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Completion Obviously, the results obtained hold for the corresponding 
column completion problems.
© 2025 The Author(s). Published by Elsevier Inc. This is an 

open access article under the CC BY-NC-ND license 
(http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

An important problem in Matrix Theory is the matrix completion problem. It consists 
in characterizing the existence of a matrix with certain properties when a submatrix is 
prescribed. In fact, this problem includes many other ones depending on the type of 
matrices involved and the properties analyzed. In the last decades the research in the 
area has been very fruitful. See [1,10,14,15,17] and the references therein.

This work is devoted to the matrix completion problem for polynomial and rational 
matrices when the complete structural data (or some of them) of the polynomial or the 
rational matrix are prescribed and the submatrix is formed by some of its rows (columns). 
This study generalizes the results obtained in [1], where the row completion problem of 
a polynomial matrix is solved when the eigenstructure (or part of it) is prescribed and 
the degree of the completed matrix is the same as that of the prescribed submatrix.

The generalization addressed in this paper is two-folded. On the one hand, we allow 
that the degree of the completed polynomial matrix is greater than or equal to that of the 
prescribed submatrix. On the other hand, the results of [1] are generalized to rational 
matrices, solving the row completion problem when the complete structural data (or 
some of them) of the completed rational matrix are prescribed.

The eigenstructure of a polynomial matrix is formed by four types of invariants: the 
invariant factors, the partial multiplicities of ∞, and the column and row minimal indices 
([11]). The invariant factors form the finite structure of the matrix, the partial multi
plicities of ∞ are the infinite structure, and the minimal indices, the singular structure. 
The prescription of all or part of these invariants leads to pose 15 different completion 
problems, some of them solved in [1], when the degree of the completed matrix is pre
scribed to coincide with that of the given submatrix. The remaining ones are solved in 
[2].

The complete structural data of a rational matrix is formed by the invariant rational 
functions (finite structure), the invariant orders at ∞ (infinite structure), and the column 
and row minimal indices (singular structure) ([4]). We show later that for polynomial 
matrices, knowing the eigenstructure is equivalent to knowing the complete structural 
data.

Once more, due to the high number of problems that the complete analysis of the 
study includes, we solve in this work some of the cases, generalizing the results in [1], 
and leaving the remaining ones for a future paper, hence generalizing [2]. One of the 
problems, the prescription of only the finite structure, was solved independently by E. 
Marques de Sá and R.C. Thompson in 1979 in the seminal papers [15,17], and the result 
was generalized to the rational case in [5].

http://creativecommons.org/licenses/by-nc-nd/4.0/
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The paper is organized as follows. Section 2 contains the notation, definitions, prelim
inary results, and the statement of the problems we deal with. In Section 3 we solve the 
problem when the complete structural data are prescribed. Finally, in Section 4 we solve 
the problem of the prescription of the complete structural data but the row (column) 
minimal indices (Subsection 4.1), and that of the prescription of the finite and/or infinite 
structures (Subsection 4.2).

2. Preliminaries

Let F be a field. The ring of polynomials in the indeterminate s with coefficients in F
is denoted by F [s], F(s) is the field of fractions of F [s], i.e., the field of rational functions 
over F , and Fpr(s) is the ring of proper rational functions, i.e., the rational functions with 
degree of the denominator at least the degree of the numerator. The ring of polynomials 
in two variables s, t with coefficients in F is denoted by F [s, t]. A polynomial in F [s] is 
monic if its leading coefficient is 1. We say that a polynomial in F [s, t] is monic if it is 
monic with respect to the variable s. Given two polynomials α, β, by α | β we mean that 
α is a divisor of β, by lcm(α, β), the monic least common multiple of α and β, and by 
gcd(α, β), the monic greatest common divisor of α and β.

In this work we deal with finite sequences of integers a = (a1, . . . , ar) where a1 ≥
· · · ≥ ar. If ar ≥ 0, the sequence is called a partition. When necessary, we take ai = +∞
for i < 1 and ai = −∞ for i > r. If b1 ≤ · · · ≤ br is an increasing sequence of integers, 
we take bi = −∞ for i < 1 and bi = +∞ for i > r.

We also deal with polynomial chains α1 | · · · | αr, where αi ∈ F [s] or αi ∈ F [s, t], and 
take α1 = 1 for i < 1 and αi = 0 for i > r. If ϕr | · · · | ϕ1, we take ϕi = 1 for i > r and 
ϕi = 0 for i < 1.

We denote by Fm×n, F [s]m×n, F(s)m×n, and Fpr(s)m×n the vector spaces over F of 
m×n matrices with elements in F , F [s], F(s), and Fpr(s), respectively. A matrix U(s) ∈
F [s]n×n is said unimodular if it has inverse in F [s]n×n, while a matrix B(s) ∈ Fpr(s)n×n

is said biproper if it has inverse in Fpr(s)n×n.
Let R(s) ∈ F(s)m×n of rank(R(s)) = r. A canonical form for the unimodular equiva

lence of R(s) is the Smith–McMillan form

[
diag

(
η1(s) 
ϕ1(s) , . . . ,

ηr(s) 
ϕr(s)

)
0

0 0

]
,

where η1(s) | · · · | ηr(s) and ϕr(s) | · · · | ϕ1(s) are monic polynomials and η1(s) 
ϕ1(s) , . . . ,

ηr(s) 
ϕr(s)

are irreducible rational functions called the invariant rational functions of R(s). We also 
refer to them as the finite structure of R(s). The polynomial ϕ1(s) is the monic least 
common denominator of the entries of R(s) (see, for instance, [16, Chapter 3, Section 4]).

A canonical form for the equivalence at infinity of R(s) is the Smith–McMillan form 
at infinity
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diag

(
s−p̃1 , . . . , s−p̃r

)
0

0 0

]
,

where p̃1 ≤ · · · ≤ p̃r are integers called the invariant orders at infinity of R(s) (see, for 
instance, [18]). In [4], the sequence of invariant orders at ∞ is called the structural index 
sequence of R(s) at ∞.

We recall now the singular structure of a rational matrix. Denote by N�(R(s)) and 
Nr(R(s)) the left and right null-spaces over F(s) of R(s), respectively, i.e., if R(s) ∈
F(s)m×n,

N�(R(s)) = {x(s) ∈ F(s)m×1 : x(s)TR(s) = 0},
Nr(R(s)) = {x(s) ∈ F(s)n×1 : R(s)x(s) = 0},

which are vector subspaces of F(s)m×1 and F(s)n×1, respectively. For a subspace V of 
F(s)m×1 it is possible to find a basis consisting of vector polynomials; it is enough to 
take an arbitrary basis and multiply each vector by a least common multiple of the 
denominators of its entries. The order of a polynomial basis is defined as the sum of 
the degrees of its vectors (see [12]). A minimal basis of V is a polynomial basis with 
least order among the polynomial bases of V. The degrees of the vector polynomials of 
a minimal basis, increasingly ordered, are always the same (see [12]), and are called the 
minimal indices of V.

A right (left) minimal basis of a rational matrix R(s) is a minimal basis of Nr(R(s))
(N�(R(s))). The right (left) minimal indices of R(s) are the minimal indices of Nr(R(s))
(N�(R(s))). From now on in this paper, we work with the right (left) minimal indices 
decreasingly ordered, and we refer to them as the column (row) minimal indices of R(s). 
Notice that a rational matrix R(s) ∈ F(s)m×n of rank(R(s)) = r has m − r row and 
n− r column minimal indices.

For a rational matrix R(s) ∈ F(s)m×n of rank(R(s)) = r, the complete structural data 
consist of four components (see [4, Definition 2.15]): the invariant rational functions 
η1(s) 
ϕ1(s) , . . . ,

ηr(s) 
ϕr(s) , the invariant orders at infinity p̃1 ≤ · · · ≤ p̃r, the row minimal indices 

(u1, . . . , um−r) and the column minimal indices (c1, . . . , cn−r). Observe that the complete 
structural data of a rational matrix determine its rank.

If the rational matrix is a polynomial matrix P (s) of rankP (s) = r, then ϕ1(s) =
· · · = ϕr(s) = 1, the polynomials η1(s) | · · · | ηr(s) are the invariant factors of R(s), and 
the Smith-McMillan form is its Smith normal form ([16, Chapter 1, Section 1]). Hence, 
the complete structural data of a polynomial matrix is formed by the invariant factors, 
the invariant orders at infinity, and the column and row minimal indices.

For polynomial matrices we introduce some other definitions. Let deg(P (s)) = d, 
where deg(·) stands for degree. The reversal of P (s) is the polynomial matrix

rev(P )(t) = tdP

(
1
t 

)
.
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The partial multiplicities of ∞ in P (s) are defined as the partial multiplicities of 0 in 
rev(P )(t) (see, for instance, [7]).

The invariant factors, the partial multiplicities of ∞, the row minimal indices and 
the column minimal indices are known as the eigenstructure of the polynomial matrix 
P (s) ∈ F [s]m×n (see [11]).

Observe that the eigenstructure of a polynomial matrix determines its rank (it is 
the number of invariant factors, or the number of partial multiplicities of ∞, and it is 
also equal to the number of columns (rows) minus the number of column (row) minimal 
indices).

In the literature, the invariant factors and the partial multiplicities of ∞ of a polyno
mial matrix P (s) are often treated together as follows: Let α1(s) | · · · | αr(s) be the in
variant factors and e1 ≤ · · · ≤ er the partial multiplicities of ∞ of P (s). The homogeneous 
invariant factors of P (s) are homogeneous polynomials in F [s, t], φ1(s, t) | · · · | φr(s, t), 
defined as

φi(s, t) = teitdeg(αi)αi

(s
t 

)
, 1 ≤ i ≤ r.

Given P (s), P̄ (s) ∈ F [s]m×n, we write P (s) ≈ P̄ (s) when they have the same eigen
structure. If P (s), P̄ (s) are matrix pencils, P (s) ≈ P̄ (s) if and only if they are strictly 
equivalent (P (s) s.e.∼ P̄ (s)), i.e., P̄ (s) = SP (s)T for some non singular matrices S and T .

Prior to state our problems, we present some results related to the existence of poly
nomial or rational matrices with prescribed eigenstructure or complete structural data.

Theorem 2.1 ([1, Theorem 3.1], [7, Theorem 3.3] for infinite fields). Let m, n, r be 
positive integers, r ≤ min{m,n}, and d a non negative integer. Let α1(s) | · · · | αr(s) be 
monic polynomials. Let (er, . . . , e1), (c1, . . . , cn−r), (u1, . . . , um−r) be partitions. Then, 
there exists a polynomial matrix P (s) ∈ F [s]m×n of rank(P (s)) = r, deg(P (s)) = d, 
with α1(s), . . . , αr(s) as invariant factors, e1, . . . , er as partial multiplicities of ∞, and 
c1, . . . , cn−r and u1, . . . , um−r as column and row minimal indices, respectively, if and 
only if

e1 = 0,
n−r∑
i=1 

ci +
m−r∑
i=1 

ui +
r∑

i=1 
ei +

r∑
i=1 

deg(αi) = rd. (1)

As a consequence of (1), the eigenstructure of a polynomial matrix determines its 
degree.

