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ABSTRACT

The aim of this paper is to obtain fixed point results for interpolative Kannan type
contraction mappings. The purpose of this paper is two fold: one relates to the fixed
point results for multivalued cyclic interpolative Kannan type contractions, and second
deals with proving the Perov fixed point result for interpolative Kannan type contrac-
tion mappings in the framework of vector valued metric spaces.
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1. INTRODUCTION

The Banach Contraction Principle [2] holds a significant importance across various mathematical
disciplines. Many authors have made generalizations based on different metric structures and types of
contractions. For example, Perov [10], [11] extended the result to vector-valued metric spaces whearas
Nadler [9] extended it to multivalued mappings. Furthermore, Karapinar [5] proved a fixed point result

for interpolative Kannan-type contractions which was later extended by Gaba et al., [4], Errai et al., [3],
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and Safeer et al. [6]. Moreover, Kirk et al., [7] established the fixed point results for cyclic type contrac-

tions.

The aim of this paper is to present (a) some fixed point results for multivalued cyclic interpolative
Kannan type contraction mappings and (b) a fixed point results for Perov interpolative Kannan type
contractions in the framework of vector-valued metric spaces.

Let X be a nonempty set equipped with a metric d and CB(X) the family of all nonempty closed and
bounded subsets of X. For any A, B € CB(X), define H : CB(X) X CB(X) — R as follows:

H(A, B) = max{d(A, B), 6(B,A)},

where 6(A, B) = sup,.4 d(a, B) and d(a, B) = infpcp d(a, b). Note that, H is a metric on CB(X), called
the Pompeiu Hausdorff metric induced by d. Moreover, a point x € X is said to be a fixed point of a
multivalued mapping T : X — CB(X) if x € T x. Equivalently, a point x € X is fixed point if and only if
d(x, Tx) = 0.

Lemma 1.1. Let A, B € CB(X). Then for any q > 1 and x € A, there exist y € B such that
d(x,y) < qH(A, B).

Definition 1.2 ([8]). Amap T : X — CB(X) is called multivalued interpolative Kannan type contraction
if there exist 4 € [0, 1) and a € (0, 1) such that

H(Tx,Ty) < Ad(x, Tx)*d(y, Ty)' ™,
holds for all x,y € X \ Fix{T}.

Theorem 1.3 ([8]). If (X, d) is a complete metric space and T : X — CB(X) is a multivalued interpolative
Kannan type contraction. Then Fix{T} # ¢ provided that T x is compact for each x € X.

Let us recall the following definition.
Denote 0 := (0,0,0,--- ,0) € R". Define a partial order on R” as follows:
for any x,y € R", we say x < y if and only if x; < y; forall 1 < i < n, where x = (x1, x2, X3, , X,) and
Y =1,Y2,53, Yn)-
Definition 1.4. Let X be a nonempty set. A mapping D : X X X — R" is called the vector valued metric
on X if the followings conditions are satisfied:

(D1) 0 < D(x,y) for all x,y € X and D(x,y) = 0 if and only if x = y.
(D7) D(x,y) = D(y, x) for all x,y € X.
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(D3) D(x,y) < D(x,z) + D(z,y), forall x,y,z € X

and (X, D) is called a vector valued metric space,

We denote, M,(R*), ,, and I,, by the sets of n X n matrices with nonnegative real elements, the n X n
zero matrix, and the n X n identity matrix, respectively. For any A € M,(R), the spectral radius of A,
denoted by p(A), is defined as

p(A) = max{|u| : u is an eigenvalue of A}.

Moreover, a matrix A € M,(R) is said to converge to 6, if and only if its spectral radius p(A) is strictly
less than one, that is, p(A) < 1 (see [12]). Also, a matrix A € M,(R) converges to zero if A" — 6, as
n — oo. Furthermore, if A and B are matrices in M, (R*) with A < B (in the component-wise sense), then
p(B) < 1 implies that p(A) < 1.

Lemma 1.5 ([1]). If A is any matrix with spectral radius p(A) < 1. Then, (I — A) is nonsingular and its

inverse is given by

T-A)'=T+A+A2+ A3+ ... :ZA".
i=0

The following result generalizes the Banach contraction principle for vector valued metric spaces (

[10], [11]).

