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Completion Obviously, the results obtained hold for the corresponding
column completion problems.

© 2025 The Author(s). Published by Elsevier Inc. This is an

open access article under the CC BY-NC-ND license

(http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

An important problem in Matrix Theory is the matrix completion problem. It consists
in characterizing the existence of a matrix with certain properties when a submatrix is
prescribed. In fact, this problem includes many other ones depending on the type of
matrices involved and the properties analyzed. In the last decades the research in the
area has been very fruitful. See [1,10,14,15,17] and the references therein.

This work is devoted to the matrix completion problem for polynomial and rational
matrices when the complete structural data (or some of them) of the polynomial or the
rational matrix are prescribed and the submatrix is formed by some of its rows (columns).
This study generalizes the results obtained in [1], where the row completion problem of
a polynomial matrix is solved when the eigenstructure (or part of it) is prescribed and
the degree of the completed matrix is the same as that of the prescribed submatrix.

The generalization addressed in this paper is two-folded. On the one hand, we allow
that the degree of the completed polynomial matrix is greater than or equal to that of the
prescribed submatrix. On the other hand, the results of [1] are generalized to rational
matrices, solving the row completion problem when the complete structural data (or
some of them) of the completed rational matrix are prescribed.

The eigenstructure of a polynomial matrix is formed by four types of invariants: the
invariant factors, the partial multiplicities of co, and the column and row minimal indices
([11]). The invariant factors form the finite structure of the matrix, the partial multi-
plicities of co are the infinite structure, and the minimal indices, the singular structure.
The prescription of all or part of these invariants leads to pose 15 different completion
problems, some of them solved in [1], when the degree of the completed matrix is pre-
scribed to coincide with that of the given submatrix. The remaining ones are solved in
[2].

The complete structural data of a rational matrix is formed by the invariant rational
functions (finite structure), the invariant orders at co (infinite structure), and the column
and row minimal indices (singular structure) ([4]). We show later that for polynomial
matrices, knowing the eigenstructure is equivalent to knowing the complete structural
data.

Once more, due to the high number of problems that the complete analysis of the
study includes, we solve in this work some of the cases, generalizing the results in [1],
and leaving the remaining ones for a future paper, hence generalizing [2]. One of the
problems, the prescription of only the finite structure, was solved independently by E.
Marques de S4 and R.C. Thompson in 1979 in the seminal papers [15,17], and the result
was generalized to the rational case in [5].
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The paper is organized as follows. Section 2 contains the notation, definitions, prelim-
inary results, and the statement of the problems we deal with. In Section 3 we solve the
problem when the complete structural data are prescribed. Finally, in Section 4 we solve
the problem of the prescription of the complete structural data but the row (column)
minimal indices (Subsection 4.1), and that of the prescription of the finite and/or infinite
structures (Subsection 4.2).

2. Preliminaries

Let F be a field. The ring of polynomials in the indeterminate s with coefficients in F
is denoted by F[s], F(s) is the field of fractions of F[s], i.e., the field of rational functions
over F, and F,(s) is the ring of proper rational functions, i.e., the rational functions with
degree of the denominator at least the degree of the numerator. The ring of polynomials
in two variables s,t with coefficients in F is denoted by F[s,¢]. A polynomial in F|[s] is
monic if its leading coefficient is 1. We say that a polynomial in F|[s,t] is monic if it is
monic with respect to the variable s. Given two polynomials «, 3, by a | 8 we mean that
a is a divisor of 3, by lem(c, ), the monic least common multiple of o and 3, and by
ged(ay, ), the monic greatest common divisor of « and §.

In this work we deal with finite sequences of integers a = (a1,...,a,) where a; >
<o+ >a,. If a. > 0, the sequence is called a partition. When necessary, we take a; = 400
fori < 1and a; = —o0 for ¢ > r. If by < --- < b, is an increasing sequence of integers,
we take b; = —oo for ¢ < 1 and b; = +oo for ¢ > r.

We also deal with polynomial chains «; | - - | a,, where a; € F[s] or a; € Fs,t], and
take a; =1 fori < land a; =0 fori>r. If o, | - | @1, we take p, =1 for ¢ > r and
w; =0 for¢ < 1.

We denote by F™*" F[s]™*™, F(s)™*", and Fp.(s)™*™ the vector spaces over F of
m X n matrices with elements in F, F[s], F(s), and [, (s), respectively. A matrix U(s) €
F[s]"*"™ is said unimodular if it has inverse in F[s]™*"™, while a matrix B(s) € Fp,.(s)"*"
is said biproper if it has inverse in Fp,(s)"*".

Let R(s) € F(s)™*™ of rank(R(s)) = r. A canonical form for the unimodular equiva-
lence of R(s) is the Smith—McMillan form

; n1(s) 1r(s)
ding (565, 265) 0]
0 0

M (s) nr(s)
@1(5)7 """ pr(s)
are irreducible rational functions called the invariant rational functions of R(s). We also

where n1(s) | -+ - | nr(s) and ¢,(s) | - -+ | ¢1(s) are monic polynomials and

refer to them as the finite structure of R(s). The polynomial o1 (s) is the monic least
common denominator of the entries of R(s) (see, for instance, [16, Chapter 3, Section 4]).

A canonical form for the equivalence at infinity of R(s) is the Smith—-McMillan form
at infinity



112 A. Amparan et al. / Linear Algebra and its Applications 720 (2025) 109-138

diag (s‘ﬁl, ceey s‘ﬁT‘) 0
0 0]’

where py < -+ < p, are integers called the invariant orders at infinity of R(s) (see, for
instance, [18]). In [4], the sequence of invariant orders at co is called the structural index
sequence of R(s) at oo.

We recall now the singular structure of a rational matrix. Denote by Ny(R(s)) and
N, (R(s)) the left and right null-spaces over F(s) of R(s), respectively, i.e., if R(s) €
F(s)m>m,

Ne(R(s)) = {x(s) € F(s)™*! : a(s)TR(s) = 0},
Ni(R(s)) = {z(s) € F(s)"*" : R(s)a(s) = 0},

nx1 " respectively. For a subspace V of

which are vector subspaces of F(s)™*! and F(s)
IF(s)™*! it is possible to find a basis consisting of vector polynomials; it is enough to
take an arbitrary basis and multiply each vector by a least common multiple of the
denominators of its entries. The order of a polynomial basis is defined as the sum of
the degrees of its vectors (see [12]). A minimal basis of V is a polynomial basis with
least order among the polynomial bases of V. The degrees of the vector polynomials of
a minimal basis, increasingly ordered, are always the same (see [12]), and are called the
manimal indices of V.

A right (left) minimal basis of a rational matrix R(s) is a minimal basis of N,.(R(s))
(Ne(R(5))). The right (left) minimal indices of R(s) are the minimal indices of N,.(R(s))
(Ne(R(s))). From now on in this paper, we work with the right (left) minimal indices
decreasingly ordered, and we refer to them as the column (row) minimal indices of R(s).
Notice that a rational matrix R(s) € F(s)™*" of rank(R(s)) = r has m — r row and
n — r column minimal indices.

For a rational matrix R(s) € F(s)™*™ of rank(R(s)) = r, the complete structural data

consist of four components (see [4, Definition 2.15]): the invariant rational functions
n1(s) nr(s)

©1(8)7 777 or(s)?
(u1, ..., Um—r) and the column minimal indices (¢1, . . ., ¢,—y). Observe that the complete

the invariant orders at infinity p; < --- < p,., the row minimal indices

structural data of a rational matrix determine its rank.

If the rational matrix is a polynomial matrix P(s) of rank P(s) = r, then ¢;(s) =
-+ = p,(s) = 1, the polynomials n1(s) | - - - | n-(s) are the invariant factors of R(s), and
the Smith-McMillan form is its Smith normal form ([16, Chapter 1, Section 1]). Hence,
the complete structural data of a polynomial matrix is formed by the invariant factors,
the invariant orders at infinity, and the column and row minimal indices.

For polynomial matrices we introduce some other definitions. Let deg(P(s)) = d,
where deg(-) stands for degree. The reversal of P(s) is the polynomial matrix

rev(P)(t) = t¢P (%) .
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The partial multiplicities of oo in P(s) are defined as the partial multiplicities of 0 in
rev(P)(t) (see, for instance, [7]).

