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Abstract

In this paper, we study two classes of topological spaces: cellular-almost Lindelöf
spaces and cellular-weakly Lindelöf spaces. We prove that the classes of cellular-
Lindelöf, cellular-weakly Lindelöf and cellular-almost Lindelöf are distinct. In addi-
tion, we present a comparative study of these classes.
We also establish some cardinality results. In particular, we prove that, under the
assumption of 2<c = c, every normal sequential cellular-weakly Lindelöf space of
character at most c has cardinality at most the continuum. This result generalizes
a result by Bella and Spadaro. Furthermore, we prove that if a space X is normal,
satisfies the DCCC property, possesses a symmetric g-function g with the property
that
⋂
{g((n, x)) : n ∈ ω} = {x} for each x ∈ X and Hψ(X) = ω, then its cardinality is

bounded by c.
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1. Introduction and preliminaries

The concept of a cellular-Lindelöf space, introduced by A. Bella and S. Spadaro in [2], is a generaliza-

tion of the notions of Lindelöf, almost discrete Lindelöf space and CCC-spaces. Recall that a topological

space X is cellular-Lindelöf if, for each cellular family U ∈ X, there exists a Lindelöf subspace Y of

X such that U ∩ Y , ∅ for every U ∈ U. This notion has attracted significant attention, leading to

new results and related questions. For instance, Xuan and Song obtained various results for this class of

spaces and studied their connections with other topological classes (see [16] and [17]).

In a more general way, if P is a topological property, then a topological space X is said to be cellular-

P if for each cellular family U ∈ X, there exists a subspace Y of X satisfying property P such that

U ∩ Y , ∅ for every U ∈ U. In [1], the authors formally introduced the notion of cellular-P space

and also established some general properties concerning these classes of spaces. Recently, some authors

have focused on cellular-compact and cellular-countably compact spaces (see [14], [1] and [9]). In this

paper, we extend the study of these “cellular-Lindelöf-like" properties by considering the classes of

cellular-almost Lindelöf spaces and cellular-weakly Lindelöf spaces. We make an analysis between the

cellular-P classes, for P = Lindelöf, P = almost lindelöf and P = weakly Lindelöf.

Throughout this paper, all spaces are assumed to be Hausdorff unless otherwise is stated. Given a

topological space X and a set A ⊆ X, the closure of A is denoted by A or clX(A). The cardinality of a

set X is denoted by |X|. If P is a topological property then X ∈ [P] means that X is a topological space

with property P. A property P is said to be preserved under continuity if for any topological spaces X

and Y , and for any continuous function f : X → Y , X ∈ [P] implies f [X] ∈ [P]. Moreover, if P and Q

are properties, we will say that P implies Q if whenever X has property P, it also has property Q. This is

denoted by [P] ⊆ [Q]. Also, if P is a topological property, we define c-P as the cellular-P property.

The extent of a topological space X, denoted by e(X), is defined as the supremum of the cardinalities

of closed discrete subsets of X.

A cellular family U in a topological space X is a collection of nonempty, pairwise disjoint open

subsets of X.

A space X is a Lindelöf space or X has the Lindelöf property (denoted by L) if for every open cover

of X there exists a countable subcover. X is an almost Lindelöf space or X has the almost Lindelöf

property (denoted by aL) if for every open cover U of X there is a countable subfamily V ⊆ U such

that X =
⋃
{V : V ∈ V}. Finally, X is a weakly Lindelöf space or X has the weakly Lindelöf property

(denoted by wL) if for every open cover U of X, there exists a countable subfamily V ⊆ U such that

X =
⋃
V.
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Recall that X has the countable chain condition (denoted by CCC) if every cellular family in X is

countable and X has the discrete countable chain condition (denoted by DCCC) if any discrete family of

nonempty open subsets of X is countable.

In the proof of Theorem 3.5 we will use the elementary submodels technique. For a proper study of

this technique, we refer the reader to [6]. We will use the usual notations; H(θ) represents the collection

of sets whose transitive closure has cardinality < θ. If M is an elementary submodel of H(θ), we will

denote this fact by M ≺ H(θ).