Given a polynomial matrix P (s) ∈ F [s]m×n of deg(P (s)) = d, let e1 ≤ · · · ≤ er be the 
partial multiplicities of ∞ in P (s) and p1 ≤ · · · ≤ pr the invariant orders at ∞ of P (s). 
Then (see [3, Proposition 6.14]),

ei = pi + d, 1 ≤ i ≤ r.
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As a consequence, deg(P (s)) = −p1. Hence, knowing the degree and the partial multiplic
ities of ∞ in P (s) is the same as knowing its invariant orders at ∞; i.e., the information 
provided by the complete structural data is equivalent to that provided by the eigen
structure. Thus, we can restate Theorem 2.1 as follows.

Theorem 2.2. Let m, n, r ≤ min{m,n} be positive integers. Let α1(s) | · · · | αr(s) be 
monic polynomials. Let p1 ≤ · · · ≤ pr be integers and (c1, . . . , cn−r), (u1, . . . , um−r)
be partitions. Then, there exists a polynomial matrix P (s) ∈ F [s]m×n of rank(P (s)) =
r, with α1(s), . . . , αr(s) as invariant factors, p1, . . . , pr as invariant orders at ∞, and 
c1, . . . , cn−r and u1, . . . , um−r as column and row minimal indices, respectively, if and 
only if

n−r∑
i=1 

ci +
m−r∑
i=1 

ui +
r∑

i=1 
pi +

r∑
i=1 

deg(αi) = 0.

Now we state our first problem, which is a generalization of the row completion prob
lem of polynomial matrices solved in [1, Theorem 4.2].

Problem 1. Let P (s) ∈ F [s]m×n be a polynomial matrix. Find necessary and sufficient 

conditions for the existence of a polynomial matrix W (s) ∈ F [s]z×n such that 
[
P (s)
W (s)

]
has prescribed complete structural data.

We would like to point out that the row completion problem studied in [1] requires that 

deg
[
P (s)
W (s)

]
= degP (s). Here this restriction is removed, i.e., deg

[
P (s)
W (s)

]
≥ degP (s).

It is our aim to also study the row completion problem for rational matrices. First 
of all we extend Theorem 2.2. The following lemma is essential to generalize to rational 
matrices some results obtained for polynomial matrices.

Lemma 2.3. Let R(s) be a rational matrix and let ψ(s) be a monic polynomial multiple 
of the least common denominator of the entries in R(s). Then, ψ(s)R(s) is a polynomial 
matrix of the same rank as R(s) and

(i) the quotients η1(s) 
ϕ1(s) , . . . ,

ηr(s) 
ϕr(s) are the invariant rational functions of R(s) if and only 

if the polynomials ψ(s)η1(s)
ϕ1(s) , . . . , ψ(s)ηr(s)

ϕr(s) are the invariant factors of ψ(s)R(s).
(ii) the integers p̃1, . . . , p̃r are the invariant orders at ∞ of R(s) if and only if p̃1 −

deg(ψ(s)), . . . , p̃r − deg(ψ(s)) are the invariant orders at ∞ of ψ(s)R(s).
(iii) Nr(R(s)) = Nr(ψ(s)R(s)), N�(R(s)) = N�(ψ(s)R(s)) and, therefore, the minimal 

indices of ψ(s)R(s) and of R(s) are the same.

Proof. Items (i) and (ii) can be easily derived from the Smith–McMillan forms. The 
proof of item (iii) is straightforward. �
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When F is an infinite field, Theorem 4.1 of [4] provides necessary and sufficient con
ditions for the existence of a rational matrix R(s) ∈ F(s)m×n with prescribed complete 
structural data. The proof is based on Theorem 3.3 of [7], which establishes an analo
gous result for polynomial matrices over infinite fields. This theorem was generalized to 
arbitrary fields in [1, Theorem 3.1]. Using the latter result, we obtain a generalization of 
[4, Theorem 4.1] to arbitrary fields.

Theorem 2.4. Let m,n, r ≤ min{m,n} be positive integers. Let η1(s) | · · · | ηr(s)
and ϕr(s) | · · · | ϕ1(s) be monic polynomials such that η1(s) 

ϕ1(s) , . . . ,
ηr(s) 
ϕr(s) are irreducible 

rational functions. Let p̃1 ≤ · · · ≤ p̃r be integers and (c1, . . . , cn−r), (u1, . . . , um−r) par
titions. Then, there exists a rational matrix R(s) ∈ F(s)m×n, rank(R(s)) = r, with 
η1(s) 
ϕ1(s) , . . . ,

ηr(s) 
ϕr(s) as invariant rational functions, p̃1, . . . , p̃r as invariant orders at ∞, and 

c1, . . . , cn−r and u1, . . . , um−r as column and row minimal indices, respectively, if and 
only if

n−r∑
i=1 

ci +
m−r∑
i=1 

ui +
r∑

i=1 
p̃i +

r∑
i=1 

deg(ηi) −
r∑

i=1 
deg(ϕi) = 0.

Proof. The proof is analogous to that of [4, Theorem 4.1] using Theorem 3.1 of [1] instead 
of Theorem 3.3 of [7], and Lemma 2.3. �

Now, we generalize to rational matrices Problem 1.

Problem 2. Let R(s) ∈ F(s)m×n be a rational matrix. Find necessary and sufficient 

conditions for the existence of a rational matrix W̃ (s) ∈ F(s)z×n such that 
[
R(s)
W̃ (s)

]
has 

prescribed complete structural data.

We are also interested in solving row (column) completion problems when we prescribe 
part of the complete structural data, i.e., when one or some of the four types of invariants 
which form the complete structural data are prescribed.

Problem 3. Let R(s) ∈ F(s)m×n (P (s) ∈ F [s]m×n). Find necessary and sufficient condi

tions for the existence of a matrix W̃ (s) ∈ F(s)z×n (W (s) ∈ F [s]z×n) such that 
[
R(s)
W̃ (s)

]
([

P (s)
W (s)

])
has part of the structural data prescribed.

A solution to Problem 3 for polynomial matrices when only the finite structure is 
prescribed follows from a well-known result: the characterization of the invariant factors 
of a polynomial matrix with a prescribed submatrix (see the next Theorem 2.5).

Theorem 2.5 ([6, Chapter 7], [15], [17]). Let P (s) ∈ F [s]m×n and Q(s) ∈ F [s](m+z)×(n+q)

be polynomial matrices of rank(P (s)) = r and rank(Q(s)) = r̄, and let α1(s) | · · · | αr(s)
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and β1(s) | · · · | βr̄(s) be the invariant factors of P (s) and Q(s), respectively. There exist 

matrices X(s) ∈ F [s]m×q, Y (s) ∈ F [s]z×q, W (s) ∈ F [s]z×n such that 
[
P (s) X(s)
W (s) Y (s)

]
is 

unimodularly equivalent to Q(s) if and only if

βi(s) | αi(s) | βi+z+q(s), 1 ≤ i ≤ r.

For the rational case and when only the finite structure is prescribed, the following 
result gives a solution to Problem 3.

Theorem 2.6 ([5, Theorem 1]). Let R(s) ∈ F(s)m×n, G(s) ∈ F(s)(m+z)×(n+q) be rational 
matrices, rank(R(s)) = r, rank(G(s)) = r̄. Let η1(s) 

ϕ1(s) , . . . ,
ηr(s) 
ϕr(s) and ε1(s) ψ1(s) , . . . ,

εr̄(s) 
ψr̄(s) be the 

invariant rational functions of R(s) and G(s), respectively. There exist matrices X(s) ∈
F(s)m×q, Y (s) ∈ F(s)z×q, W (s) ∈ F(s)z×n such that 

[
R(s) X(s)
W (s) Y (s)

]
is unimodularly 

equivalent to G(s) if and only if

εi(s) | ηi(s) | εi+z+q(s), ψi+z+q(s) | ϕi(s) | ψi(s), 1 ≤ i ≤ r.

3. Row (column) completion with prescribed complete structural data

The aim of this section is to present a solution to Problems 1 and 2.
Given a polynomial matrix P (s), the grade of P (s) is an integer which is at least as 

large as deg(P (s)) (see [8]). We denote it by grade(P (s)).

Definition 3.1. Let P (s) = Pgs
g +Pg−1s

g−1 + · · ·+P1s+P0 ∈ F [s]m×n be a polynomial 
matrix of grade g ≥ 1. The first Frobenius companion form of P (s) with respect to g is 
the (m + (g − 1)n) × gn pencil Cg,P (s) = sX1 + Y1 with

X1 =

⎡⎢⎢⎣
Pg

In
. . .

In

⎤⎥⎥⎦ and Y1 =

⎡⎢⎢⎣
Pg−1 Pg−2 · · · P0
−In 0 · · · 0

. . . . . .
...

0 −In 0

⎤⎥⎥⎦ .

When g = deg(P (s)) we omit ``with respect to g'' and Cg,P (s) is denoted by CP (s). 
Notice that when g = 1, Cg,P (s) = P (s). The following lemma is a consequence of [8, 
Theorems 5.3 and 4.1].

Lemma 3.2. Let P (s) ∈ F [s]m×n be a polynomial matrix of grade(P (s)) = g ≥ 1, and let 
Cg,P (s) be its first Frobenius companion form with respect to g. Then,

1. If α1(s), . . . , αr(s) are the invariant factors of P (s), then the invariant factors of 
Cg,P (s) are 1, (g−1)n. . . , 1, α1(s), . . . , αr(s).
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2. If p1, . . . , pr are the invariant orders at ∞ of P (s), then −1, (g−1)n. . . , −1, g − 1 +
p1, . . . , g − 1 + pr are the invariant orders at ∞ of Cg,P (s).

3. If c1 ≥ · · · ≥ cn−r are the column minimal indices of P (s), then c1 + g − 1 ≥ · · · ≥
cn−r + g − 1 are the column minimal indices of Cg,P (s).

4. If u1 ≥ · · · ≥ um−r are the row minimal indices of P (s), then u1 ≥ · · · ≥ um−r are 
also the row minimal indices of Cg,P (s).

As a consequence of Lemma 3.2 we obtain the next corollary.

Corollary 3.3. Let P (s), P̄ (s) ∈ F [s]m×n be polynomial matrices such that grade(P (s)) =
grade(P̄ (s)) = g ≥ 1, and let Cg,P (s), Cg,P̄ (s) be their respective first Frobenius com
panion forms with respect to g. Then, P (s) ≈ P̄ (s) if and only if Cg,P (s) s.e.∼ Cg,P̄ (s).

In Theorem 4.3 of [10] (see Theorem 3.5 below) a solution of the row completion 
problem for matrix pencils is given. We state the result for non constant pencils. It 
involves the definition of the generalized majorization (see Definition 3.4 below).

