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Keywords: Standard techniques such as leave-one-out cross-validation (LOOCV) might not be suitable for
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such cases, the correlation between the training and test sets could have a notable impact on
the model’s prediction error. To overcome this issue, an automatic group construction procedure
for leave-group-out cross validation (LGOCV) has recently emerged as a valuable tool for
enhancing predictive performance measurement in structured models. The purpose of this paper
is (i) to compare LOOCV and LGOCV within structured models, emphasizing model selection
and predictive performance, and (ii) to provide real data applications in spatial statistics
using complex structured models fitted with INLA, showcasing the utility of the automatic
LGOCV method. First, we briefly review the key aspects of the recently proposed LGOCV
method for automatic group construction in latent Gaussian models. We also demonstrate the
effectiveness of this method for selecting the model with the highest predictive performance
by simulating extrapolation tasks in both temporal and spatial data analyses. Finally, we
provide insights into the effectiveness of the LGOCV method in modeling complex structured
data, encompassing spatio-temporal multivariate count data, spatial compositional data, and
spatio-temporal geospatial data.

1. Introduction

Cross-validation is a general approach used to evaluate the predictive performance of a statistical model in the absence of new
data, and it is commonly used to compute score rules for model comparison or selection. The fundamental concept underlying
cross-validation is to split the observed data into a training set (the sample data used for estimating the model’s parameters) and a
testing set (the set of data points used to compute prediction errors based on the trained model) multiple times and use the combined
prediction error to estimate the predictive accuracy of a model (Gelman et al., 1995; Hastie et al., 2009).
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The k-fold cross-validation (KCV) is a widely used variant of cross-validation, where data is first randomly partitioned into k
equally (or nearly equally) sized mutually exclusive groups or folds, so that one fold is used to test the performance of the model
fitted on the remaining k — 1 folds. The procedure is repeated k times, with each repetition employing a distinct subset of the
observed data as the validation set. However, a poorly chosen value for k may lead to a misrepresentative idea of the predictive
performance of the model. For instance, it could result in a score with a high variance if the data used to fit the model give rise
to highly variable test error measures. Alternatively, it could lead to a high bias, such as an overestimate of the performance of
the model. Although no formal rule exists, a value of k equal to 5 or 10 is widely prevalent in the fields of statistics and applied
machine learning as a trade-off between computational burden and bias reduction of the predictive error (Hastie et al., 2009; Kuhn
et al., 2013).

Leave-one-out cross-validation (LOOCV) represents limiting case of KCV, wherein individual observations are systematically
excluded, one at a time, to test the model’s performance trained on the remaining data. That is, the data is divided into k = n
folds (where n is the size of the observed data) so that each data point is sequentially used as a testing set. The main advantages of
LOOCYV are that (i) the size of the training set closely approximates the full data set and, (ii) it provides an approximately unbiased
estimate for the predictive error. While the exact computation of LOOCV is a “simple” and straightforward strategy, as we only need
to fit models on all possible training sets and compute the utility function on the corresponding testing set, this method can become
practically unfeasible due to the prohibitive computational cost of fitting the model as many times as the number of observations in
the data. For this reason, several methods have been proposed to efficiently compute fast approximations of LOOCV. See, e.g. Biirkner
et al. (2021), Held et al. (2010), Liu and Rue (2022) and references therein.

Standard cross-validation techniques like KCV and LOOCV operate under the assumption that data is sampled independently from
a joint distribution, so that it can be freely split into training sets that represent the observed data and testing sets that represent
the unobserved data (Arlot and Celisse, 2010). However, it is well-known that these techniques might not be suitable to measure
the predictive performance of a model for correlated data, where commonly hierarchical models with structured random effects
are considered to capture the temporal, spatial and/or hierarchical clustering dependence structures within the data (Roberts et al.,
2017; Rabinowicz and Rosset, 2022). In such situations, the correlation existing between the training and testing sets can have
a notable impact on the model’s prediction error, and consequently affect the decision-making process for model selection, since
standard cross-validation techniques are generally over-optimistic about the predictive performance of structured models.

A common approach for enhancing independence in cross-validation techniques is to adapt LOOCV to structured models by
adjusting the training sets for each testing set, a process frequently determined by the specific demands of prediction task. For
example, in the context of time series data (or other intrinsically ordered data) the prediction task could encompass various objectives
such as interpolating a missing value in the observed data, predicting the response in an independent replicate of the observed
time series, or forecasting the response in future time points. For the first case, using LOOCV could be a suitable strategy because
assessing the model’s predictive performance by removing a single data point replicates the interpolation task effectively. However,
a different cross-validation scheme should be used to evaluate the model’s ability when a time series model is used for forecasting
purposes (extrapolation task). A detailed comparison of different cross-validation approaches for time series forecasting is described
in Bergmeir and Benitez (2012).

Therefore, when handling structured models, it is essential to adapt the cross-validation design to ensure the calculation of
dependable scoring rules for model comparison or selection. In practice, many real data analyses demand the use of complex models
with multiple correlation structures such as random effects at different aggregation levels, making it very difficult to determine the
optimal design and adapting it to each of the testing points. These problems are exacerbated when dealing with complex structures
on large data sets. To address both issues concurrently, Liu and Rue (2022) introduced an automatic group construction procedure
for leave-group-out cross-validation (LGOCV) to estimate the predictive performance of structured models by deriving an efficient
and accurate approximation of LGOCV for latent Gaussian models within the INLA framework (Rue et al., 2009; Van Niekerk et al.,
2023).

The aim of the current paper is two-fold: (i) to compare the behavior of predictive measures based on leave-one-out and leave-
group-out cross-validation techniques within temporally or spatially structured models, and (ii) to provide real data applications of
complex structured models fitted with INLA in the context of spatial statistics, while demonstrating the use of the automatic LGOCV
method. In addition, we conduct a simulation study to evaluate the performance of the automatic group construction method for
model comparison (see Supplementary Material).

