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Weakly Cauchy filters and quasi-uniform
completeness

M.J. Pérez-Penalver and Salvador Romaguera™

Abstract

It is well-known that the notion of a Smyth complete quasi-uniform
space provides an appropriate notion of completeness to =*udy many inter-
esting quasi-metric spaces which appear in Theoretical Computer Science.
We observe that several of these spaces actually possess a stronger form of
completeness based on ti¢ use of weakly Cauchy filters in the sense of H.H.
Corson and we develop a theory of completion and completeness for this
kind of filters. In parallel, we also study a more general notion of complete-
ness based on the use of certain stable filters. Thus our results extend and
generalize important theorems of A. Csészar, J.R. Isbell and N.R. Howes
on uniform completeness.

AMS(1991) Subject Classification: 54E15, 54D30.
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1. Introduction

The notion of a Smyth complete quasi-uniform space provides an appropriate tool
to explain completeness properties of many quasi-metric spaces which appear in
Theoretical Computer Science (see [28], [29], [30], [27], [25], etc.) However. several
of these spaces possess a stronger kind of completeness based on the use of weakly
Cauchy filters in the sense of H.H. Corson [3] and P. Fletcher and W.F. Lindgren
[8] (see Section 2). The success of such spaces calls for a study of this type of
completeness. The main purpose of this paper is to start such a study. In parallel,
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we also study a more general form of completeness based on the use of certain
stable filters.

For the sake of generality we will work in the setting of quasi-uniform spaces.
Thus we introduce the notions of a Corson complete, of a Csészar complete, of
a Corson completable and of a Csaszér completable quasi-uniform space. Ev-
ery Corson complete (resp. completable) quasi-uniform space is Csészar com-
plete (resp. completable) and every T, Csészar complete (resp. completable)
quesi-uniform space is Smyth complete (resp. completable) We characterize the
quasi-uniform spaces which are Corson (resp. Csészar) corpletable and deduce
that every totally bounded quasi-uniform space is Corson completable. We prove
that a quasi-uniform space is Corson (resp. Csészér) coniplete if and only if it
is bicomplete and Corson (resp. Csészér) completable and discuss these kinds
of completeness when one uses nets instead of filters. In this way, our results
generalize well-known theorems on uniform completeness of A. Csaszar [4], J.R.
Isbell [12] and N.R. Howes [11].

Terms and undefined concepts are used as in [9] and in [16].

(iven a quasi-uniform space (X, ) we shall denote by &4° the coarsest unifor-
mity finer than U and its conjugate U (e U =UV U1). If U € U we denote
by {7° the entourage of U*, U N UL

Every quasi-uniformity ¢ on a set X induces a topology T'(U) = {A C X : for

each z € A there is U € U such that U(z) € A}, where U(z) = {y € X : (z,y) €
U}.
According to [9], a quasi-uniform space (X, ) is called bicomplete if (X,U°) is
a complete uniform space. A bicompletion of (X,U) is a bicomplete quasi-uniform
space (Y.V) which has a T(V*)-dense subspace quasi-unimorphic to (X,U). It
was shown in [26] and in [9] that every quasi-uniform space (X,U) admits a
bicompletion (X,U) such that if (X.U) is a T, quasi-uniform space then (Xv U)
is T, and it is the unique (up to quasi-unimorphism) bicompletion of (X,U).

In the context of this paper, a quasi-metric on a set X is a nonnegative real-
valued function d on X x X such that for all z,y,z € X : (i) d(z,y) = d(y,z) =
0 & r =y and (ii) d(z,y) < d(z,2) +d(z,9)-

If d is a quasi-metric on a set X and z € X, the set {ye X :d(z,y) <r}is
called the open r-sphere about z and is denoted by Si(z,7). The conjugate a
of the quasi-metric d is given by d~!(x,y) = d(y,z). Then we shall denote by d°
the metric defined on X by d®* =dVvd '

Every quasi-metric d on a set X generates a quasi-uniformity U on X which
has as a base the family of sets of the form U, = {(z,y) € X x X :d(z,y) < 2L



forn =0,1,2,... (see [9, p. 3]). The uniformity (¢)* will be denoted simply by ;.