Let c = (c1, . . . , cx) and a = (a1, . . . , ax) be two sequences of integers. It is said that 
c is majorized by a (denoted by c ≺ a) if 

∑k
i=1 ci ≤

∑k
i=1 ai for 1 ≤ k ≤ x − 1 and ∑x

i=1 ci =
∑x

i=1 ai (this is an extension to sequences of integers of the definition of 
majorization given for partitions in [13]).

Definition 3.4. [9, Definition 2] Let d = (d1, . . . , dq−x), a = (a1, . . . , ax) and c =
(c1, . . . , cq) be sequences of integers. We say that c is majorized by d and a (c ≺′ (d,a))
if

di ≥ ci+x, 1 ≤ i ≤ q − x, (2)
hj∑
i=1 

ci −
hj−j∑
i=1 

di ≤
j∑

i=1 
ai, 1 ≤ j ≤ x, (3)

where hj = min{i : di−j+1 < ci}, 1 ≤ j ≤ x (dq−x+1 = −∞),

q∑
i=1 

ci =
q−x∑
i=1 

di +
x ∑

i=1 
ai. (4)

In the case that x = 0, condition (3) disappears, and conditions (2) and (4) are 
equivalent to c = d. On the other hand, if q = x then c ≺′ (d,a) is equivalent to c ≺ a.

Theorem 3.5 ([10, Theorem 4.3]). (Prescription of the complete structural data for non 
constant matrix pencils) Let C(s) ∈ F [s](r̄+p)×(r̄+q) be a matrix pencil, deg(C(s)) = 1, 
rank(C(s)) = r̄. Let φ̄1(s, t) | · · · | φ̄r̄(s, t) be its homogeneous invariant factors, c̄ =
(c̄1, . . . , c̄q) its column minimal indices, and ū = (ū1, . . . , ūp) its row minimal indices, 
where ū1 ≥ · · · ≥ ūθ > ūθ+1 = · · · = ūp = 0. Let x and y be non negative integers. Let 
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D(s) ∈ F [s](r̄+p+x+y)×(r̄+q) be a matrix pencil, rank(D(s)) = r̄ + x. Let γ̄1(s, t) | · · · |
γ̄r̄+x(s, t) be its homogeneous invariant factors, d̄ = (d̄1, . . . , d̄q−x) its column minimal 
indices, and v̄ = (v̄1, . . . , v̄p+y) its row minimal indices, where v̄1 ≥ · · · ≥ v̄θ̄ > v̄θ̄+1 =

· · · = v̄p+y = 0. There exists a pencil A(s) such that 
[
C(s)
A(s)

]
s.e.∼ D(s) if and only if

γ̄i(s, t) | φ̄i(s, t) | γ̄i+x+y(s, t), 1 ≤ i ≤ r̄, (5)

θ̄ ≥ θ, (6)

c̄ ≺′ (d̄, ā), (7)

v̄ ≺′ (ū, b̄), (8)
r̄+x∑
i=1 

deg(lcm(φ̄i−x, γ̄i)) ≤
p+y∑
i=1 

v̄i −
p ∑

i=1 
ūi +

r̄+x∑
i=1 

deg(γ̄i), (9)

where ā = (ā1, . . . , āx) and b̄ = (b̄1, . . . , b̄y) are defined as

∑j
i=1 āi =

∑p+y
i=1 v̄i −

∑p
i=1 ūi +

∑r̄+x
i=1 deg(γ̄i)

−
∑r̄+x−j

i=1 deg(lcm(φ̄i−x+j , γ̄i)) − j, 1 ≤ j ≤ x,∑j
i=1 b̄i =

∑p+y
i=1 v̄i −

∑p
i=1 ūi +

∑r̄+x
i=1 deg(γ̄i)

−
∑r̄+x

i=1 deg(lcm(φ̄i−x−j , γ̄i)), 1 ≤ j ≤ y.

Remark 3.6. 

1. Let r̄, x and y be non negative integers. Given two polynomial chains φ̄1(s, t) | · · · |
φ̄r̄(s, t) and γ̄1(s, t) | · · · | γ̄r̄+x(s, t), by [9, Lemmas 1 and 2] we can see that for 
1 ≤ j ≤ x− 1,

∑r̄+x−j+1
i=1 deg(lcm(φ̄i−x+j−1, γ̄i)) −

∑r̄+x−j
i=1 deg(lcm(φ̄i−x+j , γ̄i))

≥
∑r̄+x−j

i=1 deg(lcm(φ̄i−x+j , γ̄i)) −
∑r̄+x−j−1

i=1 deg(lcm(φ̄i−x+j+1, γ̄i)),

and for 1 ≤ j ≤ y − 1,

∑r̄+x
i=1 deg(lcm(φ̄i−x−j+1, γ̄i)) −

∑r̄+x
i=1 deg(lcm(φ̄i−x−j , γ̄i))

≥
∑r̄+x

i=1 deg(lcm(φ̄i−x−j , γ̄i)) −
∑r̄+x

i=1 deg(lcm(φ̄i−x−j−1, γ̄i)).

As a consequence, from (9), in Theorem 3.5 we obtain that ā1 ≥ · · · ≥ āx and 
b̄1 ≥ · · · ≥ b̄y ≥ 0.
Along the paper, finite sequences of integers similar to ā1, . . . , āx or b̄1, . . . , b̄y, will 
be introduced. They will analogously be decreasing. We will omit the explanation.
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2. In Theorem 3.5, let ᾱ1(s), . . . , ᾱr̄(s) and p̄1, . . . , p̄r̄ be the invariant factors and the 
invariant orders at ∞ of C(s), respectively, and let β̄1(s), . . . , β̄r̄+x(s) and q̄1, . . . , q̄r̄+x

be the invariant factors and the invariant orders at ∞ of D(s), respectively. Then,

φ̄i(s, t) = tp̄i+1tdeg(ᾱi)ᾱi( st ), 1 ≤ i ≤ r̄,

γ̄i(s, t) = tq̄i+1tdeg(β̄i)β̄i( st ), 1 ≤ i ≤ r̄ + x.

Hence, (5) is equivalent to

β̄i(s) | ᾱi(s) | β̄i+x+y(s), 1 ≤ i ≤ r̄, (10)

q̄i ≤ p̄i ≤ q̄i+x+y, 1 ≤ i ≤ r̄, (11)

and (9) is equivalent to

∑r̄
i=1 deg(lcm(ᾱi, β̄i+x)) +

∑r̄
i=1 max{p̄i, q̄i+x}

≤
∑p+y

i=1 v̄i −
∑p

i=1 ūi +
∑r̄

i=1 deg(β̄i+x) +
∑r̄

i=1 q̄i+x.
(12)

Moreover,∑j
i=1 āi =

∑p+y
i=1 v̄i −

∑p
i=1 ūi + 

∑r̄+j
i=1 deg(β̄i+x−j) +

∑r̄+j
i=1 q̄i+x−j

−
∑r̄

i=1 deg(lcm(ᾱi, β̄i+x−j) −
∑r̄

i=1 max{p̄i, q̄i+x−j},
1 ≤ j ≤ x,∑j

i=1 b̄i =
∑p+y

i=1 v̄i −
∑p

i=1 ūi +
∑r̄−j

i=1 deg(β̄i+x+j) +
∑r̄−j

i=1 q̄i+x+j

−
∑r̄−j

i=1 deg(lcm(ᾱi, β̄i+x+j)) −
∑r̄−j

i=1 max{p̄i, q̄i+x+j},
1 ≤ j ≤ y.

Proposition 3.7. Let P (s) ∈ F [s]m×n and Q(s) ∈ F [s](m+z)×n be such that deg(Q(s)) =
g ≥ max{deg(P (s)), 1}. Let Cg,P (s) be the first Frobenius companion form of P (s) with 
respect to g and CQ(s) be the first Frobenius companion form of Q(s). Then, there exists 

W (s) ∈ F [s]z×n such that 
[
P (s)
W (s)

]
≈ Q(s) if and only if there exists a matrix pencil 

A(s) ∈ F [s]z×gn such that 
[
Cg,P (s)
A(s)

]
s.e.∼ CQ(s).

Proof. The proof is completely analogous to that of [1, Proposition 4.1] exchanging 
degree and grade and applying Corollary 3.3. �

Now, we can give a solution to Problem 1.

Theorem 3.8. (Prescription of the complete structural data for polynomial matrices) Let 
P (s) ∈ F [s]m×n be a polynomial matrix of rank(P (s)) = r. Let α1(s) | · · · | αr(s) be 



120 A. Amparan et al. / Linear Algebra and its Applications 720 (2025) 109--138 

its invariant factors, p1, . . . , pr its invariant orders at ∞, c = (c1, . . . , cn−r) its column 
minimal indices, and u = (u1, . . . , um−r) its row minimal, where u1 ≥ · · · ≥ uη >

uη+1 = · · · = um−r = 0.
Let z, x be integers such that 0 ≤ x ≤ min{z, n − r}. Let β1(s) | · · · | βr+x(s)

be monic polynomials, q1 ≤ · · · ≤ qr+x integers, and d = (d1, . . . , dn−r−x) and v =
(v1, . . . , vm+z−r−x) two partitions, where v1 ≥ · · · ≥ vη̄ > vη̄+1 = · · · = vm+z−r−x = 0. 

There exists a polynomial matrix W (s) ∈ F [s]z×n such that rank
([

P (s)
W (s)

])
= r + x

and 
[
P (s)
W (s)

]
has β1(s), . . . , βr+x(s) as invariant factors, q1, . . . , qr+x as invariant orders 

at ∞, d1, . . . , dn−r−x as column minimal indices and v1, . . . , vm+z−r−x as row minimal 
indices if and only if

βi(s) | αi(s) | βi+z(s), 1 ≤ i ≤ r, (13)

qi ≤ pi ≤ qi+z, 1 ≤ i ≤ r, (14)

η̄ ≥ η, (15)

c ≺′ (d,a), (16)

v ≺′ (u,b), (17)
r∑

i=1 
deg(lcm(αi, βi+x)) +

r∑
i=1 

max{pi, qi+x}

≤
m+z−r−x∑

i=1 
vi −

m−r∑
i=1 

ui +
r∑

i=1 
deg(βi+x) +

r∑
i=1 

qi+x,

with equality when x = 0,

(18)

where a = (a1, . . . , ax) and b = (b1, . . . , bz−x) are defined as∑j
i=1 ai =

∑m+z−r−x
i=1 vi −

∑m−r
i=1 ui +

∑r+j
i=1 deg(βi+x−j) +

∑r+j
i=1 qi+x−j

−
∑r

i=1 deg(lcm(αi, βi+x−j)) −
∑r

i=1 max{pi, qi+x−j},
1 ≤ j ≤ x,

(19)

∑j
i=1 bi =

∑m+z−r−x
i=1 vi −

∑m−r
i=1 ui +

∑r−j
i=1 deg(βi+x+j) +

∑r−j
i=1 qi+x+j

−
∑r−j

i=1 deg(lcm(αi, βi+x+j)) −
∑r−j

i=1 max{pi, qi+x+j},
1 ≤ j ≤ z − x.

(20)

Proof. The proof is analogous to that of [1, Theorem 4.2]. Define d = −p1 and g = −q1. 
Then deg(P (s)) = d.

