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ABSTRACT

To better understand mutation-invariant and hereditary properties of quivers (and more
generally skew-symmetrizable matrices), we have constructed a topology on the set of
all mutation classes of quivers which we call the mutation class topology. This topol-
ogy is the Alexandrov topology induced by the poset structure on the set of mutation
classes of quivers from the partial order of quiver embedding. The closed sets of our
topology—equivalently, the lower sets of the poset—are in bijective correspondence
with mutation-invariant and hereditary properties of quivers. We show that this space
is strictly Ty, connected, non-Noetherian, and that every open set is dense. We close
by providing open questions from cluster algebra theory in the setting of the mutation
class topology and some directions for future research.
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1. INTRODUCTION

Since their introduction in 2001 [19], cluster algebras have been widely studied, including, but not
limited to, their algebraic structure [20, 21, 22, 26], their quiver representations [5, 9, 10, 12, 32], and

their combinatorics [3, 17, 23, 11, 33]. Recent advances in cluster algebra theory have attempted to
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understand mutation-invariant and hereditary properties of quivers [13, 16]—properties which are in-
variant under both mutation and restriction to any full subquiver. In the process of furthering this line of
research, combining existing mutation-invariant and hereditary properties to generate new properties led
us to a topology on the space of mutation classes of quivers.

We began with observing hereditary properties through quiver embedding, which resulted in a large
poset whose elements consist of mutation classes of quivers. In this setting, a property is mutation-
invariant and hereditary if and only if it is a lower set (or down set) of the poset. Discussing the intersec-
tions and unions of lower sets was a natural next step, leading to the construction of a topology on our
poset. The topology was the Alexandrov topology generated by a specialization (or canonical) preorder
on the set of all mutation classes of quivers [1, 2]. The preorder is induced by quiver embedding' on
the mutation classes. The importance of defining our topology via quiver embedding comes from the
lower sets of our poset: the closed sets of this topology are, by definition, the lower sets. This means
that the set of all quivers sharing a particular mutation-invariant and hereditary property form a closed
set in the topology and vice versa. Therefore, under this topology, the study of mutation-invariant and
hereditary properties is the same as the study of the closed sets of the topology, making this the most
natural topology for observing mutation-invariant and hereditary properties. All of the preliminaries for
this construction can be found in Section 2, and we define and give some basic results of the mutation
class topology in Section 3.

We also naturally extend this topology to the space of mutation classes of skew-symmetrizable (n +
m) X (n + m) integral matrices. The skew-symmetrizable space contains the quiver space as a subspace,
and so the topology defined in Section 3 is the subspace topology of the Alexandrov topology on the
much larger space of mutation classes of skew-symmetrizable matrices. Therefore, we can view the
poset and topology described in this paper as a poset and topology on the space of all cluster algebras of
geometric type”. All of the properties outlined in Section 3 can also be extended to the larger space.

At the end of Section 3, we show that there exists a nontrivial bi-infinite chain of closed sets in
the mutation class topology, meaning that our space satisfies neither the ascending or descending chain
condition on closed sets. This forces the space to be non-Noetherian. We also show that every open set
in our space is a dense set; in other words, if S is an open set, the closure of S is the entire space. In
Section 5, we list a few open problems stated in terms of the mutation class topology that we define in

Section 3. Some of these questions are related to existing open questions in cluster algebra theory. For

1Tt can also be induced by quiver restriction [16, Definition 2.4]—which is a dual notion to embedding—and we use the
terms interchangeably throughout the paper when convenient.
The set of skew-symmetrizable (n + m) X (n + m) integral matrices contains the set of cluster patterns of geometric type as

a subset, and we can define the cluster algebras of geometric type from the cluster patterns of geometric type [29].
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example, the property of a quiver being mutation-acyclic is a mutation-invariant and hereditary property
[6, Corollary 5.3]. Some have explored the combinatorial reason for this phenomenon, but to the authors’
knowledge, no one has given a combinatorial proof of this result’. Since this is a mutation-invariant and
hereditary property, we can view this problem in terms of the closed sets of our topology and perhaps
find a simpler approach. Other questions in Section 5 involve Banft and Louise quivers [24, 26]. It is an
open question as to whether or not the two sets equal one another [8, 14], and Open Problems 5.2 and 5.3
give a new approach to answer this open question through the lens of our mutation class topology and
the closure operation. As such, we believe that the study of quivers (and more generally cluster algebras
of geometric type) from the point of view of the poset and/or topology of mutation classes should be an

avenue that researchers consider when asking questions involving mutation classes.