The rest of the paper is structured as follows. Section 2 briefly describes the most relevant aspects of the LGOCV method for
latent Gaussian models. In Section 3, we compare the extrapolation performance of several structured models using both temporal
and spatial data. Our objective is to emphasize disparities between model selection driven by conventional criteria for Bayesian
model comparison and predictive performance measures based on LOOCV and the recently proposed automatic LGOCV method.
We also validate the models’ predictive performance by imitating real extrapolation tasks. Section 4 presents three different real
data applications in the field of spatial statistics. Specifically, a joint modeling of pancreatic cancer mortality and incidence data in
England using spatio-temporal multivariate disease mapping models (Section 4.1), the estimation of the membership proportions to
the different genetic clusters of Arabidopsis thaliana on the Iberian Peninsula using a Logistic Normal Dirichlet Model for spatial
compositional data (Section 4.2), and modeling of wind speed data in the United Kingdom using spatio-temporal models for
continuous domains with non-separable covariance structures (Section 4.3). Finally, Section 5 ends with some conclusions. The
data and R code to reproduce the examples, simulation studies, and real data analysis presented in this paper are available at
https://github.com/spatialstatisticsupna/INLA_groupCV.
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2. Leave-group-out cross-validation for latent Gaussian models

LGOCYV takes each data point, represented by y;, as a testing set, and creates an index set ; specific to each point based on the
prediction task. Using all observed data except the data indexed by I;, denoted by y_;, it computes the posterior predictive density
=(Y;ly_;,) and validates the prediction using the observed data point y; and scoring rules. However, when the model structure is
complex or the prediction task is unclear, constructing I; can be challenging. To overcome this, we can automatically construct I; by
selecting the most informative data points to predict y;. This automatic construction is motivated by the fact that most extrapolation
tasks have less information available from the data used for prediction. While constructing I; automatically can be challenging in
general model settings, it becomes straightforward when the model is represented as a latent Gaussian model. Furthermore, using
a latent Gaussian model allows for fast and accurate approximation of posterior densities when excluding partial data.

A latent Gaussian model is composed of three layers that can be formulated by

yiln;, 0 ~ n(y;|n;, 0),
n=Af,
f10 ~ N(O, P£(0)),
0 ~ 7(0).

The observed data y is modeled conditionally independent given the hyperparameter 6 and its corresponding linear predictor #;
using the likelihood function z(y;|#;, €). The linear predictor 7 is a linear combination of model effects f, which has a multivariate
Gaussian prior with a zero mean and a precision matrix P ;(6) that depends on 6. We assign a prior distribution to 0. Using INLA
method, we can have a Gaussian approximation of the posterior density z(f]6, y_ 1) The automatic groups are constructed using
the correlation matrix of f, which can be derived from either the prior density or the approximated posterior density at the mode
of hyperparameter configuration. See Liu and Rue (2022) for further details.

We illustrate how to construct I; using a simple example. Suppose we have correlation coefficients C;, which contain the
correlation of the linear predictor #; with all 1 for j =1,....n. If C; = {1,1,0.9,0.9,0.8,0.8,-0.1,-0.1,0,0}, we define L, as the
sorted unique absolute values of C;, giving us L; = {1.0,0.9,0.8,0.1,0.0}. We then include the most correlated data points based on
the m largest correlation levels in ;. For example, if we choose m = 3, then I; = {1,2,3,4,5,6}. We refer to the parameter m as the
number of level sets, which is determined by the degree of extrapolation implied by LGOCV. When the information about the degree
of extrapolation is missing, an empirical suggestion is to use m = 3, or we could compute a sequence of m values to determine the
predictive performance.

The automatic group construction procedure for LGOCV is implemented in the R-INLA package through the inla.group.cv ()
function, whose input argument is a previously fitted inla model. The output of this function contains: (i) the automatically
constructed groups I; by selecting the most informative data points to predict y; based on posterior correlations between the linear
predictors (which can be used as an input parameter to compute predictive measures for other models), and (ii) the cross-validated
predictive density #(¥; = y,|y_;,) and additional statistics to compute E[Y;|y_; ]. The efficient implementation of the automatic
group construction procedure allows computations on relatively large datasets in a few seconds.

3. Evaluating cross-validation measures in structured models

In the forthcoming examples, our focus is on analyzing the extrapolation performance of structured models, in which the
unobserved data is often assumed less dependent on the observed data. For this end, we compare the behavior of different models
in terms of (i) Bayesian model selection criteria such as the deviance information criterion (DIC; Spiegelhalter et al., 2002) and the
Watanabe-Akaike information criterion (WAIC; Watanabe, 2010), and (ii) predictive performance measures based on LOOCV and
the recently proposed automatic group construction procedure for LGOCV for latent Gaussian models using the well-known INLA
estimation technique. Specifically, we compute commonly used utility functions such as the logarithmic score (Gneiting and Raftery,
2007)

n
1
LS =—— 3 log (¥, = yly_;),
i=1
and the mean square prediction error

! 2
MSPE = - Y (EVly_1-3) .
i=1
where #(Y; = y;|y_;,) denotes the cross-validated predictive density at the observed data y;. Note that in the case of LOOCV the
training set y_; reduces to y_; = (y|,..., Y1, ¥i41, V). See Liu and Rue (2022) for details about the computation of E[Y;|y_].

In our first example, we compare the predictive performance exhibited by different temporal models for long-term forecasting
in time series data. Our second example delves into the extrapolation performance of spatial disease mapping models for areal
count data, that is, predictions in non-observed spatial units. We show that DIC, WAIC and leave-one-out cross-validation (LOOCV)
measures points to different models from those selected by using utility (loss) functions based on the recently proposed automatic
LGOCV. We also validate the predictive performance of these models by imitating real extrapolation tasks for both examples based
on temporal and spatial data. All computations are made using the recently implemented “compact” mode (Van Niekerk et al.,
2023) in R—-INLA (stable) version INLA_23.09.09 of R-4.3.1.
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Fig. 1. Dependence structure captured between the observed shortwave radiation X and estimated surface temperature ¥.

3.1. Example 1: temporal models

In this example, we want to reproduce a real situation where the aim is to perform long-term forecasting through the use of
temporal models. Let us consider a scenario where our interest lies in forecasting surface temperatures using shortwave radiation
as a predictor variable. We start by simulating radiation data X for a total of n = 2000 time points using a first-order autoregressive
(AR1) model, where the autocorrelation coefficient is set at p = 0.9 and the marginal variance equals to one. Then, we generate
values of surface temperature Y using the following linear model:

Y=p+X+e with e~ N(0,0.1).