When g ≥ d, we can build Cg,P (s), the first Frobenius companion form of P (s) with 
respect to g. If g ≥ 1, we will take

r̄ = (g − 1)n + r, y = z − x, p = m− r = m + (g − 1)n− r̄, q = n− r = gn− r̄.
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Assume that there exists a polynomial matrix W (s) ∈ F [s]z×n such that Q(s) =[
P (s)
W (s)

]
has the prescribed invariants. Then, deg(Q(s)) = g ≥ d. If g = 0, then (13)-(18) 

trivially hold. If g ≥ 1, let Cg,Q(s) = CQ(s) be the first Frobenius companion form 
of Q(s). By Proposition 3.7, there exists a matrix pencil A(s) ∈ F [s]z×gn such that [
Cg,P (s)
A(s)

]
s.e.∼ CQ(s).

Let ᾱ1(s), · · · , ᾱr̄(s), p̄1, . . . , p̄r̄, c̄ = (c̄1, . . . , c̄q) and ū = (ū1, . . . , ūp) be the invari
ant factors, invariant orders at ∞, column minimal indices and row minimal indices 
of Cg,P (s), where ū1 ≥ · · · ≥ ūθ > ūθ+1 = · · · = ūp = 0 and let β̄1(s), · · · , β̄r̄+x(s), 
q̄1, . . . , q̄r̄+x, d̄ = (d̄1, . . . , d̄q−x) and v̄ = (v̄1, . . . , v̄p+y) be the invariant factors, in
variant orders at ∞, column minimal indices and row minimal indices of CQ(s), where 
v̄1 ≥ · · · ≥ v̄θ̄ > v̄θ̄+1 = · · · = v̄p+y = 0. By Theorem 3.5 and Remark 3.6, condi
tions (6)--(8) and (10)--(12) hold. Applying Lemma 3.2, it is easy to see that (6)--(8) and 
(10)--(12) are equivalent to (13)--(18).

Assume now that (13)--(18) hold. Then, from (16), (18) if x = 0, (13) and (14), we get ∑n−r
i=1 ci−

∑n−r−x
i=1 di =

∑x
i=1 ai =

∑m+z−r−x
i=1 vi−

∑m−r
i=1 ui+

∑r+x
i=1 deg(βi)+

∑r+x
i=1 qi−∑r

i=1 deg(αi) −
∑r

i=1 pi. By Theorem 2.2 applied to P (s), we obtain

0 =
n−r−x∑
i=1 

di +
m+z−r−x∑

i=1 
vi +

r+x∑
i=1 

deg(βi) +
r+x∑
i=1 

qi.

Applying again Theorem 2.2, we derive that there exists a polynomial matrix Q(s) ∈
F [s](m+z)×n, rank(Q(s)) = r+x, with β1(s), . . . , βr+x(s) as invariant factors, q1, . . . , qr+x

as invariant orders at ∞, and d1, . . . , dn−r−x and v1, . . . , vm+z−r−x as column and row 
minimal indices. Then, deg(Q(s)) = −q1 = g. From (14) we obtain g = −q1 ≥ −p1 = d.

If g = 0, then choosing W ∈ Fz×n such that rank
[
P
W

]
= r+ x, the matrix 

[
P
W

]
has 

the prescribed invariants. If g ≥ 1, let CQ(s) be the first Frobenius companion form of 
Q(s) and let β̄1(s), . . . , β̄r̄+x(s), q̄1, . . . , q̄r̄+x, d̄ = (d̄1, . . . , d̄q−x) and v̄ = (v̄1, . . . , v̄p+y)
be the invariant factors, invariant orders at ∞, column minimal indices and row minimal 
indices of CQ(s), respectively, where v̄1 ≥ · · · ≥ v̄η̄ > v̄η̄+1 = · · · = v̄p+y = 0. As in 
the proof of the necessity, (13)--(18) are equivalent to (6)--(8) and (10)--(12). The result 
follows from Theorem 3.5, Remark 3.6 and Proposition 3.7. �
Remark 3.9. Under the conditions of Theorem 3.8, let ei = pi − p1, 1 ≤ i ≤ r, and 
fi = qi − q1, 1 ≤ i ≤ r + x. Then, conditions (14) and (18) become

fi ≤ ei + p1 − q1 ≤ fi+z, 1 ≤ i ≤ r,

and
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r∑
i=1 

deg(lcm(αi, βi+x)) +
r∑

i=1 
max{ei + p1 − q1, fi+x}

≤
m+z−r−x∑

i=1 
vi −

m−r∑
i=1 

ui +
r∑

i=1 
deg(βi+x) +

r∑
i=1 

fi+x,

with equality when x = 0,

respectively, and a = (a1, . . . , ax) and b = (b1, . . . , bz−x) can be rewritten as∑j
i=1 ai =

∑m+z−r−x
i=1 vi −

∑m−r
i=1 ui +

∑r+j
i=1 deg(βi+x−j) +

∑r+j
i=1 fi+x−j

−
∑r

i=1 deg(lcm(αi, βi+x−j)) −
∑r

i=1 max{ei + p1 − q1, fi+x−j}
+jq1, 1 ≤ j ≤ x,∑j

i=1 bi =
∑m+z−r−x

i=1 vi −
∑m−r

i=1 ui +
∑r−j

i=1 deg(βi+x+j) +
∑r−j

i=1 fi+x+j

−
∑r−j

i=1 deg(lcm(αi, βi+x+j)) −
∑r−j

i=1 max{ei + p1 − q1, fi+x+j},
1 ≤ j ≤ z − x.

Therefore, when q1 = p1 = − deg(P (s)), from Theorem 3.8 we recover [1, Theorem 4.2].

In order to solve Problem 2 we will use the following technical lemma.

Lemma 3.10. Let ϕ(s), η(s), ψ(s), ε(s), π(s) ∈ F [s] such that ϕ(s) | π(s), ψ(s) | π(s), 
gcd(ϕ, η) = 1 and gcd(ψ, ε) = 1. Then,

lcm
(
π

ϕ
η,

π

ψ
ε

)
= π(s) 

gcd(ϕ,ψ) lcm(η, ε).

Proof. Note that h1(s) = ϕ(s) 
gcd(ϕ,ψ)

lcm(η,ε)
η(s) and h2(s) = ψ(s) 

gcd(ϕ,ψ)
lcm(η,ε)

ε(s) are polynomials. 
Then,

π(s) 
ϕ(s)η(s)h1(s) = π(s) 

gcd(ϕ,ψ) lcm(η, ε), π(s) 
ψ(s)ε(s)h2(s) = π(s) 

gcd(ϕ,ψ) lcm(η, ε),

and both π(s) 
ϕ(s)η(s) and π(s) 

ψ(s)ε(s) are divisors of π(s) 
gcd(ϕ,ψ) lcm(η, ε). Therefore, lcm

(
π
ϕη,

π
ψ ε

)
divides π(s) 

gcd(ϕ,ψ) lcm(η, ε), i.e., there exists q(s) ∈ F [s] such that

lcm
(
π

ϕ
η,

π

ψ
ε

)
= π(s) 

gcd(ϕ,ψ) lcm(η, ε) 1 
q(s) .

Let �1(s), �2(s) ∈ F [s] such that

π(s) 
ϕ(s)η(s)�1(s) = π(s) 

gcd(ϕ,ψ) lcm(η, ε) 1 
q(s) ,

π(s) 
ψ(s)ε(s)�2(s) = π(s) 

gcd(ϕ,ψ) lcm(η, ε) 1 
q(s) .
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Then, q(s) is a divisor of h1(s) and of h2(s).
Let x1(s) = gcd(η, ε). Then η(s) = x1(s)x2(s) and ε(s) = x1(s)x3(s) with 

gcd(x2, x3) = 1. Thus, lcm(η, ε) = x1(s)x2(s)x3(s), lcm(η,ε)
η(s) = x3(s), and lcm(η,ε)

ε(s) = x2(s). 
Note that h1(s) = ϕ(s) 

gcd(ϕ,ψ)x3(s) and h2(s) = ψ(s) 
gcd(ϕ,ψ)x2(s).

Let q(s) = q1(s)q2(s) with q1(s), q2(s) ∈ F [s] such that q1(s) divides ϕ(s) 
gcd(ϕ,ψ) and q2(s)

divides x3(s). As gcd(ϕ, η) = 1, gcd(q1, η) = 1 and gcd(q1, x2) = 1. Thus, q1(s) divides 
ψ(s) 

gcd(ϕ,ψ) . Analogously, since gcd(x2, x3) = 1, gcd(q2, x2) = 1 and q2(s) divides ψ(s) 
gcd(ϕ,ψ) . 

It follows from gcd(ψ, ε) = 1 that gcd(q2, ε) = 1 and gcd(q2, x3) = 1. Thus, q2(s) = 1, 
and q(s) = q1(s) is a divisor of both ϕ(s) 

gcd(ϕ,ψ) and ψ(s) 
gcd(ϕ,ψ) . Hence, q(s) = 1 and the result 

follows. �
In the sequel we use the following notation: given ϕ(s), η(s), ψ(s), ε(s) ∈ F [s] such 

that gcd(ϕ, η) = 1 and gcd(ψ, ε) = 1, and p, q integers, we denote

Δ
(
η

ϕ
,
ε 
ψ
, p, q

)
= deg(lcm(η, ε)) − deg(gcd(ϕ,ψ)) + max{p, q},

Δ
(
η

ϕ
,
ε 
ψ

)
= deg(lcm(η, ε)) − deg(gcd(ϕ,ψ)),

Δ
(
η

ϕ
, p

)
= deg(η) − deg(ϕ) + p,

Δ
(
η

ϕ

)
= deg(η) − deg(ϕ).

Theorem 3.11. (Prescription of the complete structural data for rational matrices) Let 
R(s) ∈ F(s)m×n be a rational matrix, rank(R(s)) = r. Let η1(s) 

ϕ1(s) , . . . ,
ηr(s) 
ϕr(s) be its invariant 

rational functions, p̃1, . . . , p̃r its invariant orders at ∞, c = (c1, . . . , cn−r) its column 
minimal indices, and u = (u1, . . . , um−r) its row minimal indices, where u1 ≥ · · · ≥
uη > uη+1 = · · · = um−r = 0.