The invariant factors, the partial multiplicities of oo, the row minimal indices and
the column minimal indices are known as the eigenstructure of the polynomial matrix
P(s) € F[s]™*™ (see [11]).

Observe that the eigenstructure of a polynomial matrix determines its rank (it is
the number of invariant factors, or the number of partial multiplicities of oo, and it is
also equal to the number of columns (rows) minus the number of column (row) minimal
indices).

In the literature, the invariant factors and the partial multiplicities of oo of a polyno-
mial matrix P(s) are often treated together as follows: Let a(s) | -+ - | aw-(s) be the in-
variant factors and e; < - -+ < e, the partial multiplicities of co of P(s). The homogeneous
invariant factors of P(s) are homogeneous polynomials in F[s,t], ¢1(s,t) | -+ | ¢r(s,t),
defined as

Gils.1) = t12%0a, (2), 1<i<n

Given P(s), P(s) € F[s]™*", we write P(s) ~ P(s) when they have the same eigen-
structure. If P(s), P(s) are matrix pencils, P(s) ~ P(s) if and only if they are strictly
equivalent (P(s) <" P(s)), i.e., P(s) = SP(s)T for some non singular matrices S and T

Prior to state our problems, we present some results related to the existence of poly-

nomial or rational matrices with prescribed eigenstructure or complete structural data.

Theorem 2.1 ([1, Theorem 3.1], [7, Theorem 3.3] for infinite fields). Let m, n, r be
positive integers, r < min{m,n}, and d a non negative integer. Let a1(s) | -+ | a(s) be
monic polynomials. Let (ey,...,e1), (¢1,--+,Cnr), (U1,..., Um—y) be partitions. Then,
there exists a polynomial matriz P(s) € F[s]™*™ of rank(P(s)) = r, deg(P(s)) = d,
with a1(8),...,a.(s) as invariant factors, ey, ..., e, as partial multiplicities of oo, and
ClyevoyCoeyp aNd UL, ..., Up—r as column and row minimal indices, respectively, if and
only if

€1 = 0,
n—r m—r r r
Z ci + Z Uu; + Z e; + Zdeg(ai) = rd. (1)
i=1 i=1 i=1 i=1

As a consequence of (1), the eigenstructure of a polynomial matrix determines its
degree.

Given a polynomial matrix P(s) € F[s]™*™ of deg(P(s)) =d, let e; <--- < e, be the
partial multiplicities of oo in P(s) and p; < --- < p, the invariant orders at oo of P(s).
Then (see [3, Proposition 6.14]),

ei:pi+d7 1SZST



114 A. Amparan et al. / Linear Algebra and its Applications 720 (2025) 109-138

As a consequence, deg(P(s)) = —p;. Hence, knowing the degree and the partial multiplic-
ities of co in P(s) is the same as knowing its invariant orders at co; i.e., the information
provided by the complete structural data is equivalent to that provided by the eigen-
structure. Thus, we can restate Theorem 2.1 as follows.

Theorem 2.2. Let m, n, r < min{m,n} be positive integers. Let a1(s) | --- | a,(s) be
monic polynomials. Let p1 < --- < p, be integers and (c1,...,¢n—r), (U1, ., Um—r)
be partitions. Then, there exists a polynomial matriz P(s) € F[s]™*" of rank(P(s)) =
r, with a1(s),...,a.(s) as invariant factors, pi,...,p, as invariant orders at oo, and
ClyeeesCnp aNA UL, ..., Um—r aS column and row minimal indices, respectively, if and

only if

i:ci + i u; + Zpi + Zdeg(ai) =0.
i=1 i=1 i=1 i=1

Now we state our first problem, which is a generalization of the row completion prob-
lem of polynomial matrices solved in [1, Theorem 4.2].

Problem 1. Let P(s) € F[s]™*" be a polynomial matrix. Find necessary and sufficient

P(s) ]

conditions for the existence of a polynomial matrix W (s) € F[s]**™ such that [W(s)

has prescribed complete structural data.

We would like to point out that the row completion problem studied in [1] requires that

deg [Il/;((i))] = deg P(s). Here this restriction is removed, i.e., deg [Il/;((i))] > deg P(s).

It is our aim to also study the row completion problem for rational matrices. First
of all we extend Theorem 2.2. The following lemma is essential to generalize to rational
matrices some results obtained for polynomial matrices.

Lemma 2.3. Let R(s) be a rational matriz and let 1(s) be a monic polynomial multiple
of the least common denominator of the entries in R(s). Then, ¥(s)R(s) is a polynomial
matriz of the same rank as R(s) and

n1(s) nr(s)

(i) the quotients are the invariant rational functions of R(s) if and only

®1(s)?" "7 pr(s)
if the polynomials w(;z?;)(s) ey w(j)?;)(s) are the invariant factors of ¥(s)R(s).
(it) the integers p1,...,pr are the invariant orders at oo of R(s) if and only if p1 —

deg(v(s)), ..., pr — deg(1(s)) are the invariant orders at oo of ¥(s)R(s).
(131) Ni(R(s)) = No(¥(s)R(s)), Ne(R(s)) = Ne(v(s)R(s)) and, therefore, the minimal
indices of 1 (s)R(s) and of R(s) are the same.

Proof. Items (i) and (i¢) can be easily derived from the Smith-McMillan forms. The
proof of item (#i7) is straightforward. O
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When F is an infinite field, Theorem 4.1 of [4] provides necessary and sufficient con-
ditions for the existence of a rational matrix R(s) € F(s)™*™ with prescribed complete
structural data. The proof is based on Theorem 3.3 of [7], which establishes an analo-
gous result for polynomial matrices over infinite fields. This theorem was generalized to
arbitrary fields in [1, Theorem 3.1]. Using the latter result, we obtain a generalization of
[4, Theorem 4.1] to arbitrary fields.

Theorem 2.4. Let m,n,r < min{m,n} be positive integers. Let ni(s) | -+ | n.(s)
and o, (s) | -+ | p1(s) be monic polynomials such that le((;)),7 Z:((;)) are irreducible
rational functions. Let p; < --- < p, be integers and (c1,...,Cnyp), (Uly. .., Um—r) paT-
titions. Then, there exists a rational matriz R(s) € F(s)™*", rank(R(s)) = r, with
le((i)) s Z:((i)) as invariant rational functions, p1,...,P, as invariant orders at oo, and
ClyevesCnp aNd UL, ..., Upm—r aS column and row minimal indices, respectively, if and
only if

S+ > ui+ > pi+ Y deg(n) — > deg(pi) =0.
i=1 i=1 i=1 =1 =1

Proof. The proof is analogous to that of [4, Theorem 4.1] using Theorem 3.1 of [1] instead
of Theorem 3.3 of [7], and Lemma 2.3. O

Now, we generalize to rational matrices Problem 1.

Problem 2. Let R(s) € F(s)™*™ be a rational matrix. Find necessary and sufficient

— R
conditions for the existence of a rational matrix W(s) € F(s)**™ such that {W((Ss))} has

prescribed complete structural data.

We are also interested in solving row (column) completion problems when we prescribe
part of the complete structural data, i.e., when one or some of the four types of invariants
which form the complete structural data are prescribed.

Problem 3. Let R(s) € F(s)™*™ (P(s) € F[s]™*™). Find necessary and sufficient condi-
R(s)

tions for the existence of a matrix W(s) e F(s)?*™ (W(s) € F[s]**™) such that [W(s)]

D(s) has part of the structural data prescribed.
W (s)
A solution to Problem 3 for polynomial matrices when only the finite structure is
prescribed follows from a well-known result: the characterization of the invariant factors
of a polynomial matrix with a prescribed submatrix (see the next Theorem 2.5).

Theorem 2.5 (/6, Chapter 7], [15], [17]). Let P(s) € F[s]™*" and Q(s) € F[s](m+2)x(n+a)
be polynomial matrices of rank(P(s)) = r and rank(Q(s)) =7, and let a1 (s) | - -+ | ar(s)
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and B1(s) | -+ | Br(s) be the invariant factors of P(s) and Q(s), respectively. There exist
matrices X (s) € F[s]™*1, Y(s) € F[s]**9, W(s) € F[s]**™ such that {VP[;((?) igé;ﬂ is

unimodularly equivalent to Q(s) if and only if

Bi(s) | @i(s) | Bitzq(s), 1<i<m

For the rational case and when only the finite structure is prescribed, the following
result gives a solution to Problem 3.

