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Abstract
The maximal covering location problem (MCLP) involves identifying optimal
locations to maximize the covered demand with constraints from the number of
facilities or budget limitations. This paper introduces a new MCLP formulation and
a metaheuristic, the cross-entropy method to solve the problem. The method refers
to a sampling-based solution construction from statistically tractable distribution
models with iterative updates via inclusion probabilities in which a Pareto order
sampling and a new local search are introduced. Extensive experiments are carried
out on, to our knowledge, the most complete 8 benchmark data of 3 network types
and 2 MCLP settings with 100 to 100,000 demand nodes. It demonstrates that (i)
the proposed model is more compact with the number of variables and constraints;
(ii) the cross-entropy method is highly effective in finding optimal solutions and
competitive with other proposals and state of the art CPLEX 20.1 considering the
involved large or massive instances.
Keywords: Maximal covering location problem, Cross-entropy method,
Metaheuristic, Pareto sampling.

1. Introduction

The maximal covering location problem (MCLP), initially presented by Church
and ReVelle (1974), is a classical and well-known combinatorial optimization
problem. It aims to select the most appropriate locations of facilities to maximize
the total demand covered within a predefined service distance or time. Once a
configuration of the facilities’ locations is determined, a demand node is said to be
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covered if it is within the service distance or time of at least one of these facilities.
Due to resources or budget constraints, it is unnecessary for the MCLP to find
out solutions satisfying the requirement that all demand nodes are covered, which
distinguishes itself from the location set covering problem that intends to cover all
demand nodes with a minimum number of facilities.

The MCLP has been addressing strategic decisions to determine facility locations.
It has been intensively studied and frequently used in applications related to the
location analyses of public resources such as medical supplies, police stations, and
various types of emergency services. Some research has extended it to dynamic
covering networks beyond the location-allocation modeling framework, like wireless
networks (Lee and Murray 2010) and social networks (Güney et al. 2021). Decisions
can also be made at the operational level. For instance, news feeds in a media
network may be distributed at each hour to cater for the maximal number of
interested readers. In these applications, the efficiency of solving the MCLP
remains challenging. Some reviews and discussions can be found in Revelle et al.
(2008), Berman et al. (2010), Lee and Murray (2010), Farahani et al. (2012), Murray
(2016), Güney et al. (2021) and Blanco et al. (2023).

Of natural forms, the MCLP is commonly formulated as a 0-1 integer linear
programming and tackled directly by a number of exact and heuristic methods.
Although it may be structured as an equivalent p-median problem as illustrated
by Church and ReVelle (1976) and Hillsman (1984). An exact solution method
routinely uses the branch-and-bound technique with explicit or implicit linear
programming relaxation, which can be seen in Church and ReVelle (1974) and Dwyer
and Evans (1981), for instance. Although it is NP-hard in general, the MCLP
behaves integer-friendly, as observed by Church and ReVelle (1974) and ReVelle
(1993), in the sense that the corresponding linear programming relaxation often
admits an all-integer optimal solution. This implies that the MCLP on the instances
of medium or even large size might be solved within a reasonable amount of time
by calling general purpose integer programming solvers. However, such a procedure
would suffer from both primal and dual degeneracy in linear programming relaxation
and would be likely to perform poorly on large-size instances. To deal with the
degeneracy issues, the Lagrangian relaxation has been proposed by taking advantage
of the structural features in its dual formulation (Downs 1991, Downs and Camm
1996).

Table 1 presents an overview of the literature on the original MCLP (Church
and ReVelle 1974), highlighting the key features. Denoting the demand nodes set
I and possible facility locations J , we summarize the literature with two MCLP
settings and problem dimensions on I, J and p (budget on facilities), benchmark
data (BD), instances (BI), types of networks (Net) and approaches. Some of
the dimensions are detailed in Table 2. The MCLP setting involves how to set
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possible facility sites utilized to choose p facilities, selecting from all demand nodes
(denoted as I = J for simplicity) or not (I ̸= J). Even though not mandatory,
the first is generally adopted in their experimental settings while the latter applies
for more realistic applications with large or massive demand nodes (Resende 1998,
Cordeau et al. 2019). Both settings are entailed in the current work with extensive
collections of the most popular benchmark sets and covering networks.

Table 1: Existing literature and features of the MCLP (Church and ReVelle 1974)
Literature Setting Max.|I|/|J |/p BD BI Net Approach
Galvão and ReVelle (1996) I = J 150/150/12 1 45 1 Lagrangean heuristic

Resende (1998) I ̸= J 10000/1000/900 1 90 1 Greedy randomized adaptive search
procedure (GRASP)

Galvão et al. (2000) I = J 900/900/28 2 341 2 Lagrangean and surrogate relaxations
Lorena and Pereira (2002) I = J 900/900/28 3 133 2 Lagrangean/surrogate heuristic (LRS)
ReVelle et al. (2008) I = J 900/900/20 2 28 1 Heuristic concentration
Senne et al. (2010) I = J 3038/3380/22 2 89 1 Lagrangean relaxation with clusters
Zarandi et al. (2011) I = J 2500/2500/25 1 18 1 Genetic algorithm (GA)

Rodriguez et al. (2012) I = J 3038/3380/22 2 89 1 Population-based iterated greedy with
large neighbourhood search (PBIGLNS)

Máximo et al. (2017) I = J 7730/7730/100 1 24 1 Intelligent-guided adaptive search (IGAS)
Atta et al. (2018) I = J 2500/2500/25 4 151 2 GA with local refinement (GALR)
Máximo and Nascimento (2019) I = J 7730/7730/100 1 24 1 IGAS with path-relinking
Cordeau et al. (2019) I ̸= J 1.5× 107/100/20 2 840 1 Benders decomposition
Atta (2023) I = J 818/818/14 1 83 1 Harmony search
Islam and Islam (2023) I = J 2500/2500/25 4 151 2 Chemical reaction optimization
Máximo et al. (2023) I = J 7730/7730/100 1 24 1 Adaptive iterated local search

Current paper I = J
& I ̸= J

7730/7730/100 &
100,000/1000/20 8 601 3 Cross-entropy method (CEM)

I: Set of demand nodes, J : Set of possible facility sites, p: Number of chosen facilities. Max.|I|/|J |/p: Maximum dimension of I, J, p tested.
BD: Number of benchmark data set, BI: Number of benchmark instances, Net: Number of network types involved.

