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Abstract
In this article we analyse the dynamical behaviour of the Caputo complex fractional
derivative.We prove that the Caputo complex fractional derivative operator is Devaney
chaotic in the Mittag-Leffler Caputo space. We will also show that a tuple of different
iterates of a Caputo derivative multiple is disjoint hypercyclic. Finally, we provide
sufficient conditions that ensure chaos for one of the most common numerical approx-
imation of the Caputo derivative, that is, its L1 discretization.

Keywords Caputo fractional derivative · Devaney chaos · Disjoint hypercyclicity ·
L1 discretization

Mathematics Subject Classification 26A33 (primary) · 47A16 · 33E12 · 47B32 ·
65L12

1 Introduction

In the last decades, fractional calculus has seen a great revival due to its application
in modeling partial and ordinary differential equations [23]. The main advantage of
fractional derivatives is that they are non-local operators and, therefore, more suitable
for modeling physical or biological processes involving memory. Fractional calculus
has been used for modeling diffusion processes [27], in control theory [1], continuum
mechanics [9] or viscoelasticity [24] among other applications [28]. There is a wide
variety of fractional derivatives such as the Grünwald-Letnikov [22], the Riemann-
Liouville or the sequential fractional derivatives. However, the most widely used is the
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Caputo derivative. This is mainly due to two reasons. The Caputo fractional derivative
behaves well with constant functions (the Caputo derivative of a constant function
anihilates). The other reason is based on the fact that fractional order differential
equations using Caputo derivatives require integer order initial conditions that have
physical meaning, in contrast with differential equations using Riemann-Liouville
derivatives that require fractional initial conditions.

Recently, many researchers have been attracted by the possibilities of fractional
calculus and there has been a growing interest in deeply understanding the behaviour
of these operators from different points of view [13, 14, 21]. The study of dynamical
behaviour is an interesting perspective inspired by some of these recent works. By their
definition, fractional operators seem to be associated with unstable dynamics, hence
the question arises as to whether fractional operators are hypercyclic or chaotic. It is
also a natural question because fractional derivatives are extensions of the usual deriva-
tive, which is both hypercyclic and Devaney chaotic on H(C). The phenomenon of
chaos is usually identified with nonlinear phenomena, but chaos also appears in linear
dynamical systems as long as the underlying space is infinite-dimensional. This the-
ory has led to important applications in physics, chemistry, biology, and engineering.
Further information on linear dynamics can be found in the books [5, 19].

In this article, we examine the dynamical behaviour of the Caputo complex frac-
tional derivative. Based on the Mittag-Leffler reproducing kernel space [30], we will
present theMittag-Leffler-Caputo space, and prove that the Caputo complex fractional
derivative is well-defined and Devaney chaotic in such space. We will also show that
a tuple (λT , λ2T 2, . . . , λnT n), where T is the Caputo complex fractional derivative
and λ �= 0, is disjoint hypercyclic. Finally, and following the study started in [21]
where Devaney chaos for some discretizations of fractional derivatives was obtained,
we will prove that the L1 discretization of the Caputo fractional derivative is Devaney
chaotic under certain assumptions on the step size τ of the discretization.

The article is organized as follows: Section 2 is dedicated to recall some notions
about linear dynamics, fractional calculus and reproducing kernel Hilbert spaces
(RKHS). In Section 3 we will study Devaney chaos for the Caputo complex frac-
tional derivative and the disjoint hypercyclicity of tuples involving different iterates
of a non-zero multiple of the Caputo derivative. Finally in Section 4 we will study
Devaney chaos for the L1 discretization.

2 Preliminaries

In this section we recall some basic notions and results about dynamics of linear
operators and some necessary definitions of fractional derivatives.

2.1 Dynamics of linear operators

We recall that an operator T on a topological vector space X is called hypercyclic if
there is a vector x ∈ X such that its orbit Orb(x, T ) = {x, T x, T 2x, ...} is dense in X .
The operator T is topologically transitive (mixing) if for any pair U , V of nonempty
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Dynamics of the Caputo fractional derivative 1719

open subsets of X , there exists some n � 0 (n0 � 0) such that T n(U )∩V �= ∅ (for all
n � n0). For complete, separable and metrizable X , hypercyclicity of T is equivalent
to topological transitivity.

