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ABSTRACT

In this paper, we identify some gaps in the proofs of certain recent results obtained by
some authors in relational metric spaces. We also provide corrected versions of these
proofs, thereby improving the accuracy and reliability of the corresponding results.
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1. INTRODUCTION

In 2008, Suzuki [18] proved an interesting refinement of the well-known and celebrated Banach fixed

point theorem.
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Theorem 1.1. Consider a non-decreasing mapping ¥ : [0,1) — (1/2, 1] defined by

1, ifo<s<(V5-1)/2,
B(s) = (1 - s)s72, if(V5-1)/2<s<271/2,
A+t if22<s<1.

If T is a self-mapping on a complete metric space (X, d) satisfying
Hs)d (w, T(w)) <dw,v) = dT(x),T{)) < sdw,v), (1.1
for some s € [0,1) and all w,v € X then T has a unique fixed point.

The significance of the above result lies in the fact that the contraction condition need not hold for
every pair of elements in the space but only for specific pairs. This refinement has been widely studied,
extended, and generalized by several mathematicians in various directions, see [5, 7, 8, 9, 11, 12].

In 2015, Alam and Imdad [1] introduced the notion of relation-theoretic metric spaces and presented
relational analogs of classical concepts such as contraction, completeness, and continuity. These analogs
reduce to their standard counterparts under the universal relation. Moreover, they established a refine-
ment of the Banach contraction principle (BCP) within the relation-theoretic framework, which is equiv-
alent to the classical BCP under the universal relation. Their work inspired subsequent investigations,
including those by Antal [3], Arif [4], Hossain [5], Sawangsup and Kumam [15], Senapati and Dey [16],
and Shil and Dey [17].

In [13], Prasad et al. established a relation-theoretic analog of Theorem 1.1 by employing the T-
transitivity assumption on the relation. Subsequently, Arif and Imdad [4] and Hossain et al. [5] presented
further results concerning Suzuki-type contractive mappings in relational metric spaces. These contri-
butions not only generalize the results of Alam and Imdad [1] but also expand the scope of Suzuki-type
fixed point theorems to metric spaces equipped with a binary relation.

In this paper, we identify certain gaps that appear in the proofs of some results presented in [4, 5,
13], and provide corrected and improved versions of these proofs. We show that the assumption of 7-
transitivity is redundant from the main results of Prasad et al. [13]. Moreover, we present some examples

in support of our claims.

2. PRELIMINARIES

In this paper, R denotes a non-empty binary relation, N represents the set of natural numbers, and R

denotes the set of all real numbers. We adopt the following definitions and results from [1, 2, 6, 13].
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Definition 2.1. Let X be a non-empty set and R be a binary relation on X.

(ar) If (w,v) € Ror (v,w) € R, we say elements w, v are R-comparable and [w, v] € R.

(a2) We denote R™! = {(w,v) e X x X : (v,w) € R).

(a3) R* = RUR"! represents the smallest symmetric relation on X containing R.

(ag) If (wy, Wpt1) € Rfor n € N then {w,} is a R-preserving sequence (R-PS, in short) in X.

(as) A metric space (X, d) is called R-complete if every R-preserving Cauchy sequence converges in
X.

(ag) (X,d,R) is called regular if for every R-PS {w,} C X such that w,, — w, we have (w,, w) € R for
neN.

(a7) (X,d,R) has the R-sequential limit property (R-SLP, in short) if, for any two R-PSs {w,}, {v,} € X
such that w, i w, Uy i v, and (w,, v,) € R, n € N, we have (w,v) € R.

(ag) A path of length k € N from w to v in R is a finite sequence {zo, z1,...,zx} C X satisfying: (i)
z0 = w and zx = v, and (ii) (z;,z+1) € Rforalli € {0, 1,2,...,k— 1}.

(ag) The family of all paths from w to v in R is denoted by y(w, v, R), and the set of points w € X
satisfying (w, T (w)) € R is denoted by X(T, R).