Due to its essential nature of NP-hardness, much effort has been devoted
to devising effective and efficient heuristics and metaheuristics for high quality
solutions. The simple greedy search introduced by Church and ReVelle (1974) is by
far the most successful heuristic approach to the MCLP and has been incorporated
into more sophisticated forms. The performance has been analyzed by Nemhauser
et al. (1978), Fisher et al. (1978), and Feige (1998) from a worst-case viewpoint
and by Vohra and Hall (1993) from a probabilistic perspective. Although the
simple greedy search possesses the best possible worst-case performance in terms
of approximation ratios, the swap local search, originally introduced by Church
and ReVelle (1974) as an improvement of the simple greedy search, is also a
frequently used approach with its approximation ratio, proved by Kerkkamp and
Aardal (2016). Moreover, it reliably outperforms the simple greedy search on both
randomly generated and real-world instances of the MCLP. The heuristic methods
based on Lagrangian and surrogate relaxations and dual formulations have also
been developed by Galvão and ReVelle (1996), Galvão et al. (2000), and Jia et al.
(2007) and tested on a large number of instances available in the literature.

The interest in heuristics for the MCLP has decreased in the past decades.
The main reason is the advancement of commercial solvers, which have become
increasingly proficient across a wide range of problem instances (Máximo et al.
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2017). However, for large-scale applications, MCLP remains challenging. Various
metaheuristic methods have been devised during the last several decades, among
which the genetic algorithm (GA) is one of the most popular. GA has been
customized in different versions by Arakaki and Lorena (2001), Jaramillo et al.
(2002), Jia et al. (2007), Xia et al. (2009a), Zarandi et al. (2011) and Atta et al.
(2018). The other metaheuristic methods that have been implemented for the
MCLP include simulated annealing (Murray and Church 1996, Xia et al. 2009a,b),
tabu search (Adenso-Díaz and Rodriguez 1997, Xia et al. 2009a), GRASP by Re-
sende (1998), Rodriguez et al. (2012), and Máximo et al. (2017), and heuristic
concentration by ReVelle et al. (2008) and Senne et al. (2010). According to
the computational experiments conducted by Xia et al. (2009a), the simulated
annealing method performs robustly and effectively regardless of the instance size
of the MCLP.

To the best of our knowledge, only a few works have focused on this problem
in recent years. A new metaheuristic, IGAS (Máximo et al. 2017), is developed
with the artificial neural network and then updated with Path-relinking techniques
by Máximo and Nascimento (2019) and Máximo et al. (2023). The IGAS uses an
adaptive memory to guide the search with promising solutions obtained under a
GRASP construction framework. Since the learning process is employed, a series of
adaptive training is required making the algorithm expensive to be capacitive for
more general applications. So far, the most representative GA is given by Atta et al.
(2018). The method is designed with a local search strategy which substantially
improves the empirical performance compared with previous approaches, especially
for large-scale instances. A recent Benders decomposition (Cordeau et al. 2019) has
shown strong efficiency on instances with millions of demand nodes. While it draws
competitive advantages from highly asymmetric networks where the size of possible
facility sets J (|J | = 100) are far smaller than demand sets I (|I| ≥ 10, 000), making
relatively simple selections within only 100 locations. This partially explains why
Benders decomposition can tackle massive instances (|I| ≥ 500, 000) in seconds,
yet cannot solve instances (Máximo et al. 2017) with less than 8000 demand
nodes within 10 minutes. More recently, presolving methods for covering location
problems are presented by Chen et al. (2023). The application to the MCLP shows
effectiveness by embedding with branch and cut methods.

In this paper, we present a new formulation of the MCLP and a metaheuristic,
cross-entropy method (CEM) to tackle the MCLP. The CEM, a simulation-based
metaheuristic, uses an adaptive calibration scheme on a probabilistic model by
iteratively generating promising candidate solutions to a problem concerned. It is
effective for various combinatorial and continuous optimization problems (Rubin-
stein 1999, Rubinstein and Kroese 2004, De Boer et al. 2005, Laguna et al. 2009,
Caserta and Quiñonez Rico 2009, Ning and Li 2018)). However, the probabilistic
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model that yields solutions in a sampling way can be problem-based which may
limit applications of the method. To apply it to the MCLP, we designed a Pareto
order sampling to generate MCLP solutions under a probabilistic sampling scheme.
Moreover, a simple swap local search procedure is proposed in a continuing improve-
ment framework, which is incorporated within the proposed method as a solution
fine-tuning procedure. Such a hybrid method has also been applied to the max-cut
problem (Laguna et al. 2009), the capacitated facility location problem (Caserta
and Quiñonez Rico 2009), and the single row facility layout problem (Ning and Li
2018), respectively.

The remainder of the paper is organized as follows. Section 2 first presents
a new formulation of the MCLP using geographic covering properties. Next,
a cross-entropy approach is introduced in Section 3 with the new constructive
method and local search. In Section 4, the method is calibrated with a ParamILS
algorithm (Hutter et al. 2009) and evaluated with the most complete benchmark
data sets. Finally, conclusions and discussions are addressed in Section 5.

2. Formulation of the MCLP

The MCLP is defined on a network G(V, E) consisting of a location set V = I∪J
and set E of edges connecting demand nodes of set I and possible facility locations
of set J . Each node i ∈ I is associated with a nonnegative demand wi that may
represent, for example, the population residing at this node. Without loss of
generality, coverage radius r ≥ 0 is predefined beyond which, i is not covered by a
facility j ∈ J with a traveling distance/time dij. Consequently, for each demand
node i ∈ I, a facility set Ni = {j ∈ J : dij ≤ r, (i, j) ∈ E} is defined with eligible
facilities that can serve this demand node. On a budget, the number of facilities
chosen from J is p (p > 0). The MCLP is, therefore, to select p facilities from J to
cover as many demands in I as possible within the service radius r. Under these
settings, Church and ReVelle (1974) has formulated the MCLP as a 0-1 integer
linear programming:

max
∑
i∈I

wiyi (1)

s.t.
∑

j∈Ni

xj ≥ yi, ∀i ∈ I (2)
∑
j∈J

xj = p (3)

xj, yi ∈ {0, 1} , ∀i ∈ I, j ∈ J (4)
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where xj = 1 if a facility is sited at position j, and xj = 0 otherwise. Moreover,
yi = 1 if demand node i is covered by at least one facility, or not when yi = 0.
Such a formulation benefits from relaxation techniques, like linear programming or
Lagrangian relaxations (Downs 1991, Downs and Camm 1996).

Even though not compulsory, selecting p facilities entirely from demand nodes,
has been a popular setting in the MCLP literature. Indeed, this setting enhances
the potential for identifying better facilities while it may lead to exponentially
complex problems when the number of possible facility sites is quite large or even
massive. An alternative MCLP setting have scaled down the size of potential sites
to chose p facilities within an independent set J with a smaller size comparing
with demand set I, i.e., |I| ≫ |J | (J /∈ I). This setting applies to more realistic
and complex MCLP applications, making it possible for an extreme case with 20
million demand nodes in Cordeau et al. (2019). Technically, this setting is not
limited to J /∈ I where possible sites in J can be regarded as zero-demand nodes of
I, leading to J ∈ I. Such features also benefit from encoding into and retrieving
from the network structure and the sets of eligible facility sites for demand nodes.
This issue is discussed in Berman et al. (2010) and references therein.