Theorem 2.6 (/5, Theorem 1]). Let R(s) € F(s)™*™ G(s) € F(s)m+2)x(n+a) pe rational

matrices, rank(R(s)) = r, rank(G(s)) = 7. Let le((?) e ZT((Z)) and ;11((1)) R 6] () be the
invariant rational functions of R(s) and G(s), respectively. There exist matrices X( )€

F(s)™*1, Y (s) € F(s)?*9, W(s) € F(s)**™ such that [I?/((i)) ‘;,(8;] is unimodularly

equivalent to G(s) if and only if

€i(8) | 0i() | €ivztq(s),  Vitatq(s) [wi(s) [ ¥i(s), 1<i<m
3. Row (column) completion with prescribed complete structural data

The aim of this section is to present a solution to Problems 1 and 2.
Given a polynomial matrix P(s), the grade of P(s) is an integer which is at least as
large as deg(P(s)) (see [8]). We denote it by grade(P(s)).

Definition 3.1. Let P(s) = Pys? + Py_1s9 ' 4+ Pis+ Py € F[s]™*" be a polynomial
matrix of grade g > 1. The first Frobenius companion form of P(s) with respect to g is
the (m+ (g — 1)n) x gn pencil C, p(s) = sX; + Y7 with

P, Py Pps - PRy

I 0 o

Xy = ) and Yy = ) . .
I 0 I, 0

When g = deg(P(s)) we omit “with respect to g” and Cy p(s) is denoted by Cp(s).
Notice that when g = 1, Cy p(s) = P(s). The following lemma is a consequence of [8,
Theorems 5.3 and 4.1].

Lemma 3.2. Let P(s) € F[s]™*™ be a polynomial matriz of grade(P(s)) =g > 1, and let
Cy,p(s) be its first Frobenius companion form with respect to g. Then,

L. If a1(s),...,an(s) are the invariant factors of P(s), then the invariant factors of
C!LP(S) are 1, (g-1)n 1,041(5), .. -,Oé,-(S).
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2. If p1,...,pr are the invariant orders at oo of P(s), then —1,l0-0n 1,9 -1+
P1,--.,9 — 1+ p, are the invariant orders at oo of Cy p(s).

3. If ¢y > -+ > ¢p_y are the column minimal indices of P(s), thenc; +g—1>--- >
Cn—r + g — 1 are the column minimal indices of Cy p(s).

4. Ifuy > -+ > um—, are the row minimal indices of P(s), then u; > -+ > Upy—p are
also the row minimal indices of Cy p(s).

As a consequence of Lemma 3.2 we obtain the next corollary.

Corollary 3.3. Let P(s), P(s) € F[s]™*™ be polynomial matrices such that grade(P(s)) =

grade(P(s)) = g > 1, and let Cy p(s), C, p(s) be their respective first Frobenius com-
panion forms with respect to g. Then, P(s) ~ P(s) if and only if C, p(s) < C, p(s)

In Theorem 4.3 of [10] (see Theorem 3.5 below) a solution of the row completion
problem for matrix pencils is given. We state the result for non constant pencils. It
involves the definition of the generalized majorization (see Definition 3.4 below).

Let ¢ = (¢1,...,¢;) and a = (aq,...,a,) be two sequences of integers. It is said that
c is majorized by a (denoted by ¢ < a) if Zle ¢ < Zle a; for 1 <k <z —1and
>oii¢ = i ,a; (this is an extension to sequences of integers of the definition of
majorization given for partitions in [13]).

Definition 3.4. [9, Definition 2| Let d = (d1,...,dq—z), @ = (a1,...,a;) and ¢ =
(c1,...,¢q) be sequences of integers. We say that c is majorized by d and a (c <’ (d,a))
if

di > Ciyy, 1<i<qg—ux, (2)

hj hj—j j
Zci—ZchSZai, 1§]§$, (3)
=1 i=1 i=1

where hj =min{i : d;_j41 < ¢}, 1 <j < (dg—sgs1 = —0),

q q—x x
da=>di+) a (4)
=1 =1 =1

In the case that z = 0, condition (3) disappears, and conditions (2) and (4) are
equivalent to ¢ = d. On the other hand, if ¢ = = then ¢ <’ (d,a) is equivalent to ¢ < a.

Theorem 3.5 ([10, Theorem 4.3]). (Prescription of the complete structural data for non
constant matrix pencils) Let C(s) € F[s]TP)*X(7+9) pe o matriz pencil, deg(C(s)) = 1,
rank(C(s)) = 7. Let ¢1(s,t) | --- | és(s,t) be its homogeneous invariant factors, ¢ =
(€1,...,Cq) its column minimal indices, and 0 = (U1, ..., Up) its row minimal indices,
where Uy > -+ > Ug > Ug41 = -+ = Up = 0. Let x and y be non negative integers. Let
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D(s) € F[s]rtptetu)x(7+a) pe o matriz pencil, rank(D(s)) = 7 + x. Let y1(s,t) | --- |

Yria(s,t) be its homogeneous invariant factors, d = (dy,...,d, ) its column minimal

indices, and Vv = (V1,...,Upyy) its row minimal indices, where vy > -+ > U5 > Vg, =
- = Upyy = 0. There exists a pencil A(s) such that [igg” S D(s) if and only if

ﬁi(sﬂt) | qgi(sﬂt) | ﬁi+w+y(57t)> 1<i<r, (5)

0>9, (6)

<'(d,a), (7)

(8)

lopll

v<'(u,

);

T+ Pty T+

Zdeg (lem (i, 7i) <Zvl Zuﬂrzdeg i), (9)
where a = (ay,...,a;) and b= (by,...,b,) are defined as
Z -1 = Zp+1y Uy — D Uit Zfif deg(7;)
— S deg(lem(Gi—gy g, 7)) — 4, 1< j<u,

Ly b= Y = 0 s+ Y deg (%)
- ZH_T deg(lcm(¢z z— ]a'}/z)) 1<j<y.

Remark 3.6.

1. Let 7,2 and y be non negative integers. Given two polynomial chains ¢ (s,t) | --- |
¢7(s,t) and ¥1(s,t) | -+ | Fr4a(s,t), by [9, Lemmas 1 and 2] we can see that for
1<j<az—1,

Z?if_j-‘rl deg(lcm(q_&i—x-&-j—la :)/z)) - Zr+x J deg(lcm(¢z 47 %))
> ST deg(lem ity 7)) — Soimy 0 deg(lem(Gi—ar i1, i))s

and for 1 <j<y-—1,

Sy deg(lem(gi o ji1, %)) — Yoiy deg(lem(di—aj,¥i))
> ZT+$ deg( ((bz z— j”Yz))_ZT+Ideg(lcm(¢l z—j— 17’%))

As a consequence, from (9), in Theorem 3.5 we obtain that a; > .-+ > a, and
by > > b > 0.
Along the paper, finite sequences of integers similar to ay,...,a, or by, .. b , will

be introduced. They will analogously be decreasing. We will omit the explanatlon.
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2. In Theorem 3.5, let &1(s),...,a(s) and py,...,pr be the invariant factors and the
invariant orders at oo of C'(s), respectively, and let 51(s), ..., Br+z(s) and 1, . . . , Grta
be the invariant factors and the invariant orders at co of D(s), respectively. Then,

Gi(s,t) = tritlpdeslan g, (2) - 1 < i<,
Yils,t) = T TIdeaB gy (2) 1 <i <74

Hence, (5) is equivalent to

Bi(s) | @i(s) | Bitasy(s), 1<i<T, (10)
G <Di < Qitaty, 1<i<ZT, (11)

and (9) is equivalent to

Ef L deg(lem(ay, Bita)) + Zf:l max{p;, §iya }

_ 7 = o (12)
< Zerly Ui — Zf:l U + Zi:l deg(Bita) + 21:1 Qita-

Moreover,

Slai= S o - Y w+ S deg(Bivo—y) + ik Giva
- Zi:l deg(lem(av;, BiJra:fj) - Zf:l max{p;, Gi+a—j},

1<j<u,

b= Y0 = S0t + ] deg(Bitats) + X imi Titats

= Yoi=] deg(lem (@i, Bisass)) — Yoi—3 max{pi, Gisats}

1<j<u.