Theorem 1.6. Let (X, D) be a complete vector-valued metric space and T : X — X. If there exists a

matrix A € M,(R") which converges to 8, and for all x,y € X, we have
D(Tx,Ty) < AD(x,y),

then T possess a unique fixed point.

1.1. Multivalued cyclic interpolative Kannan type contraction.

Let A and B be nonempty subsets of a metric space (X,d). A mapping 7 : AUB — A U B is said to be
cyclicif T(A) ¢ Band T(B) C A.

In 2003, Kirk et al. [7] introduced the concept of cyclic contraction and proved the fixed point result for
such mappings.

Let (X, d) be a complete metric space and {A,A»,...,A,} a collection of nonempty closed subsets of X
with ﬁleA,- #¢and Y = UleAi.

Suppose that T : ¥ — CB(X) is multivalued. For any set A in Y, define TA = U{Tx : x € A}.

Definition 1.7. A mapping T : Y — CB(X) is called multivalued cyclic interpolative Kannan type

contraction if
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(1)) TA; C Ay, forall 1 <i < pwhereA,;; =AjandTA, C Ay,
(ii) For any (x,y) € A; X Ajy1,i = 1,2,...pand Ay = Ay with H(Tx,Ty) > 0, there exist 4 € (0, 1)
such that

H(Tx,Ty) < Ad(x, Tx)%d(y, Ty)'~?,

holds with x,y ¢ ﬂleAl- andd(x,Tx) #0,d(y, Ty) # 0.

Theorem 1.8. Let X be a complete metric space. If T : Y — CB(X) is a multivalued cyclic interpolative

Kannan type contraction. Then T has a fixed point in ﬂ‘f: (A

Proof. Let x; € A; C X and x € Tx; C Ap. Then, for any g = \/Lj > 1, it follows from the Lemma 1.1
that there exist x3 € Tx, C A3 such that

d(x2, x3) < gH(T x1, Tx2).
Also, for x3 € Tx, C Aj, there exist x4 € Tx3 C Ay, such that
d(x3,x4) < gH(T x2, T x3),

holds with g > 1. Continuing the same way, we obtain that x,_; € Tx, > C A, ;. For g > 1. By Lemma

1.1, there exist x, € Tx,_1 C A, such that
d(xp-1,xp) < qH(Txp—2,Tx)2).
Moreover, for x, € Tx,_1 € A, there exist x,,1 € Tx, C Ay, such that
d(xp, xps1) < gH(Txp_1, Tx)).

Following arguments similar to those given above, we can construct a sequence {x,,,+;} in X where
1 <i< p,me N with x,p,; € A;. Thus forallm € N and 1 < i < p, (Xpp+i) = (X,) is a sequence in
U | A; such that for any n € N and r = VA, we have

d(xn, xn+l) SC]H(TXn—l, Txn) < ﬁd(xn—lv Txn—l)ad(xn, Txn)l_a
d(Xp, Xns1) <TA(Xp1, %) d(Xp, Xs1)' ™0

d(x, Xns1) <PV 1, X) < 7d(X-1, X).
Thus,

d(Xp, Xn11) < 1d(X_1, %) < 72 d (X2, X)) -+ < P73, x0).

Consequently, for any n € N, we have

d(Xp, Xpp1) < 77 ld(x1, x2).
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Hence for any m,n € N with m > n, by triangle inequality we obtain

d(xp, Xm) < d(Xn, Xpe1) + d(Xps1, Xp42) + - + d(Xp-1, Xm)
< Pl d(x, x) + 77, x0) + -+ 72 (x, x)

= P Dd(xy, 1)

m—2

= () Md(xi, x).

i=n—1
On taking limit as n,m — oo we get d(x,, x,,) — 0. Hence (x,) is a Cauchy sequence in X. As X
is complete, it converges to a point x € X, that is, x, — x. It follows from construction of (x,) that
Xp = Xmp+i» Where n = mp + i, withm € Nandi = 1,2,... p. Thus (x,,,+;) is a sequence in A;, for each
fixed 1 <i < p, and all these sequences (x,,p+;) € A;, 1 < i < p are subsequences of (x,), and converges
to x. Since each A; is closed so for each fixed 1 < i < p, xjp4i — x € A;. Thus x € ﬂleAi. Now, we