Let us consider such a common and useful case where massive demand nodes
in I need to be maximally covered by p facilities selected from a relatively small
set of possible facility J . Firstly, we divide demand nodes i ∈ I into |J |+ 1 subset
IR = {i ∈ I : R = |Ni|} where rank R, ranging from 0 to |J | indicates the number
of possible sites that can cover demand node i. Consequently, I = ⋃|J |

R=0 IR and
Ia ∩ Ib = ∅ for any a, b (a ̸= b) ∈ {0, · · · , |J |}. Subsequently, we analyze subsets
IR for more insights: 1) For any demand node i ∈ I0, i cannot be serviced, as no
potential sites in J are accessible; 2) For i ∈ I1, i can be serviced if and only if
its corresponding facility site is chosen as one of the facility; 3) For i ∈ IR≥2, the
demand has no unique correspondence to a single facility site. It is intuitive to
probe the second case where I1 may include more demand nodes than higher-rank
subsets, IR≥2, due to the limited service distance and sparse facility sites. In
particular, as node i ∈ I1 can be uniquely covered by a single facility j ∈ J , its
demand can be summarized to facility site j according to Definition 1. Thereby,
the cumulative demand w′

j of each possible facility site j ∈ J is:

w′
j =

∑
i∈I1,dij≤r

wi, ∀j ∈ J (5)

and the demand w′
j can be serviced if and only if site j is chosen as a facility

(xj = 1).

Definition 1. The cumulative demand for a facility j ∈ J is the summary demand
of all nodes i ∈ I that can be only covered by a single facility j.
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For ease of notation, we denote the union of sets IR≥2 to be I ′. Using new
parameters w′

j and set I ′, a linear MCLP model aMCLP is formulated as follows:

max
∑
j∈J

w′
jxj +

∑
i∈I′

wiyi (6)

s.t.
∑

j∈Ni

xj ≥ yi, ∀i ∈ I ′ (7)
∑
j∈J

xj = p (8)

xj, yi ∈ {0, 1} , ∀i ∈ I ′, j ∈ J. (9)

This model is equivalent to the original proposal of Church and ReVelle (1974).
Especially, if facilities are selected entirely from the demand nodes, the new
formulation simplifies to the model of Church and ReVelle (1974). Here, each
possible site covers at least one node, especially the node itself, leading to I0 = ∅
and I1 = {i ∈ I : Ni = {i}}. By summarizing all cumulative serviced w′

j , it obtains∑
j∈J

w′
jxj =

∑
i∈I1

wiyi. (10)

Consequently, it meets ∑
j∈J

w′
jxj + ∑

i∈I′
wiyi = ∑

i∈I
wiyi. Note that aMCLP considers

a simplified covering network G′(I ′ ∪ J, E ′) where E ′ is the set of edges between
new set I ′ and J . Technically, the elimination of nodes has been accepted as a
pre-solving method prior to applying the solving algorithm, e.g., the cross-entropy
method in this paper.

3. Cross-entropy method for the MCLP

The cross-entropy method (CEM), originally proposed for rare event estima-
tion, has been shown by Rubinstein (1997, 1999) to be a generic simulation-based
approach to combinatorial and continuous optimization. Roughly speaking, the
CEM for an optimization problem first constructs an associated rare event estima-
tion problem and then applies an importance sampling-based adaptive procedure
iteratively where each iteration consists of two essential steps: (1) solution genera-
tion according to a random mechanism specified by a parameterized probability
distribution, (2) distribution parameter updating for the next iteration based on
the generated solution sample. Since the most important features of the CEM have
been addressed in Rubinstein and Kroese (2004) and De Boer et al. (2005), the
technical details are introduced in this section only for those relevant to the MCLP.
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3.1. Transformation of the MCLP to a rare event estimation
Let the binary vector x = (x1, x2, · · · , xn)T denote a configuration of facility

locations where n = |J | and xj = 1 if a facility is sited at node j, and xj = 0
otherwise. To be feasible solutions, the vector x should belong to the solution set
Cn,p, defined as

Cn,p = {x = (x1, · · · , xn)T ∈ {0, 1}n :
∑n

j=1 xj = p}. (11)

Instead of directly calculating the total covered demand, we opt to minimize the
uncovered demand, expressed as S(x) = ∑

i∈I wi −
∑

i∈I wiyi. This is a common
practice in the MCLP literature (Church and ReVelle 1974, Lorena and Pereira
2002) as there are typically far fewer uncovered demand nodes than covered ones.
Consequently, we consider such a problem, min{S(x) : x ∈ Cn,p} and S(x) can be
calculated by

S(x) =
∑
i∈I

(1−
∨

j∈Ni

xj)wj (12)

where ∨ is the maximum operation, or equivalently, the logical disjunction, with the
convention that ∨ ∅ = 0. Suppose that x∗ is an optimal solution and s∗ = S(x∗).
Let be given a random vector X = (X1, X2, · · · , Xn)T on the finite solution space
x ∈ Cn,p. It transforms the MCLP to an associated rare event estimation problem

ℓ(π) = Pπ(S(X) ≤ s∗) (13)

where Pπ is a probability measure and π is the inclusion probabilities of X in

Πn,p = {π = (π1, . . . , πn) ∈ [0, 1]n :
n∑

j=1
πj = p}. (14)

It exists a probability mass function (PMF) f(x, π), x ∈ Cn,p, π ∈ Πn,p on Cn,p

that its inclusion probabilities of variables Xj are equal to πj for j = 1, · · · , n.
In the case of MCLP, the PMF involves the first order inclusion probability of a
possible facility site being one of the p chosen facilities indicating f(x; π) = P (X1 =
x1, X2 = x2, · · · , Xn = xn) for each x = (x1, x2, · · · , xn)T ∈ Cn,p. Therefore, the
inclusion probability πj of site j ∈ J is actually the sum of the point probability
over solution x ∈ Cn,p:

πj =
∑

x∈Cn,p:xj=1
f(x, π), ∀j = 1, · · · , n. (15)

In general, the first order inclusion probabilities meet ∑n
j=1 πj = p with the average

probability being p/n.
The event S(X) ≤ s∗, with s∗ being the optimal objective value, is typically
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assumed to be rare. An iterative importance sampling strategy may be applied
to estimate its probability and simultaneously obtain the optimal or near-optimal
configuration of facility locations.