Definition 1.1. Let X be a space. The Hausdorff pseudo-character of X, denoted by Hψ(X), is the

smallest infinite cardinal κ such that for each x ∈ X, there exists a collection Bx = {Vα,x : α < κ} of open

neighborhoods of x satisfying the following condition: if x, y ∈ X with x , y, then there exists α, β < κ

such that Vα,x ∩ Vβ,y = ∅.

Definition 1.2. Let (X, τ) be a topological space.

(1) A g-function for X is a map g : ω × X −→ τ such that for every x ∈ X and each n ∈ ω we have

x ∈ g((n, x)) and g((n + 1, x)) ⊆ g((n, x)).

(2) A g-function g is said to be symmetric if for every n ∈ ω and x, y ∈ X, it holds that y ∈ g((n, x))

if and only if x ∈ g((n, y))

It is straightforward to verify the following well-known properties for a given property P:

(1) [P] ⊆ [c-P].

(2) X ∈ [c-P] if and only if, for every cellular family of basic open sets in X, there exists a subspace

Y of X such that Y ∈ [P] and Y intersects all elements in the family.

(3) If X is a discrete space, then X ∈ [P] if and only if X ∈ [c-P].

(4) If Y is a dense subspace of X such that Y ∈ [P], then X ∈ [c-P].

(5) If f : X −→ Y is a continuous function and P is a property that is preserved under continuity,

then X ∈ [c-P] implies f [X] ∈ [c-P].

(6) If P and Q are topological properties such that [P] ⊆ [Q], then [c-P] ⊆ [c-Q].

The following result establishes that if a property P is preserved under clopen subspaces, then the

cellular-P property is also preserved under clopen subspaces.

Proposition 1.3. Let P be a property that is preserved under clopen subspaces. Then the following are

equivalent:

(1) X ∈ [c-P];

(2) Y ∈ [c-P] for any Y clopen subspace of X.
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Proof. Suppose that X ∈ [c-P]. Let Y be a clopen subspace of X and let A be a cellular family in Y .

Clearly,A is a cellular family in X. Thus, there exists a subspace Z of X such that Z ∈ [P] and A∩Z , ∅

for A ∈ A. Since Z ∩ Y is a clopen subset of Z, it follows that Z ∩ Y ∈ [P]. Now, if A ∈ A then

(Z ∩ Y) ∩ A = Z ∩ A , ∅.

The other implication follows from the fact that X is a clopen subspace of itself. �

Since every topological property preserved under closed subspaces is also preserved under clopen

subspaces, the following is proved.

Corollary 1.4. Let P be a property that is preserved under closed subspaces. Then the following are

equivalent:

(1) X ∈ [c-P];

(2) Y ∈ [c-P] for any Y clopen subspace of X.

We will say that a topological property P is preserved under disjoint countable sums if, for every

disjoint countable collection of topological spaces, say {Xn : n ∈ ω}, the following holds: if Xn ∈ [P] for

each n ∈ ω, then
⊕

n∈ω Xn ∈ [P].

Proposition 1.5. Let P be a topological property and let {Xn : n ∈ ω} be a disjoint countable collection

of topological spaces.

(1) If P is preserved under disjoint countable sums and Xn ∈ [c-P], for each n ∈ ω, then
⊕

n∈ω Xn ∈

[c-P].

(2) If P is preserved under clopen subspaces, then
⊕

n∈ω Xn ∈ [c-P] implies that Xn ∈ [c-P] for

each n ∈ ω.