2. PRELIMINARIES

For completeness, we begin with the basic definitions of quivers and posets. Throughout the paper,

we use [n] ={1,2,...,n}.

Definition 2.1. A quiver Q is a finite multidigraph without loops and oriented 2-cycles. The vertices of
a quiver are labeled by [n], and the directed edges of Q are called arrows. If k € [n] is a vertex of Q, then
the mutation of Q at k is the quiver ug(Q) obtained from Q in the following way:

(1) for each oriented 2-path i —» k — jin Q, add an arrow i — j in ux(Q),

(2) reverse the direction of all arrows incident to %,

(3) pairwise delete any arrows which form an oriented 2-cycle.
A quiver P is mutation-equivalent to a quiver Q if there is a finite sequence of vertices [iy, 2, ..., ]
such that P is isomorphic to u;,(u;,_, (... u;,(Q) . ..)). The mutation class [Q] of Q is the collection of all

quivers P that are mutation-equivalent to Q.

Definition 2.2 ([17, 18]). Let Q be a quiver on n vertices and let / C [n]. Then the full subquiver on I
is the quiver Q; with vertices / and arrows {i — j € Q | i, j € I}. This is sometimes referred to as the

restriction of Q to I.

Definition 2.3. A partially ordered set or poset is a set X together with a relation < such that, for any
x,v,7€X,

(1) x < x (reflexivity);

(2) if x <yandy < x, then x = y (antisymmetry); and

3) if x <yand y < z, then x < z (transitivity).

3This pursuit is what sparked our current research.
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Now we illustrate a poset structure on the set of all mutation classes of quivers induced by embedding.

Definition 2.4 ([16, Definition 4.1.8]). A mutation class [P] embeds into a mutation class [Q] when-
ever there exists a P’ € [P] that is isomorphic to a full subquiver of a quiver Q' € [Q]. Equivalently,
the mutation class [Q] restricts to [P]. Note that the relation of embedding is reflexive and transitive.
Additionally, since our mutation-equivalence considers isomorphic quivers to be equivalent, it is also
antisymmetric. We denote the partial ordering produced on the set of all mutation classes by <, where
[P] < [Q] whenever [P] embeds into [Q]. We may drop the brackets representing the mutation class and

refer to a quiver P embedding into Q or a quiver Q restricting to P.

By only considering mutation classes of quivers together with the relation <, we can build the mutation
class poset. A small snippet of this poset is presented in Figure 1. There are a few interesting things to
note about the mutation class poset. The first thing to note is that it has a unique minimum element or
a zero: the trivial quiver with 1 vertex and no arrows. This quiver is the sole member of its mutation
class, and it embeds into any quiver with at least one vertex. This fact will be useful when we prove our
topological space is connected. This poset is unbounded; in other words, given any mutation class [Q],
we can find another mutation class [Q] into which [Q] properly embeds. It also has a well-defined rank
function, which simply returns the number of vertices of a quiver in a mutation class. For every rank n
of the poset (except the 1°7), it is not too hard to see that there are countably many mutation classes with
rank 7. This is because the number of mutation classes of rank »n has the same cardinality as the set of
n X n integral skew-symmetric matrices up to mutation equivalence. Finally, this poset is not a lattice
since the join and meet operations are not well defined. It may be interesting to study this poset or finite
subposets in its own right. For example, observing rowmotion [30, 34] may be worthwhile since it acts
on the order ideals of a poset.

Next, we define mutation-invariant and hereditary properties. These quiver properties are, in short,
inherited by the “children” of the quiver. Moreover, the mutation-invariance makes these properties of
not just quivers, but mutation classes of quivers. While the research on some of these properties goes
back quite a long way (for example, the existence of a reddening sequence is mutation-invariant and
hereditary), there are only a few currently of interest. We hope that the current paper will highlight the
importance of considering multiple mutation-invariant and hereditary properties simultaneously, and not

in isolation. For a more formal treatment of these properties, we direct the reader to [13, 16].

Definition 2.5 ([18, Defintion 4.1.3]). We say that a property ¥ on quivers is a mutation-invariant and
hereditary property if, for all Q having property ¥,

(1) P €[Q] has property ¥ and
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Figure 1. A snippet of the quiver mutation class poset

(2) P’ € [Py] has property F for all subquivers P; of P.
Therefore, a mutation-invariant and hereditary property ¥ is preserved under the embedding operation

of Definition 2.4. In other words, if [Q] has a property ¥ and [P] < [Q], then [P] has property F .