3.2. Pareto order sampling for solution generation
To launch such a simulation-based procedure, it is crucial to design an appro-

priate sampling method to draw solutions to the MCLP from the set Cn,p, which is
exactly the problem known as weighted sampling or unequal probability sampling
without replacement. More specifically, given π = (π1, π2, · · · , πn)T as the vector
of prescribed first order inclusion probabilities defined in (15), such an unequal
probability sampling without replacement requires a particular sampling scheme
to construct a random vector X = (X1, X2, · · · , Xn)T over x ∈ Cn,p such that for
each j ∈ J , it obtains

P (Xj = 1) = πj and P (Xj = 0) = 1− πj. (16)

So far, various methods have been developed for unequal probability sampling; see,
e.g., Tillé (2006) for a detailed overview. However, an exact sampling scheme is
not a requisite in this particular context since an optimal solution is ultimately
desired but not a solution sample to solve the MCLP. Considering that the sampling
scheme will be repeatedly called in this method with iteratively modified first-order
inclusion probabilities, an approximate but rapid method is preferred. Pareto order
sampling or Pareto sampling developed by Rosén (1997a,b), serves this purpose.

Pareto order sampling is an approximation method of the exact sampling scheme
with unequal probabilities. It satisfies three principles of good approximation (Rosén
1997b): simplicity, estimation precision, and variance estimation. Algorithm 1
presents the basic procedure. It first generates n independent uniformly distributed
random numbers Uj ∼ U(0, 1), j ∈ J , and then calculate the corresponding ranking
values

Qj = Uj/(1− Uj)
πj/(1− πj)

, ∀j ∈ J. (17)

Subsequently, the exact p random variables Xj’s with the smallest ranking values
are assigned the value 1. Note that the name Pareto order sampling follows from the
fact that Uj/(1− Uj) is a Pareto distributed random variable when Uj ∼ U(0, 1).
The quality of Pareto approximation is affected by ∑

j∈J πj(1− πj), where the
larger the value is, the better the approximation (Aires 1999). While the Pareto
order sampling is proven to be quite robust even if this value is rather small (Aires
2000, Bondesson et al. 2006), and advanced techniques that improve the Pareto
sampling can be found therein.
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Algorithm 1 : Pareto order sampling for unequal probability sampling without
replacement

Input: a vector of first order inclusion probabilities π = (π1, π2, · · · , πn)T

Output: a random binary vector x = (x1, x2, · · · , xn)T ∈ Cn,p with x1 + x2 + · · ·+
xn = p

1: Generate independently Uj ∼ U(0, 1), j = 1, 2, · · · , n.
2: Calculate Qj = Uj/(1−Uj)

πj/(1−πj) for j = 1, 2, · · · , n.
3: Rank the values of Qj’s in an increasing order such that Q(1) ≤ Q(2) ≤ · · · ≤

Q(n).
4: Initiate x = (x1, x2, · · · , xn)T as a zero vector.
5: Set the element x(j) = 1 corresponding to Q(j) for j = 1, 2, · · · , p.
6: return x = (x1, x2, · · · , xn)T

3.3. Parameters tuning for first order inclusion probabilities
By the importance sampling method, the probability ℓ(π) can be estimated by

drawing a solution sample X1, X2, · · · , XN , of size N with respect to a different
probability mass function f(x; u) so that

ℓ̂(π) = 1
N

N∑
k=1

I{S(Xk)≤s∗ }
f(Xk; π)
f(Xk; u) (18)

where I{·} is the indicator function and ℓ̂(π) is called the importance sampling
estimator or alternatively the likelihood ratio estimator. The vector u, called
the reference parameter corresponding to s∗, may be chosen to minimize the
cross-entropy between f(x; π) and f(x; u) by solving

max
u

1
N

N∑
k=1

I{S(Xk)≤s∗}lnf(Xk; u). (19)

According to De Boer et al. (2005), the empirically optimal rule may be used to
set the reference parameter as

u∗ =
∑N

k=1 I{S(Xk)≤s∗} Xk∑N
k=1 I{S(Xk)≤s∗}

. (20)

It is clear that u∗ is a legitimate approximation of first-order inclusion probabilities
π where the elements of each Xk sum up to p. However, it cannot be implemented
directly because the value s∗ is unknown as a priori.

Alternatively, starting with an initial solution sample, a sequence of decreasing
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threshold values {st}t≥1 may be constructed iteratively using sample quantiles,
which converges either to the value or close to s∗. To be specific, once a solution
sample X t

1, X t
2, · · · , X t

N , is available at the t-th iteration via Pareto order sampling,
the corresponding objective values can be ranked in an increasing order such that
S(1) ≤ S(2) ≤ · · · ≤ S(N). The threshold value st is then set as

st = S(⌈ρN⌉) (21)

where ρ ∈ (0, 1) is the rarity parameter used to determine the ρ-th quantile of
the sampled objective values and ⌈ρN⌉ denotes the integer rounding up on ρN .
Subsequently, the empirically optimal rule is used to calculate

ût =
∑N

k=1 I{S(Xt
k)≤st } X t

k∑N
k=1 I{S(Xt

k)≤st }
(22)

by which it extracts from the current solution sample the features of the best
⌈ρN⌉ ones, called the elite solutions. Instead of using ût directly as the reference
parameter corresponding to st, the smoothed version

ut = αût + (1− α)ut−1 (23)

is applied for the next iteration, with a predetermined smoothing parameter
α ∈ (0, 1), and u0 = π0 is predefined. In this manner, ut balances the information
learned from the current solution sample, and that inherited from the previous
iteration and is a legitimate vector of first-order inclusion probabilities. Whereas,
such a procedure may lead to premature convergence in later iterations, where the
vector ut could regress to ut−1, especially when the variation among elite solutions
is small. To mitigate this, we introduce a perturbation mechanism into the CEM.
It places a random unchosen site as a facility before the sampling on the condition
that the best solution remains unchanged for Cmax/2 iterations. Here, Cmax is
the maximal iteration that the best solution is retained, and p − 1 facilities are
selected from Algorithm 1. Consequently, the procedure of Pareto order sampling is
ready to be called with the input ut to generate a new solution sample for the next
iteration of the CEM. Such an adaptive procedure, along with the elitist strategy
introduced in Section 3.4, continues until certain stopping criteria are activated
and the best solution ever found is output as the solution to the MCLP.

3.4. Local search heuristic
As described in Section 3.3, elite solutions play an essential role in the method.

To ensure the overall quality of the generated solution sample, the incumbent elite
solutions may be retained to replace the worst ⌈ρN⌉ ones in the newly generated
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solution sample. Such an elitist strategy may further be boosted by implementing
a local search procedure on the elite solutions, which helps to identify the optimal
or near-optimal solutions, particularly for large-size instances. However, given the
elite solutions are of good quality and some may be regenerated and labeled as elite
solutions, exhaustive local search schemes on these elite solutions could consume
significantly more CPU time than solution sampling, potentially leading to an
iterated local search.

