100th 
millisecond after connection (c2), as it reduces its frequency 
towards zero and then increases it again towards its steady 
state around 1 kHz. 

B. High order harmonics in healthy state 

In order to test the sensitiveness of the method, the second 
half of the startup of a healthy motor is studied. In this case, a 
full pretreatment has been used, and the equiripple notch 
filters, having a narrower attenuation band than the flat band 
pass ones for the same number of coefficients, have been 
employed to eliminate the main current component and the 
150 Hz and 250 Hz constant harmonics, since in this case, the 
time-frequency boxes studied are far away the connection 
impulse. Furthermore, the result has been band pass filtered 
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and down sampled, leaving just the frequencies where the high 
frequency harmonics caused by a rotor asymmetry evolve (70-
300 Hz). The resulting diagram is shown in Fig. 9. A similar 
result using fewer filter coefficients can be obtained 
resampling the signal to 800 Hz and using the comb filters 
proposed in [24], due to the symmetric separation of the 
constant frequency harmonics to be eliminated at this 
sampling rate. 

 
Fig. 8.  Connection instant and first second of a direct startup, healthy state 

 
In this case, the evolution of the PSH, now reaching higher 

frequencies, is seen at the beginning of the diagram (d1). 
However, even for a healthy machine, high order harmonics 
due to a rotor asymmetry can be appreciated (d2), as they 
evolve to become low sidebands of the 250 Hz winding 
harmonic. A USH of the main current component (d3) is also 
shown, as well as part of the filtered LSH 50 (d4). All of them 
are caused by the inherent constructive tolerances of the 
machine. This diagram can be compared to the theoretical of 
Fig. 1 

 

Fig. 9.  High order rotor asymmetry harmonics in a healthy motor. 
 

C. Detection of rotor asymmetries 

If no band pass filter is used, the LSH 50 caused by such 
light rotor cage constructive asymmetry prevails during the 
last part of the time-frequency distribution, as seen in Fig. 10, 
where the PSH-1 (e1) and the LSH+50 (e2) feature similar 
energies. 

 
Fig. 10.  WVD of a healthy motor. Wideband analysis. A PSH (e1) and the 

LSH 50 (e2) are detected. 
 

Finally, the proposed approach is applied to the induction 
Motor I, having a broken bar cut at one of its ends. In this case 
(Fig. 11), the LSH+50 (f1) prevails, setting its magnitude the 
color scale and thus dimming the PSH-1 (f4). Further 
harmonics related to the rotor asymmetry are shown, such as a 
LSH+250 f(5-4s) (f2) and a USH (f3) of the main current 
component. 

 
Fig. 11.  WVD of a motor having one broken bar. Wideband analysis. Both 
high (f2, LSH 250) and low frequency harmonics (f1, LSH 50) related to the 
rotor asymmetry are detected. 
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The use of advanced equiripple notch FIR filters allows the 
representation of the frequency evolving harmonics on a 
seamless time-frequency diagram that shows their detailed 
evolution, hence allowing its easy identification, despite the 
pretreatment procedure of eliminating the constant frequency 
harmonics. Furthermore, these FIR filters permit the 
representation in the same diagram of the evolution of both 
high and low frequency harmonics, enabling a full wideband 
analysis of a direct startup transient, which was not achieved 
using IIR filters in [18]. 

D. Detection of eccentricities 

For the detection of eccentricities the phase current of a 
motor type II connected in delta is studied using equiripple 
filters, since the time-frequency box does not include the 
initial impulse. For this two pole pair machine the startup lasts 
only 3 seconds. Fig. 12 shows the WVD of a healthy machine 
centered in the third harmonic. The diagram has been widened 
to stationary operation up to second 5. 

In this case, a PSH can be appreciated, as it evolves rapidly 
towards higher frequencies (g1). Also, a LSH 150 is detected 
(g2), as well as the EC 175 (g3) during stationary operation, 
the first related to a rotor asymmetry and the second to 
eccentricity. Both are caused by constructive tolerances. 
However, if the phase signal a Motor type II having 20% static 
eccentricity and 50% dynamic eccentricity is examined, the 
characteristic sidebands around the main supply harmonic and 
its multiples appear, in especial, around the third multiple of 
the main harmonic for this delta connection. 

 
Fig. 12.  WVD of the phase current of a healthy motor, second part of the 
startup and stationary operation. Analysis centered on the third harmonic. 
Rotor asymmetry (g2) and eccentricity harmonics (g3) related to constructive 
tolerances are detected. 
 

Fig. 13 shows the Wigner-Ville Distribution of the startup 
(up to second 4) and stationary current, filtered by means of a 
FIR bandpass filter. The band studied spans, as in Fig. 13, 
from 120 Hz to 180 Hz.  

The Figure clearly presents the characteristic evolution of 
the EC–125 (h1) and EC+175 (h2) eccentricity components, 
which enables an easy identification of the fault. 

 

 
Fig. 13.  WVD of a motor with mixed eccentricity. Analysis centered in the 
third supply harmonic. Both lower and upper sidebands related to the 
eccentricity are shown (h1, h2). 