Proposition 3.7. Let P(s) € F[s]™*" and Q(s) € F[s]"™+2)%™ be such that deg(Q(s)) =
g > max{deg(P(s)),1}. Let Cy p(s) be the first Frobenius companion form of P(s) with
respect to g and Cq(s) be the first Frobenius companion form of Q(s). Then, there exists

W(s) € F[s]**™ such that [ <(s))] Q(s) if and only if there exists a matriz pencil

A(s) € F[s]?*9" such that { Q’PS()S)] < Cq(s).

Proof. The proof is completely analogous to that of [1, Proposition 4.1] exchanging
degree and grade and applying Corollary 3.3. O

Now, we can give a solution to Problem 1.

Theorem 3.8. (Prescription of the complete structural data for polynomial matrices) Let
P(s) € F[s]™*"™ be a polynomial matriz of rank(P(s)) = r. Let aq(s) | --- | ar(s) be
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its invariant factors, pi1,...,p, ils invariant orders at co, ¢ = (c1,...,Cpn—y) its column
minimal indices, and u = (uy,...,Um—r) its row minimal, where uy > -+ > Uy >
Upgl =+ = Up—r = 0.

Let z,x be integers such that 0 < z < min{z,n — r}. Let f1(s) | -+ | Briz(9)
be monic polynomials, ¢ < -+ < Gryn integers, and d = (d1,...,dp—p_y) and v =
(U1, s Umtz—r—z) two partitions, where vy > -+ > Vi > Vj4l = = Umgzr—g = 0.

There exists a polynomial matriz W(s) € F[s]**™ such that rank ([5&‘3]) =r+u

and 15{3/((?)] has B1(s), ..., Br+x(s) as invariant factors, qi, ..., qr+. as invariant orders

at 0o, di,...,dp—r—z as column minimal indices and vy, ..., Vmtzr—r—g GS TOW Minimal
indices if and only if

Bi(s) | ai(s) | Bitz(s), 1<i<m, (13)
4% <Pi < Qitz, 1 <0<, (14)

n =, (15)

<’ (d,a), (16)

v <’ (u,b), (17)

Z deg 1cm 0417 ﬁz+m + Z maX{Pu QZ+1}

i=1
m—+tz—r—x m—r r r (18)
< D wi= Y uit Y deg(Biva) + Y Gitas
i=1 i=1 i=1 i=1
with equality when x = 0,
where a = (a1, ...,a;) and b = (by,...,b,_z) are defined as

23:1 a; = Zy:l_z_r_x Vi — E =1 T+ ZT—H deg(Bita—j) + Zz 1 qH-ﬂc —j

- Z:=1 deg(lcm(ah ﬁier*j)) - ZLl max{pi, QiJrIfj}, (19)

1<57<x,

321 b; = ZZ{Z—T—I Vi — Zl 1 "+ Z deg(ﬁierJrj) + Z::_f Qitz+j
- Z::_lj deg(lem(ay, 5i+x+j)) - Z:f max{p;, Qi+ac+j}7 (20)

1<j<z—x.

Proof. The proof is analogous to that of [1, Theorem 4.2]. Define d = —p; and g = —¢1
Then deg(P(s)) = d.

When g > d, we can build Cy p(s), the first Frobenius companion form of P(s) with
respect to g. If g > 1, we will take

r=(g—-1n+r,y=z—x,p=m—-r=m+((g—1)n—7,g=n—r=gn—r.
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Assume that there exists a polynomial matrix W(s) € F[s]**™ such that Q(s) =

VP[;((?)} has the prescribed invariants. Then, deg(Q(s)) = g > d. If g = 0, then (13)-(18)

trivially hold. If g > 1, let Cy o(s) = Cgq(s) be the first Frobenius companion form
of Q(s). By Proposition 3.7, there exists a matrix pencil A(s) € F[s]**9" such that
Cg,P(S)] % Cols).

A(s)
 Let @y (s), - ,aw(8), P1,---,Pr, € = (1,...,¢4) and @ = (iy,...,up,) be the invari-
ant factors, invariant orders at oo, column minimal indices and row minimal indices
of Cy p(s), where 4y > --- > g > tlgy1 = -+ = 4, = 0 and let B1(s), -, Brra(s),
Ti,-- > Grga, d = (Jl,...,ciq_x) and Vv = (U1,...,0p1y) be the invariant factors, in-

variant orders at oo, column minimal indices and row minimal indices of Cg(s), where
Vp > 0 >0 > Vg = o+ = Upyy = 0. By Theorem 3.5 and Remark 3.6, condi-
tions (6)—(8) and (10)—(12) hold. Applying Lemma 3.2, it is easy to see that (6)—(8) and
(10)—(12) are equivalent to (13)—(18).

Assume now that (13)—(18) hold. Then, from (16), (18) if z = 0, (13) and (14), we get
Sl =N = e = T 0= ik O deg(B) + 11 i —
iy deg(ay) — >-i_ pi. By Theorem 2.2 applied to P(s), we obtain

n—r—x m4z—r—=x r4+x r4+x
0= Z d; + Z Ui—&-Zdeg(ﬁi)—l—Zqi.
i=1 i=1 i=1 i=1
Applying again Theorem 2.2, we derive that there exists a polynomial matrix Q(s) €
F[s](+2)%7 rank(Q(s)) = r+x, with £1(s), ..., Brye(s) as invariant factors, g1, . .., Grie
as invariant orders at oo, and di,...,dp—r—y and v1, ..., Vmtr—r—yp as column and row

minimal indices. Then, deg(Q(s)) = —¢1 = g. From (14) we obtain g = —¢1 > —p1 = d.

If g = 0, then choosing W € F#*" such that rank é; = r + x, the matrix H{D/] has

the prescribed invariants. If g > 1, let Cg(s) be the first Frobenius companion form of

Q(s) and let B1(s), ..., Bria(8), @isee vy Grpa, d = (di1y ..., dyg—y) and v = (1, ..., Upiy)
be the invariant factors, invariant orders at oo, column minimal indices and row minimal
indices of Cg(s), respectively, where v1 > --- > U5 > Upy1 = --+ = Uppy = 0. As in
the proof of the necessity, (13)—(18) are equivalent to (6)—(8) and (10)—(12). The result
follows from Theorem 3.5, Remark 3.6 and Proposition 3.7. O

Remark 3.9. Under the conditions of Theorem 3.8, let ¢; = p; —p1, 1 < i < r, and
fi=4qi—q,1<i<r+z Then, conditions (14) and (18) become

fi<ei+p —a1 < fiys, 1<i<m,

and
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Z deg(lem(av, Bi+a)) + Z max{e; +p1 — q1, fita}

i=1 i=1

- Z U + Z deg(Bite) + Z fitas
=1 =1 =1

with equality when x = 0,

mtz—r—zx

™

respectively, and a = (aq,...,a;) and b= (by,...,b,_,) can be rewritten as

D= Z?:izjriI v — 3o wit ZTJ” deg(Bita—j) + ZTJF] fita—j
— 2o deg(lem(ai, Bito—y)) — 3oiy max{e; +p1 — qu, firo—j}
+jQI7 1< J <z,
b= ST — T w4 Y000 deg(Bigats) + Soisi fivats
— S22 deg(lem(ai, Bisass) — iy max{e; + p1 — q1, firass}
1<3<2z—=x.
Therefore, when ¢q; = p; = — deg(P(s)), from Theorem 3.8 we recover [1, Theorem 4.2].

In order to solve Problem 2 we will use the following technical lemma.

Lemma 3.10. Let ¢(s),n(s), ¢ (s),e(s),m(s) € Fls| such that o(s) | w(s), ¥(s) | 7(s),
ged(p,n) =1 and ged(y,€) = 1. Then,

T T 7(s)
lem (—n, —e) = —————lem(n,€).
Y ged(p, ) ()
Proof. Note that hy(s) = %% and ha(s) = %% are polynomials.
Then,
7(s) m(s) m(s) m(s)
—n(s)h1(s) = ————=lem(n,€), ——=e€(s)h = —————lcm(n, €),
() M) = (o O ) IR = g, gy
and both ZE‘:% (s) and = w( ) €(s) are divisors of ((w)w) lem(n, €). Therefore, lem (%n, %e)
divides gc;r((;?fb) lem(n, €), i.e., there exists g(s ) € F[s] such that

T Te) = ) temn oL
fom (J’ 7 ) zedlp, 9) Oy

Let ¢1(s), £2(s) € F[s] such that
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Then, ¢(s) is a divisor of hy(s) and of ha(s).