According to [12], a continuous map T on a metric space (X , d) is Devaney chaotic
if it is transitive, the set of periodic points Per(T ) is dense in X , and it is sensitive i.e.,
there exists δ > 0 such that for each x ∈ X and each ε > 0, there are y ∈ X and
n ∈ N with d(x, y) < ε and d(T n(x), T n(y)) > δ. It is well-known that if the first
two conditions hold for T then sensitivity is granted [2].

Given an operator T : X → X on a complex Banach space X , a function E : A →
X for certain A ⊂ C is an eigenvector field if E(λ) ∈ ker(λI − T ) for any λ ∈ A. It
is weakly holomorphic on an open set U ⊂ C if each map 〈x∗, E(−)〉 : U → C is
holomorphic for any x∗ in the dual X∗ of X . Let us also denoteT := {z ∈ C : |z| = 1}.
The following is a classical criterion to ensure Devaney chaos. It was used by Bayart
and Grivaux [4] for frequent hypercyclicity under more general assumptions, but for
our purposes we recall it in the following form.

Theorem 1 [4](Eigenvector Field Criterion). Given an operator T : X → X, if there
exists a nonempty connected open set U ⊂ C such that U ∩ T �= ∅ and G : U → X
a weakly holomorphic eigenvector field of T such that

span{G(u) : u ∈ U } = X

then T is Devaney chaotic.

The concept of disjointness for dynamical systems is due to Furstenberg [15]. This
notion inspired the corresponding one for operators (see [6, 17]).

Definition 1 We say that a tuple (T1, ..., TN ) of operators acting on a topological
vector space X is disjoint hypercyclic (in short d-hypercyclic), if there is a vector
(z, z, ..., z) ∈ XN such that

{
(z, z, ..., z), (T1z, T2z, ..., TN z), (T

2
1 z, T

2
2 z, ..., T

2
N z), ...

}

is dense in XN . We call z ∈ X a d-hypercyclic vector associated to (T1, ..., TN ).

Two disjoint hypercyclic operators must be substantially different, and in partic-
ular an operator can never be d-hypercyclic with a scalar multiple of itself. To see
this and more information about d-hypercyclicity we refer the reader to [6, 17]. The
corresponding topological notions that we will need are the following.

Definition 2 [6]We say that a tuple of N � 2 operators (T1, . . . , TN ) is d-topologically
transitive (respectively, d-mixing) provided that, for every non-empty open subsets
V0, ..., VN of X , there exists m ∈ N (resp., m0 ∈ N) so that ∅ �= V0 ∩ T−m

1 (V1) ∩
... ∩ T−m

N (VN ) (respect., for each m � m0).
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2.2 Fractional calculus

Definition 3 (Integral of arbitrary order). For f ∈ C(R+), t > 0, and α > 0
then

I α f (t) := 1

Γ (α)

∫ t

0
(t − τ)α−1 f (τ )dτ

is called the fractional integral of order α.

We also recall that the semigroup property for the fractional integral holds, i.e.,

I α ◦ I β f (t) = I α+β f (t)

for any α, β > 0.

Definition 4 [28] (Caputo fractional derivative). Let α > 0, n − 1 < α < n and
f ∈ Cn(R+). The Caputo fractional derivative of f is given by

C
0 D

α
t f (t) := 1

Γ (n − α)

∫ t

0

f (n)(τ )

(t − τ)α+1−n
dτ, t > 0.

It iswell-known that the operator I α is the right inverse ofC0 D
α
t , that is, the following

identity holds:

C
0 D

α
t ◦ I α f (t) = f (t).

Now let us consider H(Ω) the space of holomorphic functions on a complex open
setΩ endowed with the topology of uniform convergence on compact sets. Hardy and
Littlewood analysed in [20] a complex extension of the fractional real one.

Definition 5 [20] Let α > 0, n ∈ N such that n − 1 < α < n, the complex fractional
integral I α∗ is given by

(
I α∗ f

)
(z) := 1

Γ (α)

∫ z

0

f (τ )

(z − τ)1−α
dτ,

where the integration is over the line-segment from 0 to z.