(ay) If (w,v), (v,2) € Rimply (w, z) € R then R is called a transitive relation.

Definition 2.2. Let T be a self-mapping on a metric space (X, d) equipped with a binary relation R. Then,

(b1) Ris T-transitive if, for any w, v, z € X such that (T (w), T'(2)), (T'(z), T(v)) € Rimply (T (w), T (v)) €
R.

(by) Ris T-closed if (w, v) € R implies (T (w), T (v)) € R.

(b3) T is R-continuous at w € X if for any R-PS {w,} such that w, i) w, the sequence {T (wy,)}
converges to T'(w). If T is R-continuous at every point of X, it is called R-continuous.

(bg) R? is T-closed, provided R is T-closed.

(bs) Ris T"-closed for n € N U {0}, provided R is T-closed, where 7" denotes the n™ iterate of 7.

Wardowski [19] introduced the notions of ¥ -class and F-contraction as described below:

Definition 2.3. A self-mapping 7" on a metric space (X, d) is said to be F-contraction if 3 7 > 0 such that
for all x,y € X,

dTx,Ty)>0 = v+ F(d(Tx,Ty)) < F(d(x,y)),
where F : R — R satisfies the following conditions:

(F1) F is strictly decreasing,

(F») For any sequence {w,} C R*, lim w, = 0if and only if lim F(w,) = —co,
n—oo n—oo
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(F3) There exists a constant k € (0, 1) such that lirg Ww*F(w) = 0.
w—0*

We denote by ¥, the set of all mappings F satisfies the conditions (F1)-(F3) and let ® = {p :
(0, 00) —> (0, 00) | liminf ¢(s) > 0 for all ¢ > 0}.
s—ott

Definition 2.4 ([10]). Let X # @ and P : X X X — [0, o) be a mapping satisfying the following for
w,v,7€ X,

1) Plw,w) =P(w,v) =P,v) iff w = v,

2) Plw,w) <P(w,v),

3) Plw,v) =P, w),

@) Plw,v) < Pw,z) +P(z,v) - P(z,2),

then % is called a partial metric on X.

3. RESULTS AND DISCUSSIONS

Prasad et al. [13] presented the following result:

Theorem 3.1. Let T be a self-mapping on a metric space (X, d) equipped with a binary relation R. If
there exists s € [0, 1) such that

I($)d(w, T(w)) < dw,v) = d(T(w), T(v)) < sd(w,v), 3.1

holds for all w,v € X with (w,v) € R, where 9(s) is defined in Theorem 1.1. Assume that the following
hold:

(a) X(T,R) + @,

(b) (X,d) is R-complete,

(¢) Ris T-closed and T-transitive,

(d) (X,d,R) is regular and has R-SLP..

Then T has a fixed point. Further, if T(X) is RS -connected then T has a unique fixed point in X.

In [13, Theorem 3.1], we observe the following issues:

(1) The assumption that R is T-transitive is redundant in Theorem 3.1.

(2) On page 1351, lines 13—15, the authors showed that {x,} is a R-PS in X and that (x,+1, 7(2)) € R.
Then, by taking the limit as n — oo and using the R-SLP, they concluded that (z, T(z)) € R.
However, this conclusion is unclear without first establishing that {T'(z)} is a R-PS in X, that is,
(T(2), T(2)) € R
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(3) On page 1353, lines 17-20, the authors derived the following inequality:
d(T™(x0), T/ (2)) < sd(T"(x0), T/(z)) forall jn>v, (3.2)

and then, by replacing j with n, xo with z;, and z with z;;1, they obtained
d(T™ (), T (zi41)) < sd(T"(z;), T"(ziy1)) forall n > v. 3.3)

However, in [13], the inequality (3.2) is obtained from the contraction condition (3.1), which
requires that 9(s)d(T"(xo), T (x0)) < d(T"(xp), T/(z)) holds for n € N. Without verifying that
I(s)d(T™(z;), T (z;) < d(T"(z;), T"(zi+1)) for n € N, we cannot apply (3.2) to derive (3.3).