Instead, we propose a simple swap neighborhood local search in Algorithm
2. The method is inspired by the coverage set substitute of the alternating
algorithm (Maranzana 1964) for the p-median problem. More specifically, each
chosen facility c ∈ J is swapped with an unchosen site j ∈ Uc that covers the
maximum unserviced demand after c is removed (setting xc = 0). To narrow down
the swap space, we restrict j to the unchosen sites that are distant from other
selected facilities, defined as Uc = {j( ̸= c) ∈ J : xj = 0, dc′j > r,∀c′ ∈ S\c} where
S is the set of chosen facilities. Facility sites Uc represent the unserviced nodes,
especially if facilities have totally come from the demand nodes. For each j ∈ Uc,
the uncovered demand unique to j, denoted as ∆j, is then calculated as follows:

∆j =
∑

i∈I:dij≤r

wi(1− yc
i ), ∀j ∈ Uc (24)

where yc
i indicates whether i remains serviced without facility c, defined as yc

i =∨
j∈Ni:j ̸=c xj,∀i ∈ I. The local search, incorporating global improvements, continues

after one run of neighborhood search until no further gains can be achieved
throughout the whole procedure.

Note that such a local search procedure is at a similar complicity of Berman
et al. (2009), Atta et al. (2018), Máximo et al. (2017), Máximo and Nascimento
(2019). Differently, the adaptive swapping space is narrowed into Uc, resulting in a
faster local search than an entire neighborhood swapping. Taking into account the
elitist strategy and the local search scheme, the parameters specified in Section 3.3
are updated accordingly to incorporate the adaptive tuning for probabilities from
the solution samples.
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Algorithm 2 : Swap neighborhood local search
Input: solution x and current objective value S(x)
Output: the updated x and S(x)

1: Improvement = true;
2: while Improvement == true do
3: Improvement = false;
4: for each chosen facility c do
5: x∗ = swap values of c with argj∗∈Uc max ∆j∗;
6: if S(x) is strictly improved then
7: Improvement = true;
8: x = x∗, S(x) = S(x∗);

As illustrated in Algorithm 3, the main procedure of the proposed CEM is
simple. To launch the method, the parameters involved should be initialized first.
The initial internal probabilities in the vector of first order inclusion probability
π0 = (π1, π2, · · · , πn)T where πj = p/n,∀j = 1, · · · , n. The remaining parameters
that matter in the sampling and elitist policy are carefully calibrated in Section 4.2.
The iteration starts with sampling N solutions population using Pareto order
sampling in the main loop. The top ρN elites are adopted to update the inclusive
probability. It is worth noting that the memory of solutions after the local search
will be retained in π, as elite solutions have been promoted and updated before the
probability updating. These procedures iterate until the maximum absolute change
in π between the two successive iterations is smaller than 106 or the threshold st

remains unimproved for Cmax successive iterations.

Algorithm 3 : Cross-entropy method
Input: Initialized data: π, N , ρ, nLS, α, Cmax
Output: the best solution s∗

1: while the stopping criterion is not met do
2: Population ← Pareto order sampling (π, N, ρ);
3: Elites ← Top ρN solutions of Population;
4: s∗, Elites ← Local search on the best nLS solutions of Elites;
5: π ← Inclusion probabilities updating (Elites, π, ρ, Cmax);

4. Computational study

Two computational experiments are executed on the new MCLP formulation
and the proposed CEM. We first compare the numbers of variables and constraints
of the new model with that of Church and ReVelle (1974). Next, the proposed
CEM is calibrated with a ParamILS algorithm (Hutter et al. 2009) evaluated with
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benchmark instance. The CEM is coded in C# using Microsoft Visual Studio 2019
and .Net 6.0. All computations are randomly distributed to the servers running
on PROXMOX Virtualization Environment with 4 cores and 16 GBytes memory
powered by four AMD Opteron Abu Dhabi 6344 processors running at 2.6 GHz
and with 256 GBytes of RAM without any parallel coding or computing.

4.1. Benchmark instances
Table 2 summarises the main attributes of all popular data sets involved

for the MCLP. It includes random benchmark data G&R (Galvão and ReV-
elle 1996, Galvão et al. 2000), Beasley (Beasley 1990), ZDS (Zarandi et al.
2011), PCB (Reinelt 1994), and real-world benchmark data SJC (Lorena and
Pereira 2002), Maximo (Máximo et al. 2017), as well as massive benchmark data
BDS (Cordeau et al. 2019) and data BDS1000 extended in this research.

Table 2: The most popular benchmark instances of the MCLP
Data Data sources Sets BI Nodes Location Demand Network

MCLP with I = J :
G&R Galvão and ReVelle (1996) 2 32 {100, 150} U(20, 30) N(80, 15) Floyd

and Galvão et al. (2000) U(40, 60)
Beasley Beasley (1990) 2 18 {700, 900} Network N(80, 15) Floyd

SJC Lorena and Pereira (2002) 5 83 {324, 402, 500, }
and {708, 818} Network Given Euclidean

ZDS Zarandi et al. (2011) 2 18 {1800, 2500} U(0, 30) U(0, 100) Euclidean
PCB Reinelt (1994) 1 6 {3038} Network U(0, 100) Euclidean

Maximo Máximo et al. (2017) 4 24 {2713, 3839, }
and {5137, 7730} Network Given Geographic

MCLP with I ̸= J :
BDS Cordeau et al. (2019) 3x5 15x14 {10000, 50000, 100000} U(0, 30) U(0, 100) Euclidean
BDS1000 This work 3x5 15x14 {10000, 50000, 100000} U(0, 30) U(0, 100) Euclidean
U : uniform distribution, N : normal distribution, Sets: Number of sets, BI: Number of benchmark instances
Nodes: Number of demand nodes, Floyd: Floyd’s distance.

In detail, the random sets G&R100 and G&R150 firstly tested by Galvão and
ReVelle (1996) and Galvão et al. (2000) are pre-established with network densities
δ, the ratio of arc numbers between the network and its complete network, of 0.1
and 0.05. The arc length of G&R sets is randomly generated from the uniform
distribution U(40, 60). Whereas the demand follows U(20, 30) for G&R100 and
normal distribution N(80, 15) for G&R150. Besides, the locations of pmed32 and
pmed39 of Beasley data are used for sets B700 and B900 where the demand
meets N(80, 15) as well. Note that Floyd’s algorithm (Shier 1981) is utilized to
calculate the distance for G&R and Beasley data. The Euclidean coordinates of
nodes in the large-scale data sets ZDS1800 and ZDS2500 are randomly generated
by two-dimensional Cartesian coordinates (x, y) ∈ U(0, 30) with the demand of
U(0, 100), the same as PCB3038 obtained from the TSPLIB (Reinelt (1994)).
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Data SJC and Maximo come from real-world geo-referenced databases. All
plane coordinates of sets SJC324, SJC402, SJC500, SJC708, and SJC818 repre-
sent the blocks of São José dos Campos city, Brazil. Their demands are determined
by the number of public facilities taken from the geo-referenced database available
on the website http://lac.inpe.br/∼lorena/instancias.html. Particularly, data of
Manhattan2713, Bronx3839, SanFrancisco5137 and Kings7730 are extracted
from block streets of four regions of the United States. Using latitude (lat),
longitude (lon) the involved distance between node i and j is calculated by:

dij = arccos(cos(lati)cos(latj)cos(lonj − loni) + sin(lati)sin(latj))×Re (25)

where Re is the ratio of the earth, adopted as 6,378,100. The data is available at
https://sites.google.com/site/ nascimentomcv/downloads/mclp.