Finally, let us assume that X = X -|X| corresponds to an imperfect observation of the shortwave radiation X (arising from potential
instrumental deficiencies, for instance). The definition of X introduces a method for establishing a non-linear relationship between
the response variable (temperature) and the observed covariate, resembling the true underlying linear association with the predictor
variable.

Two different models are considered to estimate the surface temperature y, based on observed radiation data %, for t = 1,...,2000
time points.

Linear model:

Yi|n;,0 ~ N (n;, ),
n=p+p %,
where f, is an intercept and g is the fixed effect coefficient associated to the covariate %,.
AR1 model:

Veln:, € ~ Ny, ),

N =Po+u
U =p-u_+e,
e ~N(Q,1,)

where the temporally structured random effect u = (uj,...,uy) with AR1 prior distribution is used to model the surface
temperature as a substitute of the observed predictor X,.

Fig. 1 shows how the models capture the underlying dependence structure between the observed radiation and temperature
values. Clearly, the AR1 model better captures the non-linear relationship between these variables. Posterior median estimates for
the temperature values y, = (. ..., ¥a000) Obtained with both models are plotted in Fig. 2.

Table 1 displays the values of model selection criteria and predictive performance measures (logarithmic score and mean square
prediction error) for LOOCV and LGOCV with automatic groups construction (m=3), derived from either the prior precision matrix
or the posterior correlation matrix of each model. See Liu and Rue (2022) for further details. The groups derived from the AR1 model
(as this is the true generating model) are used as a reference to make predictive measures comparable. As expected, the AR1 model
is pointed out as the best model in terms of model fitting and predictive performance based on the LOOCV approach. However,
predictive measures based on LGOCV points to the linear model. It should be noted that in temporally structured models, the LOOCV
technique essentially evaluates their interpolation performance, i.e., how effectively the model fills in the missing values within the
observed time series. In contrast, LGOCV assesses the model’s capability when the prediction task is to forecast the response variable
for future time points.
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Fig. 2. True values (black dots) and posterior median estimates (colored lines) for the surface temperature y, = (y,, ..., ¥59p) . (For interpretation of the references

to color in this figure legend, the reader is referred to the web version of this article.)

Table 1
Model comparison for temporal data: model selection criteria (posterior mean deviance D, effective number of parameters p,, DIC and WAIC) and predictive
performance measures for LOOCV and LGOCV with automatic groups construction (m=3) based on prior and posterior correlations for each temporal model.

Model Model selection criteria LOOCV LGOCV
‘‘prior’’ ¢ ‘posterior’’
D Pp DIC WAIC LS MSPE LS MSPE LS MSPE
Linear 1500.0 3.0 1503.0 1507.7 0.376 0.125 0.383 0.126 0.383 0.126
AR1 —439.5 1286.7 847.2 622.3 0.349 0.116 0.824 0.303 0.823 0.302
Table 2
Average values over 500 data sets of MAPE and RMSPE for long-term predictions.
Model MAPE RMSPE
Linear 0.297 0.334
AR1 0.653 0.800

To validate these measures, we conduct the following simulation study. We start by considering our training set as the time series
encompassing the period ¢ = {1,...,1900} and compute long-term predictions for the next 100 time points using INLA. We repeat
this process by shifting the time window one step backward for a total of 500 data sets. That is, our last historic data corresponds to
the period # = {1, ..., 1400}, so that predictions are computed for future time points {1401, ..., 1500}. We compute the mean absolute
prediction errors (MAPE) and root mean square prediction errors (RMSPE) between the posterior median estimates and true values
of temperature for each data set, s = 1,...,500, as

100 100
1 N 1 N
MAPE, = m Z |J’r+j - yt+j‘ and RMSPE = m Z(J’H/‘ - yt+j)2-
=1 j=1

Table 2 presents the average values of these metrics calculated across the 500 data sets. Our simulation study corroborates that
the linear model outperforms the AR1 model when the objective is to perform long-term forecasting. This is something expected,
as the linear model incorporates additional auxiliary information derived from the observed covariate, resulting in more accurate
predictions. Conversely, the AR1 model converges toward the overall mean as time advances, as illustrated in Fig. 3.

3.2. Example 2: spatial models

The objective of this example is to validate the effectiveness of automatic groups construction within LGOCV for extrapolation
prediction tasks in disease mapping models, that is, when the goal is to predict disease risks or rates in unobserved regions using
spatially structured models.

We use data concerning dowry deaths across the 70 districts of Uttar Pradesh (the most populous state in India) during the year
of 2011, a form of crime against women which is very specific to India. For each district, we have records of the number of observed
and expected dowry deaths. The expected deaths are calculated by considering women aged 15 to 49 years as the population at risk.
In addition, we also consider the following predictors as potential areal risk factors: sex ratio (number of females per 1000 males),
per capita income, and number of murders per 100,000 inhabitants. In Fig. 4 we plot the maps of the standardized mortality ratio
(SMR) and standardized covariates at small area level. Similar data were analyzed by Vicente et al. (2020a) and Adin et al. (2023a)
to study the association between these potential risk factors and dowry deaths in Uttar Pradesh during the period 2001-2011.
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Fig. 3. True values (black dots), posterior median estimates (blue line) and forecasted values (red lines) obtained from linear and AR1 models for the first data
set of the simulation study. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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Fig. 4. Maps of the standardized mortality ratio (SMR) of dowry deaths in the districts of Uttar Pradesh and standardized potential risk factors.

Let y; and E; be the number of observed and expected deaths, respectively. Conditional on the relative risks r;, the number of
observed cases is assumed to follow a Poisson distribution

y;lr;, 0 ~ Poisson(y; = E;r;)

log u; =log E; + logr;
where log E; is an offset and depending on the specification of #; = logr; different models are defined. Here, different spatially
structured models are considered to estimate the relative risks of dowry deaths for each small area i =1, ..., 70.

CAR model:

n = b+

where f, is an intercept representing the overall log-risk and ¢; is a spatially structured random effect for which the so-called BYM2
conditional autoregressive (CAR) prior distribution (Riebler et al., 2016) is assumed.