Let z1(s) = ged(n,€). Then n(s) = z1(s)za(s) and €(s) = z1(s)zs(s) with
ged(zg, x3) = 1. Thus, lem(n, €) = x1(s)x2(s)x3(s), % = x3(s), and IC ((77) J — = zo(s).
Note that hi(s) = W;)w) 3(s) and ha(s) = %m(s).

Let ¢(s) = q1(s)g2(s) with ¢1(s), g2(s) € F[s] such that ¢;(s) divides gcéf((;)w) and ga(s)
divides x3(s). As ged(p,n) = 1, ged(q1,n7) = 1 and ged(qq,22) = 1. Thus, ¢1(s) divides

% Analogously, since ged(xa, x3) = 1, ged(ge, z2) = 1 and ga(s) divides gcg’((;)w).
It follows from ged(v,€) = 1 that ged(ge,€) = 1 and ged(ge, z3) = 1. Thus, ¢a2(s) = 1,

and q(s) = q1(s) is a divisor of both gc("f((;)w) and —2L_ Hence, ¢(s) = 1 and the result

ged(p,)
follows. O

In the sequel we use the following notation: given ¢(s),n(s), 1 (s),e(s) € F[s] such
that ged(p,n) = 1 and ged(, €) = 1, and p, ¢ integers, we denote

A (5 p0) = degltem(r ) ~ de(ecd(p. ) + max{p.a),
A (2,£) = deglcm(n,) - des(ged(e, ).
A (.p) = degtn) ~ deg(io) +
A <g) = deg(n) — deg(y).

Theorem 3.11. (Prescription of the complete structural data for rational matrices) Let

R(s) € F(s)™*"™ be a rational matriz, rank(R(s)) = r. Let 771((2)) yeesgn (( )) be its invariant
rational functions, pi,...,p, ils invariant orders at oo, ¢ = (c1,...,Cn—y) its column
minimal indices, and u = (u1,...,Up—) its Tow minimal indices, where Uy > e >
Uy > Upp1 = = Up—r = 0.

Let z,x be integers such that 0 < x < min{z,n —r} and let e1(s) | -+ | €rqa(s)
and Yriq(s) | -+ | ¥1(s) be monic polynomials such that ;it(s) are irreducible rational
functions, 1 < i < r+ux. Let ¢ < -+ < Grag be integers and d = (dy, ..., dp—r—z)
and v = (Vi,...,Umqz—r—z) be two partitions, where vi > --- > vy > vgp1 =

© = Umgz—r—a = 0. There exists a rational matriz W(s) € F(s)**™ such that

R(s) R(s) ei(s) €rin(s) . . .
rank ({ W(s) =r+4x and N(s) has D) B ey @S invariant rational func-
tions, q1,...,Qrt+a aS tnvariant orders at 0o, dy,...,dp—r—, as column minimal indices
and vy, ..., Vmtz—r—g @S row minimal indices if and only if (15),
€i(s) | mi(s) | €irz(s), 1<i<m, (21)
Vir=(s) [ pils) [ i(s), 1<i<m, (22)
@Sﬁﬁ 1tz 1SZSTa (23)
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c <’ (d,a), (24)
v <’ (u,b), (25)
ZA<_laﬂaﬁi7q~i+x) _ZA<ﬂ7(jl+x) S Uy — Us,
i=1 i Vita i=1 Vita i=1 i=1 (26)
with equality when x = 0,
where & = (a1, ...,d4;) and b= (b1,...,b._,) are defined as

Y= T e = O i+ Y A ( —r qz‘ﬂﬂ')

7+T J (27)
T i Cite—j & =~ .
_Zizl A (%7 wiizii.apiaqi—i-w—j) ) 1 S J S z,
b= ST e = O w4 Y A (S i) (28)
ST A (2 S B i), 1S <2,

Proof. We start with a remark assuming that ¢1(s) | ¥1(s). Define d = deg(y1) — p1,
9= deg(flpl) —q1,

ai(s) = ¢1(s) nz((z) pi = pi —deg(y1), 1<i<m,

Bi(s) = ¥1(s) ((i) ¢ = G —deg(y1), 1<i<r+uw

|

Sk

Then (13) is equivalent to

€i(8)pi(s) | mi(s)vi(s),  mi(8)Yitr=(s) | €i42(s)pi(s), 1<i<r

As ged(ei, ;) = 1,1 < i < r+xand ged(n, ;) = 1, 1 < i < r, we derive that (13)
is equivalent to (21) and (22). It is clear that (14) is equivalent to (23). Define also
a = (a1,...,a;) and b = (by,...,b,—,) as in (19) and (20). Then, by Lemma 3.10,
a=aand b = b, hence (16) and (17) are equivalent to (24) and (25), respectively.
Analogously, condition (18) is equivalent to (26).

Assume that there exists a rational matrix W(s) € F(s)**" such that, if G(s) =
R
[Wiﬂ , then G(s) has the prescribed structural data. Recall that v (s) and @1 (s) are
the monic least common denominator of the entries of G(s) and R(s), respectively. Thus,

the matrix ¢ (s)G(s) = {511((5))%2?)} is polynomial and ¢1(s) | ¥1(s). Let

P(s) = ¢1(s)R(s), Q(s) =11(s)G(s).

By Lemma 2.3 we know that rank(P(s)) = r, a1(s),...,a,(s) are the invariant fac-
tors, pi,...,p, the invariant orders at oo, ¢y, ..., c,—, the column minimal indices and
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Uiy ..., Up—p the row minimal indices of P(s), and rank(Q(s)) = r+x, £1(5), ..., Br+az(8)
are the invariant factors, qi,..., ¢4, the invariant orders at oo, dy,...,d,_.—, the
column minimal indices and vy, . .., U4 z—r—, the row minimal indices of Q(s). By The-
orem 3.8, (13)—(18) hold, where a and b are defined in (19) and (20), respectively.
Equivalently, (15) and (21)-(26) hold, where a and b are defined as in (27) and (28),
respectively.

Conversely, assume that (15) and (21)—(26) are satisfied. Then ¢1(s) | ¥1(s) and
(13)—(18) hold. Let P(s) = 91(s)R(s). By Lemma 2.3, rank(P(s)) = r, a1(s),..., ()
are the invariant factors, pi,...,p, the invariant orders at oo, ¢y,...,c,_, the column
minimal indices and w1, ..., Um—, the row minimal indices of P(s).

From (13)—(18) by Theorem 3.8 there exists a polynomial matrix W (s) € F[s]**" such

that rank ( 5&%}) =r+z and [VP[;((?)} has 81(8),...,Brtz(s) as invariant factors,
q1,---,Qr+o as invariant orders at oo, di,.. .,dn r—z A8 column minimal indices and
V1, ... Umis_r_g as row minimal indices. Let W (s) 7 ) (s). Then W (s) € F(s)?*"
and [I;((i)) = 11(s) {%((Z))] By Lemma 2.3, rank ([R }) =r+z and [%((i))]
has ;1 ((S)), o ;}:iz((i)) as invariant rational functions, ¢y, ..., G4 as invariant orders at
00, di,...,dp—r—y as column minimal indices and w1, ...,Umtz—r—g as row minimal

indices. O
Remark 3.12. By Theorem 2.4 (see also [1, Remark 4.3]), if (15) and (21)—(26) hold, then

ZA (7%‘ ;H-w ,ﬁi,dﬂrw) < Zci — Z d; +ZA (771 N,) _ZA <;_1761> s
i=1 e i=1 =t '

with equality when x = z,

(29)
and (24) and (25) hold for a = (a’l’ e ’dl’) and B = (Bla ) Bzfrﬁ) defined as
Sya= NI e = S i+ L A (25) - S A (56 (30)
_Zl IA( 1/,1_:1 Zaﬁivqi—l-x—j), 1§j§1‘,
b= S e DT TLA () XA ()

ZTJA( ﬁ,ﬁmdiﬂﬂ), l<j<z—uw

Conversely, (15), (21)-(25) and (29) with & and b defined as in (30) and (31), respectively,
imply (15) and (21)—(26) with & and b defined as in (27) and (28), respectively.
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4. Row (column) completion with part of the structural data prescribed

In this section we first solve Problem 3 when the complete structural data but the row
(column) minimal indices are prescribed (see Subsection 4.1). Afterwards, in Subsection
4.2; we solve Problem 3 when the finite and/or infinite structures are prescribed.