Example 2.6. The easiest mutation-invariant and hereditary property to describe is the property of em-
bedding into [Q] for some quiver Q. In Figure 1, we can see the A3 quiver in the upper-left-hand portion
of the figure. The property of embedding into [A3] is a mutation-invariant and hereditary property, and

the set of mutation classes with this mutation-invariant and hereditary property is

S ={[As].[A2], (1),[ 1T 2]}

Example 2.7. We denote the set of all mutation-acyclic quivers as M# and the set of all quivers with a
reddening sequence as Mg. Both of these are mutation-invariant and hereditary properties [6, 27], and

we will reference them throughout the paper.

For completeness, we also include the definition of a topology and the Alexandrov topology.
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Definition 2.8 ([28]). A fopology on a set X is a collection 7 of subsets of X satisfying the following

conditions:

(1) Both the empty set and X belong to 7~;
(2) Arbitrary intersections of sets in 7 belong to 7;
(3) Finite unions of sets in 7 belong to 7.

The sets in 7 are said to be the closed sets, and the pair (X, 7") is called a ropological space.

Remark 2.9. The usual definition of a topology on X is formulated in terms of the open sets. However,

our focus is on closed sets, so we use the alternative definition.

Definition 2.10 ([1, 2]). Given a set X with a partial order <, we may form a topology 7 on X by taking

the set of closed sets to be
{SCX|Vx,yeX, ifxeSandy<x = yeS}.
Moreover, the open sets of X are given by
fUCX|Vx,yeX,ifyeUandy<x = xe U}.

The closed sets S are the lower sets or the down sets of the poset, and the open sets U are upper sets or
upsets of the poset. The resulting topology 7 is called the Alexandrov topology and (X, 7") is called an

Alexandrov-discrete space (sometimes just an Alexandrov space).

3. THE MUTATION CLASS TOPOLOGY

Definition 3.1. Let M be the set of all mutation classes of quivers up to isomorphism. The mutation
class topology on M is the Alexandrov topology induced by <. In other words, the closed sets of M are
the lower sets of the poset described in Section 2: the sets S such that [Q] € S implies that [P] € S for
all [P] < [Q].

Again, the benefit of constructing this topology on M is that the closed sets are in bijective corre-
spondence with mutation-invariant and hereditary properties of quivers. Any property that can be had by
mutation classes is naturally a mutation-invariant property of quivers. The hereditary properties of quiv-
ers are passed to their full subquivers. Hence, mutation-invariant and hereditary properties are exactly
the properties that are preserved by embedding into a mutation class with that property. This forces the

mutation-invariant and hereditary properties of quivers to correspond exactly with closed sets in M.
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3.1. Properties arising from Alexandrov topologies. We start this subsection with basic results about

the space; namely the separation axioms it satisfies.

Definition 3.2 ([31]). A topological space X is Ty or Kolmogorov if any two points of X are topolog-
ically distinguishable, i.e., for any two distinct points there is a closed set containing one and not the
other. A space is Ry or symmetric if any two topologically distinguishable points in X are separated; in
other words, given any point x € X, the closure of {x} contains only the points which are topologically
indistinguishable from x. Equivalently, a space is Ry if the specialization preorder* on the points of X is

a symmetric relation (an equivalence relation). A space is 77 if it is both Ty and Ry.

The first thing to note is that every Alexandrov-discrete space is 7, and some of them are also 77.
Therefore, we can be assured that M is Ty. On the other hand, M is not Ry since our specialization
preorder is not symmetric [31, Example 16.8.e] (in fact, it is antisymmetric), therefore it cannot be Ry or
T,. Since our space is not Ry or T}, it fails to meet any other separation axioms—for example, regular
spaces must satisfy R; (and therefore Ry) and Hausdorff and normal spaces must satisfy 77.

We were able to find a few non-standard properties. It is known that Alexandrov-discrete spaces are

locally path-connected [2], but the connectedness of M is not guaranteed.

Definition 3.3. A topological space X is disconnected if it is the union of two disjoint non-empty open
sets. Otherwise, X is connected. A topological space X is path connected if any two points x,y € X,
there exists a continuous map vy : [0, 1] — X where y(0) = x and y(1) = y. X is locally path connected if

it admits a topological basis of path-connected open sets.