2. Corson complete and Csaszar complete quasi-uniform
spaces

Let us recall that a filter F on a quasi-uniform space (X, ) is left K-Cauchy [24]
proviced that for each U € U there is an F' € F such that U (z) € Fforalz e F.
F is said to be a stable filter [5] if for each U € U, NperU(i") € F. Finally, 7
is celled a weakly Cauchy filter ([3], [8]) if for each U € U there is € X such
that U(z) N F # 0 for all F € F. From a Computer Science point of view the
following characterization of weakly Cauchy filters seems to be more visual: A
filter F on a quasi-uniform space (X,U) is weakly Cauchy if and only if for each
U cU, NperUY(F) # 0 ([8, Proposition 2.1]).

Iist (X,U) be a quasi-uniform space. In the following, a wveakly Cauchy filter
on (X,U) will be called a Corson filter and a stable filter on (X,U~") will be
called a Csdszdr filter. |

It is known that every left K-Cauchy filter on (X,U) is a Csaszar filter and
that every Csészér filter is a Corson filter. It is also known that the converse
implications do not hold.

In [17] H.P.A. Kiinzi proved that a quasi-uniform space (X,U) is Smyth com-
plete if and only if each left K-Cauchy filter is T'(U?®)-convergent to a unique point
of X and that (X,U) is Smyth completable if and only if every left K-Cauchy
filter is a Cauchy filter on the uniform space (X,U°).

Definition 1. A quasi-uniform space (X,U) is called Corson ( Csdszdr) com-
plete if each Corson (Csészar) filter has a T'(U*)-cluster point.

Definition 2. Let (X,U) be a quasi-uniform space. A Corson (Csdszdr)
completion of (X,U) is a Corson (Csészar) complete quasi-uniform space (Y, V)
in which (X,U) can be quasi-uniformly embedded as a T(V?)-dense subspace. In
this case we say that (X,U) is Corson (Csdszdr) completable.

It immediately follows from the definitions that every Corson complete quasi-
uniform space is Csaszar complete and that every Corson completable quasi-
uniform space is Csaszar completable. It is also clear that every Csaszar complete
quasi-uniform space is bicomplete. (See [11, p. 33-35] for an example of a Csaszar
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complete metric space which is not Corson complete.)

Example 1. Let Z be the set of integers. The Khalimsky line (used in im-
age processing) consists of Z with the topology generated by all sets of the form
{2n —1,2n,2n + 1},n € Z (see, for instance, [14], [15]). Then the quasi-metric
d defined on Z by d(2n,2n — 1) = d(2n,2n +1) = d(n,n) =0 for all n € Z and
d(z,y) = 1 otherwise, generates the topology of the Khalimsky line. Let F be a
Corson fiter on (Z,U;). Then there is z € Z such that Sg(z,1) N F # 0 for all
F € F. Since Sy(z,1) is a finite set there is a y € Sa(z,1) N (NrerF),so y is a
T(U2)-ctuster point of F. We conclude that (Z,Uz) is Corson complete.

Example 2. Let Rt be set of nonnegative real numbers. Let d be the quasi-
metric defined on R* by d(z,y) = (y—z)V0. The functions of the dual complexity
space ([25), [27]) are R -valued functions and the Smyth completeness of (R*,Ua)
plays ar' important role in showing that the (dual) complexity quasi-metric space
is also Smyth complete [25, Theorem 3]. (Recall that the compiexity space was
introduced in [27] as a part of the development of a topological foundation for
the complexity analysis of alghoritms.) We shall show that (R*,Uy) is actually
Corson complete. Let F be a Corson filter on (R, Ug). Then there is an z € RY
such that [0,z +1) N F # 0 for all F' € F. Tt follows that there is a point in
[0,z + 1] which is a cluster point of F with respect to the Euclidean topology on
R*+. Hence (R*,%;) is Corson complete.