CAR model + covariates:

ni=P+xp+&,
where x/ is the vector of standardized covariates in the ith small area and § = (f;, f,. f;)’ is the vector of fixed effects coefficients.
P-spline model:
= Po+ f(s1552)s

where f(s};, sy;) is a spatial smooth function that is approximated as f(s;,s,) ~ B,0,, where B, = B,[IB, is the two-dimensional
B-spline basis of dimension 70 x k, (with k; = k k, depending on the number of knots and the degree of the polynomials in the

bases B, and B,), obtained from the row-wise Kronecker product of the marginal bases for longitude s; = (s 1, ..., 5] 7)" and latitude
$3 = (52,1, -+ 52,79)’- To achieve smoothness, the following prior distribution is assumed for the unknown coefficients 8, = (6. .... 6, )’
0, ~ N(0,P,)

where P; is a spatial anisotropic precision matrix that induces different amount of smoothing in longitude an latitude dimensions
(see Ugarte et al., 2017). The symbol ~ denotes the Moore-Penrose generalized inverse of a matrix.

P-spline model + covariates:

n=pF+ x,,ﬁ + f (5155 521)
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Fig. 5. Maps of posterior median estimates of dowry death relative risks obtained from the different spatial models.

Table 3
Model comparison for spatial data: model selection criteria (posterior mean deviance D, effective number of parameters p,,, DIC and the WAIC) and predictive
performance measures for LOOCV and LGOCV with automatic groups construction (m = 3) based on posterior correlations for each spatial model.

Model Model selection criteria LOOCV LGOCV
D Pp DIC WAIC LS MSPE LS MSPE
CAR 433.2 47.5 480.7 473.4 3.604 90.529 3.611 89.480
CAR-+covariates 435.4 45.6 481.1 476.8 3.616 105.042 3.614 99.982
Pspline 454.0 30.4 484.4 492.0 3.600 93.196 3.485 76.146
Pspline+covariates 459.5 30.8 490.3 501.0 3.667 101.102 3.508 82.271
Table 4
Average values over 70 data sets of MRPE and RRMSPE for predicted counts.
Model MRPE RRMSPE
k=1 k=2 k=3 k=1 k=2 k=3
CAR 0.273 0.325 0.370 0.354 0.442 0.521
CAR + covariates 0.281 0.299 0.310 0.357 0.395 0.410
Pspline 0.270 0.316 0.344 0.347 0.422 0.470
Pspline + covariates 0.161 0.171 0.172 0.215 0.246 0.253

The maps illustrating the posterior median estimates of r; = exp(y;) are presented in Fig. 5. In general, similar geographical
distributions of mortality risks related to dowry deaths are observed across the different spatial models. Table 3 compares the
values of model selection criteria and predictive performance measures considering LOOCV and LGOCV with automatic groups
construction (m = 3) based on posterior correlations for each spatial model. According to DIC/WAIC measures, CAR models are
preferred over P-spline models in terms of model selection criteria. In addition, predictive measures derived from LOOCV suggest
that the incorporation of spatial covariates into the linear predictor of the CAR/P-spline models does not enhance their predictive
performance. Considering these measure, the P-spline model with covariates exhibits the poorest performance in both the trade-off
between model fit and complexity, and in terms of predictive accuracy. In contrast, the predictive metrics obtained through LGOCV
indicate that the CAR models perform less effectively in predicting relative risks for unobserved small areas. This is something
expected considering that CAR models induce local correlations among neighboring areas, while P-spline models are able to borrow
spatial information for areas that are further apart. Similar conclusions are obtained for higher values of m.

As in the previous example, we should notice that LOOCV is not an appropriate approach to estimate the models predictive
performance when the task is to predict relative risks in unobserved group of areas (extrapolation task). This concern is particularly
relevant when employing spatially structured models, where the linear predictor of each area is highly correlated with those of its
neighboring regions. Once again, our focus lies in validating these measures through a simulation study. For each small area, we
remove its k-order neighboring or spatially contiguous areas (k = 1,2 and 3) and compute posterior predictive distributions for the
relative risks on those areas under the different models fitted with INLA. In Fig. 6 we show a map with the 1st, 2nd and 3rd-order
neighborhood areas for a randomly selected district of Uttar Pradesh. In Table 4 we show average values of mean relative prediction
errors (MRPE) and relative root mean square prediction errors (RRMSPE) computed over each data set. As expected, higher MRPE
and RRMSPE values are obtained as the number of removed areas increases, which is controlled by the parameter k. Our simulation
study corroborates that, as pointed out by the LGOCV approach, CAR models exhibit inferior predictive performance compared to
P-spline models in the context of spatial extrapolation. In general, we observe that better predictive count estimates are obtained
when including auxiliary information of area-level covariates as predictors in the models.

4. Applications
When constructing groups for different models, it is essential to choose a reference model to ensure that we can obtain comparable

measures using the LGOCV approach. The simulation study presented as Supplementary Material suggests that automatic groups
generated from the posterior of a suitable model fitted to a dataset is the recommended approach for evaluating various candidate
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Fig. 6. Maps with 1st-order (left), 2nd-order (center) and 3rd-order (right) neighborhood areas for a selected district of Uttar Pradesh.

models. Based on these results, for the real data analyses presented in this section, we decided to use models with the lowest DIC
values as the reference models for constructing the automatic groups and subsequently comparing the predictive performance of
the different candidates.

The supplementary material also contains additional figures pertaining to the real data applications on spatial statistics discussed
in the subsequent sections.

4.1. Joint modeling of pancreatic cancer mortality and incidence data

Bayesian hierarchical models are a powerful tool for analyzing area-level incidence or mortality data, providing valuable insight
into latent spatial, temporal, and spatio-temporal patterns. These models typically rely on generalized linear mixed models that
incorporate spatially and temporally structured random effects, allowing for the smoothing of disease risks or rates by incorporating
information from neighboring areas and time periods. Further extensions of spatio-temporal disease mapping models aim to jointly
analyze several responses by the construction of multivariate proposals based on Gaussian Markov random fields. An exhaustive
review on the topic can be found in the work by MacNab (2018). Alternatively, shared-component models have been widely used
to investigate closely related phenomena or diseases that share a recognized common risk factor (see Knorr-Held and Best, 2001;
Held et al., 2005).