Based on the Hardy-Littlewood complex integral, the Caputo complex fractional
derivative can be defined as follows.

Definition 6 [30] Let α > 0, n ∈ N such that n − 1 < α < n, the Caputo complex
fractional derivative Dα∗ is defined as

(
Dα∗ f

)
(z) := 1

Γ (n − α)

∫ z

0

f (n)(τ )

(z − τ)α+1−n
dτ,

where the integration is over the line-segment from 0 to z.
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Dynamics of the Caputo fractional derivative 1721

It is easy to verify that the previous definitions coincidewith the Caputo integral and
derivative for real values. The following is a well-known application of the fractional
integral for which we include a proof for the sake of completeness. In what follows,
let us consider for p � 0, z p := ep log(z) taking the principal branch of the logarithm
defined in C \ R−.

Proposition 1 integralpotencias Let p > 0 and f (z) := z p then

(
I α∗ f

)
(z) = Γ (p + 1)

Γ (p + α + 1)
z p+α.

Proof We will prove the identity for z ∈ T \ {−1} and by the Identity Theorem for
holomorphic functions the conclusion follows for all z ∈ C \ R−. Computing the
fractional integral we have

(
I α∗ f

)
(z) = 1

Γ (α)

∫ z

0

τ p

(z − τ)1−α
dτ. (2.1)

Now since z = eθ i for some θ ∈ (−π, π) we can also parameterize the path as
τ = (1 − r)eiθ , r ∈ [0, 1]. The integral (2.1) now becomes

(
I α∗ f

)
(z) = eiθ(p+α)

Γ (α)

∫ 1

0
rα−1(1 − r)pdr . (2.2)

Let us recall the following identity for the Beta function

B(x, y) =
∫ 1

0
t x−1(1 − t)y−1dt = Γ (x)Γ (y)

Γ (x + y)
.

Applying the previous identity to (2.2) we get

(
I α∗ f

)
(z) = eiθ(p+α)

Γ (α)

Γ (α)Γ (p + 1)

Γ (p + α + 1)
= Γ (p + 1)

Γ (p + α + 1)
z p+α

for all z ∈ T\{−1}. Consequently, by the Identity Theorem for holomorphic functions
the conclusion holds. �


In [30] the authors proved the corresponding result for the Caputo complex frac-
tional derivative.

Proposition 2 derivadacaputop Let p � α and f (z) := z p then

(
Dα∗ f

)
(z) = Γ (p + 1)

Γ (p − α + 1)
z p−α.

Remark 1 It is easy to observe that the Caputo complex fractional derivative of a
constant annihilates as happens in the usual derivative. However this is not always the
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case for fractional derivatives and the Riemann-Liouville is an example of fractional
derivative that does not annihilates for constant functions.

We can easily notice that, as in the real valued case, the operator I α∗ is the right
inverse of the Caputo complex fractional derivative. The Caputo complex fractional
integral also satisfies the semigroup property [31].

One of the fundamental functions in fractional calculus is the Mittag-Leffler func-
tion.

Definition 7 For α, β > 0 the Mittag-Leffler function Eα,β : C → C is defined as
follows

Eα,β(z) :=
∞∑
n=0

zn

Γ (αn + β)
.

Inwhat follows let denote Eα(z) := Eα,1(z), andnotice that Eα is an entire function.
We also point out the following identity that shows that certainMittag-Leffler functions
are eigenvectors of the Caputo complex fractional derivative [18, Ch. E.2]:

Dα∗
(
Eα(λzα)

) = λEα(λzα) for all λ ∈ C. (2.3)

2.3 Reproducing Kernel Hilbert Spaces (RKHS)

A RKHS over a set X is a Hilbert space of functions f : X → R for which given
each x ∈ X the evaluation functional Ex f = f (x) is bounded. It is a usual space
in machine learning and approximation theory [10]. As a consequence of the Riesz
representation theorem, for each x ∈ X there exists a function kx ∈ H for which
〈 f , kx 〉H = f (x) for all f ∈ H . Hence associated with each RKHS there is a kernel
function given by K (x, y) = 〈ky, kx 〉H .