 

E. Quantification 

For the quantification purpose, the procedure exposed in 
Section III is applied; firstly selecting, using low and high 
band pass FIR filters, a time-frequency box in which one fault 
harmonic prevails and then computing the instantaneous 
frequency in that box by (15). The smoothed result accurately 
tracks this harmonic and thus enables the quantification of its 
energy by integrating the result of the WVD on a band 
centered on its evolution. 

Fig. 14 shows one of these time-frequency boxes, focused 
on the second part of a direct startup, low frequencies, for a 
motor having a broken bar, that is, it presents in 3 dimensions 
the area whose limits are between 3.5 and 6 seconds and 0 and 
45 Hz in Fig. 11. In such conditions, the WVD works in its 
optimal conditions, since a monotonic chirp causes little cross 
terms, displaying very accurately the evolution (path) and 
energy (height) of the LSH 50 for a motor having one broken 
bar. Fig 15 depicts the smoothed instantaneous frequency, that 
is, the trace on the time –frequency diagram used for defining 
a dynamic band in which the energy has been integrated, for 
both the broken bar case presented in Fig. 14, and for a 
healthy motor. The lengthening of the startup period due to 
small differences in motor temperature does not hinder the 
correct tracking of the LSH even without the use of a speed 
sensor. 

Finally, Fig. 16 shows the detected energy on a 4 Hz-wide 
strip centered on the instantaneous frequency shown in Fig. 
15, that is, the outline of the crest shown in Fig. 14 but in this 
case, for a healthy machine. The shape of the energy 
distribution remains the same compared to Fig. 14, but the 
values are an order of magnitude lower. 
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Fig. 14.  DWV of the low sideband harmonic (LSH 50) evolving during 

the last part of the startup for a machine having one broken bar. 

 
 

Fig. 15.  Smoothed instantaneous frequency of the LSH 50: blue, healthy 
machine; red, machine with a broken rotor bar 

 

In addition to the LSH, it is advisable to study the effect of 
the rotor asymmetry in higher order harmonics [19]. With this 
aim, a time-frequency box is isolated by means of notch and 
band pass filters between times 3 and 7 seconds and 
frequencies 150 and 250 Hz, to track the main LSH+250, that 
is, the f(5-4s) harmonic, which would indicate a double fault 
separated by a half pole pitch. The value of the quantification 
indicators obtained for the rotor asymmetry, are shown in 
Table V. 

It must be noted that the variation of the parameter γW is 
similar but greater than the variation of the amplitudes of the 
same harmonics obtained studying the FFT spectrum during 
stationary operation of the motor. Therefore, the proposed 
method is more precise, as it corresponds to the heavy 
conditions the motor undergoes in a direct startup. 

Moreover, for the case of the quantification of the 
eccentricity, other two time-frequency boxes have been 
correspondingly selected. The time range for both of them 
spans between seconds 2 and 3 whilst their frequency limits 
are between 120 and 140 Hz and 160 and 180 Hz. The results 
are presented in Table V. There are no values for the healthy 
case since no eccentricity harmonic appears during the startup. 

 

 
Fig. 16  Computed energy density in a 4 Hz width band centered on the 

trace of the instantaneous frequency shown in Fig. 15, blue line (healthy 
motor). The energy level can be compared to Fig. 14 for a motor featuring a 
broken bar. 

 

TABLE V 
QUANTIFICATION RESULTS 

State 
Motor 
type 

Harmonic γW (dB) 

Healthy 

I LSH 50 42.6 
I LSH 250 63.3 
II EC 125 - 
II EC 175 - 

1 broken bar 
I LSH 50 31.9 
I LSH 250 43.2 

Mixed 
Eccentricity 

II EC 125 51.3 
II EC 175 50.5 

 

Fig. 17 shows the smoothed energy detected. Up to second 
3, it corresponds to the startup (j1), in which the energy of 
both sidebands reaches twice the level of stationary operation 
(j2, j3).  

 

 
Fig. 17.  Smoothed computed energy density in a 4 Hz width band centered 

on the trace of the instantaneous frequency for EC 175, blue line, and EC 125, 
red line. 

VI. CONCLUSIONS 

This paper demonstrates the validity of a new method 
combining advanced notch FIR filters and the Wigner-Ville 
distribution in order to provide seamless high resolution time-
frequency diagrams whose great amount of information allows 
performing the diagnosis of rotor asymmetries and 
eccentricities in induction machines directly connected to the 
grid even in the most difficult cases.  

Unlike other approaches, the procedure increases its 
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reliability by the simultaneous transient tracing of both high 
and low frequency fault-related harmonics whilst minimizing 
the cross-terms. 

The method is completed by a robust tracking and 
quantification procedure for these frequency variable 
harmonics, which allows to precisely monitoring the evolution 
of the state of induction motors. 

 
APPENDIX 

The characteristics of the motors tested are: 
Motor type I: Star connected, rated voltage (Un): 400V, 

rated power (Pn): 1.5 kW, 1 pole pairs, stator rated current 
(I1n): 3.25 A rated speed (nn): 2860 rpm. 

Motor type II: Star connected, rated voltage (Un): 400V, 
rated power (Pn): 1.1 kW, 2 pole pairs, stator rated current 
(I1n): 2.7 A, rated speed (nn): 1410 rpm. 
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