Proof. (1) Let Xn ∈ [c-P] for each n ∈ ω and let P be a property preserved under disjoint countable

sums. Let U be a cellular family in X =
⊕

n∈ω Xn. For each n ∈ ω we define U′n = {U ∩ Xn : U ∈

U and U ∩ Xn , ∅}. If U′n = ∅, we set Un = {Xn}; otherwise, let Un = U′n. Then, for every n ∈ N

we have that Un is a cellular family in Xn. Thus, there exists a subspace of Xn, denoted by Ln, which

satisfies property P and intersects all elements of the family Un. Therefore, L =
⊕

n∈ω Ln is a subspace

of X such that L ∈ [P]. If U ∈ U, then there exists n ∈ ω such that U ∩ Xn , ∅. Thus,

∅ , Ln ∩ (U ∩ Xn) ⊆ Ln ∩ U ⊆ L ∩ U.

It follows that X is a cellular-P space.

(2) For each n ∈ ω, Xn is a clopen subset of X =
⊕

n∈ω Xn. Therefore, by Proposition 1.3, it can be

deduced that Xn ∈ [c-P]. �
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A natural question that arises is: For which properties P is it true that if X and Y are cellular-P spaces,

then their product X × Y is cellular-P?

The Example 3.8 in [17] shows that the Lindelöf property does not satisfy this condition. Despite this,

they show that the product of a cellular-Lindelöf space with a separable space is also a cellular-Lindelöf

space. The following result generalizes this result to cellular-P spaces, provided that the property P

satisfies a couple of additional conditions.

Proposition 1.6. Let P be a property preserved under continuity. Additionally, let’s assume that for any

space Z, if {Ln : n ∈ ω} is a family of subspaces of Z and Ln ∈ [P] for each n ∈ ω, then
⋃

n∈ω Ln ∈ [P].

If X ∈ [c-P] and Y is a separable space, then X × Y ∈ [c-P].

Proof. LetU = {Uα × Vα : α < κ} be a cellular family of basic open sets in X × Y . Since Y is separable,

there exists a dense subset D = {dn : n ∈ ω} of Y . We define a cellular family Un in X for each n ∈ ω

as follows: if there exists β < κ such that dn ∈ Vβ, then Un = {Uα : dn ∈ Vα and α < κ}; otherwise

Un = {X}. It is clear thatUn is a cellular family in X. Hence, there exists Ln ⊆ X such that Ln ∈ [P] and

Ln intersects all elements inUn.

It follows that L =
⋃

n∈ω Ln ∈ [P]. Clearly, for each n ∈ ω, L × {dn} ∈ [P]. Consequently, we obtain

that L × D =
⋃

n∈ω(L × {dn}) ∈ [P].

Finally, we prove that L × D intersects every element of U. Let α < κ, then there exists n0 ∈ ω such

that dn0 ∈ Vα. Since Uα ∈ Un0 and Ln0 intersects all elements of Un0 , it follwos that Ln0 ∩ Uα , ∅.

Therefore, (L × D) ∩ (Uα × Vα) , ∅. �

Recall that the underlying set of AD(X), the Alexandroff duplicate of X, is X×{0, 1}, where each point

of X × {1} is isolated and a basic neighborhood of a point (x, 0) ∈ X × {0} has the form [(U × {0}) ∪ (U ×

{1})]\{(x, 1)}, where U is a neighborhood of x in X.

We say that a property P is countably discrete if the fact that a discrete space X satisfies P, implies

that X is countable.

Proposition 1.7. Let P be a countably discrete topological property that is preserved under clopen

subspaces. If AD(X) ∈ [P], then e(X) = ω.

Proof. Suppose that e(X) > ω and let L be a closed and discrete subset of X such that |L| > ω. Then,

L × {1} is a discrete open subset of AD(X) and has cardinality greater than ω.

Moreover, L × {1} is a closed subset of AD(X). Indeed, let p ∈ AD(X) \ (L × {1}). If p = (x, 1), for

some x ∈ X \ L, then Vx = {p} it is an open neighborhood of p contained in AD(X) \ (L × {1}). Now,

let us consider the case when p = (x, 0) for some x ∈ X. Since L is a closed subset of X, if x < L then

we can choose a neighborhood Vx of x such that Vx ⊆ X \ L. Clearly, (Vx × {0}) ∪ ((Vx \ {x}) × {1}) is a
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neighborhood of (x, 0) in AD(X) that does not intersect L × {1}. If x ∈ L, we can choose a neighborhood

Vx of x such that Vx ∩ L = {x} because L is a discrete space. In this case, Vx × {0} serves as the required

neighborhood. Therefore, L × {1} is a clopen subset of AD(X).