A massive MCLP set BDS is first presented in Cordeau et al. (2019). In which
3 sizes of instances reaching 100,000 demand nodes were generated for 5 replicates
with each containing 14 instances following the same rule as ZDS. While this
dataset is highly realistic, its application is limited to facility options within only
100 possible sites across all of Cordeau et al. (2019)’s sets. In this study, we have
extended the BDS to BDS1000 for more applications with 10 times of possible
facility sites. Original BDS can be found in Cordeau et al. (2019) are available
from https://github.com/fabiofurini/LocationCovering.

In summary, we collected 8 benchmark data of 3 types covering networks and 2
MCLP settings with 181 small and large instances, as well as 420 massive instances.
Each instance is executed for 30 runs for a grand total of (181 + 420)× 30 = 18030
experiments. With this many results, we are able to provide an accurate picture of
the effectiveness of the proposed CEM. All the benchmark data of this study are
open at https://github.com/HWangUPV.

4.2. Calibration for the method
One feature of the presented CEM is that it has flexible parameters, i.e., sample

size N , elite quantile ρ, runs of local search nLS, smoothing parameter α and
terminating number Cmax. Since the sampling efficiency is highly related to
the instance size (De Boer et al. 2005), which ranges from 100 nodes to 100,000
nodes, 2 configurations of parameters are suggested in this study for simple and
complex cases. To meet the instance nature, groups of instances are reconstructed
10 times with the formulation in Table 2, based on simple instances GR150-12-
85(p = 12, r = 85), B900-24-13, SJC708-7-800, ZDS2500-20-3.75, PCB3038-19-400,
and the other complex instances Manhattan2713-80-400, SanFrancisco5137-70-600,
BDS10000-10-5.5, BDS50000-15-4 and BDS100000-20-3.5. In which the demand of
real-world instants is given from U(0, 100), similar to (Zarandi et al. 2011). Finally,
a total of 100 replicates of instances were generated for the parameter calibration.
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Building upon previous studies (Rubinstein 1999, Maher et al. 2013, Ning and Li
2018), following intervals are adopted:

• N ∈ {200, 400, 600, · · · , 2000}

• ρ ∈ {0.005, 0.01, 0.02, · · · , 0.1}

• nLS ∈ {1, 2, 4, · · · , 20}

• α ∈ {0, 0.1, 0.2, · · · , 1}

• Cmax ∈ {5, 10, 15, · · · , 50}

The parameters tuning employs the ParamILS algorithm (Hutter et al. 2009) as
an independent calibration approach beyond the proposed CEM. An Iterated Local
Search (ILS) metaheuristic is used in ParamILS to explore the configuration space
combined with full options of parameters. Starting from an initial configuration,
ParamILS employs a one-exchange neighborhood search strategy to find the next
configuration. This strategy works by varying the value of this fixed parameter
within interval sets. ParamILS also introduces perturbation to a fixed number of
parameters (three, as suggested by Hutter et al. (2009)) to escape the local optima.
Both the parameters and their values are selected randomly. Each calibration
instance runs 5 times with 10s and 20s time limits for 2 groups of instances
respectively, and the average coverage proportion is adopted to evaluate the quality
of the parameter configuration. As a result of the ParamILS algorithm, parameters
configuration N = 2000, ρ = 0.05, nLS = 20, α = 0.8, Cmax = 30 is adopted for
G&R, Beasley, SJC, ZDS, PCB data sets, and N = 200, ρ = 0.01, nLS = 4,
α = 0.4, Cmax = 20 for the rest benchmark instances.

4.3. Comparison of the proposed MCLP model
This section compares the proposed mathematical formulation aMCLP in

Section 2 with the original model (Church and ReVelle 1974). In regard to the
complexity of mathematical formulations, Table 3 exhibits the numbers of variables
and constraints of the aMCLP model and Church’s model. Both formulations were
examined on IBM ILOG CPLEX 20.1 with BDS instances Cordeau et al. (2019)
with a CPU time limit of 600 seconds. It turns out that the aMCLP results in
fewer variables and constraints than Church’s model. At the same radius level, the
aMCLP reduced a maximum of 17.27% variables for BDS instances. However,
also note that this reduction effect gradually weakens with a bigger radius. On
average, the proposed model accounts for 4.72% simplification than the original
model of Church and ReVelle (1974) on variables and constraints for all BDS
instances.
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Figure 1: Performance profile for the MCLP formulations on BDS instances with |J | ∈
{10, 000; 50, 000; 100, 000}.

Figure 1 displays a graphical representation of the relative performance profiles
of two formulations above on all BDS instances. For each instance, we compute a
normalized time τ in the horizontal axis (Cordeau et al. 2019, Chen et al. 2023),
as the ratio of the computing time of the considered formulation to the best one
using the minimum time. The graphic illustrates how the percentage of instances
varies by allowing τ times more CPU time than the fastest formulation where
τ = 1 reports exactly the percentages of considered formulation outperforming the
other and the ends of curves present percentages of instances solved optimally. The
new formulation outperforms the Church’s model in 78.10% of the corresponding
instances, and in reverse, the number is only 21.90%. The new formulation achieves
100% optimal solutions much faster, although the other formulation can also solve
all instances if given 6.2 times more CPU time. The new formulation reaches
100% optimal solutions much quicker, even though the other is also capable of all
instances, which is even better CPLEX results than Cordeau et al. (2019), when
6.2 more times of CPU time is allowed to Church’s formulation. We explain that
the new formulation benefits from the reduction of variables and constraints, while
improvements are bounded by the coverage radius as aforementioned.