In [29] and [30] the authors defined the Mittag-Leffler RKHS in order to approxi-
mate the Caputo fractional derivative of a function.

Definition 8 (Mittag-Leffler space on the slitted plane). Given α > 0, the Mittag-
Leffler space on the slitted plane is defined as

ML2(C \ R−;α) :=
{
f (z) =

∞∑
n=0

anz
αn :

∞∑
n=0

|an|2Γ (αn + 1) < ∞
}

.

The Mittag-Leffler space on the slitted plane is a RKHS equipped with the inner
product

〈 f (z), g(z)〉ML2(C\R−;α) =
∞∑
n=0

Γ (αn + 1)anbn

and the kernel function kα : (C \ R−) × (C \ R−) → C such that

kα(z, λ) = Eα

(
λαzα

)
.
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Dynamics of the Caputo fractional derivative 1723

2.4 Köthe sequence spaces

Definition 9 A matrix A = (a j,k) j,k∈N0 of non-negative numbers is called a Köthe
matrix if it satisfies the following conditions:

(i) For each j ∈ N0 there exists k ∈ N0 such that a j,k > 0.
(ii) a j,k � a j,k+1 for all j, k ∈ N0.

For 1 � p < ∞, the Köthe sequence space λp(A) is defined as

λp(A) :=

⎧⎪⎨
⎪⎩
x ∈ KN : ‖x‖k :=

⎛
⎝

∞∑
j=0

∣∣x ja j,k
∣∣p

⎞
⎠

1/p

< ∞ for all k ∈ N0

⎫⎪⎬
⎪⎭

.

The Köthe space λp(A) is a Fréchet space when endowed with the seminorms ‖ · ‖k .
As pointed out in [26], for a Köthe matrix A the dual space of λp(A) is known.

Theorem 2 Let A be a Köthe matrix and 1 � p < ∞. Then for each y ∈ λp(A)′ there
exists a sequence (y j ) j∈N0 such that

∞∑
j=0

|x j ||y j | < ∞

and also

y(x) =
∑
j=0

x j y j

for all x ∈ λp(A).

3 Devaney Chaos and disjoint hypercyclicity for the Caputo
derivative

We will now study chaos in the sense of Devaney for the Caputo complex frac-
tional derivative T = Dα∗ , as well as the disjoint mixing property of the tuple
(λT , λ2T 2, . . . , λmTm) for arbitrary m ∈ N and λ ∈ C \ {0}. For this purpose,
we define the following space.

Definition 10 Let α > 0 theMittag-Leffler Caputo space on the slitted plane is defined
as

MLC2(C \ R−;α)

:=
⎧⎨
⎩ f (z) =

∞∑
j=0

b j z
α j :

∞∑
j=0

Γ (α( j + k) + 1)2

Γ (α j + 1)
|b j+k |2 < ∞,∀k ∈ N0

⎫⎬
⎭ ,

(3.1)
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provided with the increasing sequence of norms:

‖ f ‖k :=
⎛
⎝

k∑
j=0

Γ (α( j + k − 1) + 1)2

Γ (α j + 1)
|b j |2 +

∞∑
j=0

Γ (α( j + k) + 1)2

Γ (α j + 1)
|b j+k |2

⎞
⎠

1/2

,

for every k ∈ N0. Let us observe that the Mittag-Leffler Caputo space on the slitted
plane is isometrically isomorphic to theKöthe sequence space λ2(A), where thematrix
A = (a j,k) j,k∈N0 is given by

a j,k =

⎧⎪⎨
⎪⎩

Γ (α( j+k−1)+1)√
Γ (α j+1)

if j < k,

Γ (α j+1)√
Γ (α( j−k)+1)

if j � k.

Hence the Mittag-Leffler Caputo space on the slitted plane is a Fréchet space with the
increasing sequence of norms ‖ · ‖k .