4.1.1. The models

In this section, we demonstrate the use of the automatic group construction procedure for LGOCV when the objective is to
jointly model incidence and mortality data for a highly lethal disease such as pancreatic cancer using different spatio-temporal
models. Specifically, we conduct an analysis using yearly count data for the male population across the 105 Clinical Commissioning
Groups (CCG) of England during the period 2001-2020 (official data provided by the National Health Service in England available
at https://www.cancerdata.nhs.uk/incidence_and_mortality). In these types of studies, we expect that using multivariate models will
enhance the performance of individual models by leveraging the strong correlation between incidence and mortality data.

The setting for our study is the following. Let us define as y;;; and y;,, the number of mortality and incidence cases, respectively,
by health-area (CCG) i = 1,...,S = 105 and time period ¢ = 1,...,T = 20 (corresponding to the period 2001-2020). Conditional on
the relative risks r; j for mortality (j = 1) and incidence (j = 2) data, we assume that the number of observed cases follow a Poisson
distribution with mean y;,; = E;; - r;,;, that is,

Viejlrigjs 0 ~ POiSSOH(Mn/ =Ey; -rij),

log uy;; = log Ey; + logry,;.

Here E;; is computed using indirect standardization as E;; = Y n;; - m;, where k denotes the age-groups (< 25, [25,50),
[50, 60), [60,70), [70,80) and > 80), n;;, is the population at risk in the area i, time # and age-group k, and m;, is the overall

mortality/incidence rate in England during the whole study period for the kth age-group. Then, the log-risk is modeled as
logry; = a; +¢;; + v, + 6o (€Y

where «; is an intercept representing the overall log-risk, ¢;; and y,; are the spatial and temporal main effects, and §,,; is the
spatio-temporal interaction for mortality and incidence data respectively.
Three different disease mapping models are considered to jointly estimate pancreatic cancer mortality and incidence data

under the model formulation of Eq. (1). Firstly, independent spatio-temporal models (M1) are considered. For comparison

itj

purposes with multivariate models, if we denote as r = (r},r})’ to the joined vector of mortality and incidence risks with
¥, = (Fyyjs-eesPs1js s Fi7js - » Fs7;) » We formulate the model in matrix form as
PN 91,010 () +met el (P ) +men ety (1) +hmen 01 (2 @
logr, 4 @ 4 ) T 72 ! 5/’
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Table 5
Summary of the prior distributions for the spatial, temporal and spatio-temporal random effects under the three models considered in Section 4.1.
M1 M2 M3
(Independent models) (M-model) (Shared-component model)
Spatial effect ¢~ NO.[7, Ry, j=12 (i;) ~N (o, z; ®R;) ¢~ N(O.[7,R,]7)
Temporal effect 1~ NO[r, R, j=12 (:1) ~N (0, e R;) y ~N@©.[7,R,]7)
Spatio-temporal 8, ~ N, [15/ R;17) j=12
effect Type I R; =1, ® I, Type I: R; =R, ® I

Type III: R; =1; ® Ry, Type IV: R; =R, ® R,

where 15 and 1, are column vectors of ones of length .S and T respectively, I,, Iy and I, are identity matrices of dimension 2 x 2,
Sx.S and T xT respectively, ¢; = (¢, ..., $s;)" is a spatial random effect with intrinsic CAR prior distribution, y; = (y;,...,rr;) is
a temporally structured random effect that follows a first order RW prior distribution, and 8; = (6;y;,...,8s7;)’ is a spatio-temporal
random effect where the four different types of interactions originally proposed by Knorr-Held (2000) are considered. That is, for
j=1,2

¢~ NO.[ty Ry, 7,~NO[r, R, and & ~ N, [z; R,

where R, R, and R; are structure matrices for the corresponding spatial, temporal and spatio-temporal random effects respectively,
and 7, , T, and 75 are precision parameters. See, for example, Goicoa et al. (2018) for details about identifiability issues in this
type of spatio-temporal models and its implementation using INLA.

Alternatively, two distinct multivariate models that enable the incorporation of correlation structures between mortality and
incidence data are considered: a spatio-temporal extension of the so-called M-based model described in Vicente et al. (2020b) (M2)
and models including shared-component terms for space and time similar to the ones described in Etxeberria et al. (2023) (M3).
Denote as ¢ = (¢}, ¢5) and y = (v, v5) the joined vectors of spatial and temporal random effects for mortality and incidence risks,
respectively. Then, the M-model formulation (M2) is identical to the expression in Eq. (2), assuming the following prior distribution

o~N(0.2;'®R;). and y~N(0.5'®R;),

where X, and X, are the covariance matrices between the spatial and temporal effects, respectively, of mortality and incidence
data. See Adin et al. (2023b) for details about model implementation in INLA. Finally, we formulate our shared component model
(M3) as

logriy = a; + ¢y +¢,v, + 641,
1 1

logrip =ay + —¢; + —v + 605
Cp &

where ¢; is a shared spatial effect with intrinsic CAR prior distribution, y, is a shared temporal effect with first order RW prior
distribution, and §,; is a specific spatio-temporal random effect to model the interaction in mortality and incidence log-risks,
respectively. Finally, ¢, and ¢, are scaling parameters to allow a different “risk gradient” (on the log-scale) to be associated with
the spatial and temporal components, respectively, for both responses. A summary with the main prior distributions for the three
models considered in this section has been included in Table 5.

To fit the models, improper uniform prior distributions are given to all the standard deviations (square root inverse of precision
parameters), and a Gamma(10,10) distribution is considered for the scaling parameters ¢, and ¢, of the shared-component model.
Finally, a vague zero mean normal distribution with a precision close to zero (0.001) is given to the model intercepts.

4.1.2. Results

Table 6 presents a comparison of the different models used to estimate pancreatic cancer mortality and incidence relative
risks in terms of model selection criteria and predictive performance measures. Both DIC/WAIC and predictive measures using
a LOOCV approach consistently indicate that Type II interaction models should be selected. Among the considered models, the
shared-component model M3 exhibits a slightly better level of performance. To compute comparable LS measures from the posterior
predictive density functions z(Y;;|y_ 1,;)» We use the groups I;,; derived from Type II interaction models with number of level sets
m = 5. As shown in Table 6, very close values are obtained for both multivariate modeling approaches M2 and M3.