show that x is the fixed point of T, that is, d(x, T x) = 0. Since for any fixed 1 <i < p,, we have
0< d(xmp+i+l , Tx) SH(Tme+,', Tx)
<AdCtmpsis TXmpi)“d(x, T)' ™
<Ay Xmpriv1)*d(x, Tx)' ™7,
On taking limit as m — oo, we have
0 < lim d(-xmp+i+17 Tx) < lim /ld(xmpﬂ'a xmp+i+1)ad(xa Tx)*
m—o0 n—oo
0 < lim d(xmp+i+l, Tx)<0.
nm— 00
Hence lim,—co d(Xpp+i+1, TX) = d(x,Tx) = 0. Thus x € Tx. |
Definition 1.9. A mapping 7 : Y — CB(X) is called a multivalued cyclic (1, @ + 8 < 1)-interpolative
Kannan type contraction if
(1)) TA; CAjyy,foralll <i < pwhere A, =A;andTA, C A;.
(i) For any (x,y) € A; X Ajy1,i = 1,2,...pand Ay = Ay with H(Tx,Ty) > 0, there exist 4 € (0, 1)
such that
H(Tx, Ty) < Ad(x, Tx)*d(y, TyY,

holds with x,y ¢ N/_ | A;, x,y ¢ Fix(T) and d(x, Tx) > 1,d(y, Ty) # 0.

Theorem 1.10. Let X be a complete metric space. If T : Y — CB(X) is a multivalued cyclic (A, a + 8 <

1)-interpolative Kannan type contraction. Then T has a fixed point in ﬁleA,-.
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Proof. Take x; € A;. Following arguments similar to those given in Theorem 1.8, we construct a se-

quence {x,} in X satisfying:
d(x, Xp1) < qH(T x, Txy-1), Vn € N.
From Definition 1.9, we have
(s Xns1) < TH(T 0, T1) € VA1, ) d s T Y

that is,

A, X)) P < VA1, Topo1),
because x,.; € Tx,. Moreover

d(xp, Xp1) < r#a’(xn_l, T, 1)T.
Indeed, o + 8 < 1, d(x,Tx) > 1,¥x € X. Thus

d(xXn, Xn+1) < rd(Xn—1, Txp-1) < rd(xp-1, Xn).

Adopting the similar procedure as in the proof of Theorem 1.8, we can prove that (x,) is a Cauchy

sequence. Furthermore, using the completeness of X, (x,) converges to fixed point x € ﬂf: Aiof T. O

Definition 1.11. A mapping 7 : ¥ — CB(X) is called a multivalued cyclic (1, @ + 8 > 1)-interpolative
Kannan type contraction if
(1)) TA; C Ay, forall 1 <i < pwhereA,y; =Ajand TA, C Aj.
(i) For any (x,y) € A; X Ajy1,i = 1,2,...pand Ay = Ay with H(Tx,Ty) > 0, there exist 4 € (0, 1)
such that

H(Tx,Ty) < Ad(x, Tx)%d(y, Ty)’,

is satisfied for all x,y ¢ ﬂleAi, x,y ¢ Fix(T)and d(x, Tx) # 0,d(y, Ty) # 0.

Theorem 1.12. Let X be a complete metric space, and T : Y — CB(X) a multivalued cyclic (4, a+fS > 1)-
interpolative Kannan type contraction. If there exists x € X such that d(x,Tx) < 1, then T has a fixed

point in N;_, A;.

Proof. Let x; € X such that d(x;, Tx;) < 1. Without any loss of generality we assume that x; € A} C X.

Consider x; € Tx; € A, and for g = % > 1. By Lemma 1.1, there exist x3 € Txy C Az such that

d(x2,x3) < qH(Tx1, Tx2).
Also by Definition 1.11, we have

d(x2, x3) < gAd(x1, Tx1)d(x2, Tx2)P.
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As x3 € Txy ,d(x2, Txy) < d(x», x3). Thus
d(x2,x3) < VAd(xy, Tx1)*d(x2, x3 )P,

d(x2,x3)' 7 < rd(x1, Txy)",
that is,

d(xp, x3) < rﬁd(xl, Txl)ﬁ.
Since ﬁi > 1 and d(x1,Tx;) < 1, we have d(x1, Txl)ﬁ <1and rﬁ < r. Thus