Let us also notice that given k ∈ N0 we can define the space

MLC2
k (C \ R−;α) :=

⎧
⎨
⎩ f (z) =

∞∑
j=0

b j z
α j :

∞∑
j=0

Γ (α( j + k) + 1)2

Γ (α j + 1)
|b j+k |2 < ∞

⎫
⎬
⎭ ,

which is a Hilbert space when endowed with the interior product

〈 f , g〉MLC2
k

=
k∑
j=0

Γ (α( j + k − 1) + 1)2

Γ (α j + 1)
b j c j +

∞∑
j=0

Γ (α( j + k) + 1)2

Γ (α j + 1)
b j+kc j+k

for any f , g ∈ MLC2
k (C \ R−;α) such that f (z) = ∑∞

j=0 b j zα j and g(z) =∑∞
j=0 c j z

α j .

For k1 < k2 we have the inclusion MLC2
k2

(C \ R−) ⊂ MLC2
k1

(C \ R−) and,

alternatively, the Fréchet space MLC2(C \ R−) can be defined as an intersection of
Hilbert spaces

MLC2(C \ R−) =
⋂
k∈N0

MLC2
k (C \ R−),

endowed with the increasing sequence of norms associated with the corresponding
Hilbert spaces.

Lemma 1 Let k ∈ N0, then the following identity holds:

span{Eα(λzα) : λ ∈ C} = MLC2
k (C \ R−).
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Dynamics of the Caputo fractional derivative 1725

Proof LetΦ ∈ MLC2
k (C\R−)∗ such thatΦ (Eα(λzα)) = 0 for all λ ∈ C\R−. Then

by the Riesz Representation Theorem there exists some φ ∈ MLC2
k (C\R−) such that

φ(z) = ∑∞
j=0 a j zα j and Φ( f ) = 〈φ, f 〉MLC2

k (C\R−) for any f ∈ MLC2
k (C \ R−).

Therefore we have

Φ
(
Eα(λzα)

) = 〈φ, Eα(λzα〉MLC2
k (C\R−)

=
k∑
j=0

Γ (α( j + k − 1) + 1)2

Γ (α j + 1)2
a jλ j +

∞∑
j=0

Γ (α( j + k) + 1)

Γ (α j + 1)
a j+kλ j+k

(3.2)

= 0

for all λ ∈ C. Now taking λ = 0 we have:

Φ(Eα

(
λzα

)
) = Γ (α(k − 1) + 1)2

Γ (1)2
a0 = 0,

and therefore a0 = 0. Let us now notice that identity (3.2) can be also expressed as

1

λ

⎛
⎝

k∑
j=1

Γ (α( j + k − 1) + 1)2

Γ (α j + 1)2
a jλ j−1 +

∞∑
j=0

Γ (α( j + k) + 1)

Γ (α j + 1)
a j+kλ j+k−1

⎞
⎠ = 0

and consequenlty we have that

k∑
j=1

Γ (α( j + k − 1) + 1)2

Γ (α j + 1)2
a jλ j−1 +

∞∑
j=0

Γ (α( j + k) + 1)

Γ (α) j + 1
a j+kλ j+k−1 = 0,

for all λ ∈ C. In particular, for λ = 0 we have Γ (α(k)+1)2

Γ (α+1)2
a1 = 0, so it follows that

a1 = 0. Proceeding recursively we see that (an)n = 0 and therefore by the Hahn-
Banach theorem the conclusion holds. �

Remark 2 For k = 0 the spaceMLC2

0 (C\R−) coincideswith theMittag-Leffler space
on the slitted plane ML2(C \ R−) and the functions Eα(λαzα) are kernel functions
of the RKHS. Consequently, for k = 0 an argument for the previous proof using the
representation property of the Mittag-Leffler space would be equivalent to the one we
have provided.

Proposition 3 he Caputo complex fractional derivative Dα∗ is well-defined in the
Mittag-Leffler Caputo space for any α > 0.

Proof Let f ∈ MLC2(C \ R−;α) be given by f (z) = ∑∞
j=0 a j zα j . Then

((
Dα∗

)i
f
)

(z) =
∞∑
j=0

a j+i
Γ (α( j + i) + 1)

Γ (α j + 1)
zα j
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1726 M. Murillo-Arcila et al.

for any i ∈ N0. Now, for any k ∈ N0 we have

∞∑
j=0

∣∣∣∣a j+i+k
Γ (α( j + i + k) + 1)

Γ (α( j + k) + 1)

∣∣∣∣
2

Γ (α( j + k) + 1)2

Γ (α j + 1)

=
∞∑
j=0

∣∣a j+i+k
∣∣2 Γ (α( j + i + k) + 1)2

Γ (α j + 1)
< ∞,

so clearly
(
Dα∗

)i
f ∈ MLC2(C \ R−;α) for all i ∈ N0. �


Theorem 3 The Caputo complex fractional derivative Dα∗ is Devaney chaotic in the
Caputo Mittag-Leffler space for any α > 0.