To rectify these issues, we will first restate Theorem 3.1 and then present a corrected proof of it.

Theorem 3.2. Suppose all the hypotheses of Theorem 3.1 hold except that R is necessarily T-transitive.
Then T has a unique fixed point in X.

Proof. Let u € X be an arbitrary element such that (u, T(«#)) € R. Then from (3.1), it follows
d(T (), T*(w)) < sd(u, T(w)) for (u, T(u)) € R. (3.4)
As X(T;R) + @, we take wgy € X(T,R) and construct a sequence of iterates {w,} € X such that
wp =T wy) fornmeN,

Since (wo, T(wp)) € R, by T-closedness of R, we have (T"~!(wo), T"(wo)) = (W1, w,) € R for n € N.
It follows that {w,} is a R-PS and from (3.4), we have

d(wy, Wyt1) < sd(wy—1,w,) foralln e N
and consequently,
d(wy, wps1) < 5"d(wo, wy) for all n € N.

Therefore, for each n, k € N,

d(Wy, W) < AWy, Wys1) + A(Wps1, Wpe2) + -+ + d(Wpk-1, Wntk)

S(s"+---+s d(wg, w1)

n

n+k—1)

N
<

I d(wo, w),
- S

which implies that {w,} is a Cauchy sequence in X. By the R-completeness of X, there exists a point
d d
z € X such that w,, — z. Since {w,} and {w,+1} are R-PSs in X such that (w,, w,+1) € R, w, — z and
d
wp+1 — 7z then R-SLP implies (z,z) € R and by T-closedness, we have (7"(z), T"(z)) € R for n € N.
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Thus, for fix n = j, {T/(z)} is also R-PS. Since (X, d, R) is regular and {w,} is R-PS, we have (w,,z) € R
for n € N and by T-closedness,

(wnt T/(2)) €R  for n, jeN. (3.5)

Now, we have {w, ;} and {T/(z)}, two R-PSs in X such that (Wn+ s Ti(2) € R, w, — zand T/(z) — T(z).
Applying R-SLP, we get (z, T/(z)) € R for j € N,

Next, we show that
d(z, T (2)) < s/d(z, T(z)) for j e N. (3.6)

Since w,, — z, so for each v € X — {7} there exists v,, € N such that d(w,, z) < d(v,z)/3, for n € N with

n>v,, and
H(s)d(wp, T(wn)) < d(wn, T(wn)) < d(wn,2) + d(Wp11,2) < %d(v, 2)
<d(v,z) — d(wy, 2) < d(wy, V). (3.7)
Take n := n+ jand v := T/(z) in (3.7), we get
H$)d(Wns j, T(Wns ) < AW j, TV (2)).
In view of (3.5) and from (3.1), we have
d(T(Wn+)), T (2)) < sd(wy+, T/ (2)) for jeN.

Making n — oo, we get
d(z, T\ (2)) < 5d(z, T/(z)) for j € N. (3.8)

Thus, inequality (3.6) holds for all j € N, and the sequence {7T"(z)} converges to z.
We will now prove that z is a fixed point of 7. Let z # T(z). Then it follows from (3.8) that Ti(z) # z
for j € Nand s # 0. By the induction method, we first show that

d(T"(2), T(2)) < 5d(z,T(2))

holds for n € N with n > 2. For n = 2, it is straightforward to see from (3.4). We assume that
d(T"(2), T(z)) < sd(z, T(z)) holds for some n € N with n > 2. Then by the triangle inequality,

d(z,T(z)) <d(z,T"(2)) + d(T"(2), T(2)) < d(z, T"(2)) + 5d(z, T(z))

implies

A T() < %_Sd(z, ().
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— S
S2

1
We consider two cases: In the first case, let 0 < s < @ Then d(s) < and in view of (3.4), we

have
H)d(T"(2), T" (2)) < %d(T"(z), " (2) < %d(T"(z), T"(2)) < (1 - $)d(z, T(2))

<d(z, T"(2)).