Example 3. S.G. Matthews introduced in [22] the notions of a Scott-like
topology in order to present a topological study of those totally order sequences
(i.e. chains) of increasing information, which appear in Computer Science, having
the property that its least upper bound is intended to capture the notion of the
amount of information defined by the chain but it cannot contain more informa-
tion than can be derived from the members of the chain (see [22, p. 184-185]). A
typical example of this situation is the topology T[<] defined on the set X of the
positive integers N with infinity oo as follows T[<] = {{n,n +1,...,00} : n € N}.
(Here, < denotes the usual partial ordering on X). Thus T[<] is a Scott-like
topology in the sense of Matthews. This topology can be generated by a quasi-
metric d on X such that (X,d®) is a compact metric space and, thus. (X,Uy)
is Corson complete. In fact, for each z,y € X put d(z,y) = 0if z < y, and
d(z,y) = 1/y otherwise. Clearly T(d) = T[<] and every sequence of distinct
points in X converges to o0 with respect to the topology TUS)-



Example 4. Let F be the set of finite words in a finite alphabet . For
any z,y € BF set d(z,y) = 0if z is a prefix of y, and d(z.y) = 9~ (Uzy)+1)
where (z,y) = sup{n € w : x(k) = y(k) whenever k < n} otherwise (see, for
instance, (28], [17].) It is well-known that (XF Uy) is a totally bounded nonbi-
complete quasi-uniform space. By Corollary 1 (see below). the space is Corson
completable. The bicompletion of (LF,Uy) is the space (X°°,U5), where > con-
sists of all firite and infinite words in ¥ and d is the quasi-metric de‘ined from d
on £ in the obvious manner (see [28, Example 2.4] or [17, Example 8(b)]). Since
(X%.U5) is also totally bounded it follows from Corollary 1 and Theorem 2 below
that it is Corson complete.

Lemma 1. Let (Y, V) be a quasi-uniform space and let X be a T(V?®)-dense
subset of Y.'If F is a Corson (Csdszdr) filter on (Y,V), then the filter base

G={U(F)NX:FeFUeV}

generates a Cerson (Csdszdr) filter on (X, V | X).

Proof. First let F be a Corson filter on (Y, V). Let U € V. We shall show that
there is £ € X such that U(z) NG # 0 for all G € G. Choose a V € V such that
V3 C U. Then there exists a y € Y such that V(y) N F # 0 for all F € F. Since
X is T(V®)-dense in Y, there exists an z € Vi(y) N X. Given G € G, we have
G = W*(F) N X for some F' € F and some W € V. Then for any be V(y) N F
there is some a € (VN W)*() N X. So a € G. Furthermore (z,a) € U since
(z.y) € V.(y,b) € V and (b,a) € V. We have shown that U(z) N G # 0 for all
G € G. Hence G is a Corson filter on (X,V | X).

Now let F be a Csdszér filter on (Y,V). Let U € V. We shall show that
B C NgegU YG) for some B € G. Choose a V € V such that V3 C U. Then
there exists an A € F such that A C NperVY(F). Set B = V*(A) N X. Then
B€eg. ForanybeBandGégwehaverWs(F)ﬂXforsomeFE]-"and
some W € V, and b € V*(a) for some a € A. Let y € F such that a € V1(y).
Thus (b,y) € V2. Choose an L € V with LCVNW andlet z € L*(y)NX. Then
ze(VAW)P(y)nX CW(F)NX =G and (b,z) € V* C U. We conclude that
B C U Y(G) for all G € G. This completes the proof. O

Theorem 1. A quasi-uniform space (X,U) is Corson ( Csdszdr) completable
if and only if every Corson ( Csdszdr) filter on (X,U) is contained in a Cauchy
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filter on the uniform space (X,U°).