Proposition 3.4. The only subsets of M that are both open and closed are the empty set and M. Thus,

M is connected.

Proof. Assume we have a non-empty clopen set V C M. Since V is closed, it must be a down set in the
poset, and therefore it must contain the mutation class of the trivial quiver, as the trivial quiver embeds
into every mutation class. Since V is open, its complement U in M is also closed, meaning U either
contains the mutation class of the trivial quiver or is empty. Since U NV = @, we must have that U = @.
As such, we have V = M. O

Additionally, we can show that M is a (trivially) compact space, again using the idea that our poset

contains a minimal element.

4 your topological space is Alexandrov, the specialization preorder is equivalent to the partial order which induces the
topology. Otherwise, the specialization preorder is the partial order on points in your topological space given by x < y if and

only if cl{x} C cl{y} for all points x and y in your space.
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Definition 3.5. An open cover of a space X is a collection of open sets {U;};cr such that
Jui=x
iel
A topological space X is compact if every open cover of X admits a finite subcover; in other words, 7

can be taken to be a finite set.
Proposition 3.6. M is compact.

Proof. Let {U,;};cr be any collection of open sets such that M = | J;cr U;. This implies that the mutation
class of the trivial quiver is contained in some U;. As such, the complement of U; is a closed set that does
not contain the mutation class of the trivial quiver, making it an empty set. Thus U; = M for some i € 1.

This means that any open cover of M can be reduced to a finite subcover, forcing M to be compact. O

We also prove that every open subset of M is dense, by first noting that every pair of mutation classes

embeds into at least one quiver.

Definition 3.7. If (X, 7) is a topological space and A C X is a subset of X, then the closure of A, denoted

by A, is the intersection of all the closed sets of X containing A. Moreover, A is a dense subset of X if
A=X.

Remark 3.8. In the mutation class topology, A is the lower set generated by A in M. Specifically,
A ={[Q] € M |[Q] < [P] for some [P] € A}.
Proposition 3.9. Every nonempty open subset of M is dense.

Proof. Let U be any nonempty open subset of M and [P] be any mutation class not contained in U. For
any [Q] € U, we may form the mutation class of the disjoint union of [P] and [Q]: [P] L [Q] = [P U Q].
Note that this is a well-defined product of mutation classes since mutations in one connected component
of a quiver do not affect other connected components. Both [P] and [Q] naturally embed into [P LI O],
and we know that [P LI Q] € U since U is an upper set of our poset. The closure of U then includes
the quiver [P] by Remark 3.8. As [P] was arbitrary, this demonstrates that the closure of U is the whole

space M, making U dense. O

Finally, since the poset is ranked by the number of vertices in the quiver, there are no finite dense

subsets of M. The closure of any such subset would not include any quivers with sufficiently large rank.

Corollary 3.10. Every dense subset of M is an infinite set.
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There are also properties of Alexandrov-discrete spaces that are known which we restate for our space.
Arenas [2] showed that subspaces of Alexandrov-discrete spaces are again Alexandrov-discrete. This
means that if we want to consider, say, M#, Mg, or quivers with at most n vertices, as spaces of
mutation classes, then these spaces are again Alexandrov-discrete under the induced subspace topology;
therefore, we will again have mutation-invariant and hereditary properties corresponding to closed sets.
This property will prove itself useful again in Section 4, where we show that M is a subspace of a more
general mutation class space. The second property is that quotient spaces of Alexandrov-discrete spaces
are Alexandrov-discrete spaces. Therefore, if we were to introduce an equivalence relation ~ on M,
then M/~ would again be Alexandrov-discrete. The third property is that finite products of Alexandrov-
discrete spaces are Alexandrov-discrete. This means one could study the space M" consisting of points
which are n-tuples of mutation classes ([Q1],[02],...,[Q,]) and still enjoy the same results that we
have in this paper (with the proper adjustments to the statements). This opens the possibility to study
some interesting continuous functions, such as the product map. If we have a well-defined notion of
“products” of mutation classes of quivers, say [Q] X [P], then this operation is a continuous map from
M? — M. Since both spaces are Alexandrov-discrete spaces, there might be some interesting properties
of this map. We don’t have any examples of a well-defined directed graph product that respects mutation

classes aside from the disjoint union of two mutation classes.