Let z, x be integers such that 0 ≤ x ≤ min{z, n − r} and let ε1(s) | · · · | εr+x(s)
and ψr+x(s) | · · · | ψ1(s) be monic polynomials such that εi(s) 

ψi(s) are irreducible rational 
functions, 1 ≤ i ≤ r + x. Let q̃1 ≤ · · · ≤ q̃r+x be integers and d = (d1, . . . , dn−r−x)
and v = (v1, . . . , vm+z−r−x) be two partitions, where v1 ≥ · · · ≥ vη̄ > vη̄+1 =
· · · = vm+z−r−x = 0. There exists a rational matrix W̃ (s) ∈ F(s)z×n such that 

rank
([

R(s)
W̃ (s)

])
= r + x and 

[
R(s)
W̃ (s)

]
has ε1(s) 

ψ1(s) , . . . ,
εr+x(s) 
ψr+x(s) as invariant rational func

tions, q̃1, . . . , q̃r+x as invariant orders at ∞, d1, . . . , dn−r−x as column minimal indices 
and v1, . . . , vm+z−r−x as row minimal indices if and only if (15),

εi(s) | ηi(s) | εi+z(s), 1 ≤ i ≤ r, (21)

ψi+z(s) | ϕi(s) | ψi(s), 1 ≤ i ≤ r, (22)

q̃i ≤ p̃i ≤ q̃i+z, 1 ≤ i ≤ r, (23)
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c ≺′ (d, ã), (24)

v ≺′ (u, b̃), (25)
r∑

i=1 
Δ

(
ηi
ϕi

,
εi+x

ψi+x
, p̃i, q̃i+x

)
−

r∑
i=1 

Δ
(
εi+x

ψi+x
, q̃i+x

)
≤

m+z−r−x∑
i=1 

vi −
m−r∑
i=1 

ui,

with equality when x = 0,

(26)

where ã = (ã1, . . . , ãx) and b̃ = (b̃1, . . . , b̃z−x) are defined as

∑j
i=1 ãi =

∑m+z−r−x
i=1 vi −

∑m−r
i=1 ui +

∑r+j
i=1 Δ

(
εi+x−j

ψi+x−j
, q̃i+x−j

)
−
∑r

i=1 Δ
(

ηi

ϕi
,
εi+x−j

ψi+x−j
, p̃i, q̃i+x−j

)
, 1 ≤ j ≤ x,

(27)

∑j
i=1 b̃i =

∑m+z−r−x
i=1 vi −

∑m−r
i=1 ui +

∑r−j
i=1 Δ

(
εi+x+j

ψi+x+j
, q̃i+x+j

)
−
∑r−j

i=1 Δ
(

ηi

ϕi
,
εi+x+j

ψi+x+j
, p̃i, q̃i+x+j

)
, 1 ≤ j ≤ z − x,

(28)

Proof. We start with a remark assuming that ϕ1(s) | ψ1(s). Define d = deg(ψ1) − p̃1, 
g = deg(ψ1) − q̃1,

αi(s) = ψ1(s) ηi(s) 
ϕi(s) , pi = p̃i − deg(ψ1), 1 ≤ i ≤ r,

βi(s) = ψ1(s) εi(s) 
ψi(s) , qi = q̃i − deg(ψ1), 1 ≤ i ≤ r + x.

Then (13) is equivalent to

εi(s)ϕi(s) | ηi(s)ψi(s), ηi(s)ψi+z(s) | εi+z(s)ϕi(s), 1 ≤ i ≤ r.

As gcd(εi, ψi) = 1, 1 ≤ i ≤ r + x and gcd(ηi, ϕi) = 1, 1 ≤ i ≤ r, we derive that (13) 
is equivalent to (21) and (22). It is clear that (14) is equivalent to (23). Define also 
a = (a1, . . . , ax) and b = (b1, . . . , bz−x) as in (19) and (20). Then, by Lemma 3.10, 
a = ã and b = b̃, hence (16) and (17) are equivalent to (24) and (25), respectively. 
Analogously, condition (18) is equivalent to (26).

Assume that there exists a rational matrix W̃ (s) ∈ F(s)z×n such that, if G(s) =[
R(s)
W̃ (s)

]
, then G(s) has the prescribed structural data. Recall that ψ1(s) and ϕ1(s) are 

the monic least common denominator of the entries of G(s) and R(s), respectively. Thus, 

the matrix ψ1(s)G(s) =
[
ψ1(s)R(s)
ψ1(s)W̃ (s)

]
is polynomial and ϕ1(s) | ψ1(s). Let

P (s) = ψ1(s)R(s), Q(s) = ψ1(s)G(s).

By Lemma 2.3 we know that rank(P (s)) = r, α1(s), . . . , αr(s) are the invariant fac
tors, p1, . . . , pr the invariant orders at ∞, c1, . . . , cn−r the column minimal indices and 
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u1, . . . , um−r the row minimal indices of P (s), and rank(Q(s)) = r+x, β1(s), . . . , βr+x(s)
are the invariant factors, q1, . . . , qr+x the invariant orders at ∞, d1, . . . , dn−r−x the 
column minimal indices and v1, . . . , vm+z−r−x the row minimal indices of Q(s). By The
orem 3.8, (13)--(18) hold, where a and b are defined in (19) and (20), respectively. 
Equivalently, (15) and (21)-(26) hold, where ã and b̃ are defined as in (27) and (28), 
respectively.

Conversely, assume that (15) and (21)--(26) are satisfied. Then ϕ1(s) | ψ1(s) and 
(13)--(18) hold. Let P (s) = ψ1(s)R(s). By Lemma 2.3, rank(P (s)) = r, α1(s), . . . , αr(s)
are the invariant factors, p1, . . . , pr the invariant orders at ∞, c1, . . . , cn−r the column 
minimal indices and u1, . . . , um−r the row minimal indices of P (s).

From (13)--(18) by Theorem 3.8 there exists a polynomial matrix W (s) ∈ F [s]z×n such 

that rank
([

P (s)
W (s)

])
= r + x and 

[
P (s)
W (s)

]
has β1(s), . . . , βr+x(s) as invariant factors, 

q1, . . . , qr+x as invariant orders at ∞, d1, . . . , dn−r−x as column minimal indices and 
v1, . . . , vm+z−r−x as row minimal indices. Let W̃ (s) = 1 

ψ1(s)W (s). Then W̃ (s) ∈ F(s)z×n

and 
[
P (s)
W (s)

]
= ψ1(s)

[
R(s)
W̃ (s)

]
. By Lemma 2.3, rank

([
R(s)
W̃ (s)

])
= r + x and 

[
R(s)
W̃ (s)

]
has ε1(s) 

ψ1(s) , . . . ,
εr+x(s) 
ψr+x(s) as invariant rational functions, q̃1, . . . , q̃r+x as invariant orders at 

∞, d1, . . . , dn−r−x as column minimal indices and v1, . . . , vm+z−r−x as row minimal 
indices. �

Remark 3.12. By Theorem 2.4 (see also [1, Remark 4.3]), if (15) and (21)--(26) hold, then

r∑
i=1 

Δ
(
ηi
ϕi

,
εi+x

ψi+x
, p̃i, q̃i+x

)
≤

n−r∑
i=1 

ci −
n−r−x∑
i=1 

di +
r∑

i=1 
Δ

(
ηi
ϕi

, p̃i

)
−

x ∑
i=1 

Δ
(
εi
ψi

, q̃i

)
,

with equality when x = z,

(29)
and (24) and (25) hold for ã = (ã1, . . . , ãx) and b̃ = (b̃1, . . . , b̃z−x) defined as

∑j
i=1 ãi =

∑n−r
i=1 ci −

∑n−r−x
i=1 di +

∑r
i=1 Δ

(
ηi

ϕi
, p̃i

)
−

∑x−j
i=1 Δ

(
εi
ψi
, q̃i

)
−
∑r

i=1 Δ
(

ηi

ϕi
,
εi+x−j

ψi+x−j
, p̃i, q̃i+x−j

)
, 1 ≤ j ≤ x,

(30)

∑j
i=1 b̃i =

∑n−r
i=1 ci −

∑n−r−x
i=1 di +

∑r
i=1 Δ

(
ηi

ϕi
, p̃i

)
−
∑x+j

i=1 Δ
(

εi
ψi
, q̃i

)
−
∑r−j

i=1 Δ
(

ηi

ϕi
,
εi+x+j

ψi+x+j
, p̃i, q̃i+x+j

)
, 1 ≤ j ≤ z − x.

(31)

Conversely, (15), (21)--(25) and (29) with ã and b̃ defined as in (30) and (31), respectively, 
imply (15) and (21)--(26) with ã and b̃ defined as in (27) and (28), respectively.
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4. Row (column) completion with part of the structural data prescribed

In this section we first solve Problem 3 when the complete structural data but the row 
(column) minimal indices are prescribed (see Subsection 4.1). Afterwards, in Subsection 
4.2, we solve Problem 3 when the finite and/or infinite structures are prescribed.

Given a rational matrix R(s) ∈ F(s)m×n with η1(s) 
ϕ1(s) , . . . ,

ηr(s) 
ϕr(s) as invariant rational 

functions, when ϕ1(s) = 1 the matrix R(s) ∈ F [s]m×n is polynomial with invariant fac
tors η1(s), . . . , ηr(s). When we prescribe the invariant rational functions (Theorems 4.1, 
4.2, 4.3 and 4.9) we present the results for rational matrices, and the polynomial cases 
are derived from them.

4.1. Prescription of the finite and infinite structures and column or row minimal 
indices

We present two results related to Problem 3. In Theorem 4.1 we prescribe the finite 
and infinite structures and column minimal indices, and in Theorem 4.2 we replace the 
column minimal indices by the row minimal indices. The proofs are analogous to those 
of [1, Sections 4.2, 4.3].

Theorem 4.1. (Prescription of the finite and infinite structures, and the column minimal 
indices) Let R(s) ∈ F(s)m×n be a rational matrix, rank(R(s)) = r. Let η1(s) 

ϕ1(s) , . . . ,
ηr(s) 
ϕr(s)

be its invariant rational functions, p̃1, . . . , p̃r its invariant orders at ∞ and c =
(c1, . . . , cn−r) its column minimal indices.

Let z, x be integers such that 0 ≤ x ≤ min{z, n − r} and let ε1(s) | · · · | εr+x(s)
and ψr+x(s) | · · · | ψ1(s) be monic polynomials such that εi(s) 

ψi(s) are irreducible rational 
functions, 1 ≤ i ≤ r + x. Let q̃1 ≤ · · · ≤ q̃r+x be integers and d = (d1, . . . , dn−r−x) a 

partition. There exists a rational matrix W̃ (s) ∈ F(s)z×n such that rank
([

R(s)
W̃ (s)

])
=

r + x and 
[
R(s)
W̃ (s)

]
has ε1(s) 

ψ1(s) , . . . ,
εr+x(s) 
ψr+x(s) as invariant rational functions, q̃1, . . . , q̃r+x

as invariant orders at ∞ and d1, . . . , dn−r−x as column minimal indices if and only if 
(21)--(24) and (29), where ã = (ã1, . . . , ãx) is defined as in (30).

Proof. It is analogous to the proof of Theorem 4.5 of [1]. �
Theorem 4.2. (Prescription of the finite and infinite structures, and the row minimal 
indices) Let R(s) ∈ F(s)m×n be a rational matrix, rank(R(s)) = r. Let η1(s) 

ϕ1(s) , . . . ,
ηr(s) 
ϕr(s) be 

its invariant rational functions, p̃1, . . . , p̃r its invariant orders at ∞, c = (c1, . . . , cn−r)
its column minimal indices, and u = (u1, . . . , um−r) its row minimal indices, where 
u1 ≥ · · · ≥ uη > uη+1 = · · · = um−r = 0.