Proof. Suppose that (X,U) is Corson (Csészar) completable. Then there is a
quasi-unimorphism f from (X,U) to a T'(V*)-dense subspace of a Corson (Csaszar)
complete quasi-uniform space (Y, V). Let F be Corson (Csészar) filter on (X,U).
Clearly f(F) is a Corson (Csészér) filter base on (Y, V), so it has a T'(V*)-cluster
point y € Y. Then fil{f'(V°(y))NF : F € F, V £ V} is a Cauchy filter on
(X,U*) which contains F.

Conversely, let (X, ) be a bicompletion of (X,U). If F is a Corson (Csaszar)
filter on (X,U ) it follows from Lemma 1 that the filter base G = {U"(F)N X :
F € F, U € U} is Corson (Csészar) on (X,U). So GCH for scrae Cauchy
filter H on (X,U®). Denote by H the filter generated on X by H. Then H is
T(U°)-convergent to some point y € X. Hence y is a T'(U*)-cluster point of F.
We conclude that (X,U) is Corson (Csészér) completable. O

Remark . It follows from the preceding result that if (X,U ) is & T, Corson
(Csészér) completable quasi-uniform space, then its bicompletion is the unique
Corson (Csészér) completion of (X,U).

Recall that a quasi-uniform space (X,U) is precompact provided that for each
U € U there is a finite subset A of X such that U(A) = X. (X,U) is said to
be totally bounded if the uniform space (X,U") is precompact (see [9], [16]). It
immediately follows from [9, Proposition 3.14] that every ultrafilter on a precom-
pact quasi-uniform space is a Corson (ultra) filter.

Corollary 1. A quasi-uniform space is totally bounded if and only if its pre-
compact and Corson completable.

Proof. Let (X,U) be a precompact Corson completable quasi-uniform space.
Let F be an ultrafilter on X. By the precompactness of (X,U ), F is a Corson
(ultra) filter. So, by Theorem 1, F is a Cauchy filter on the uniform space (X,U?).
Therefore, (X,U) is totally bounded. ,

Conversely, it follows from Theorem 1 that every tot ally bounded quasi-uniform
space is Corson completable and it is well-known that every totally bounded quasi-
uniform space is (hereditarily) precompact. a

Corollary 2. A quasi-uniform space 1s totally bounded if and only if il is



)

hereditarily precompact and Csdszdr completable. s/

Proof. Let (X,U) be a hereditarily precompact Csészar completable quasi-
uniform space. Let F be an ultrafilter on X. By the hereditary precompactness
of (X,U), F is a Csészér (ultra) filter ([6], [19]). So, by Theorem 1, F is a
Cauchy filter on the uniform space (X,4°). Therefore, (X,U) is totally bounded.
The converse follows from Corollary 1 and the well-known fact that every totally
bounded quasi-uniform space is hereditarily precompact. O

Corollary 3. Every Csdszdr completable quasi-uniform space is Smyth com-
pletable. :

Proof. Let F be a left K-Cauchy filter on a Csaszar completable quasi-uniform
space (X,U). We shall prove that F is a Cauchy filter on the uniform space
(X,U°). By Theorem 1, there is a Cauchy filter G on (X,U*) such that F C G.
Let U € U. Choose V € U such that V* C U. There is Fv € F such that
V(z) € F for all z € Fy. There also exists p € X such that V*(p) € G. Choose a
point y € Fyy N V*(p). Then Fy NV (y) & F. For any pair a,b € Fyy NV (y), there
isc € V(a)NV*'p) since V(a) € F C G. Moreover b € V2(p). So (a,b) € vto .
We have shown that F is a Cauchy filter on (X,U*). Consequently, (X,U) is
Smyth completable. ]

Corollary 4. Ewvery Corson completable quasi-uniform space is Smyth com-
pletable.