Given a rational matrix R(s) € F(s)™*" with le((z)) e Z’((Z)) as invariant rational
mXxn

functions, when ¢;(s) = 1 the matrix R(s) € F[s] is polynomial with invariant fac-
tors 11(s),...,n-(s). When we prescribe the invariant rational functions (Theorems 4.1,
4.2, 4.3 and 4.9) we present the results for rational matrices, and the polynomial cases

are derived from them.

4.1. Prescription of the finite and infinite structures and column or row minimal
indices

We present two results related to Problem 3. In Theorem 4.1 we prescribe the finite
and infinite structures and column minimal indices, and in Theorem 4.2 we replace the
column minimal indices by the row minimal indices. The proofs are analogous to those
of [1, Sections 4.2, 4.3].

Theorem 4.1. (Prescription of the finite and infinite structures, and the column minimal
indices) Let R(s) € F(s)™*"™ be a rational matriz, rank(R(s)) = r. Let le((‘;)),7 Z*((‘;))
be its invariant rational functions, Pi,...,DPr its itnvariant orders at oo and ¢ =

(c1y...,Cnoy) its column minimal indices.

Let z,x be integers such that 0 < x < min{z,n —r} and let €1(s) | -+ | €r1a()

and Yri4(8) | -+ | ¥1(s) be monic polynomials such that ;]((?) are irreducible rational

functions, 1 < i <r+4wx. Let ¢ < -+ < Gryq be integers and d = (dy,...,dn—r—z) a

—~ R
partition. There exists a rational matriz W(s) € F(s)**™ such that rank ([N(S) ]) =

R(s) e1(s) rials) o ) ) _ .
r 4+ x and {W(s)} has D) Py 08 invariant rational functions, Gi,...,Gr+q
as invariant orders at co and dy,...,dp—r—z as column minimal indices if and only if

(21)-(24) and (29), where a = (a1, ...,a;) is defined as in (30).

Proof. It is analogous to the proof of Theorem 4.5 of [1]. O

Theorem 4.2. (Prescription of the finite and infinite structures, and the row minimal

indices) Let R(s) € F(s)™*"™ be a rational matriz, rank(R(s)) = r. Let le((z)) e Z:((Z)) be
its invariant rational functions, p1,..., Py, its invariant orders at 0o, ¢ = (¢1,...,Cn—r)
its column minimal indices, and u = (U1,...,Um—p) its row minimal indices, where
U 2 2 Uy > Upy1 = 0 = Uy = 0.

Let z,x be integers such that 0 < x < min{z,n —r} and let €1(s) | --- | €+a(8)
and Yri4(8) | -+ | ¥1(s) be monic polynomials such that ;]((?) are irreducible rational

functions, 1 < i <r+x. Let §3 < -+ < fria be integers and v = (V1,..., Vmtz—r—z) Q@
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partition such that vi > --- > V5 > Vg1 =+ = Umgo—r—g = 0. Let & = (a1,...,az)

and b = (by,...,b._,) be defined as in (27) and (28), respectively.

— R
1. Ifx = n—r, there exists a rational matriz W (s) € F(s)**™ such that rank <[~<S) })

W (s)
R(s) e1(s) crials) oo , o
=r+ax and {W(s) has Dl B () 08 invariant rational functions, i, ...,
Gr4z 0S Tnvariant orders at oo and V1, ..., Vmtz—r—gz S row minimal indices if and

only if (15), (21)~(23), (25), (26) and

c=<a.
. . = y R(s)
2. Ifx < n—r, there exists a rational matrix W (s) € F(s)**™ such that rank W(s)
R(s) e1(s) rials) o ) . :
=r+x and {W(s)] has Di(s) " o) 08 invariant rational functions, ¢i,. ..,
Gr4+= 0S tnvariant orders at oo and V1, ..., Vmtz—r—z GS row minimal indices if and
only if (15), (21)-(23), (25), (26),
x+1 x
Z Ci—Ce 2> Z ai,
i=1 i=1
and
x+1 x
Z ci > Z a;, (<j<z-1,
i=j+2 i=j+1

where £ =min{j >1 : Y7_ ¢; > Y7 ).
Proof. It is analogous to the proof of Theorem 4.8 of [1]. O
4.2. Prescription of the finite and/or infinite structures

In this subsection we deal with Problem 3 when only the finite or the infinite structures
are prescribed. First, we present a solution when both the finite and infinite structures are
prescribed. Secondly, we give a solution when only the infinite structure is prescribed (in
both polynomial and rational cases). As mentioned, the solution for the case where only
the finite structure is prescribed is known (for the polynomial case when the degree is not
prescribed see Theorem 2.5, and for the rational case see Theorem 2.6). In Theorem 4.9
we prescribe the finite structure and the first invariant order at infinity. Note that in the
polynomial case prescribing the first invariant order at infinity is the same as prescribing
the degree.

Although some of the proofs in this subsection are analogous to those presented in [I,
Section 4.4], we write them for the convenience of the reader.
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Theorem 4.3. (Prescription of the finite and infinite structures) Let R(s) € F(s)™*™ be a
n1(s) nr(s)

rational matriz, rank(R(s)) = r. Let be its invariant rational functions,

D1y, Pr its invariant orders at oo, Cwiszq’ .. </jrc(z),r) its column minimal indices, and
u = (U1,..., Um—p) its row minimal indices.

Let z,x be integers such that 0 < x < min{z,n —r}, let €1(s) | -+ | €r42(8) and
Yryz(8) | -+ | ¥1(s) be monic polynomials such that ;l((ss)) are irreducible rational func-

tions, 1 <i<r4uxz, and let G < -+ < Gryo be integers.

1. If x < z orx = z = n —r, then there exists a rational matriz /V[v/(s) € F(s) "

R R
such that rank <{,I/IV/((Z))}> =r+z and {,I/Iv/((?)} has 1211((35)) e ;z((ss)) as invariant
rational functions, Gi, ..., Griz 6 tnvariant orders at oo if and only if (21)-(23) and
- M € “ €
A _ia A 7251"@1' L—) + A <_Z7QZ>
; (901' wierfj e ; i
m—r 7 n—r (32)
> w+ Y et Y <0, 0<j<a—1,
i=1 i=1 i=x+1

with equality for j =0 when x = z=n —r.

2. Ifx = z < n—r, then there exists a rational matriz W(s) € F(s)**" such that

R R
rank ({Wiﬂ) =r+z and [W((i))] has ;11((?), ce ;’;Z(é% as invariant rational
functions, Gi,...,Grirs as invariant orders at oo if and only if (21)—(23),
x+1 x
ZQ’ —ce 2 ngv (33)
i=1 i=1
and
r+1 x
doaz Y a, (<j<z-—1, (34)
i=j+2 i=j+1
where &' = (a},...,al) is defined as

J s _ NI Cita—j . r N Cita—j s s .
i=1; = Zi:l A (¢'71+m—_7‘ ) qur:rf]) - Zi:l A (Ev Vita—j , Diy ql+$7]) )

(35)
1<j<ua,

and £ =min{j >1 : S ¢; >0 ai}.