An interesting aspect of the automatic group construction approach, which relies on the posterior correlation matrix of the
linear predictor, is its inherent interpretability. For each testing point (area i, time ¢ and response j), we can examine its derived
groups to identify which structured effect of the model contributes to a stronger correlation in the risk estimates. In the independent
model (M1), the groups assigned to all the testing points consistently correspond to adjacent years. In the M-model (M2), while the
temporally structured random effect remains as the dominant pattern in the model, there are some testing points where the group
of highly correlated data points also includes spatial neighbors (areas that share a common border). Finally, the groups derived
from the shared-component model (M3) reveal a strong correlation between both responses (mortality and incidence data) for the
majority of areas in the year 2011. This finding suggest that the shared-component model would be the most suitable choice for
predicting pancreatic cancer mortality based on incidence data.
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Table 6
Pancreatic cancer data: model selection criteria (DIC) and predictive performance measures (Logarithmic Score) with automatic
groups construction for m = 3,5, and 10.

DIC Logarithmic Score

m=3 m=5 m=10
M1 - Type I 26095.3 3.113 3.115 3.122
M1 - Type II 26065.4 3.109 3.112 3.119
M1 - Type III 26120.9 3.115 3.118 3.125
M1 - Type IV 26 074.1 3.110 3.112 3.119
M2 - Type I 26000.0 3.099 3.101 3.104
M2 - Type II 25961.7 3.094 3.093 3.094
M2 - Type III 26018.8 3.101 3.102 3.106
M2 - Type IV 25973.5 3.095 3.095 3.096
M3 - Type I 25995.0 3.098 3.099 3.106
M3 - Type I 25953.9 3.092 3.092 3.099
M3 - Type III 26012.1 3.099 3.100 3.107
M3 - Type IV 25964.7 3.093 3.093 3.100

4.2. Spatial compositional data: the case of Arabidopsis thaliana

Compositional Data Analysis has gained popularity for comprehending processes wherein values correspond to D distinct
categories, with their sum constituting a constant. These values typically represent proportions (or percentages) summing up to
one (or 100). The data stemming from such processes are commonly referred to as Compositional Data (CoDa). Without loss of
generality, we assume the constant to be one. A substantial body of literature exists, delving into the application of CoDa analysis
across various domains, including Ecology (Kobal et al., 2017; Douma and Weedon, 2019), Geology (Buccianti and Grunsky, 2014;
Engle and Rowan, 2014), Genomics (Tsilimigras and Fodor, 2016; Shi et al., 2016; Washburne et al., 2017; Creus Marti et al., 2022),
Environmental Sciences (Aguilera et al., 2021; Mota-Bertran et al., 2022) or Medicine (Dumuid et al., 2018; Fairclough et al., 2018).

Recently, two approaches have been introduced to incorporate the CoDa analysis within the framework of latent Gaussian models.
One involves utilizing Dirichlet regression (Martinez-Minaya et al., 2023), while the other proposes the Logistic Normal Dirichlet
Model (LNDM) (Martinez-Minaya and Rue, 2024), which mainly uses logistic-normal distribution with Dirichlet covariance through
the additive log-ratio transformation as likelihood promoting interpretation as log-ratios. In this example, we focus on the latter,
illustrating the utility of an automatic group construction procedure for LGOCV in a spatial CoDa problem: the case of Arabidopsis
thaliana.

4.2.1. The data

We conduct our study using a dataset consisting of N = 301 accessions of the annual plant Arabidopsis thaliana located on the
Iberian Peninsula. For each accession, the genetic cluster (GC) membership proportions for the four genetic clusters (GC1, GC2, GC3,
GC4) are available as identified in Martinez-Minaya et al. (2019). These probabilities, shown in Fig. 7, sum up to one. Our main
interest lies in estimating the membership probability, which in this specific context can be interpreted as the habitat suitability
for each genetic cluster. To achieve this, we employ LNDMs incorporating climate-related covariates and spatially structured effects
within the linear predictor. Specifically, we employ two bioclimatic variables to define the climatic aspect: annual mean temperature
(BIO1) and annual precipitation (BIO12). The dataset is available at http://dx.doi.org/10.5281/zenodo.2552025 (Martinez-Minaya
et al., 2019). Prior to analysis, climate covariates are standardized.

4.2.2. The models

As mentioned earlier, four categories are employed in this problem: GC1, GC2, GC3 and GC4. So, we deal with proportions in
the simplex S*. To construct the LNDM, the additive log-ratio transformation (alr) is required, and we select GC4 as the reference
category because it has the lowest variance in its logarithm. We are thus dealing with a three dimensional normal distribution with
Dirichlet covariance, N'D(u, X). The data, as well as the transformed data, are displayed in Fig. 7.

The models employed to address this issue present the subsequent structure:

alr(Y) ~ ND(uWD,...,u®), %),

3
y(d) — Xﬁ(d)+a)(d), d=1,...,3, @

where alr(Y) represents the alr transformation applied to the compositional variable. From now on, we will refer to the transformed
variable as alr-coordinates, and the vector y® = (;45‘0, - ”5‘(1))1 ) is the mean of the dth alr-coordinate. The design matrix X of
dimension 301 x 3 consists of ones in its first column and climate covariate values in the remaining columns. The spatial random
effect for each dth alr-coordinate is denoted by @), characterized by a Matérn covariance structure. Specifically, @ follows a
normal distribution A'(0, 0! (04, P)), where o, represents the standard deviation of the spatial effect, and ¢ its range. The parameter
vector g = (8, ﬂ;‘”, ﬁ;d))’ corresponds to fixed effects. The latent field comprises both the fixed effects parameters and realizations
of the random field. This configuration can be succinctly presented as:

X={f9D 0P :d=1,..,3}.

10
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alr.gc1

alr.gc3

Fig. 7. CoDa of 301 accessions of the annual plant Arabidopsis thaliana located on the Iberian Peninsula. A: Membership proportion to each of the 4 genetic
clusters extracted from Martinez-Minaya et al. (2019). B: alr-coordinates generated from the alr transformation using GC4 as reference.

Table 7

Different structures included in the model in an additive way with their corresponding latent field and the set hyperparameters

to be estimated.