Related to Corollaries 1 and 2 we give an example of a compact Csaszar com-
plete locally symmetric quasi-metric space which is not totally bounded.

Example 5. Let d be the quasi-metric defined on the set w on nonegative
integer numbers by d(0,n) = 1/n for all n € N, d(n,z) =1 for all n € N and for
all z # n and d(z,z) = 0 for all z € w. Then (w,Uy) is a compact quiet (in the
sense of [7]) locally symmetric Csdszar complete quasi-uniform space. However
(w,U;) is not totally bounded.

Theorem 2. A quasi-uniform space (X,U) is Corson (Csdszdr) complete if
and only if it is bicomplete and Corson (Csdszdr) completable.



Proof. Suppose that (X,U) is bicomplete and Corson (Csészar) completable.
Let F be a Corson (Csészar) filter on (X,U). By Theorem 1, F C G for some
Cauchy filter G on (X,U®). Hence G is T'(U*)-convergent to a point z € X. So
z is a T(U°)-cluster point of F. We conclude that (X,U) is Corson (Csészar)
complete. The converse is obvious: ; O

Corollary 5. A T, quasi-uniform space (X,U) is Corson (Csdszdr) complete
if and only if it is Smyth complete and Corson (Csdszdr) completable.

Procf. Suppose that (X,U) is a T, Corson (Csészar) com]?lete qufsi-.\}niform
space. Let F be a left K-Cauchy filter on (X, U). mmw Z
it is T'(U*)-convergent to a unique point of X. Hence (X,U) is Smyth complete.
The converse follows from Theorem 2. O

Proposition v. Let (X,U) be o quasi-uniform space. Then the uniforin space
(X,U?) is compact if and only if (X,U) is precompact and Corson comp'ete.

Procf. Suppose that (X,U) is precompact and Corson complete. Then (X,U)
is bicomplete and, by Corollary 1, it is totally bounded. We conclude thart. (X, U?)
is a compact uniform space. The converse is obvious. a

Let (X,U) be a Ty quasi-uniform space. In our next result we characterize
compactness of (X,U) in terms of the Hausdorff-Bourbaki quasi-uniformity of
(X,U) and convergent Corson filters.

Let us recall that if (X,U) is a quasi-uniform space and P,(X) denotes the
collection of all nonempty subsets of X, then the Hausdorff-Bourbaki quasi-
uniformity of (X,U) is defined as the quasi-uniformity U, on P,(X) which has
as a base the the family of sets of the form

U {(A,B) € P,(X) x P,(X): BCU(A) and AC U-Y(B)}

whenever U € U ([1], [21])-

Similarly to the uniform case, we say that a filter F on a quasi-uniform space
(X,U) is convergent in the quasi-uniform space (P,(X),U.) if the net (F)(Fer,)
is T'(U. -convergent in P,(X).

Theorem 3. A T, quasi-uniform space (X,U) is compact if and only if every
Corson filter on (X,U) is convergent in the quasi-uniform space (P,(X),U.).
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Proof. Suppose that (X,U) is a compact quasi-uniform space. Let F be a filter
on X. Denote by C be the set of clusters points of F. Since (X,U) is compact,
C # 0. We shall show that F converges to C in (Po(X),U,). Fix U €¢U. We
claim that there is an Fiy € F such that Fy C U(C). Assume the contrary. Then
{F\U(C): F € F} is a filter base on X. Thus it has a cluster point z € X \ C,
which is a contradiction. Therefore, for each F' € F such that F' C Fy, we have
F C U(C). Moreover C C U™!(F) for all F' € F. We have shown that every
(Corson) filter on (X, ) is convergent in (Po(X),Us). '

Conversely, suppose that there is a filter 7 on X without T'(U)-cluster point.
Fix a point y € X: Consider the filter G = {FU{y} : F' € F}. Clearly 4 is a
Corson filter on (X,U), so the net (G)ceg,0) converges to some C € P,(X) with
respect to the topology T(U,). Since for each U € U there is a G € G such that
C C U™Y(H) for every H € G with H C G, 1t follows that each point of ' is a
T (U)-cluster point of G. Thus C € clru) {y}. So C = {y}. Therefore given U € U
there is an F € F such that F U {y} C U(y). Hence F is T'(U)-convergen’ to y.
This contradiction concludes the proof. a

Remark 2. Note that the condition T} is only used in the proof of the suf-
ficiency in the above theorem. Note also that this condition can be gene.alized
assuming simply that there is a point y € X such that "{U (y) : U elU} ={y}.