Let z, x be integers such that 0 ≤ x ≤ min{z, n − r} and let ε1(s) | · · · | εr+x(s)
and ψr+x(s) | · · · | ψ1(s) be monic polynomials such that εi(s) 

ψi(s) are irreducible rational 
functions, 1 ≤ i ≤ r + x. Let q̃1 ≤ · · · ≤ q̃r+x be integers and v = (v1, . . . , vm+z−r−x) a 



A. Amparan et al. / Linear Algebra and its Applications 720 (2025) 109--138 127

partition such that v1 ≥ · · · ≥ vη̄ > vη̄+1 = · · · = vm+z−r−x = 0. Let ã = (ã1, . . . , ãx)
and b̃ = (b̃1, . . . , b̃z−x) be defined as in (27) and (28), respectively.

1. If x = n−r, there exists a rational matrix W̃ (s) ∈ F(s)z×n such that rank
([

R(s)
W̃ (s)

])
= r + x and 

[
R(s)
W̃ (s)

]
has ε1(s) 

ψ1(s) , . . . ,
εr+x(s) 
ψr+x(s) as invariant rational functions, q̃1, . . . , 

q̃r+x as invariant orders at ∞ and v1, . . . , vm+z−r−x as row minimal indices if and 
only if (15), (21)--(23), (25), (26) and

c ≺ ã.

2. If x < n−r, there exists a rational matrix W̃ (s) ∈ F(s)z×n such that rank
([

R(s)
W̃ (s)

])
= r + x and 

[
R(s)
W̃ (s)

]
has ε1(s) 

ψ1(s) , . . . ,
εr+x(s) 
ψr+x(s) as invariant rational functions, q̃1, . . . , 

q̃r+x as invariant orders at ∞ and v1, . . . , vm+z−r−x as row minimal indices if and 
only if (15), (21)--(23), (25), (26),

x+1∑
i=1 

ci − c� ≥
x ∑

i=1 
ãi,

and

x+1 ∑
i=j+2

ci ≥
x ∑

i=j+1
ãi, � ≤ j ≤ x− 1,

where � = min{j ≥ 1 :
∑j

i=1 ci >
∑j

i=1 ãi}.

Proof. It is analogous to the proof of Theorem 4.8 of [1]. �
4.2. Prescription of the finite and/or infinite structures

In this subsection we deal with Problem 3 when only the finite or the infinite structures 
are prescribed. First, we present a solution when both the finite and infinite structures are 
prescribed. Secondly, we give a solution when only the infinite structure is prescribed (in 
both polynomial and rational cases). As mentioned, the solution for the case where only 
the finite structure is prescribed is known (for the polynomial case when the degree is not 
prescribed see Theorem 2.5, and for the rational case see Theorem 2.6). In Theorem 4.9
we prescribe the finite structure and the first invariant order at infinity. Note that in the 
polynomial case prescribing the first invariant order at infinity is the same as prescribing 
the degree.

Although some of the proofs in this subsection are analogous to those presented in [1, 
Section 4.4], we write them for the convenience of the reader.
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Theorem 4.3. (Prescription of the finite and infinite structures) Let R(s) ∈ F(s)m×n be a 
rational matrix, rank(R(s)) = r. Let η1(s) 

ϕ1(s) , . . . ,
ηr(s) 
ϕr(s) be its invariant rational functions, 

p̃1, . . . , p̃r its invariant orders at ∞, c = (c1, . . . , cn−r) its column minimal indices, and 
u = (u1, . . . , um−r) its row minimal indices.

Let z, x be integers such that 0 ≤ x ≤ min{z, n − r}, let ε1(s) | · · · | εr+x(s) and 
ψr+x(s) | · · · | ψ1(s) be monic polynomials such that εi(s) 

ψi(s) are irreducible rational func
tions, 1 ≤ i ≤ r + x, and let q̃1 ≤ · · · ≤ q̃r+x be integers.

1. If x < z or x = z = n − r, then there exists a rational matrix W̃ (s) ∈ F(s)z×n

such that rank
([

R(s)
W̃ (s)

])
= r + x and 

[
R(s)
W̃ (s)

]
has ε1(s) 

ψ1(s) , . . . ,
εr+x(s) 
ψr+x(s) as invariant 

rational functions, q̃1, . . . , q̃r+x as invariant orders at ∞ if and only if (21)--(23) and

r∑
i=1 

Δ
(
ηi
ϕi

,
εi+x−j

ψi+x−j
, p̃i, q̃i+x−j

)
+

x−j∑
i=1 

Δ
(
εi
ψi

, q̃i

)

+
m−r∑
i=1 

ui +
j∑

i=1 
ci +

n−r ∑
i=x+1

ci ≤ 0, 0 ≤ j ≤ x− 1,

with equality for j = 0 when x = z = n− r.

(32)

2. If x = z < n − r, then there exists a rational matrix W̃ (s) ∈ F(s)z×n such that 

rank
([

R(s)
W̃ (s)

])
= r + x and 

[
R(s)
W̃ (s)

]
has ε1(s) 

ψ1(s) , . . . ,
εr+x(s) 
ψr+x(s) as invariant rational 

functions, q̃1, . . . , q̃r+x as invariant orders at ∞ if and only if (21)--(23),

x+1∑
i=1 

ci − c� ≥
x ∑

i=1 
ã′i, (33)

and

x+1 ∑
i=j+2

ci ≥
x ∑

i=j+1
ã′i, � ≤ j ≤ x− 1, (34)

where ã′ = (ã′1, . . . , ã′x) is defined as

∑j
i=1 ã

′
i =

∑r+j
i=1 Δ

(
εi+x−j

ψi+x−j
, q̃i+x−j

)
−

∑r
i=1 Δ

(
ηi

ϕi
,
εi+x−j

ψi+x−j
, p̃i, q̃i+x−j

)
,

1 ≤ j ≤ x,
(35)

and � = min{j ≥ 1 :
∑j

i=1 ci >
∑j

i=1 ã
′
i}.

Proof. The proof follows the scheme of that of Theorem 4.10 of [1], but it deserves some 
hints.
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1. Case x < z or x = z = n − r. Assume that there exists a rational matrix W̃ (s) ∈
F(s)z×n such that 

[
R(s)
W̃ (s)

]
has the prescribed invariants. Let d = (d1, . . . , dn−r−x) be 

the column minimal indices of 
[
R(s)
W̃ (s)

]
. By Theorem 4.1 and Remark 3.12, (21)--(24) 

and (29) hold, where ã = (ã1, . . . , ãx) is defined as in (30). From (29) and Theo
rem 2.4 we obtain

r∑
i=1 

Δ
(
ηi
ϕi

,
εi+x

ψi+x
, p̃i, q̃i+x

)
+

x ∑
i=1 

Δ
(
εi
ψi

, q̃i

)
+

m−r∑
i=1 

ui +
n−r−x∑
i=1 

di ≤ 0,

with equality if x = z. From (24) we get 
∑n−r−x

i=1 di ≥
∑n−r−x

i=1 ci+x =
∑n−r

i=x+1 ci. 
Therefore, (32) holds for j = 0.
For 1 ≤ j ≤ x− 1, from (24), [1, Lemma 4.9], (30) and Theorem 2.4, we obtain

∑j
i=1 ci ≤

∑j
i=1 ãi +

∑n−r−x
i=1 di −

∑n−r
i=x+1 ci

=
∑n−r−x

i=1 di −
∑n−r

i=x+1 ci −
∑n−r−x

i=1 di −
∑m−r

i=1 ui

−
∑r

i=1 Δ
(

ηi

ϕi
,
εi+x−j

ψi+x−j
, p̃i, q̃i+x−j

)
−

∑x−j
i=1 Δ

(
εi
ψi
, q̃i

)
.

Thus, (32) holds.
Conversely, assume that (21)--(23) and (32) hold. Define â1, . . . , âx as

∑j
i=1 âi =

∑x
i=1 ci +

∑r
i=1 Δ

(
ηi

ϕi
, p̃i

)
−
∑x−j

i=1 Δ
(

εi
ψi
, q̃i

)
−
∑r

i=1 Δ
(

ηi

ϕi
,
εi+x−j

ψi+x−j
, p̃i, q̃i+x−j

)
, 1 ≤ j ≤ x.

By condition (32) for j = 0 and Theorem 2.4,

r∑
i=1 

Δ
(
ηi
ϕi

,
εi+x

ψi+x
, p̃i, q̃i+x

)
+

x ∑
i=1 

Δ
(
εi
ψi

, q̃i

)
≤

x ∑
i=1 

ci +
r∑

i=1 
Δ

(
ηi
ϕi

, p̃i

)
;

hence

â1 ≥
r∑

i=1 
Δ

(
ηi
ϕi

,
εi+x

ψi+x
, p̃i, q̃i+x

)
−

r∑
i=1 

Δ
(
ηi
ϕi

,
εi+x−1

ψi+x−1
, p̃i, q̃i+x−1

)
+ Δ

(
εx
ψx

, q̃x

)
.

Taking into account Remark 3.6. 1, we have â1 ≥ â2 ≥ · · · ≥ âx. Let â = (â1, . . . , âx). 
By Theorem 2.4, for 1 ≤ j ≤ x,

∑j
i=1 âi = −

∑n−r
i=x+1 ci −

∑m−r
i=1 ui −

∑x−j
i=1 Δ

(
εi
ψi
, q̃i

)
−
∑r

i=1 Δ
(

ηi

ϕi
,
εi+x−j

ψi+x−j
, p̃i, q̃i+x−j

)
, 1 ≤ j ≤ x.
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From (32) we obtain

j∑
i=1 

âi ≥
j∑

i=1 
ci, 1 ≤ j ≤ x− 1.

Moreover, from (21)--(23), we obtain 
∑x

i=1 âi =
∑x

i=1 ci.
If n = r + x, then c ≺ â, and let d = ∅ so that c ≺′ (d, â) holds. Otherwise, if 
n > r+x, by [1, Lemma 4.6] there exists a sequence of integers d = (d1, . . . , dn−r−x)
such that c ≺′ (d, â), di = ci+x for 2 ≤ i ≤ n− r−x, and d1 =

∑x+1
i=1 ci−

∑x
i=1 âi =

cx+1.
Let ã = (ã1, . . . , ãx) be defined as in (30). Then ã = â, therefore (24) holds. Fur
thermore, from (32) for j = 0 and Theorem 2.4 we obtain

∑r
i=1 Δ

(
ηi

ϕi
, εi+x

ψi+x
, p̃i, q̃i+x

)
≤

∑n−r
i=1 (ci − ci+x) +

∑r
i=1 Δ

(
ηi

ϕi
, p̃i

)
−

∑x
i=1 Δ

(
εi
ψi
, q̃i

)
=

∑n−r
i=1 ci −

∑n−r−x
i=1 di +

∑r
i=1 Δ

(
ηi

ϕi
, p̃i

)
−

∑x
i=1 Δ

(
εi
ψi
, q̃i

)
,

with equality if x = z = n − r, i.e., (29) is satisfied. By Theorem 4.1, the result 
follows.