3.2. Applications involving mutation-invariant and hereditary properties. As one might expect, the

mutation-finite quivers are exceptions to the usual closed sets in the mutation class topology.

Lemma 3.11. Let S # @ be any finite closed subset of M. Then every [P] € S is mutation-finite, i.e.,

there are only finitely many quivers in [P).

Proof. Suppose that there exists a [P] € S that is not mutation-finite. Then an infinite number of quivers
on two vertices embed into [P]. As S is closed, this would force S to be an infinite set, a contradiction

of our assumption. Hence, every [P] € S is mutation-finite. m|

Additionally, as we are working with closed sets, we can discuss mutation-invariant and hereditary

properties in terms of their open complements.

Definition 3.12. Let P be a quiver. We say that a quiver Q or mutation class [Q] is [P]-avoiding whenever
[P] does not embed into [Q]. Similarly, if § is a set of quivers, we say that a quiver Q is §-avoiding

whenever Q is [P]-avoiding for every [P] € S.

Lemma 3.13. Let Ng be the set of all S -avoiding mutation classes and Og be its complement. Then Og

is the open set generated by S, and Ny is closed.
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Proof. Let Q be some quiver such that [P] < [Q] for some [P] € S. Then Q is not S -avoiding, forcing
[Q] € Os. This means that Og is the upper set generated by the elements of S. As upper sets are open in

M, we have our desired result. O

For example, we saw earlier that mutation-acyclic classes M4 are closed in M. Then Mg = Ny for
some S (precisely which § is an interesting question in its own right) and therefore its complement, the
non-mutation-acyclic classes, is open. Similarly, the mutation-finite quivers form a closed subset of M,
and the corresponding complement of mutation-infinite quivers is open [15]. If one could find the sets §
for which Oy is the set of non-mutation-acyclic or mutation-infinite quivers (besides the trivial choice of
S being the entire class), this would be a valuable cluster-algebraic result which was directly informed
by the topology. In other words, the minimal S in each case would be the complete set of obstructions to
mutation-acyclicity or mutation-finiteness.

This partitioning can be generalized to any mutation-invariant and hereditary property; the open com-
plements obtained from these properties have already been partially explored and are called universal

collections.

Definition 3.14 ([16, Definition 5.5]). A universal collection is a proper subset of M such that every
quiver embeds into some quiver of the set. Hence, a subset of M is dense if and only if it is a universal

collection.

Definition 3.15 ([ 16, Definition 2.6]). Let n be an integer greater than 1. Then a quiver Q is n-universal

if every quiver on 7 or less vertices embeds into Q.

The first example of a universal collection is any collection of n-universal quivers where every n > 1 is
represented [16, Remark 5.6]. As discussed previously, any mutation-invariant and hereditary property
gives us a corresponding open subset—a dense set and a universal collection. Thus, open sets in the

mutation class topology are universal collections.

Corollary 3.16. Let H be any mutation-invariant and hereditary property. Then H corresponds to the
set Ns for at least one subset S C M, where Og is the corresponding universal collection that is also an
open set. Additionally, if S is any universal collection (open or otherwise), then Ng is the corresponding

mutation-invariant and hereditary property and Oy is the open set generated by S .

We end by demonstrating how translating between closed sets and mutation-invariant and hereditary

properties can lead to new examples of both.

Remark 3.17. Let Cy be the set of all mutation classes of quivers that are mutation N-abundant, i.e. there

are N or more arrows between any pair of vertices in any quiver of the mutation class. When you note that
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the single vertex quiver is trivially mutation N-abundant for all N, we have a natural mutation-invariant

and hereditary property. The sets Cy are then closed for all N. Furthermore, it can be easily seen that
cee C3 C C2 cC 1

with Cy # Cy41. If we re-imagine Cy as a set of quivers avoiding some set S, then we quickly find that
S is the set of all rank two quivers with N — 1 or less arrows between the two vertices. The open set
Og, the set of all mutation classes that restrict to a mutation class in S, is the corresponding universal

collection.

Having produced new closed and open sets from a mutation-invariant and hereditary property, we now

go the other direction.

Remark 3.18. Let Ey be the set of all [/, ]-avoiding mutation classes, where Iy, is the quiver with no
arrows on N + 1 vertices (the isolated quiver). Then each set Ey is closed by Lemma 3.13, and we have
an infinite chain of closed subsets

EicEy,CcE;C---

with Ey # En41. The open set generated by [/y.1] is the corresponding universal collection of E.