Proof. The proof follows the scheme of that of Theorem 4.10 of [1], but it deserves some
hints.
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1. Case ¢ < z or x = z = n — r. Assume that there exists a rational matrix W(s) €

R

F (s)**™ such that [W((?)} has the prescribed invariants. Let d = (dy, ..., dp—r—z) be
R

the column minimal indices of {ﬁ//((?)} . By Theorem 4.1 and Remark 3.12, (21)—(24)

and (29) hold, where & = (a1,...,d,) is defined as in (30). From (29) and Theo-
rem 2.4 we obtain

n—r—=x

ZA<T]Z ;H_Iaﬁwqwrw) +ZA< 7Qz> Zuz Z dlgoa
i=1 itz i=1 i=1

with equality if z = z. From (24) we get > """ “d; > 30" iy = 30 G
Therefore, (32) holds for j = 0.
For 1 <j <z —1, from (24), [1, Lemma 4.9], (30) and Theorem 2.4, we obtain

Slia<Th 1az+Z" - e
_ Zn s Z?:1r+1 i — z;zz—lr—x dz o Z:r;—lr u;
-YiLA (;g, S i divans) — it A (5.61)
Thus, (32) holds.
Conversely, assume that (21)-(23) and (32) hold. Define a4, ..., d, as

DT DD DAY (%ﬁz> -yiia (wz,ql)

_ZzzlA(gplaqp:t_: ijpzaqz+z ]) ]-S]S.’E

By condition (32) for j = 0 and Theorem 2.4,

ZA(W ;ztc,ﬁ“qz_m)_FZA( ',qz> ch—l—ZA(m ~,>.
hence

i Citx - i €Cidar— -~ €x
al >ZA(77 w+ » P 27q2+7)) ZA(T] w+ 17pi7Qi+x—1) +A('l/}’q$)
i— 1+x i— i+x—1 T

Taking into account Remark 3.6. 1, we have 41 > do > -+ > d,. Let & = (a1,...,04,).
By Theorem 2.4, for 1 < j < x,

S = = e = X - T A (.6

— Y A (R S G ), 1S <

wz+$ J
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From (32) we obtain

j j
dai=> e, 1<j<az-L
i=1 =1

Moreover, from (21)—(23), we obtain Y7, d; = > ;_, ¢;.
If n =7+ z, then ¢ < &, and let d = @ so that ¢ <’ (d,a) holds. Otherwise, if

n > r+xz, by [1, Lemma 4.6] there exists a sequence of integers d = (dy,...,dp—r—z)
such that ¢ </ (d,a), d; = ¢y for2<i<n—r—z,anddy = 5" ¢, =37 a; =
Cp41-

Let & = (a4,...,a,) be defined as in (30). Then & = &, therefore (24) holds. Fur-
thermore, from (32) for j = 0 and Theorem 2.4 we obtain

Z::1 A (%a :[::_7; 7251'7 Qi+1)
< Z?;lr(ci - Ci+:c) + Z:Zl A (%,ﬁz) — Zle A (ﬁ, qu)
= S - S ok S A (B5) - S A (54

with equality if x = z = n — r, i.e., (29) is satisfied. By Theorem 4.1, the result

follows.
2. Case x = z < n—r. As x = z, observe that if there exists W(s) € F(s)**" such
R(s)T\ _ o R(s)
that rank ([W(s) > = r + x, then the row minimal indices of {W(s) are the row

minimal indices of R(s), i.e., v.= u. For the sufficiency we prescribe v. = u. The
result follows from Theorem 4.2. 0O

Remark 4.4. If z = z < n — r, conditions (21)—(23), (33) and (34) imply (32) (see [,
Remark 4.11]).

When we only prescribe the infinite structure we present two results, one for polyno-
mial matrices and another one for rational matrices.

Theorem 4.5. (Prescription of the infinite structure for polynomial matrices) Let P(s) €
F[s]™*™ be a polynomial matriz, rank(P(s)) = r. Let p1,...,p, be its invariant orders
at oo and ¢ = (¢1,...,Cn—r) its column minimal indices.

Let z, x be integers such that 0 < z < min{z,n—r} and let ¢ < -+ < g4 be integers.

There exists a polynomial matriz W (s) € F[s]**" such that rank ([P(S) ]) =r+z

and [II/I‘;((Z))] has q1,...,qr+z as invariant orders at oo if and only if (14) and

r r—j T T
ZmaX{puqu—j}-ﬁ-Zqz‘—ZmS Z ¢, 0<j<z—1. (36)
i1 i1 i=1

i=j+1
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Proof. The proof is similar to that of Theorem 4.12 of [1]; we precise some calculations.
Let ay(s),. .., a,(s) be the invariant factors, and u = (uq, ..., Up—,) the row minimal
indices of P(s).

Assume that there is a polynomial matrix W (s) € F[s]**", rank ([11;((‘?)]) =r+ux,

such that [I;((Z))] has qi,..., ¢y, as invariant orders at co. Let 81(s), ..., Briz(s) be
(

its invariant factors. By Theorem 4.3 and Remark 4.4 we obtain (13), (14) and

Z: 1 deg(lcm(aia ﬁi+$—j)) + Z deg(ﬁl) + Zz 1 maX{pz, Qitx— ]}

(37)
XS g+ D w N e+ N <0, 0<j<a—1,
We have
r—J
Zdeg (lem(ey, Biga—j)) > Zdeg ;) > Zdeg a;) Zdeg(ﬂi).
i=1 i=1
Thus, from (37) we obtain
iy deg(as) + iy max{ps, give s} + i G
N Y G+ e <0, 0<j<az—1,
which by Theorem 2.2 is equivalent to (36).
Conversely, assume that (14) and (36) hold. Let
t= Zpi + Zci - ZmaX{quHx} - ZQi-
i=1 i=1 i=1 i=1
If x =0, from (14) we obtain ¢t = 0, and if z > 0, from (36) we have ¢ > 0.
Define
61(8):1, 1S2Sx7
Bita(s) = au(s), 1<i<r—1,
Bria(s) = ar(s)7(s),
where 7(s) is a monic polynomial of deg(7) = t. We have 81(s) | -+ | Br4x(s), and (13)

holds.
If x> 1, for 1 <j <z, wehave Bit5—;(s) | Bixs—1(8) | ai(s), 1 <i < r, therefore

—J " de a;) +t, | =0,
Zdeg (lem (e, Biya—j)) + Zdeg Bi) = {g’f_ldegg(( )) 1 <j‘ <
i=148\Qi), L= =T

=1
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Thus, from Theorem 2.2 and (36) we obtain

Z: 1 deg(lem(av, Bita—j)) + Z deg(ﬂl) + ZZ 1 max{p;, ¢iyz— J} + Z, 1 Qz

+Zz 1 ul+22 1CZ+Z’L z+1

{ t— Zi 1Pi — sz 1Ci+ Zle max{pi, Qi+x} =+ Zf:l ¢ =20, j=0,
PO

: 1max{p17%+w ]} + Zz 149 — Z::lpi - Z?:j+1 ¢ <0,1<5<z -1
(38)

If # < z or £ = z =n — r the result follows from Theorem 4.3 (item 1).
Ifzx=z<n-—rleta =(al,...,a,) be defined as

iy = Y deg(Biyay) — Xi_y deg(lem(ai, Biys—j)

+ Z:+f Qitax—j Eizl max{pi, Qi—i-w—j}, 1<j<x.

From (13), (14) and (38) we have

Zf:l a; = Zr—m deg(B:) — 2221 deg(a;) + Eff qi — 22:1 pi
= Zi=1 Ci — Zzzl max{pi, QiJrac} + Zizl Qit+z = Zfﬂ Ci-
Let j € {1,...,2 — 1}. Then
1@ =Y deg(Bi) — Y0y deg(lem(a, Bisa— j)) — 377 deg(B:)
+Z:+f qi — Z: 1 maX{pz7QZ+x ]} Zl 1 qi
= Zi 1 deg(ai) + Zi 1Pi + Zi 16— ZZ 1 deg(lcm(ozi, 5i+r—j))

Z deg(ﬂz) Z: 1maX{pz7Qz+$ ]} Zz 1 Qz
= i Di+ 2 ¢ — Doy max{py, qiro—j} — 217 -

From (36) we obtain

g T T )
Z@QZ ci — Ci:ZCi> 1<j<z-1
i=1 =1 i=j+1 i=1
Therefore,
J J
min{j > 1 Zci>Za; =z+1
=1 1=1

The result follows from Theorem 4.3 (item 2). O

The technique used in the following theorem is different from the one used in the
previous results. We first present a remark.
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Remark 4.6. Let R(s) be a rational matrix with p1,...,J, as invariant orders at oo. If
le((z)) e Z*((?) are the invariant rational functions of R(1), then

~ A7

,'Zl(s) — 8137' "ZZ(S), 1 < Z < r’

$i(s) i(s)

where the triples of polynomials (7}(s), }(s), s) are pairwise coprime for 1 <4 < r (see
[4, p. 724] or [3, Proposition 6.11]).

Theorem 4.7. (Prescription of the infinite structure for rational matrices) Let R(s) €
F(s)™*™ be a rational matriz, rank(R(s)) = r, and let Py, ..., D, be its invariant orders
at 0.

Let z, x be integers such that 0 < x < min{z,n—r} and let G; < -+ < §r1y be integers.