Proof Once observed that Dα∗ acts as a unilateral weighted shift on a Köthe sequence
space, the result follows from the well known characterization of chaos for weighted
shifts on sequence spaces (see, e.g., Theorem 4.8 in [19]). Nevertheless, we will obtain
the result through the Eigenvector Field Criterion since it offers stronger dynamical
properties than Devaney chaos itself.

Let us first observe that Dα∗ Eα(λzα) = λEα(λzα), so that the function Eα(λzα) is
an eigenvector for the operator Dα∗ associated with the eigenvalue λ. We will use the
Eigenvector Field Criterion 1 with G : C → MLC2(C \ R−;α) given by G(λ) :=
Eα(λzα). Let us first notice that G is a weakly holomorphic eigenvector field. Indeed,
given any functional Y ∈ (

MLC2(C \ R−;α)
)′

by Theorem 2 there exists some
sequence (y j ) j such that

Y (Eα(λzα)) =
∞∑
j=0

y j
Γ (α j + 1)

λ j ,

and the convergence is absolute for any λ ∈ C. Hence it follows that G is weakly
holomorphic.

Wewill now prove that span{G(C)} is dense inMLC2(C\R−). In order to do so let
f ∈ MLC2(C \R−) and define the sequence (gn)n ⊂ span{G(C)} such that for each
fixed n we have ‖gn − f ‖n < 1

n . Such a sequence exists since span{G(C)} is dense in
MLC2

n (C \R−) for each n ∈ N from Lemma 1. Now we claim that gn → f . Indeed,
gn → f if and only if for each k ∈ N0, ‖gn − f ‖k → 0 as n → ∞. Nevertheless,
since ‖ · ‖k is an increasing sequence of norms we have the following identity

‖gn − f ‖k � ‖gn − f ‖n <
1

n
for all n � k,

and therefore the claim holds. Finally, by the Eigenvector Field Criterion 1 the con-
clusion follows. �


In [6] the authors proved that any finite set of iterates of the derivative operator
is d-mixing. The result gives us the intuitive idea that different iterates of the deriva-
tive operator are substantially different in terms of their dynamical behaviour. This
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Dynamics of the Caputo fractional derivative 1727

motivates the study of d-mixing for tuples involving different iterates of a non-zero
multiple of the Caputo fractional derivative. To obtain this result we will use a key
argument given in [7].

Theorem 4 Let α > 0, λ �= 0, and N ∈ N with N � 2. Then the tuple(
λDα∗ , . . . , λN (Dα∗ )N

)
is d-mixing on the Mittag-Leffler Caputo space MLC2(C \

R−).

Proof Let T := λDα∗ . We first define the set

Yα := span{znα : n ∈ N0},

and observe that Yα is dense in the Mittag-Leffler Caputo space MLC2(C \R−). Let
us also consider the linear map S : Yα → Yα defined on the monomials by

Szαk := λ−1 Γ (αk + 1)

Γ (α(k + 1) + 1)
zα(k+1).

By taking X0 = X1 = Yα we have that T kzαk = 0 for every k ∈ N since the Caputo
derivative of a constant annihilates. On the other hand we have that S is a right inverse
of T on Yα and Snx → 0 for each x ∈ Yα . This means that T satisfies the so-called
Original Kitai’s Criterion, and by [7, Theorem 3.4 ] we conclude the result. �


4 Devaney Chaos for the discretization of the Caputo derivative

In this section, we study the dynamics of the L1 discretization of the Caputo fractional
derivative. The aim here is to prove whether the numerical discretization of the Caputo
derivative captures its chaotical behaviour. This section continues with the research
initiated in [21], where the authors proved chaos for some discretizations of fractional
derivatives.