We can then use the previous two families of closed sets to say something about the ascending and

descending chain conditions on M.

Definition 3.19. A topological space (X, 7") is Noetherian if it satisfies the descending chain condition
on closed sets: for any sequence
Ci2Cy2---

of closed sets, there exists a positive integer k such that Cy = Cyyy = -+ - .

Proposition 3.20. As E| and C| avoid the same set of quivers, there exists a bi-infinite chain of closed
sets of M:

---CcC3cCycCi=E|CcEyCcE;C---
This shows that M fails both the ascending chain condition and the descending chain condition on closed

sets. Hence, the mutation class topology is non-Noetherian.

4. SKEW-SYMMETRIZABLE MUTATION CLASS TOPOLOGY

We can extend the construction in Section 3 to the set of mutation classes of skew-symmetrizable
matrices, possibly with frozen indices. This is a larger mutation class topology that realizes our original
quiver mutation class topology as a subspace topology. In other words, the space described in this section

is a larger mutation class Alexandrov space, and many others (including M) are subspaces of this one.
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Definition 4.1. If n € Z.¢ and m € Z5p, then an (n + m) X (n + m) integer matrix B = (bij) is a skew-
symmetrizable matrix if it differs from a skew-symmetric matrix by a positive (integer) rescaling of its
rows; in other words, d;b;; = —d;bj; for some positive integers di,da, ..., dy4n. The first n indices of B

are the mutable indices, and the remaining m indices of B are the frozen indices.

The subset of skew-symmetric integral matrices within the skew-symmetrizable integral matrices cor-
responds to ice quivers Q. These are quivers with (n + m) vertices, n of which are mutable vertices with
the remaining m vertices being frozen. For convenience, we label the vertices of Q so that the mutable
vertices are labeled 1,2, ..., n, and the frozen vertices are labeled n + 1,...,n + m. There is also the
notion of a “diagram” which can be used to depict a skew-symmetrizable matrix [20, Definition 7.3].
These diagrams are essentially weighted quivers and are helpful to see how the definitions and results in
Section 3 lift naturally to the skew-symmetrizable case.

We can also define mutation on skew-symmetrizable matrices, which agrees with the definition of

quiver mutation when B is a skew-symmetric matrix.

Definition 4.2 ([19]). Let k € [n] be a mutable index of an (n + m) X (n + m) skew-symmetrizable matrix

B. Then the mutation of B at the index k is the skew-symmetrizable matrix ,uk(E) = (b; j) where

—b,'j ifi=k0rj=k

T \bij + bilbrle + [=biliby ifi,j# k
for1 <i,j < (n+m),and [a], = max(a,0). If Bisa skew-symmetrizable matrix, then the mutation-
class of B is the set [B] consisting of all skew-symmetrizable matrices which can be obtained from B by

a sequence of mutations at mutable indices and a possible relabelling of indices.

Remark 4.3. As for interpretation and connections to existing cluster algebra literature, there is a subset
of the mutation classes of skew-symmetrizable integral matrices that has been well studied. If we con-
sider the subset of our mutation classes of skew-symmetrizable (n + m) X (n + m) integral matrices [E] to
the mutation classes that contain at least one matrix of the form
[Ea%zfmlmm}

Cinxn Omxm
then these are one of the presentations of cluster patterns of geometric type [29, Proposition 3.22]. Here,
the m frozen indices are interpreted as generators in the tropical semifield Trop(u, . .., u,;), and the lower
m X n matrix of each B’ € [B] is the C-matrix at that seed. Therefore, what we are describing is a poset

structure and its induced Alexandrov topology on the space of cluster algebras of geometric type.

The next definitions are the counterparts of restriction and embedding from Section 2.

@O0 Appl. Gen. Topol. 27, no. 2 (2026), 24116 | 12


https://creativecommons.org/licenses/by-nc-sa/4.0/

A topology on the poset of quiver mutation classes

Definition 4.4. Let B be an (n + m) X (n + m) skew-symmetrizable matrix. If / is a k element subset of
the indices, then the skew-symmetrizable matrix EI with row set / and column set [ is the restriction of
Btol.

Definition 4.5. We say that a mutation class [E] embeds into a mutation class [E] and write [E] < [E]
if there exists skew-symmetrizable matrices P e [757] and é € [E] such that P = QI for some set of
indices I, possibly after a relabelling of indices. In other words, P is a restriction of Q. A property H is

mutation-invariant and hereditary if it is preserved under embedding of mutation classes.
Last but not least, we have an analogous definition for the mutation class topology.