Models Predictor Latent field (&) Hyperparameters (6)
Type I Xp {Bo. B1: br} {o2.7}
Type II XpY (8.8, 5 {o2.7}
Type III X+ (Bos B1 s @) .. sy} (62,7,0,,0)
Type IV X+ 1S e NIV {62.7.04.0}
Type V Xp+ 0@ {(Bo: b1 o, @y, ... o ) (657,00, b, 0V, a?}
Type VI XB9 + 0@ (B, B0, B . ... . on} (62.7,04.¢.aV,a®}
Type VII X () o @ 2

ype p+o {Bo: Br: Pro 0. 0} {0y.7,04, ¢}
Type VIII XD 4 @@ (8.0 B0, ) {62,700 ¢}

In contrast, the vector 0, = {o‘j,y cd =1,.

..,3} encompasses hyperparameters linked to the likelihood. On the other hand,

0, = {o,,¢} comprises hyperparameters pertaining to the spatial random effect. These combined elements collectively form
the set of hyperparameters. Gaussian prior distributions are assumed for the fixed effects, while PC-priors are employed for the
hyperparameters, following Simpson et al. (2017). Based on the model structure defined in Eq. (3) where a spatial effect is included,
we focus on the eight structures presented in Martinez-Minaya and Rue (2024):

Type I: share the same parameters for fixed effects, and do not include spatial random effects.

Type II: have different parameters for fixed effects, and do not include spatial random effects.

Type IIL: share the same parameters for fixed effects, and share the same spatial effect.

Type IV: different parameters for fixed effects, and share the same spatial effect.

Type V: share the same parameters for fixed effects, and the spatial effects between linear predictors are proportional.

Type VI: different parameters for fixed effects, and the spatial effects between linear predictors are proportional.

Type VII: share the same parameters for fixed effects, and different realizations of the spatial effect for each linear predictor.
Type VIII: different parameters for fixed effects, and different realizations of the spatial effect for each linear predictor.

Note that in Type V and Type VI structures, realizations of the spatial field are the same, but a proportionality hyperparameter
is added in two of the three linear predictors, denoted as a() and «®. On the other hand, in Type VII and Type VIII structures,
although realizations of random effects are different, they share the same hyperparameters. Table 7 provides an overview of the
distinct structures, their associated latent fields, and the accompanying set of hyperparameters.

11
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Table 8
Arabidopsis thaliana data: model selection criteria (DIC) and predictive performance measures (Logarithmic Score) with automatic
groups construction for m = 3,5, and 10.

Type DIC Logarithmic Score

m=3 m=>5 m=10
I 3353.403 1.894 1.897 1.904
1I 3294.855 1.869 1.873 1.883
111 3202.082 1.784 1.780 1.795
v 3145.198 1.757 1.756 1.778
A 3059.359 1.470 1.579 1.634
\ 3002.910 1.396 1.526 1.588
viI 2754.844 1.427 1.513 1.567
VIII 2741.440 1.415 1.513 1.568

4.2.3. LGOCV in compositional data

As highlighted in Martinez-Minaya and Rue (2024), excluding a category from a CoDa point during cross-validation procedures
may not be practical due to the inherent constraint imposed by CoDa, where the sum of its components must equal one. This implies
that the remaining categories hold valuable information about the category we intend to exclude. Consequently, the remaining log-
ratio coordinates offer insights into the category we have removed during cross-validation. In this manner, the concept of ‘friendship’
emerges. Accordingly, we can assert that the first alr-coordinate of ith data point is associated with the second alr-coordinate of ith
data point, thereby contributing pertinent information.

Hence, to perform cross-validation for the ith data point and the dth alr-coordinate, it becomes necessary to exclude the values
associated with all alr-coordinates for that data point and for the corresponding group. To do this, the group / i(d) must be constructed.
If it is determined that the ith data point in its dth alr-coordinate is associated with the data point indexed as i + 1 in its dth alr-
coordinate, the data point i + 1 will also be included in the set Ii(d) in all of its alr-coordinates. It should be noted that Il.(d) could
be different from I[.(d*>, being d # d*, as even though we are referring to the same compositional point i, we are modeling each
alr-coordinate. So we need to compute LS measures for CoDa in the following way:

D-1 N

1 (d) .
IS=———— 1 1 ) 1 R
N DT Z‘l ; og (n(a r(y)” | a r(y)_,,w))
where alr(y)fd) is the observed vector for the ith data point and the dth alr-coordinate, and alr(y):; represents the observed data in
alr-coordinates excluding the [[(d> data points with its corresponding D — 1 alr-coordinates.

4.2.4. Results

Table 8 presents a comparison of various models used for estimating the membership proportions to the different genetic clusters
of Arabidopsis thaliana. As in the previous section, the evaluation is based on model selection criteria and predictive performance
measures. To compute comparable LS measures from the posterior predictive density functions, we use the groups derived from
Type VIII model. We use values of m = 3,5 and 10 for constructing the groups and compute performance measures based on LGOCV.
Although, Type VII model seems to have a good predictive performance, DIC/WAIC and predictive measures based on LGOCV
approaches consistently suggest that Type VIII model is the most suitable choice.

In Fig. 8, we depict automatic groups formed from the posterior correlations in the Type VIII model. Specifically, this
representation pertains to the three a/r-coordinates associated with the 88-th data point when m = 10. By employing the ‘friendship’
feature, we made the assumption that these three observations share a bond, meaning that if we intend to create groups for the first
alr-coordinate of observation 88, we must not only include that a/r-coordinate of observation i = 88 in Ié?, but also the second and
third alr-coordinates for that data point. As shown in Fig. 8, it becomes evident that the groups established for data point i = 88
differ for each alr-coordinate, i.e., Iélg) # I;? * Ié‘;) . This observation underscores not only our assumption of distinct realizations
of the spatial effect for each alr-coordinate but also varying effects of the climatic variables. This is due to the fact that posterior
correlations consider all components of the linear predictor.

4.3. Space-time models for the United Kingdom wind speed data

In what follows, we describe how to use the procedure outlined in Section 2 to perform cross-validation on space-time models for
wind speed data in the United Kingdom (UK). We consider a dataset from a regularly updated 20th and 21st-century database from
the European Climate Assessment & Dataset (ECA&D) project (Klein Tank et al., 2002). We select daily wind speed measurements,
in meters per second (m/s), from July 2021 at 189 stations in Ireland and the UK. The locations of the stations are presented as
colored dots in Fig. 9. The observations at each location are displayed with different colors in this figure as grouped time series over
July 2021. The grouped time series are constructed by computing the average daily wind speed over the stations located within
each spatial grid (outlined by dashed gray lines).