In [31] A. Weil introduced the notion of a uniformly locally compact uniform
space. The following elegant characterization of uniformly locally compact (quasi-
) uniform spaces was obtained by Fletcher and Lindgren [8] (see also [9. Theorem
5.33] and [23, Theorem 4]): A (quasi-) uniform space (X,U) is uniformly locally
compact if and only it is locally compact and every weakly Cauchy filter has a
T(U)-cluster point. In Theorem 4 below we obtain the analogue of this result in
the context of Corson complete quasi-uniform spaces.

Let us recall that an open cover C of a topological space is said to be directed
provided that if A and B are members of C there is a C € C such that AUB C C.

Lemma 2. A quasi-uniform space (X ,U) is Corson complete if and only if
whenever C is a directed open cover of (X,T(U?)) there is a U € U such that
{U(z) : x € X} refines C.

Proof. Suppose that (X,U) is a Corson complete quasi-uniform space and let



C be a directed open cover of the topological space (X,T(U*)). We may assume
without loss of generality that X ¢ C. Then {X \ C : C € C} is a filter base of
T(U°)-closed sets that obviously has no T'({4°)-cluster point. Hence this filter base
cannot be a Corson filter. Thus there is a U € U such that for each z € X there
is C(z) € C for which U(z) N (X \ C(x)) = 0. We conclude that {U(z) : z € X}
refines C.

Conversely, suppose that there is a Corson filter F on (X,U) without T'U*)-
cluster point. Then C = {X \ clr«)F : F € F} is a directed open cover of
(X, T(U?)). Let U € U be such that {U(z) : z € X} refines C. Then there is an
¢ € X such that U(z)N F # 0 for all F € F and there is an F, € F such that
U(z) C X\ clrws)F,. This contradiction concludes the proof. O

Definition 3. A quasi-uniform space (X, ) is called Corson locally compact
if there is a U € U such that for each z € X, clrus)U(z) is a T(U*)-compact
subset of X.

Theorem 4. A quasi-uniform space (X,U) is Corson locally compact if &ad
only if (X,U) is Corson complete and (X ,T(U4?)) 1is locally compact.

Proof. Suppose that (X,U) is a Corson complete quasi-uniform space such
that (X, T(U4*)) is a locally compact topological space. For each z € X there is a
T (U*)-open neighborhood G of z such that clyys)Gg is a T (U?)-compact subset
of X. Let C be the T'(U*)-open cover of X consisting of all finite unions of members
of {G; : © € X}. By Lemma 2 there is a U € U such that {U(z) : z € X} refines
C. Fix z € X. Then there is a finite subset A of X such that U(z) C UacaGa-
Since clyqe)Ga is T(U*)-compact for each a € A, we deduce that clrusU(z) is a
T (U?)-compact subset of X, so (X,U) is Corson locally compact.