Definition 4.6. Let M be the set of all mutation classes of (n+ m) X (n+m) skew-symmetrizable integral
matrices up to permutation of the labeling of indices. The mutation class topology on M is formed by
taking the Alexandrov topology generated by <, i.e., the closed sets of M are the sets S such that [E]leS
implies that [B] € S for all [B] < [E].

The subspace M C M of the mutation classes of quivers together with the subspace topology agrees
with the topology on M defined in Section 3. As before, the closed sets of M are in bijective corre-
spondence with mutation-invariant and hereditary properties, and this topology enjoys all of the same
properties from Section 3 as M.

There are other subspaces of M that might be of interest. For example, the “skew-symmetric” sub-
space of M is the space of ice quivers: quivers with mutable and frozen vertices. Other options for in-
teresting subspaces are any closed sets of M: the set of mutation-acyclic skew-symmetric matrices M
discussed in Section 2, the set of quivers admitting a reddening sequence Mg, the set of N-abundant
quivers, or the set of skew-symmetrizable matrices with exactly one frozen index are all subspaces of M

that can be endowed with the subspace topology.

5. OPEN PROBLEMS

We end this paper with a few possible directions for future research. The problems are stated for
M, but they could easily be extended to M; this is analogous to open conjectures in cluster algebra
theory which are often first proven for the skew-symmetric case, and then more generally for the skew-

symmetrizable case or extended skew-symmetrizable case.

Problem 5.1. If possible, describe mutation-acyclicity as an intersection of a collection of distinct

mutation-invariant and hereditary properties (which are not themselves mutation-acyclicity).
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There is a corresponding definition of acyclic for skew-symmetrizable matrices [4] so that we can ex-
tend this problem to M. If mutation-acyclicity can be decomposed into an intersection of other mutation-
invariant and hereditary properties, it may allow for a combinatorial proof that mutation-acyclicity is a
hereditary property.

There is also research that can be done involving the closure operator.

Problem 5.2. If A is the (non-open) set of all mutation classes with a certain mutation-invariant property
(not necessarily hereditary), what mutation-invariant and hereditary property corresponds to A? Can

we describe A in terms of the original mutation-invariant property?

Problem 5.3. There are two sets of mutation classes of quivers, Banff and Louise, which are important
sets with connections to the study of cluster algebras [24, 26]. It is also known that every Louise quiver
is Banff and neither of these properties are hereditary. What is the closure of Louise? of Banff? Are the

closures of Louise and Banff distinct closed sets?

This gives a new technique to deal with OPAC-033 [8, 14] which is concerned with the relationship
between Banff and Louise quivers. If we understood the closure of these two sets of mutation classes in
our topology, we might be able to speak to the equality of the Banff and Louise mutation classes.

We also know that every Banft quiver admits a reddening sequence [7] and that the cluster algebras
corresponding to Banff quivers have their upper cluster algebra equal to the cluster algebra (A = U)
[26]. If the closure of the Banff quivers is Mg, does that imply that every quiver that admits a reddening
sequence has A = U? This could provide an avenue to tackle the conjectured relation between reddening

sequences and A = U [25, Conjecture 2].

Problem 5.4. What is a nice subset whose closure is a given mutation-invariant and hereditary property?
For example, what is a set whose closure produces all quivers with a reddening sequence and has a

minimal number of quivers of any given rank? All mutation-acyclic quivers?

These nice subsets (if they exist) would also shed light on the combinatorics of reddening sequences
and mutation-acyclicity; this is similar to a question of Bucher and Machacek [7, Question 3.7]. For
example, suppose a nice subset of quivers whose closure is M is a proper subset of M. In that case,
we could direct our study of the combinatorics of mutation-acyclicity to a more focused set of quivers.
Similarly, if a generating set for Mg is a proper subset of Mg, we can look to this subset for possible
insights into the nature of reddening sequences.

We think it is compelling that so many outstanding questions in cluster algebras can be translated
into questions about the mutation class topology. It is also worth repeating that the closed sets we have

focused on throughout the paper are down sets in a poset. Therefore it is likely that experts on posets,
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order ideals, and filter ideals would have something meaningful to add to our construction, and we look

forward to seeing those additions and extensions to the theory of this paper.
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