Finally, if we assume that AD(X) ∈ [P], then it follows that L × {1} ∈ [P]. Since L × {1} is discrete

and P is a countable discrete property, we obtain that L × {1} is countable, which is a contradiction. �

For every topological property P, if P is preserved under clopen subspaces and countably discrete,

then the property c-P is preserved under clopen subspaces and is countably discrete. Hence, we have the

next corollary.

Corollary 1.8. Let P be a topological property that is countably discrete and preserved under clopen

subspaces. If AD(X) ∈ [c-P], then e(X) = ω.

2. Cellular-P, for Lindelöf type properties

In this section we study the behavior of cellular-P spaces, for P ∈ {L, aL,wL}, and the relationships

among the classes [c-L], [c-aL], and [c-wL].

The Lindelöf, almost Lindelöf, and weakly Lindelöf properties have been studied in the literature. It

is known that [L] ( [aL] ( [wL] (for further details on these properties, we refer the reader to [13]). This

implies that [c-L] ⊆ [c-aL] and [c-aL] ⊆ [c-wL]. Since [wL] ⊆ [DCCC], then [c-wL] ⊆ [c-DCCC].

If X ∈ [c-DCCC] andU is a discrete family in X, thenU is a cellular family. Therefore, there exists

a subspace Y of X such that Y ∈ [DCCC] and Y intersects all elements ofU. The familyU determines

a cellular family in Y of the same cardinality asU, soU is countable. Since [DCCC] ⊆ [c-DCCC], we

conclude that [DCCC] = [c-DCCC]. A similar argument shows that [CCC] = [c-CCC].

The following diagram summarizes the relationships among Lindelöf, almost Lindelöf, weakly Lin-

delöf, and DCCC spaces, together with their cellular versions:

L aL wL DCCC

c-L c-aL c-wL c-DCCC
Now, we will show that the classes of spaces [c-L], [c-aL] and [c-wL] are different classes of topolog-

ical spaces.

Example 2.1. There exists a Hausdorff cellular-Lindelöf space that is not a Lindelöf space.

Let X = [(ω1 + 1) × (ω + 1)] \ {(ω1, n) : n ∈ ω}. For every x ∈ X let B(x) be a neighborhood system,

defined as follows:
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(1) if x = (α, n) ∈ ω1 × ω, let

B(x) = {{x}};

(2) if x = (α, ω) ∈ ω1 × {ω}, for n < ω we define Un(x) a neighborhood of x as follows

Un(x) = {(α,m) : n ≤ m ≤ ω},

and let

B(x) = {Un(x) : n < ω}.

(3) if x = (ω1, ω), for α < ω1 we define Uα(x) a neighborhood of x as follows

Uα(x) = {(β, n) : α ≤ β < ω1 y n < ω}.

We now consider the set

B(x) = {Uα(x) : α < ω1}.

Recall that a topological space X is nearly-Lindelöf if for every open cover {Uλ : λ ∈ Λ}, there exists

{λn : n ∈ ω} ⊆ Λ such that X =
⋃
{int(Uλn) : n ∈ ω}, where int(U) denotes the interior of the set U. In

[4], Cammaroto and Santoro prove that X is a Hausdorff nearly-Lindelöf space which is not Lindelöf.

Furthermore, the space X is cellular-Lindelöf since (ω1 × ω) ∪ {(ω1, ω)} is a dense Lindelöf subspace

of X. In consequence, this subspace intersects all elements of any cellular family in X.

Example 2.2. There exists a Tychonoff cellular-almost Lindelöf space that is not an almost Lindelöf

space.