1 1
In second case, let — < s < 1. Then J(s) =
V2 1

- and by triangle inequality and the assumption, we
s

have

IDAT" (), T (2)) < B(s) [d(T"(2).2) + dz T )| < D(s)(1 + $)d(z T"(2))
=d(z, T"(2)).

We get, in both cases, ¥(s)d(T"(z), T"1(2)) < d(z, T"(2)) for n € N, so by (3.1), we have
d(T(2), T"(2)) < 5d(z, T"(2)) < -+~ < s"d(z, T(2)).

Making n — oo, we get d(z, T(z)) = 0, hence T(z) = z.

To prove the uniqueness of the fixed point, assume that v is another fixed point of 7', thatis, T (v) = v
and z # v. Since z, v € T(X) and T'(X) is RS -connected by assumption, there exists a path {zo, 21,22, . . . , 2k}
of finite length k in R such that zp = z, zx = v, and [z;,z;i+11 € R, i = 0, 1,2, ..., k—1. By the T-closedness
property, we get

[T"(z;), T"(zis1)] € R fori=0,1,2,...,k—1, andn € N.

Next, we prove that T"(z;) — z fori = 0,1,...,k. Clearly, fori = 0, T"(z0) = z — z. Since
H)d(T™(z0), T" (z0) = 0 < d(T"(20), T"+'(z1)) holds for n € N, from (3.1) we have

d(T™(20), T (21) < sd(T™(20), T"(z1) < -+ < s"d(20,21).

Making n — oo, we get d(T"(z0), T"(z1)) — 0, hence T"(z;) — zfori = 1.

Assume that T"(z;) — z for some i = £ < k. If TN(z¢+1) = z for some positive integer N then
T"(z¢+1) = z for all n > N implies T"(z,+1) — z. So, we may assume T"(z,41) # z for all n € N. Since
T"(z¢) — zand T"(z¢+1) # z for n € N, thus in light of (3.7), for every T"(z¢+1) # z there exists v, € N
such that

AT z0), T™ (20)) < d(T"(z¢), T"(z¢41)) for n = v,

and by (3.1), we have

d(T" (20, T" zee1)) < sd(T"(20), T" 2e+1)) for n > vy,
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which follows that
d(T"  (ze), T" N (ze41)) < 5"d(z¢, 2+1) for n > v = max{vy, va, ..., v,

Making n — oo, we get d(T"(z¢), T"(z¢+1)) — 0, that is, T"(z;) — z for i = ¢ + 1. Hence by induction
method, 7"(z;) — zfori = 3,4,...,k. But T"(zx) = v — v, so by the uniqueness of the limit, we have

vU=2Z m}

The following example demonstrates that T-transitivity is not a necessary assumption for the existence

of fixed points for mappings satisfying condition (3.1).

Example 3.3. Let X = {(0,0), (4,5),(5,4),(4,0),(0,4)} be endowed with the metric d defined by
d(w1, w2), (U1, 12)) = w1 —vi] + |wz — V2.

Define a mapping 7' : X — X by

(w1,0), ifw) <ws,
T(wy,wy) = {

0,w2), ifw>wy,
and a relation R as

R =1{((0,0),(0,0)), ((4,5),(5,4)), ((4,0),(0,4)), ((5,4),(0,4)), ((0,4),(0,0))}.
Then T and R satisfy all the assumptions of Theorem 3.2, and T has a unique fixed point at (0, 0).

Proof. Since ((0,0),(0,0)) € R, it follows that X(T,R) # @. Consider w = (4,5), v = (5,4), and
z = (0,0). We have (T(w), T(v)),(T(v),T(z)) € R but (T(w),T(z)) ¢ R, showing that R is not T-
transitive. For (w,v) = ((4,5),(5,4)) € R,

H(s)d((4,5),T(4,5)) > d((4,5),(5,4)),
and for (w, v) € R with (w, v) # ((4,5),(5,4)), we have
d(T(w), T(v)) < gd(w, v).