Let b ∈ �1(N0) be a summable sequence and define its Gelfand transform by

δ(z) :=
∞∑
n=0

b(n)zn, z ∈ D.

The following criterion will be important for proving chaos for the L1 discretization
of the Caputo fractional derivative, and it is a reformulation of a classical result by
Godefroy and Shapiro [16] for chaos of adjoint multipliers on the Hardy space.

Theorem 5 [16] Let b ∈ �1(N0) be given and Tb : �2(N0) → �2(N0) given by

Tbu(n) =
∞∑
j=0

b( j)B ju(n), n ∈ N0,

where B denotes the backward shift operator. Then Tb defines a bounded operator on
�2(N0) and the following assertions are equivalent:
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(i) Tb is chaotic,
(ii) δ(D) ∩ T �= ∅.

The L1 discretization was introduced in [27] and it is the most commonly used
numerical approximation for the Caputo fractional derivative of order α ∈ (0, 1).
Given f ∈ �2(N0) the L1 discretization can be seen as an operator defined as follows:

Dα f (n) := τ−α

Γ (2 − α)

n∑
j=1

cn− j ( f ( j) − f ( j − 1))

where τ > 0 is the step size of the discretization and ck = (k + 1)1−α − k1−α .
A computation shows the representation ofDα in the canonical basis {el(n)}n,l∈N0

is given by

Dαel(n) =

⎧
⎪⎨
⎪⎩

0 if n < l,
τ−α

Γ (2−α)
c0 if n = l,

τ−α

Γ (2−α)
(cn−l − cn−l−1) if n > l,

and therefore we can rewrite the L1 discretization as

Dα f (n) =
∞∑
j=0

τ−α

Γ (2 − α)
b( j)B j f (n)

where B is the backward shift operator and b is such that b(0) = c0 = 1 and b( j) =
c j − c j−1.

Theorem 6 For 0 < α < 1 and 0 < τ < α

√
1

Γ (2−α)
the L1 discretization of the Caputo

fractional derivative is Devaney chaotic in �2(N0).

Proof First we have to show that b ∈ �1(N0). In order to do so let us observe that
b(n) = cn − cn−1 = (n + 1)1−α − 2n1−α + (n − 1)1−α . We claim that b(n) < 0 for
n � 1. Indeed let us define f (x) := x1−α − (x − 1)1−α . By the Mean Value Theorem
we have that for all x � 1 there exists some c ∈ (x, x + 1) such that

(x + 1)1−α − 2x1−α + (x − 1)1−α = f (x + 1) − f (x) = f ′(c)

= (1 − α)

(
1

cα
− 1

(c − 1)α

)
< 0
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and therefore the claim follows. Hence we can compute

∞∑
n=0

|b(n)| = 1 +
∞∑
n=1

∣∣∣(n + 1)1−α − 2n1−α + (n − 1)1−α
∣∣∣

= 1 +
∞∑
n=1

−(n + 1)1−α + 2n1−α − (n − 1)1−α

= 1 + lim
N→∞

(
N∑

n=1

(
n1−α − (n + 1)1−α

)
+

N∑
n=1

(
n1−α − (n − 1)1−α

))

= 2

where the last equality follows by noticing that the partial sums are telescopic.
Now we will use Theorem 5 with

δ(z) =
∞∑
n=0

b(n)zn = τ−α

Γ (2 − α)

(
1 +

∞∑
n=1

(
(n + 1)1−α − 2n1−α + (n − 1)1−α

)
zn

)
.

We claim that δ(D) ∩ T �= ∅. Indeed let us observe that for z = 0 we have δ(0) =
τ−α

Γ (2−α)
> 1 and for z = 1 we have

δ(1) = τ−α

Γ (2 − α)

(
1 +

∞∑
n=1

(n + 1)1−α − 2n1−α + (n − 1)1−α

)

= τ−α

Γ (2 − α)

(
1 + lim

N→∞

(
N∑

n=1

(
n1−α − (n + 1)1−α

)
+

N∑
n=1

(
n1−α − (n − 1)1−α

)))

= 0.

Hence by continuity it is clear that there exists some z′ ∈ D such that δ(z′) ∈ T and
the conclusion holds. �
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