Interestingly, the aMCLP in Section 2 also enlightens a clustering reduction pro-
cedure (CRP). The process involves simplifying the covering network by clustering
techniques where the less-connected demand has to be accumulated into possible
facilitate nodes. The involved demand nodes can be removed from the network.
This procedure integrated into the aMCLP also works as the data pre-processing
method applied before metaheuristics, e.g., CEM in this study. The CRP is easy to
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apply by removing a set of demand nodes of rank R = 0 and diminishing demand
nodes of rank 1 by accumulating demand to the corresponding facilities sites. To
illustrate this procedure, Figure 2 shows covering maps with a massive instance
of 10,000 demand nodes with |J | = 100 and r = 2.5. Eventually, the clustering
strategy simplifies the covering network to 5970 demand nodes in which sizes
of enlarged possible site locations have their radius scaled up with accumulated
demands. Recently, similar procedures have been applied as presovling methods
in Chen et al. (2023).

Figure 2: Scatter plots of MCLP with |I| ≫ |J | before (left, #nodes : 10000) and after (right,
#nodes : 5970 + 100) clustering reduction procedures on a BDS instance (Cordeau et al. 2019)
with |I| = 10000, |J | = 100, r = 2.5.

Table 3: The number of variables (#V ar) and constraints (#Cons) of the aMCLP in Section 2
and the model of (Church and ReVelle 1974) on BDS instances (Cordeau et al. 2019)

n=10000 n=50000 n=100000
Church’s Model aMCLP Church’s Model aMCLP Church’s Model aMCLP

r #Var #Cons #Var #Cons #Var #Cons #Var #Cons #Var #Cons #Var #Cons
3.25 10101 10002 8404.6 8305.6 50101 50002 41497.2 41398.2 100101 100002 82830.4 82731.4
3.5 10101 10002 8900.8 8801.8 50101 50002 43993 43894 100101 100002 87879.6 87780.6
3.75 10101 10002 9264 9165 50101 50002 45806 45707 100101 100002 91493.6 91394.6
4 10101 10002 9504.8 9405.8 50101 50002 47055.8 46956.8 100101 100002 93980.6 93881.6
4.25 10101 10002 9679 9580 50101 50002 47933.8 47834.8 100101 100002 95727.4 95628.4
4.5 10101 10002 9800.2 9701.2 50101 50002 48546.6 48447.6 100101 100002 96965.6 96866.6
4.75 10101 10002 9885.2 9786.2 50101 50002 49000 48901 100101 100002 97886.4 97787.4
5 10101 10002 9949.6 9850.6 50101 50002 49340.2 49241.2 100101 100002 98573.8 98474.8
5.5 10101 10002 10029.8 9930.8 50101 50002 49750.8 49651.8 100101 100002 99402.8 99303.8
5.75 10101 10002 10054.4 9955.4 50101 50002 49872.2 49773.2 100101 100002 99644.4 99545.4
6 10101 10002 10073.6 9974.6 50101 50002 49955 49856 100101 100002 99807 99708
6.25 10101 10002 10082.6 9983.6 50101 50002 50010 49911 100101 100002 99915.2 99816.2
Average 10101 10002 9635.717 9536.717 50101 50002 47730.05 47631.05 100101 100002 95342.23 95243.23
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4.4. Computing results
Comprehensive experiments for MCLP evaluate the performance of the proposed

metaheuristic, CEM. All code and benchmark data used in the experiments are
available in the GitHub repository (Wang and Zhou 2025). Detailed computational
results can be found in the online materials, specifically in Tables A1 to A9. The
best, worst, and median results of 30 executions, and the average time (AT) to obtain
final solutions, are presented in the last block. In other blocks, results from other
referred proposals, as well as the latest CPLEX 20.1 solver are presented. Namely,
LRS (Lorena and Pereira 2002), GA (Zarandi et al. 2011), PBIGLNS (Rodriguez
et al. 2012), IGAS (Máximo et al. 2017) and GALR (Atta et al. 2018)). Note that
the results of CPLEX 20.1 were obtained in the same computing environment with
time limits of 20,000s for the best potential. Besides, only results from identical
instances are compared in which non-inferior results of the best column are marked
in bold, and results with optimal guarantees are labeled with ‘*’.

4.4.1. Results of small data sets
Table A1 illustrates the optimal objectives (Optimal) and maximal coverage

(Cov.%) of CPLEX and the best results in coverage (Best) and the average elapsed
time reported (AT) for achieving them. The last block represents the best, worst
and median coverage (%) and the average time to obtain final solutions within
the time limit of 300s. Notably, the CEM has obtained all 9 G&R100 and all
23 G&R150 instances at the time cost of less than 1s in most cases. In Table
A2, a similar conclusion can also be drawn from the comparative results of the
Beasley data sets. The proposed CEM yields 8 and 7 optimal solutions of 9
Beasley instances with gaps less than 0.1%. Note that results given by Lorena and
Pereira (2002), Atta et al. (2018) are unsuitable for comparison as these instances
are randomly generated with the methodology in Section 4.1. Experiments have
attested to the superiority of CEM over LRS and GALR on the real-world data
SJC with the most MCLP instances. In Tables A3 to A5, CEM presented a
median solution concerning 30 executions equal to optimal solutions for 81 of the
83 instances, better than the best 72 solutions from LRS and 70 from GALR in 20
runs Atta et al. (2018), separately. Even for the worst case of SJC818, the CEM
still found more 15.79% optimal solutions than the best results of Lorena and Pereira
(2002) and Atta et al. (2018). The gap between the worst case and the optimal
solution remains below 0.07% across all small instances. This demonstrates that
the proposed method is quite robust. Besides, due to the different computational
environments, no proofs show the priority of solving. Even so, it can be observed
that the running times of the proposed CEM are always the lowest values in which
92% of the average times are less than 10s.

Regarding small sets of G&R, Beasley and SJC, the proposed CEM has
achieved 129 optimality out of all 133 instances. The gaps for the rest four
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instances between CEM and CPLEX 20.1 are not bigger than 0.1%. It is worth
mentioning the robustness of CEM on all small sets of instances. For all of them,
the best, the worst and the median solutions concerning the algorithm executions
found in the independent executions were almost the same. Moreover, the CEM
costs relatively lower CPU time than the CPLEX 20.1, especially on Beasley and
SJC data sets. These results enforce the capability of the metaheuristics to solve
large instances of the MCLP.

4.4.2. Results of large data sets
Three large data sets ZDS, PCB and Maximo are tested in this section. The

first attempt for large-scale instances of the MCLP is given by Zarandi et al. (2011)
on ZDS data sets. Yet, the ZDS data sets may not make fair comparisons since
origin instances are not given (Zarandi et al. 2011). Pre-experiments have shown
that the gaps in coverage rates between two regenerated instances can exceed 2%,
even more significant than that from different approaches.

It is mainly because the results of ZDS data sets, ZDS1800 and ZDS2500,
suffer from dual randomness on both networks and demands. The diversity increases
with the instances scales, even though generated with the same methodology in
Section 4.1. For these reasons, all MCLP optimal solutions are presented for all
random instances of this study. In Table A6, the proposed method is able to
achieve 14 best solutions which are proved to be optimal in all 18 instances. Even
in the worst case, the CEM still produces solutions with small gaps, remaining
within 0.7% of optimality, while the best solution deviates by only 0.05%.