d(x2,x3) <.
Continuing the same way, we can construct a sequence by using Lemma 1.1 and Definition 1.11 such
that
d(Xp, Xps1) < 1

for all n € N. Note that,

m—1
A, X)) < P+ 2 2 Z r

i=n
Hence d(x,,x,) — 0 as n,m — oo. Thus (x,) is a Cauchy sequence in X, and completeness of X
yields that (x,) converges to some x € X. Further, due to the cyclic nature of the mapping, the sequence
(x,) is composed of sub-sequences x; € A;, mp < i < (m+ 1)p Vm € N. Thus the sub-sequences
{Xmp+i} € A; 1 <0< p, me N.Moreover, the convergence of (x,) assures that each of the sub-sequence
also converges to the same limit x, such that x,,,.;, > x, Y1 <i < p.Hence x € A;forall1 <i<p

because each A; is closed. Thus x € ﬂleA,-. Now, we show that x is the fixed point of 7". Note that,
0 <d(xp41,Tx) < H(Tx,, Tx)
< Ad(xn, Tx,)%d(x, Tx)P
< Ad(xp, Xpi1)%d(x, Tx)P
< A7 d(x, Tx).
On taking limit as n — co, we obtain that

0 < lim d(xps1, TX) <0,
n—00

and
lim d(x,+1, Tx) = d(x,Tx) =0.
Thus x € Tx, that is, x € ﬂf: (A is the fixed point of 7. O
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Remark 1.13. In Theorem 1.10, we have @ + § < 1 which implies that

H(Tx,Ty) < Ad(x, Tx)*d(y, TyY’ < Ad(x, Tx)%d(y, Ty)' "2,
since d(y, Ty) > 1. Thus, Theorem 1.10 is satisfied for @+ < 1. However, it does not cover Theorem 1.8
which is more generally applicable without the restriction d(x, 7x) > 1. In Theorem 1.12 witha + 8 > 1
implying @ > 1 — 3, we have

H(Tx, Ty) < 2d(x, T0)d(, TyY < Ad(x, Tx)' Pd(y, TyY,
because d(x, Tx) < 1. Thus, Theorem 1.12 is satisfied for @ + 8 > 1 but does not cover Theorem 1.8
which does not restrict with d(x, Tx) < 1.

1.2. Perov intertopaltive Kannan type contraction.

Definition 1.14. Let (X, D) be a complete vector valued metric space with D : X x X — R". A self
mapping T : X — X is said to be Perov interpolative Kannan type contraction if there exist a matrix

A € M,(R*) which converges to zero or having spectral radius p(A) < 1 and « € (0, 1) such that
D(Tx, Ty) < AD(x, T)* D(y, Ty)' ™,
is satisfied for all x,y € X with x,y ¢ Fix(T).

Theorem 1.15. Let T : X — X be Perov interpolative Kannan type contraction. Then T has a fixed

point.

Proof. Let xg € X, we construct a sequence (x;,) as follows:
xn+1 = T(x,) = T"™(xp) for all positive integers n. Without any loss of generality, we assume that x,, # x;,4|

for each nonnegative integer n. Thus, we have
D(Xp41, Xn42) = D(T Xp, TXps1) < AD(Xp, T X)) D(Xps1, Txn+l)1_w-
This yields
D(Xp41, Xn42)" < AD(xy, T xp)"
D(xns1, Xne2) < AV D (i, Xne1).

Take A/® = B. Hence
D(xn+1axn+2) < BD(xna xn+1)- (11)

In a similar fashion, we can write
D(xn, Xps1) = D(T -1, Txn) < AD(Xp-1, Tp1)* D(n, Toxp)' ™

D(xy, Xn41) < AYD(x,0-1, X,)

@O0 Appl. Gen. Topol. 27, no. 2 (2026), 25664 | 8


https://creativecommons.org/licenses/by-nc-sa/4.0/

Interpolative results for cyclic multivalued and Perov type contractions

D(xy, xXp11) < BD(X-1, Xy). (1.2)
By combining (1.1) and (1.2), we obtain
D, Xn41) < B*D(X-1, ). (1.3)
Following the arguments similar to those given above, we get the following relation for all n € N
D(xp, Xp41) < BnD(x07 X1). (1.4)
Note that,
D(xpm, xm+p) < DX X 1) + DX 1, Xis2) + -0+, D(xm+p—l, -xm+p)
S (Bm + Bm+l + Bm+2+, . ,Bm+p_l)D(x0,x])
=B"(I+B+B*+ B +---)D(x0, x1).
Since B is convergent to zero, matrix (I — B) is non-singular and
I-B)'=I1+B+B*+---.
Therefore,
DX, Xmsp) < B"(I = B)™' D(x0, x1),