Thus, T satisfies condition (3.1) relative to R. Moreover, one can easily verify that (X, T, R) is regular
and has the R-SLP. Hence, all the assumptions of Theorem 3.2 are satisfied, and T has a unique fixed
point at (0, 0). m|

In the following result, we replace the assumptions that (X, d, R) is regular and has the R-SLP with a

weaker form of continuity.
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Theorem 3.4. Theorem 3.2 remains valid if the assumptions that (X, d, R) is regular and has the R-SLP

are replaced with the assumption that T is R-continuous.

Proof. Following the proof of Theorem 3.1, we show that for each w € X(T, R), the sequence of iterates
d

{T™(w)} is R-PS and T"(w) 4 z € X. Since T is R-continuous, it follows that 7"*!(w) — T(z), and by

the uniqueness of limits, we obtain 7'(z) = z. Thus, z is a fixed point of T. The uniqueness of z follows

directly from the arguments in Theorem 3.2. m|

In the following example, we illustrate the assumption that (X, d, R) is regular, which is not essential

to ensure fixed points for mappings satisfying condition (3.1).

Example 3.5. Assume that X = {0, 1,2, 3,4,5,6,7} with the usual metric d. Define a binary relation R
and a self-mapping 7 on X by
0, fw=35,
R =1{(5,0),(0,1),(1,1),(5,7),(0,2),(7,5),(2,0)} and T(w) =12, ifw=7
1, otherwise .
Then all the assumptions of Theorem 3.4 hold and T has a unique fixed point at w = 1.
Proof. We observe that X(T,R) = {5,0,1} # @. It is easy to verify that R is T-closed and T is R-
continuous. For (w,v) = (5,7) or (7,5) € R, we have
HNs)d(5,T5) = 9(s)d(5,0) = 59(s) > 2 =d(5,7),
and
Hs)d(T,TT) = Hs)d(7,2) = 59(s) > 2 =d(5,7).
Also, for (w,v) € R\ {(5,7),(7,5)}, we have
d(T(w), T(v)) < %d(w, v).

Thus, T satisfies condition (3.1). By Theorem 3.4, the mapping T has a unique fixed point at w = 1.
Moreover, {5,0, 1} is a R-PS such that {5,0, 1} i 1 but (5,1) ¢ R. It follows that (X, T, R) is not a
regular. Also, forw =7, v =5, and z = 0 in X, we have (T'(w), T(v)), (T(v), T(2)) € Rbut (T(w), T(2)) ¢

R implies R is not T-transitive. O

Remark 3.6. We observe that in Examples 3.3 and 3.5, the relation R fails to be T-transitive. Conse-

quently, Theorems 3.1 and 3.3 of Prasad et al. [13] are not applicable in these cases.

In [4], the authors established the following existence result (see [4, Theorem 4.1]) in relational metric

spaces.

@O0 Appl. Gen. Topol. 26, no. 2 (2025) | 889


https://creativecommons.org/licenses/by-nc-sa/4.0/

R. Pant and D. Khantwal

Theorem 3.7. Let T be a self-mapping on a metric space (X, d) equipped with a binary relation R. If
there exist ¢ € ® and F € ¥ such that

%d(w, T(w)) <dw,v) = ¢(dw,v))+ Fd(T(w), Tw))) < F(d(w,v)) (e)

holds for all w,v € X with (w,v) € R, then T has a fixed point under the following conditions:
() X(T,R) + @;
(i) Ris T-closed;
(iii) (X, d) is R-complete;

(iv) either T is R-continuous or R is d-self closed.