Conversely, if (X,U) is Corson locally compact, then (X, T(U?)) is, clearly,
locally compact. Now let F be a Corson filter on (X,U). There is a U € U
such that clpeyU(z) is T(U*)-compact for all z € X. Lety € X such that
Uy)NF #0 for all F € F. Then G = {F NclrusU(y) : F € F} is a filter on
the T'(U*)-compact set clyysU (y). So G has a T'(U?)-cluster point. Since F C G,
F has a T'(U*)-cluster point. We conclude that (X,2) is Corson complete. O

Remark 3. It follows from Theorem 4 that the quasi-uniform spaces (X,Uq)
of Examples 1, 2 and 3 are actually Corson locally compact.
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According to [13], a family H of subsets of a topological space (X, T) is called
well-monotone provided that the partial order C of set inclusion is a well-order
on H. The compatible quasi-uniformity WM on (X, T) which has as a subbase
the set of all binary relations of the form

W=uU{{z} x (N{G:z€GeH}):z€ X}

where H is a well-monotone open cover of (X,T) is called the well-monotone
(open covering) quasi-uniformity of (X, T).

A quasi-uniformity ¢ cn a set X is left K-complete provided that every left
K-Cauchy filter is convergant in (X, T'(#)) [24]. It is known [24, Lemma 1] that
every cluster point of a left K-Cauchy filter F is a limit point of F. It is proved
in [20, Proposition 1] that the well-monotone quasi-uniformity of each topological
space is left K-complete. The technique of the proof of [18, Lemma 1(a)] permits
us to state the following more general result.

Proposition 2. Let {X,T) be a topological space. Then every Csdszdr filter
on (X, WM) has a cluster point in (X,T).

Proof. Let F be a Csaszar filter on (X, WM). We shall prove that adhF € F, .
where adhF denotes the set of all cluster points of F in (X,T"). Assume the
contrary. Then there exists a mimimal (infinite) cardinal number m so that
there is a subcollection £ of F consisting of closed subsets of (X,T") such that
card(€) = m and NE ¢ F. We can suppose that £ = {F, : @ < m}. For
each 3 < m put Eg = N{Fy : a < f}. (In particular let E, = X.) Set
C={X\Es:B<m}U{X}and W(x)=n{D:z€DeC}foralzelX
Thus W = U{{z} x W(z) : € X} € WM and Ez € F for each § < m.
Since F is a Csészar filter there is an F, € F such that F, C W~ !(F) for all
F € F. Since NE ¢ F there is z € F, \ NE. Hence there exists § < m such that
z € X\ Es. On the other hand, z € W~'(y) for some y € Ejp since E € F. Thus
y € W(z) C X \ Ep, a contradiction. We conclude that adhF # 0, so F has a
cluster point in (X, T). O

Given a topological space (X,7T) we denote by FA its fine quasi-uniformity
(see, for instance, [9]). Thus we immendiately deduce from Proposition 2 the

following

Corollary 6. Let (X,T) be a topological space. Then every Csdszdr filter on

11



(X, FN) has a cluster point in (X, T).

Remark 4. Corollary 6 should be compared with [2, Corollary 4] (see also [12,
Chapter VII]) which states that the fine uniformity of each paracompact topolog-
ical space has the property that each stable filter has a cluster point.

3. Corson completeness and Csédszar completeness via nets

In this section we will restate Theorems 1 and 2 above in terms of Corson (resp.
(Csészar) nets having a cluster point in (X JU°).

The net properties which are analogous to Corson filter and Csészar filter
respectively, are the following (compare [12], [10], [2]):

A net (Ta)aca in a quasi-uniform space (X,U) is called a Corson net if for
each U € U there is 7 € X such that (z4)aca is frequently in U(z). (Za)aea It
called a Csdszdr net if for each U € U there is B € A such that for each v > [
some subnet of (Za)aea is contained in U™ (z). '

By using standard techniques on the relationship between filters and nets, one
can easily deduce from Theorem 1 and Theorem 2 respectively, the following re- .
sults:

Theorem 5. A quasi-uniform space (X,U) is Corson (Csdszdr) completable
if and only if every Corson (Csdszdr) net in (X,U) has a Cauchy subnet in the
uniform space (X,U°).

Theorem 6. A quasi-uniform space (X,U) is Corson (Csdszdr) complete if
and only if every Corson (Csdszdr) net has a cluster point in the uniform space

(X, U°).
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