12
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alr.gct alr.gc2 alr.gc3

Fig. 8. Automatically constructed groups (with m = 10) under Type VIII model for data point i = 88 located in the region of Madrid. The blue circle represents
the focal point, while the crosses indicate the points that belong to the constructed group Ié;”, d=1,...,3.
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Fig. 9. Map displaying the station locations with the data presented as grouped time series (respect to the spatial grid overlayed in dashed gray lines) over the
period of July 2021.

4.3.1. The models

We compare four models with different characterizations of the space-time dynamics in the UK wind speed data. Consider the
process Y (s, 1), which represents the wind speed at location s and at time . We model observations y(s;, t;) from this process collected
at site s; and time ¢; with a Gaussian distribution N(u(s;, 1,), aZ), where 0'22 is a common variance parameter and the mean function
is given by

H(s, 1) = By + f1x(s) + r(s) + u(s, 1), 4

where f, is the intercept, which is constant in space and time, x is the elevation (in meters), and f, represents the associated
regression coefficient. The r(.) term is a spatial field, which accommodates regional persistent spatial variations and is modeled
with a Matérn covariance using the stochastic partial differential equation (SPDE) approach described in Lindgren et al. (2011)
with smoothness parameter fixed to « = 2, range p,, and marginal standard error o,, which need to be estimated. Space-time
interactions are captured through the space-time random field u(.), defined using the models proposed in Lindgren et al. (2023).

13
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Table 9
Wind speed data: model selection criteria (DIC) and predictive performance measures (Logarithmic Score) with automatic groups
construction for m =3, m=5, and m = 10.

Model for u DIC Logarithmic Score

m=3 m=5 m = 10
M, 3499.78 6202.79 6692.26 7461.16
My 1622.16 6054.93 6563.31 7413.71
M 3433.40 6214.94 6678.89 7435.29
M, 2078.38 7123.03 7587.39 8342.42

These models are defined as solutions to a diffusion-based family of equations that induces physically realistic processes, such as
wind. Specifically, it is the solution to the following SPDE

R =% (12 (2= 4% ) a0 = W0, )

The power parameters «,, «, and «, in Eq. (5) specify the smoothness of u(.), whereas y,, y,, and y, govern the marginal properties
and are related to dynamics of the process. We consider here four cases of the models proposed in Lindgren et al. (2023): Model
M, (with o, = 1, a;, = 0, and «, = 2); Model M (with o, = 1, a; = 2, and a, = 1); Model M (with ¢, = 2, a, = 0, and «a, = 2);
and Model M, (with «, = 2, a, = 2, and a, = 0). When ¢, = 0 (Models M, and M), the space-time SPDE in Eq. (5) generates
a precision matrix that can be factorized into two precision matrices, one for the purely spatial model and another for the purely
temporal model. While separability is broadly used due to a substantial reduction of the computation time when working with large
data sets with complex dependencies, it is usually too simplistic to model natural phenomena. Due to recent developments, with
the SPDE approach both, separable or non-separable, have similar computation time.

For fitting the models, we considered a flat prior for §, and a Gaussian with zero mean and variance 0.01 for . The penalized
complexity prior proposed in Fuglstad et al. (2018), are used for the spatial and temporal range parameters of r and u, as well as
for all the variance parameters %2’ af (marginal variance of r), and af (marginal variance of u).

4.3.2. Results

We use the methods described in Section 2 to perform LGOCV on the four models presented above. For all the models, we set
the groups to those generated from model M ,. Fig. 10 illustrates the groups for m = 10, at time 1 for seven locations from different
parts of the spatial domain. Even though m is fixed to 10, the total number of observations in each group is always larger than 10
(see the last row of the summary table on the top left of this figure). This is due to several observation pairs having very similar
correlation values. For instance, the group for station ‘id’ = 5 is of size 17 and for ‘id’ = 131 it is of size 50, which is the number we
set as the maximum group size. In the top left table, for each station, the removed neighbors are classified into self (same location
and time), time (same location but different times), spatial (same time but different locations), or space-time (different location and
different time). Stations located in isolated places such as ‘id’ = 131 tend to select more neighbors in time. Indeed, only three spatial
neighbors were selected and the entire time series of this station was left out, that is fifteen observations before and fifteen after
the selected time. On the other hand, stations that have several neighbors close by such as ‘id’ = 18 tend to mostly include spatial
and space-time neighbors.

Finally, Table 9 shows the DIC for the different models and the LS values for m = 3, m = 5, and m = 10. Model My provides
the best fit with the lowest DIC. This model also performed the best for prediction purposes, as shown by the LS values for all level
sets. Model M, has the second lowest DIC but the worst LS, indicating that it is too smooth to predict the highly variable wind
trajectories (see Fig. 9).

5. Discussion

Cross-validation techniques are at the core of any prediction task as they reveal the adequacy of a statistical model to
unobserved data. Among the several cross-validation methods developed over the years, LOOCV stands out as the prevailing choice
in numerous practical applications due to its simplicity and straightforward implementation. Although widely used, this method
is only optimal under the assumption of independent and identically distributed (iid) data, an assumption rarely verified in many
practical applications. In contrast, the newly developed LGOCV method handles non iid data with multiple correlation structures
by automatically excluding a determined set of data points from the training set, expanding beyond the practice of solely excluding
individual observations. The R-INLA package provides a convenient implementation of LGOCV for latent Gaussian models that is
highly efficient and readily accessible.

In this paper, we showed that the automatic group construction procedure for LGOCV provides a robust measure of predictive
performance in many settings where dependencies in space and/or time are present. Our simulation studies and real data analysis
underscore that a common practice in modeling dependent data often leads to erroneous model selection and interpretations. In
contrast, the LGOCV method, integrated into the R-INLA package, stands as an improved alternative to LOOCV. In the model selection
process, the LGOCV framework should be the primary consideration, especially when evaluating the predictive extrapolation
performance of models.
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Fig. 10. Location of the stations and examples of seven observations at time 16 with their respective automatic selected groups from the LGOCV method.
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