In the proof of Theorem 3.7, the authors of [4] did not apply the contraction condition (e) properly; see
[4, page 3160, line 18]. They established that %d(u, uy,) < d(u,up,) to employ condition (e) on the pair
(u, uy,). However, condition (e) is applicable only for those pairs (w, v) for which either %d(a), T(w)) <
d(w,v) or %d(v, T(v)) < d(w,v) holds. Therefore, to apply condition (e) to the pair (u, u,, ), we must
show that either %d(unk, T(up,)) < d(u, up,) or %d(u, T(w)) < d(u, uy,). To rectify this, we now present a

corrected proof of Theorem 3.7.

Proof. Take ug € X(T,R) such that u; = T'(up) and define a sequence {u,} in X by u,, = T"uq for each
n € N. Following the proof of Theorem 4.1 in [4], {«,} is R-PS and converges to a point u € X.

Suppose T is R-continuous. Then u,.; = T(u,) i T(u). By the uniqueness of the limit, 7 («) = u,
meaning u is a fixed point of 7.

Alternatively, assume that R is d-self-closed. Then there exists a subsequence {uy, } of {u,} such that
[up,, u] € R for all k € NU{0}. Since condition (e) implies that d(T(w), T (v)) < d(w, v) whenever w # v,

we assert that either

1 1
Ed(unk,unk+1)<d(unk,u) or Ed(unk+1>unk+2)<d(unk+1,u)

holds for each k € N U {0}.
Assume, on the contrary, that for some &,
1
2
Then, by the triangle inequality,

1

d(unk, Mnk+1) > d(unk, M) and 2

d(unk+17 Mnk+2) 2 d(unk+1a l/l)

AUy, Upr1) < d(uyy, u) + d(u, Uy, 1)
1 1
< Ed(unk’ unk+1) + Ed(unk+1’ unk+2)

1 1
< Ed(unk’ unk+1) + Ed(unka Mnk+]) = d(unk, unk+1)’
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which is a contradiction. Hence, by a standard argument, there exists a subsequence {nkj} of {ny} such

that

1

Ed(unkj s ”nkj+1) < d(unkj s l/t)

and applying condition (e), we get
FA(T (ty, ), T())) < F(d(atn ,0)) = 9ty 1) < F (it , 0)).
In view of property (F), we conclude that
d(unkj+1 ,T(u) < d(unkj, u) forall jeN.
Letting j — oo, we deduce that d(u, T'(u)) = 0, and hence 7'(u) = u. Thus, u is a fixed point of 7. m]

To demonstrate the uniqueness of the fixed point, the authors of [4] stated the following result.

Theorem 3.8. If T(X) is RS -connected and all the assumptions of Theorem 3.7 hold, then T has a unique
fixed point.

A similar kind of mathematical oversight has been observed in [4, page 3161, line 9]. They showed that
%d(T”(f,-), T"(&iv1)) < d(T™(&), T"(ix1)) to apply condition (e) to the pair (T"(&;), T"(&i+1)). However,
we must instead show that either %d(T”(&), T (&) < d(T™(&), T"(€i41)) or %d(T"(f,-H), T (&) <
d(T"(&;), T"(&i+1)). We now present a corrected proof of Theorem 3.8.

Proof. Suppose u and v are two fixed points of T, i.e., T(u) = u, T(v) = v, and u # v. Since T(X) is
R-connected, there exists a finite sequence {&y, &1, . .., &) with & = u, & = v, and [&;, &;4+1] € R for all
i=0,1,...,k— 1. By the T-closedness of R, we have

[T"(&), T"(&ir1)] €R forall neN, i=0,1,...,k—1.