2. Case x = z < n − r. As x = z, observe that if there exists W̃ (s) ∈ F(s)z×n such 

that rank
([

R(s)
W̃ (s)

])
= r + x, then the row minimal indices of 

[
R(s)
W̃ (s)

]
are the row 

minimal indices of R(s), i.e., v = u. For the sufficiency we prescribe v = u. The 
result follows from Theorem 4.2. �

Remark 4.4. If x = z < n − r, conditions (21)--(23), (33) and (34) imply (32) (see [1, 
Remark 4.11]).

When we only prescribe the infinite structure we present two results, one for polyno
mial matrices and another one for rational matrices.

Theorem 4.5. (Prescription of the infinite structure for polynomial matrices) Let P (s) ∈
F [s]m×n be a polynomial matrix, rank(P (s)) = r. Let p1, . . . , pr be its invariant orders 
at ∞ and c = (c1, . . . , cn−r) its column minimal indices.

Let z, x be integers such that 0 ≤ x ≤ min{z, n−r} and let q1 ≤ · · · ≤ qr+x be integers. 

There exists a polynomial matrix W (s) ∈ F [s]z×n such that rank
([

P (s)
W (s)

])
= r + x

and 
[
P (s)
W (s)

]
has q1, . . . , qr+x as invariant orders at ∞ if and only if (14) and

r∑
i=1 

max{pi, qi+x−j} +
x−j∑
i=1 

qi −
r∑

i=1 
pi ≤

x ∑
i=j+1

ci, 0 ≤ j ≤ x− 1. (36)
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Proof. The proof is similar to that of Theorem 4.12 of [1]; we precise some calculations.
Let α1(s), . . . , αr(s) be the invariant factors, and u = (u1, . . . , um−r) the row minimal 

indices of P (s).

Assume that there is a polynomial matrix W (s) ∈ F [s]z×n, rank
([

P (s)
W (s)

])
= r + x, 

such that 
[
P (s)
W (s)

]
has q1, . . . , qr+x as invariant orders at ∞. Let β1(s), . . . , βr+x(s) be 

its invariant factors. By Theorem 4.3 and Remark 4.4 we obtain (13), (14) and

∑r
i=1 deg(lcm(αi, βi+x−j)) +

∑x−j
i=1 deg(βi) +

∑r
i=1 max{pi, qi+x−j}

+
∑x−j

i=1 qi +
∑m−r

i=1 ui +
∑j

i=1 ci +
∑n−r

i=x+1 ci ≤ 0, 0 ≤ j ≤ x− 1.
(37)

We have

r∑
i=1 

deg(lcm(αi, βi+x−j)) ≥
r∑

i=1 
deg(αi) ≥

r∑
i=1 

deg(αi) −
x−j∑
i=1 

deg(βi).

Thus, from (37) we obtain

∑r
i=1 deg(αi) +

∑r
i=1 max{pi, qi+x−j} +

∑x−j
i=1 qi

+
∑m−r

i=1 ui +
∑j

i=1 ci +
∑n−r

i=x+1 ci ≤ 0, 0 ≤ j ≤ x− 1,

which by Theorem 2.2 is equivalent to (36).
Conversely, assume that (14) and (36) hold. Let

t =
r∑

i=1 
pi +

x ∑
i=1 

ci −
r∑

i=1 
max{pi, qi+x} −

x ∑
i=1 

qi.

If x = 0, from (14) we obtain t = 0, and if x > 0, from (36) we have t ≥ 0.
Define

βi(s) = 1, 1 ≤ i ≤ x,

βi+x(s) = αi(s), 1 ≤ i ≤ r − 1,
βr+x(s) = αr(s)τ(s),

where τ(s) is a monic polynomial of deg(τ) = t. We have β1(s) | · · · | βr+x(s), and (13) 
holds.

If x > 1, for 1 ≤ j ≤ x, we have βi+x−j(s) | βi+x−1(s) | αi(s), 1 ≤ i ≤ r, therefore

r∑
i=1 

deg(lcm(αi, βi+x−j)) +
x−j∑
i=1 

deg(βi) =
{ ∑r

i=1 deg(αi) + t, j = 0,∑r
i=1 deg(αi), 1 ≤ j ≤ x.
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Thus, from Theorem 2.2 and (36) we obtain

∑r
i=1 deg(lcm(αi, βi+x−j)) +

∑x−j
i=1 deg(βi) +

∑r
i=1 max{pi, qi+x−j} +

∑x−j
i=1 qi

+
∑m−r

i=1 ui +
∑j

i=1 ci +
∑n−r

i=x+1 ci

=
{

t−
∑r

i=1 pi −
∑x

i=1 ci +
∑r

i=1 max{pi, qi+x} +
∑x

i=1 qi = 0, j = 0,∑r
i=1 max{pi, qi+x−j} +

∑x−j
i=1 qi −

∑r
i=1 pi −

∑x
i=j+1 ci ≤ 0, 1 ≤ j ≤ x− 1.

(38)
If x < z or x = z = n− r the result follows from Theorem 4.3 (item 1).
If x = z < n− r, let ã′ = (ã′1, . . . , ã′x) be defined as

∑j
i=1 ã

′
i =

∑r+j
i=1 deg(βi+x−j) −

∑r
i=1 deg(lcm(αi, βi+x−j)

+
∑r+j

i=1 qi+x−j −
∑r

i=1 max{pi, qi+x−j}, 1 ≤ j ≤ x.

From (13), (14) and (38) we have

∑x
i=1 ã

′
i =

∑r+x
i=1 deg(βi) −

∑r
i=1 deg(αi) +

∑r+x
i=1 qi −

∑r
i=1 pi

=
∑x

i=1 ci −
∑r

i=1 max{pi, qi+x} +
∑r

i=1 qi+x =
∑x

i=1 ci.

Let j ∈ {1, . . . , x− 1}. Then

∑j
i=1 ã

′
i =

∑r+x
i=1 deg(βi) −

∑r
i=1 deg(lcm(αi, βi+x−j)) −

∑x−j
i=1 deg(βi)

+
∑r+x

i=1 qi −
∑r

i=1 max{pi, qi+x−j} −
∑x−j

i=1 qi

=
∑r

i=1 deg(αi) +
∑r

i=1 pi +
∑x

i=1 ci −
∑r

i=1 deg(lcm(αi, βi+x−j))
−
∑x−j

i=1 deg(βi) −
∑r

i=1 max{pi, qi+x−j} −
∑x−j

i=1 qi

=
∑r

i=1 pi +
∑x

i=1 ci −
∑r

i=1 max{pi, qi+x−j} −
∑x−j

i=1 qi.

From (36) we obtain

j∑
i=1 

ã′i ≥
x ∑

i=1 
ci −

x ∑
i=j+1

ci =
j∑

i=1 
ci, 1 ≤ j ≤ x− 1.

Therefore,

min{j ≥ 1 : 
j∑

i=1 
ci >

j∑
i=i 

ã′i} = x + 1.

The result follows from Theorem 4.3 (item 2). �
The technique used in the following theorem is different from the one used in the 

previous results. We first present a remark.



A. Amparan et al. / Linear Algebra and its Applications 720 (2025) 109--138 133

Remark 4.6. Let R(s) be a rational matrix with p̃1, . . . , p̃r as invariant orders at ∞. If 
η̂1(s) 
ϕ̂1(s) , . . . ,

η̂r(s) 
ϕ̂r(s) are the invariant rational functions of R(1

s ), then

η̂i(s) 
ϕ̂i(s)

= sp̃i
η̂′i(s) 
ϕ̂′
i(s)

, 1 ≤ i ≤ r,

where the triples of polynomials (η̂′i(s), ϕ̂′
i(s), s) are pairwise coprime for 1 ≤ i ≤ r (see 

[4, p. 724] or [3, Proposition 6.11]).

Theorem 4.7. (Prescription of the infinite structure for rational matrices) Let R(s) ∈
F(s)m×n be a rational matrix, rank(R(s)) = r, and let p̃1, . . . , p̃r be its invariant orders 
at ∞.

Let z, x be integers such that 0 ≤ x ≤ min{z, n−r} and let q̃1 ≤ · · · ≤ q̃r+x be integers. 

There exists a rational matrix W̃ (s) ∈ F(s)z×n such that rank
([

R(s)
W̃ (s)

])
= r + x and [

R(s)
W̃ (s)

]
has q̃1, . . . , q̃r+x as invariant orders at ∞ if and only if (23) holds.

Proof. The necessity follows from Theorem 3.11.
For the sufficiency, assume that (23) holds. Let η̂1(s) 

ϕ̂1(s) , . . . ,
η̂r(s) 
ϕ̂r(s) be the invariant ratio

nal functions of R
( 1
s 
)
. We can write

η̂i(s) 
ϕ̂i(s)

= sp̃i
η̂′i(s) 
ϕ̂′
i(s)

, 1 ≤ i ≤ r,

where the triples of polynomials (η̂′i(s), ϕ̂′
i(s), s) are pairwise coprime (see Remark 4.6). 

Notice that

η̂i(s) = sp̃i η̂′i(s), ϕ̂i(s) = ϕ̂′
i(s), if p̃i ≥ 0,

η̂i(s) = η̂′i(s), ϕ̂i(s) = s−p̃i ϕ̂′
i(s), if p̃i < 0,

and

η̂′i(s) | η̂′i+1(s), ϕ̂′
i+1(s) | ϕ̂′

i(s), 1 ≤ i ≤ r − 1. (39)

For 1 ≤ i ≤ x, define

ε̂i(s) = sq̃i , ψ̂i(s) = ϕ̂′
1(s), if q̃i ≥ 0,

ε̂i(s) = 1, ψ̂i(s) = s−q̃i ϕ̂′
1(s), if q̃i < 0,

and for 1 ≤ i ≤ r,

ε̂i+x(s) = sq̃i+x η̂′i(s), ψ̂i+x(s) = ϕ̂′
i(s), if q̃i+x ≥ 0,

ε̂i+x(s) = η̂′i(s), ψ̂i+x(s) = s−q̃i+x ϕ̂′
i(s), if q̃i+x < 0.



134 A. Amparan et al. / Linear Algebra and its Applications 720 (2025) 109--138 

Then,

ε̂i(s) 
ψ̂i(s)

= sq̃i 1 
ϕ̂′

1(s)
, 1 ≤ i ≤ x,

ε̂i+x(s) 
ψ̂i+x(s) = sq̃i+x η̂′

i(s) 
ϕ̂′

i(s)
, 1 ≤ i ≤ r.

Since q̃i ≤ q̃i+1, 1 ≤ i ≤ r + x− 1, from (39) we obtain

ε̂i(s) | ε̂i+1(s), ψ̂i+1(s) | ψ̂i(s), 1 ≤ i ≤ r + x− 1,

and from (23) we obtain (recall that for i > r + x we take εi(s) = 0 and ψi(s) = 1)

ε̂i(s) | η̂i(s) | ε̂i+z(s), ψ̂i+z(s) | ϕ̂i(s) | ψ̂i(s), 1 ≤ i ≤ r.