—~ R
There exists a rational matric W(s) € F(s)**™ such that rank <[W((Z))}) =7r+x and

R
[/VV((Z))} has G1,...,Gr1e as invariant orders at oo if and only if (23) holds.

Proof. The necessity follows from Theorem 3.11.

For the sufficiency, assume that (23) holds. Let le((ss)) e Z:—((ss)) be the invariant ratio-

nal functions of R (%) We can write

A 1<i<r,

where the triples of polynomials (7;(s), ¢i(s), s) are pairwise coprime (see Remark 4.6).
Notice that

0i(s) = sPii(s),  @i(s) = i(s), if pi > 0,
i(s) =Mi(s),  @ils) =s"Pgi(s), if pi <O,

and
0i(8) | i1 (s),  @ipa(s) | @i(s), 1<i<r—1 (39)

For 1 <4 < z, define

and for 1 <i¢<r,

ivals) = sT+il(s), Dirals) = B(s), i Giva > 0,
iva(s) = 0(s), Dirals) = 57T+ @4(s),  if Give < 0.
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Then,
&ils) _ a1 .
e - EE@ 1sisw
Giva(8) _ (Gita Di(S) .
ivals) s AOK 1<i <.

Since ¢; < Giy1, 1 <i<r+4x—1, from (39) we obtain

€i(s) [ i1(s), thigals) [hi(s), 1<i<r+a—1,

and from (23) we obtain (recall that for i > r + = we take €;(s) = 0 and ¢;(s) = 1)
€(s) [0:(s) | €ra(s),  Divsls) | @ils) [dals), 1<i<r

—~ R(L
By Theorem 2.6, there is a rational matrix W(s) € F(s)**", rank ({/\(s)}) =7r+uz,

Wi(s)
such that 5\(%) has () éri2(8) aq invariant rational functions
W(S) ¢1(3)7 Y wr+z(s) '
— — - R ~ 1
Let W(s) = W(21) and Q(s) = {W((i))] Then, Q(1) = {g/\((z))} and 1, ..., Jrtz are

the invariant orders at co of Q(s) (Remark 4.6). O

The next example shows the difference between the rational and polynomial cases
when prescribing the infinite structure.

Example 4.8. Let P(s) = [s 0] € F[s]'*2. The matrix P(s) has a;(s) = s as invariant
factor, p; = —1 as invariant order at co and ¢; = 0 as column minimal index.
Let z =2 =1, and ¢1 = —1,¢92 = +1. Then (14) holds, but (36) is not satisfied.

Therefore, there is no polynomial matrix Q(s) = [T;((i))} € F[s]?*? of rank Q(s) = 2

with g1 = —1, g2 = +1 as invariant orders at co. If there were such a polynomial matrix,
then by Theorem 3.8, the invariant factors 51(s), 82(s) of Q(s) would satisfy a;(s) = s |
B2(s) and deg(f1) + deg(B2) = 0, which leads to a contradiction.

However, if we allow the completion to be rational, it is possible to obtain the desired
invariants. For example, the rational matrix @(s) = (S) 2] €F(s)>?hasq; = 1,40 =

+1 as invariant orders at oo.

As mentioned, a solution to the row completion problem for polynomial matrices when
the finite structure is prescribed follows from Theorem 2.5. In this theorem no condition
is imposed on the invariant orders at oo, and therefore on the degree of the completed
matrix Q(s). To prescribe the degree of Q(s), we must prescribe the first order at oo of

Q(s), a1 = — deg(Q(s)), which shall satisfy ¢ = — deg(Q(s)) < — deg(P(s)) = p1.
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Theorem 2.5 was later generalized to rational matrices in Theorem 2.6. In the next
theorem, we give a solution to the row completion problem for rational matrices when the
finite structure and the first invariant order at oo of the completed matrix is prescribed.

Theorem 4.9. (Prescription of the finite structure and the first invariant order at oo)

Let R(s) € F(s)™*™ be a rational matriz, rank(R(s)) = r. Let Zl((z)),..., Zr(z) be its
invariant rational functions, p1,...,Dy its invariant orders at 0o, ¢ = (¢1,...,Cpn—yr) is
column minimal indices.

Let z,x be integers such that 0 < x < min{z,n —r}, let €1(s) | -+ | €r4x(s) and
ez (8) | -+ | ¥1(8) be monic polynomials such that = ((‘Z)) are irreducible rational func-

tions, 1 < i < r+x, and let §; be an integer G1 < p1. There exists a rational matriz

74 R(S) R(S) €1(s) €rta(S)
zXn el _ o 1 r+a
W(s) € F(s) such that rank ({W(s)}) r+x and {W(s) has 305 5o

as invariant rational functions and ¢y as first invariant order at oo if and only if (21),
(22) and

S A () rsia(s) -xna(y)

Szz':j+1ci+<]_37)q~17 0<ji<ze—1.

(40)

Proof. The proof is similar to that of Theorem 4.5 and [1, Theorem 4.12]. We also precise
the steps.
Let u = (u1,...,Um—r) be the row minimal indices of R(s). Assume that there exists

N R(s) R(s) e1(s) erix(s)
zZXn — — — 1 rtx
W(s) € F(s) such that rank ({ (s)}) r + 2 and [ (5) has 25555 500

as invariant rational functions and §; < --- < §,4, as invariant orders at co.
By Theorem 4.3 and Remark 4.4 we obtain (21)—(23) and

i A (35 + D A (§) + Dios mex{p v}

(41)
+szQZ+Z 1u1+21 1Cz+zz x+1ci§07 0<j<z—-1.

We have
Zmax{pz7%+$ j}+ZQz>sz $—] g, 0<j<z—-1

Thus, from (41) we obtain

S A (2 s ) £ I A () + S b
+Zz 1 uz+zi:10i+zi:x+1ci7(]_x)qlv Ogjgx_]-a

which by Theorem 2.4 is equivalent to (40).



136 A. Amparan et al. / Linear Algebra and its Applications 720 (2025) 109-138
Conversely, assume that (21), (22) and (40) hold. Let
T . T . €
P=ya(Z)-a(B i) oA (s e
i=1 Pi i=1 Qi Yita i=1

If z = 0, from (21) and (22) we obtain ¢ = 0. If z > 0, from (40) we have £ > 0.
Define

(ji :ijla 1§Z§l’,
Gi+z = Di, 1<e<r—1,
(jr+$ :ﬁrJri-

As G <py and £ >0, we have §; < -+ < Grya, and (23) holds.
Ifx>1, for 1 <j <z, wehave §ito—j < Giya—1 < Pi, 1 <@ <71, therefore

Z::lﬁi+£+qu7 ]:Oa

T r—j
Zmax{ﬁi,@m—j}-FZQi = { .
i=1 i=1 >

i Pi+(x—7)q, 1<j<uz.

Thus, from Theorem 2.4 we obtain

S A (2 B i) + X A (8,6 + X0 w0
_ ZgzlA(wj,;;lf)+zl 1A( )+t+xq1 ZZ’:lA(%)fo:lci (42)
f— 07

and from Theorem 2.4 and (40)

S A (B iy ) 0 A (8.@) + X0 w+ X

7

+Zz w+ICZ_Z::1A(n1 ;l:i]])_'_zz ]A( )"’Z 1 Pi + (iﬂ—])Cﬁ

+Zzl ul+Zz 1C’L+Zz x+1 _Z;:1A<771 ;::;JJ>+Z$]A( >

~YL A (E) Sl et @@ <0, 1<j<e-1

If x < z or £ = z = n — r the result follows from Theorem 4.3 (item 1).
frx=z<n—rletd =(aj,...,a,) be defined as in (35). From (21), (22), (23) and
(42) we have

S = S A (56) - S A (25)
_t+xq1+ZT+IA( )—Z;ZlA(%)
=3 i A (%7 ;z—z) +2ia A (ﬁ) =i G
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Let j € {1,...,2 — 1}. Then

Lia= S A () - T A (B 5 i)
-y A () =S A (B6) + S0

—Z§=1A(£€7¢L L P, Girta J) -2 i ”A(¢ 7%)

T (3)+ Thie - T (3 65)
-y A (%) + G -0

From (40) we obtain

x x J
Zdiz Cz'—ZCi—ZCz, 1<j<z-1
=1 =1 1=j5+1 =1
Therefore,
J J
min{j > 1 Zci > Za;} =zr+1
1=1 1=1

The result follows from Theorem 4.3 (item 2). 0O
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