We will show that T"(¢;) — u foreachi = 0,1,...,k. Clearly, T"(&) = u for all n, hence T"(&y) — u.
Assume by induction that 7"(¢,) — u for some £ < k. We aim to show T"(&p+1) — u. Suppose

T"(&,41) # u for all n. Then, there exists v, € N such that for all n > v,
%d(T"(ff), T (&) < d(T" (&), T" ()
Applying condition (e), we get
F(T"™" (&), T"™ (41))) < FA(T™E), T" (1)) — @(d(T"(€0), T" (€c41)))- (3.9)
Set A, := d(T"(&), T"(41)). Then (3.9) becomes

F(An1) < F(An) = o(An). (3.10)
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Define
@(AY) 1= min{@(A,), @(Ap-1); - - ., 9(Ao)).
Then from (3.10), it follows
F(Ay) < F(Ao) = ng(A)).
Since {A,} is decreasing and bounded below, there exists A > 0 such that lim,,.oc A, = A. If A > 0,
then liminf, . ¢(AL) > 0, implying F(A,) — —oco as n — oo, a contradiction. Therefore, A = 0, hence
T"(ép41) — u. By induction, T7"(&;) — uforeachi = 0,1,...,k. But T"(&) = v for all n, so v = u by

uniqueness of the limit. Thus, the fixed point is unique. O

In 2022, Hossain et al. established the following results in [5].

Theorem 3.9. Let (X,P) be a partial metric space endowed with a binary relation R. Then a self-
mapping T on X has a fixed point under the following hypothesis:

1) X(T,R) + @,

(2) Ris T-closed;

3) X, P) is R-complete;

(4) there exists ¢ € © such that for all w,v € X with (w,v) € R,

%7)(0), T(w)) £ Plw,v) = PT(w), T)) < ¢(m(w,v)), (d)

P(w, T(w)) + P, T(v)) }

where m(,v) = max { P(w. v). Pw. T)). Pw. Tw). :

(5) either T is R-continuous or R is P-self-closed.
To prove the uniqueness of fixed points, the authors in [5] presented the following result.

Theorem 3.10. If all the assertions of Theorem 3.9 hold together with the following one:
(©6) y(w,v,R%) # 2,

then fixed point of T is unique.

In the proof of Theorem 3.10 (see [5, page 7, lines 18-22]), the authors stated that “the sequence
{T" (&)} is R-preserving,” which is not the case. To claim this, it is necessary to demonstrate that
(T"(&), T" (&) € R for all n € N. Secondly, they showed that

SPE), TED < PE), T ),
instead of showing
SR, T @) < P, T Enr)
in order to apply the contractive condition (d) to the pair (7"(&;), T"(&i+1)), which is not correct.
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At this stage, we are not certain whether assumption (6) alone is sufficient to guarantee the uniqueness
of fixed points for mappings satisfying condition (d). However, by imposing an additional assumption

on R, we ensure the uniqueness of the fixed point.

Theorem 3.11. In addition to all the hypotheses of Theorem 3.9, suppose further that:
(7) y(w,,RS) is nonempty and R is T-transitive,

then T has a unique fixed point.

Proof. Let u and v be two distinct fixed points of 7, that is, T(u) = u, T(v) = v, and u # v. Since
v(u, v, RS) is nonempty, there exists a finite path {&, &1, &2, ..., &} of finite length k such that & = u,
& =v,and [€;,&i+1] € Rforeachi=0,1,...,k— 1. By the T-closedness property, we have

[T"(&), T"(&+1)] € R foralli=0,1,...,k—1andn € N.
Since R is T-transitive, it follows that (1, v) € R. Then, by applying condition (d), we get
d(u,v) =d(T(w), T(v)) < d(u,v),

a contradiction unless # = v. Thus, T has a unique fixed point. O

4. CONCLUSION

In this paper, we have addressed and corrected some oversights/gaps present in the papers [4, 13, 5].
Theorem 3.2 shows that the assumption of T-transitivity is not necessarily for the existence of fixed
points for a mapping satisfying condition (1.1). Furthermore, relation-theoretic contractive mappings do
not force mapping to be continuous at their fixed point, thereby providing an affirmative answer to an
open question of Rhodes [14] regarding the existence of contractive mapping that do not force a mapping

to be continuous at its fixed point.
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