By Theorem 2.6, there is a rational matrix Ŵ (s) ∈ F(s)z×n, rank
([

R(1
s )

Ŵ (s)

])
= r + x, 

such that 
[
R(1

s )
Ŵ (s)

]
has ε̂1(s) 

ψ̂1(s)
, . . . , ε̂r+x(s) 

ψ̂r+x(s) as invariant rational functions.

Let W̃ (s) = Ŵ (1
s ) and Q̃(s) =

[
R(s)
W̃ (s)

]
. Then, Q̃(1

s ) =
[
R(1

s )
Ŵ (s)

]
and q̃1, . . . , q̃r+x are 

the invariant orders at ∞ of Q̃(s) (Remark 4.6). �
The next example shows the difference between the rational and polynomial cases 

when prescribing the infinite structure.

Example 4.8. Let P (s) = [s 0] ∈ F [s]1×2. The matrix P (s) has α1(s) = s as invariant 
factor, p1 = −1 as invariant order at ∞ and c1 = 0 as column minimal index.

Let z = x = 1, and q1 = −1, q2 = +1. Then (14) holds, but (36) is not satisfied. 

Therefore, there is no polynomial matrix Q(s) =
[
P (s)
W (s)

]
∈ F [s]2×2 of rankQ(s) = 2

with q1 = −1, q2 = +1 as invariant orders at ∞. If there were such a polynomial matrix, 
then by Theorem 3.8, the invariant factors β1(s), β2(s) of Q(s) would satisfy α1(s) = s |
β2(s) and deg(β1) + deg(β2) = 0, which leads to a contradiction.

However, if we allow the completion to be rational, it is possible to obtain the desired 

invariants. For example, the rational matrix Q̃(s) =
[
s 0
0 1

s 

]
∈ F(s)2×2 has q̃1 = −1, q̃2 =

+1 as invariant orders at ∞.

As mentioned, a solution to the row completion problem for polynomial matrices when 
the finite structure is prescribed follows from Theorem 2.5. In this theorem no condition 
is imposed on the invariant orders at ∞, and therefore on the degree of the completed 
matrix Q(s). To prescribe the degree of Q(s), we must prescribe the first order at ∞ of 
Q(s), q1 = − deg(Q(s)), which shall satisfy q1 = − deg(Q(s)) ≤ −deg(P (s)) = p1.
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Theorem 2.5 was later generalized to rational matrices in Theorem 2.6. In the next 
theorem, we give a solution to the row completion problem for rational matrices when the 
finite structure and the first invariant order at ∞ of the completed matrix is prescribed.

Theorem 4.9. (Prescription of the finite structure and the first invariant order at ∞) 
Let R(s) ∈ F(s)m×n be a rational matrix, rank(R(s)) = r. Let η1(s) 

ϕ1(s) , . . . ,
ηr(s) 
ϕr(s) be its 

invariant rational functions, p̃1, . . . , p̃r its invariant orders at ∞, c = (c1, . . . , cn−r) its 
column minimal indices.

Let z, x be integers such that 0 ≤ x ≤ min{z, n − r}, let ε1(s) | · · · | εr+x(s) and 
ψr+x(s) | · · · | ψ1(s) be monic polynomials such that εi(s) 

ψi(s) are irreducible rational func
tions, 1 ≤ i ≤ r + x, and let q̃1 be an integer q̃1 ≤ p̃1. There exists a rational matrix 

W̃ (s) ∈ F(s)z×n such that rank
([

R(s)
W̃ (s)

])
= r + x and 

[
R(s)
W̃ (s)

]
has ε1(s) 

ψ1(s) , . . . ,
εr+x(s) 
ψr+x(s)

as invariant rational functions and q̃1 as first invariant order at ∞ if and only if (21), 
(22) and

∑r
i=1 Δ

(
ηi

ϕi
,
εi+x−j

ψi+x−j

)
+

∑x−j
i=1 Δ

(
εi
ψi

)
−

∑r
i=1 Δ

(
ηi

ϕi

)
≤

∑x
i=j+1 ci + (j − x)q̃1, 0 ≤ j ≤ x− 1.

(40)

Proof. The proof is similar to that of Theorem 4.5 and [1, Theorem 4.12]. We also precise 
the steps.

Let u = (u1, . . . , um−r) be the row minimal indices of R(s). Assume that there exists 

W̃ (s) ∈ F(s)z×n such that rank
([

R(s)
W̃ (s)

])
= r + x and 

[
R(s)
W̃ (s)

]
has ε1(s) 

ψ1(s) , . . . ,
εr+x(s) 
ψr+x(s)

as invariant rational functions and q̃1 ≤ · · · ≤ q̃r+x as invariant orders at ∞.
By Theorem 4.3 and Remark 4.4 we obtain (21)--(23) and

∑r
i=1 Δ

(
ηi

ϕi
,
εi+x−j

ψi+x−j

)
+
∑x−j

i=1 Δ
(

εi
ψi

)
+
∑r

i=1 max{p̃i, q̃i+x−j}

+
∑x−j

i=1 q̃i +
∑m−r

i=1 ui +
∑j

i=1 ci +
∑n−r

i=x+1 ci ≤ 0, 0 ≤ j ≤ x− 1.
(41)

We have

r∑
i=1 

max{p̃i, q̃i+x−j} +
x−j∑
i=1 

q̃i ≥
r∑

i=1 
p̃i + (x− j)q̃1, 0 ≤ j ≤ x− 1.

Thus, from (41) we obtain

∑r
i=1 Δ

(
ηi

ϕi
,
εi+x−j

ψi+x−j

)
+

∑x−j
i=1 Δ

(
εi
ψi

)
+

∑r
i=1 p̃i

+
∑m−r

i=1 ui +
∑j

i=1 ci +
∑n−r

i=x+1 ci ≤ (j − x)q̃1, 0 ≤ j ≤ x− 1,

which by Theorem 2.4 is equivalent to (40).
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Conversely, assume that (21), (22) and (40) hold. Let

t̃ =
r∑

i=1 
Δ

(
ηi
ϕi

)
−

r∑
i=1 

Δ
(
ηi
ϕi

,
εi+x

ψi+x

)
−

x ∑
i=1 

Δ
(
εi
ψi

)
+

x ∑
i=1 

ci − xq̃1.

If x = 0, from (21) and (22) we obtain t̃ = 0. If x > 0, from (40) we have t̃ ≥ 0.
Define

q̃i = q̃1, 1 ≤ i ≤ x,

q̃i+x = p̃i, 1 ≤ i ≤ r − 1,
q̃r+x = p̃r + t̃.

As q̃1 ≤ p̃1 and t̃ ≥ 0, we have q̃1 ≤ · · · ≤ q̃r+x, and (23) holds.
If x > 1, for 1 ≤ j ≤ x, we have q̃i+x−j ≤ q̃i+x−1 ≤ p̃i, 1 ≤ i ≤ r, therefore

r∑
i=1 

max{p̃i, q̃i+x−j} +
x−j∑
i=1 

q̃i =
{∑r

i=1 p̃i + t̃ + xq̃1, j = 0,∑r
i=1 p̃i + (x− j)q̃1, 1 ≤ j ≤ x.

Thus, from Theorem 2.4 we obtain

∑r
i=1 Δ

(
ηi

ϕi
, εi+x

ψi+x
, p̃i, q̃i+x

)
+

∑x
i=1 Δ

(
εi
ψi
, q̃i

)
+

∑m−r
i=1 ui +

∑n−r
i=x+1 ci

=
∑r

i=1 Δ
(

ηi

ϕi
, εi+x

ψi+x

)
+

∑x
i=1 Δ

(
εi
ψi

)
+ t̃ + xq̃1 −

∑r
i=1 Δ

(
ηi

ϕi

)
−
∑x

i=1 ci

= 0,

(42)

and from Theorem 2.4 and (40)

∑r
i=1 Δ

(
ηi

ϕi
,
εi+x−j

ψi+x−j
, p̃i, q̃i+x−j

)
+

∑x−j
i=1 Δ

(
εi
ψi
, q̃i

)
+

∑m−r
i=1 ui +

∑j
i=1 ci

+
∑n−r

i=x+1 ci =
∑r

i=1 Δ
(

ηi

ϕi
,
εi+x−j

ψi+x−j

)
+
∑x−j

i=1 Δ
(

εi
ψi

)
+
∑r

i=1 p̃i + (x− j)q̃1

+
∑m−r

i=1 ui +
∑j

i=1 ci +
∑n−r

i=x+1 ci =
∑r

i=1 Δ
(

ηi

ϕi
,
εi+x−j

ψi+x−j

)
+
∑x−j

i=1 Δ
(

εi
ψi

)
−
∑r

i=1 Δ
(

ηi

ϕi

)
−
∑x

i=j+1 ci + (x− j)q̃1 ≤ 0, 1 ≤ j ≤ x− 1.

If x < z or x = z = n− r the result follows from Theorem 4.3 (item 1).
If x = z < n− r, let ã′ = (ã′1, . . . , ã′x) be defined as in (35). From (21), (22), (23) and 

(42) we have

∑x
i=1 ã

′
i =

∑r+x
i=1 Δ

(
εi
ψi
, q̃i

)
−
∑r

i=1 Δ
(

ηi

ϕi
, p̃i

)
= t̃ + xq̃1 +

∑r+x
i=1 Δ

(
εi
ψi

)
−
∑r

i=1 Δ
(

ηi

ϕi

)
=

∑x
i=1 ci −

∑r
i=1 Δ

(
ηi

ϕi
, εi+x

ψi+x

)
+
∑r

i=1 Δ
(

εi+x

ψi+x

)
=

∑x
i=1 ci.
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Let j ∈ {1, . . . , x− 1}. Then

∑j
i=1 ã

′
i =

∑r+x
i=1 Δ

(
εi
ψi
, q̃i

)
−
∑r

i=1 Δ
(

ηi

ϕi
,
εi+x−j

ψi+x−j
, p̃i, q̃i+x−j

)
−
∑x−j

i=1 Δ
(

εi
ψi
, q̃i

)
=

∑r
i=1 Δ

(
ηi

ϕi
, p̃i

)
+

∑x
i=1 ci

−
∑r

i=1 Δ
(

ηi

ϕi
,
εi+x−j

ψi+x−j
, p̃i, q̃i+x−j

)
−
∑x−j

i=1 Δ
(

εi
ψi
, q̃i

)
=

∑r
i=1 Δ

(
ηi

ϕi

)
+
∑x

i=1 ci −
∑r

i=1 Δ
(

ηi

ϕi
,
εi+x−j

ψi+x−j

)
−
∑x−j

i=1 Δ
(

εi
ψi

)
+ (j − x)q̃1.

From (40) we obtain

j∑
i=1 

ã′i ≥
x ∑

i=1 
ci −

x ∑
i=j+1

ci =
j∑

i=1 
ci, 1 ≤ j ≤ x− 1.

Therefore,

min{j ≥ 1 : 
j∑

i=1 
ci >

j∑
i=i 

a′i} = x + 1.

The result follows from Theorem 4.3 (item 2). �
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