As B" — 6, on taking limit as m — 0. S0 D(X, Xn+p) — 0 as m — oo. Hence, the sequence (x;,)
is a fundamental (Cauchy), and using the completeness of the space (X, D), there exist z € X such that

D(x,,7) — 0 as n — oo, that is,
nh_)r{)lo D(x,,2) = 0. (1.5)
We now show that z is a fixed point of 7. Note that,
0<D(z,Tz) = r}l_}ngo D(x,,Tz)
= lim D(Tx,-1,T2)

n—oo

<A lim D(xp-1, Txpn-1)"D(z, T2)' ™ = 0.

n—oo
Hence

D(z,T?) =0 = z=Tz
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Example 1.16. Let X = [0,0),and D : X X X — R? a metric defined as:

d(x, x+y, ifx#y,
D(x,y) = (o) ; where  d(x,y) = g g
d(x. ) 0. ifx=y.

Suppose that T : X — X is defined as follows:

Tx =

e if x € (4, ).

{1 if x € [0,4],

Take, A =

1/2 1/4 . .
gl Clearly, p(A) = 1/2. We now discuss the following cases.

Case I: If x,y € [0, 4], then

D(Tx.Ty) - d(Tx,Ty)| (d1,1)) (0
I arx ) " laa, ) " o)

Also

1/2 1/2
ADG T 2Dy, Ty 2 = [ 112 14 d(x,Tx)] {d(y,Ty)]

0 1/8){dx,Tx)) |dG.Ty)

1/2 1/2
(12 vy (x+1) Ty
Lo 18flx+1] y+1

{172 14){(xe+ D2+ D2
Lo 18)lee+ D2y + D2

_(3/4(x+ D2y + D2 [0
1/8x+ D2y + 1'2) ~ o)

Case II: If x € [0,4], and y € (4, ), then

d(Tx,Ty)| [d1,e™) l+e 1+e8
D(Tx,Ty) = = = < .
d(Tx,Ty)) \dQ1,e™) l+e l+¢8

@O0 Appl. Gen. Topol. 27, no. 2 (2026), 25664 | 10
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Also

AD(x, Tx)'2D(y, Ty)'1? = 1/2 1/4)(

1/2 1/2
d(x, Tx) dy,Ty)
;) o)

d(x, Tx) d(y,Ty)

{172 1/4)[(x+ DYy + e )12

Lo 178l + D2y + e )12

[ G/Hx+ DYy + )2
(1/8)(x + D2 (y + e~ )12

(B/4)(4 + 6_8)1/2] N [1 + e—S]

= (1/8)(4 + e~ 8)1/2 1+e8)

Similarly, it holds for the case x € [0,4] and y € (4, o).
Case III: If x,y € (4, o), then

d(Tx,Ty) d(e >, e72) e e 2e78
D(Tx,Ty) = = = < .
d(Tx,Ty) d(e ™, e7%) e e 2e78

Also

1/2 1/2
AD(x, Tx)'2D(y, Ty)'/? = 1/2 1/4][d(x, Tx)) [d(}’, Ty)]

0 1/8)\d(x,Tx) dy,Ty)

{172 1/4)[x+1/e* Py )"
Lo 1/8)lx+17e) |y+1/e¥
_[G/HG+ e Py + )2
/) + e )2y + )12

B/4) 4 + e ) . 2¢78
(1/8) 4+ e8| (2e78)

Thus, in all the cases the required interpolative condition holds. Moreover, x = 1 is a fixed point of 7.

>

Conclusion. If we set A; = X for all 1 <i < p and consider the collection of compact subsets, then the
Theorem 1 of [8] becomes a special case of Theorem 1.8. Furthermore, if we take n = 1 in Theorem

1.15, then the result of [5] becomes a special case of our Theorem .
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