In Table A7, we report average performance on PCB set. The CEM outperforms
for 5 solutions in all 6 instances obtaining all optimal solutions of CPLEX 20.1.
However, CPLEX 20.1 fails to offer all optimal solutions for instance with p = 22
with the time limit of 20,000s. Additionally, the Gap is introduced to evaluate the
relative percentage between this solution Thisobj and the linear programming (LP)
solutions.

Gap = Thisobj − LP

LP
× 100 (26)

The gap of median results concerning 30 algorithm executions still presents 4
solutions equal to the best lower bound found by CPLEX for all 6 instances. On
the other hand, the CEM saves almost half of the CUP time used in CPLEX 20.1
in the same computing environment.

Most of Maximao instances are challenging. Previous methods like intelligent
base metaheuristic (Máximo et al. 2017) and branch-and-Benders-cut (Cordeau
et al. 2019) failed in finding optimal solutions within 10 minutes of computing
time (Cordeau et al. 2019). In Table A8, the proposed method outperforms GRASP
and CPLX12.6 (Máximo et al. 2017) with a lower average gap of 30 executions.
However, it failed to find better solutions within 10 minutes of computing time.
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This is not surprising, as the proposed CEM is developed for general use for 8
kinds of data sets investigated with different properties, like instance scales and
structures on network and demands (see Section 4.1). No calibration has been
adopted on a particular type of data sets for further potential. On the other hand,
the proposed metaheuristic is not driven by the intelligent learning process which
requires computation from GPU. This may partially explain the lower time cost
reported in Máximo et al. (2017).

In general, the CEM is demonstrated to be efficient in optimal solution searching
for MCLP data sets. In the best execution of the algorithm, a total of 148 of 157
MCLP instances of 5 benchmark data sets, G&R, Beasley, SJC, ZDS, and PCB,
have been proven optimality within lower average times. This is quite competitive
with the performance of the latest CPLEX 20.1 within 20,000s time limits. For sets
of Maximo, the proposed method outperforms the CPLEX and GRASP of Máximo
et al. (2017), while slightly weaker than (Máximo et al. 2017)’s machine learning
algorithm, IGAS. It is worth pointing out that the CEM is very robust among
small and large instances of ZDS and PCB with less than 0.7% gaps.

4.4.3. Results of the massive data sets
A series of massive instances has been well tested on BDS and BDS1000 sets

of Section 4.1. In Table A9, the left columns report the average number of optimal
solutions (Opt) and CPU time on BDS. The instances are grouped by the three
different demand nodes, facilities, and radius numbers. Column # reports the total
number of instances per row. The proposed CEM outperforms 23.64% solutions
than the CPLEX and only fails to prove optimality for 6 instances out of 210.
However, it is still worse than Ben B2 reported by Cordeau et al. (2019). This
is not surprising. As an exact approach, Ben B2 takes advantage of the desired
characteristics, |I| ≫ |J | and |J | is relatively small (Cordeau et al. 2019). Also,
note that the demand node reported in Cordeau et al. (2019) reached up to 20
million, which is not involved in this study due to expensive IO operations and
possible memory issues caused by the data scale, especially when it reaches a million
level. Instead, we have enlarged Cordeau et al. (2019)’s BDS to a BDS1000 with
10 times of available facility nodes, |J | = 1000. Compared with BDS where all
facilities are restricted to 100 nodes, BDS1000 meets more general applications as
well, thus to be adopted for the proposed method.

Table A9 proves that increasing the value of |J | makes the instances extremely
hard to solve. Most BDS1000 instances on CPLEX 20.1 have exceeded the CPU
time limit of 20,000s. There is no surprise in the fact that the growth of facility
locations ends in geometric solution spaces, making it always more complicated
than the boost of demand nodes. To evaluate their performance, solutions (Thisobj)
have been transformed to the Relative percentage deviation (RPD) with the related

21



best one (BestObj) ever found.

RPD = Thisobj −BestObj

BestObj

× 100 (27)

The average RPD of the CPLEX 20.1 and the proposed algorithm from 5
replicant instances with the same attributes, are presented in the right part of
Table A9. It proves that the CEM has attested to superior performance on average
RPD of 0.014 in the best case, within a far less average time cost of 307.38s. Even
for the worst case of 30 algorithm excitation, the RPD has decreased 70 times
from that of CPLEX 20.1. Given the most difficult 210 instances in this work,
CPLEX 20.1 attests to the optimality for 85 instances. However, CPLEX 20.1 fails
to find 189 better solutions of the proposed metaheuristic within 20,000s.

Using the largest benchmark sets in this work, the proposed CEM attests to
superior performance over CPLEX on the massive instances for MCLP. Generally,
CEM outperformed CPLEX by finding 97% optimal solutions for BDS, even
though Ben B2 (Cordeau et al. 2019) reported the best performance on BDS
sets. For the most sophisticated instances of BDS1000, the algorithm outperforms
CPLEX with 90% non-inferior solutions and thus to be efficient with lower RPD
and less time cost.

5. Concluding remarks

In this paper, we propose a novel formulation for the maximal covering location
problem (MCLP) and a new sampling-based metaheuristic, the cross-entropy
method. The new proposed model is more compact than the initial version given
by Church and ReVelle (1974) with the tested MCLP instances where the proposed
model accounts for an extra decrement of variables and constraints in our instances.
The new formulation outperforms the Church’s model in 78.10% of the tested
instances requiring up to 6.2 times fewer CPU efforts. For the proposed method, a
sampling-based solution construction is designed with the Pareto order sampling
and incorporated with the inclusion probabilities renewing. A new swap local
search is employed for further improvement. The method is carefully calibrated for
parameters tuning with a ParamILS algorithm and evaluated with small, large and
massive MCLP instances from 8 popular benchmark data sets with up to 100,000
demand nodes.

Comprehensive experiments show the cross-entropy method is efficient. It
proves 149 optimality out of 181 small and large MCLP benchmark instances,
outperforming Lagrangean surrogate heuristic (Lorena and Pereira 2002) and
genetic algorithm (Atta et al. 2018) on involved instances. The proposed approach
yields 90% non-inferior solutions for the most complex massive set with a much
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lower CPU time and average relative percentage deviation (RPD) than the state
of the art IBM CPLEX running within 20,000s. Small gaps are reported with
IGAS (Máximo et al. 2017) and Ben B2 (Cordeau et al. 2019) on certain instances.
Therefore, extending investigations is recommended with tailor-made parameters
tuning and combining techniques like path-relinking (Máximo and Nascimento
2019) or more variety of solution sampling plans (De Boer et al. 2005).
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