Let S be the Sorgenfrey line. It is a well-known fact that S is a Lindelöf space such that S × S is not

Lindelöf. Since S is a Tychonoff space, then the Sorgenfrey plane S × S is also Tychonoff. Thus, S × S

cannot be an almost Lindelöf space. Now, Q×Q is a countable dense subspace of S×S. Therefore, S×S

is a cellular-almost Lindelöf space.

Example 2.3. There exists a Hausdorff cellular-weakly Lindelöf P-space that is not weakly Lindelöf.

Let D = {0, 1} and define T = {x ∈ Dc
+

: ∅ , x−1[{1}] ∈ [c+]<ω}. Let X be the Gδ-modification of

T . In [15], Tkachuk showed that X is a Hausdorff cellular-Lindelöf P-space but not weakly Lindelöf. In

consequence, X is a cellular-weakly Lindelöf space that is not weakly Lindelöf.

Example 2.4. There exists a Hausdorff cellular-almost Lindelöf space that is not a cellular-Lindelöf

space.

Let us consider the set ω1 with the discrete topology and let κ(ω1) be the Katětov extension of ω1.

Since κ(ω1) is an H-closed space, κ(ω1) is almost Lindelöf. Therefore κ(ω1) is cellular-almost Lindelöf.
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Let A = {Aα : α < ω1} be a pairwise disjoint family of subsets of ω1. For α < ω1, let Pα be a free

ultrafilter in ω1 such that Aα ∈ Pα and let us considerU = {Aα ∪ {Pα} : α < ω1} and F = {Pα : α < ω1}.

It is clear thatU is a cellular family in κ(ω1). We claim that there is no Lindelöf subspace of κ(ω1) that

intersects all elements ofU. Suppose that L is a Lindelöf subspace of κ(ω1) intersecting all elements of

U. Since the set of free ultrafilters in κ(ω1) is closed and discrete in κ(ω1), then F ∩ L is closed and

discrete in L. Therefore, F ∩ L is countable. Let α0 = sup{α < ω1 : Pα ∈ F ∩ L} + 1. For each α > α0

let xα ∈ Aα ∩ L and define A = {xα : α0 < α < ω1}. If x is an accumulation point of A in L, then x < ω1.

Thus, x is an ultrafilter. Let x = Pβ, for some β ≤ α0. However, (Aβ ∪ {Pβ}) ∩ L intersects at most one

element of A. It follows that A is closed and discrete in L. However, this is in contradiction with the

assumption that L is Lindelöf.

Example 2.5. There exists a Tychonoff cellular-weakly Lindelöf space that is not a cellular-almost Lin-

delöf space.

Let A ⊆ R \ Q be a countable dense subset in R, let κ be a non-countable infinite cardinal, Q = Q × κ

and define

X = Q ∪ {(a, κ) : a ∈ A}.

We define a neighborhood system on X as follows. Let x ∈ X:

(1) if x = (q, α) ∈ Q, for each n ∈ N let

Un(x) = (B 1
n
(q) ∩ Q) × {α}

be a neighborhood of x, where B 1
n
(q) is the usual ball of R (with the Euclidean metric) of radius

1
n and center q. Let:

B(x) = {Un(x) : n ∈ N}.

(2) if x = (a, κ), with a ∈ A, for each F ∈ [κ]<ω and n ∈ N let

Un,F(x) = [(B 1
n
(a) ∩ A) × {κ}] ∪ [(B 1

n
(a) ∩ Q) × (κ \ F)]

be a neighborhood for x. Finally, define

B(x) = {Un,F(x) : n ∈ N and F ∈ [κ]<ω}.

In [16], it was shown that X is a Hausdorff zero-dimensional and weakly Lindelöf space that does not

satisfy the cellular-Lindelöf property. Since X is a weakly Lindelöf space, then X is a cellular-weakly

Lindelöf space.

Every regular almost Lindelöf space is a Lindelöf space. Therefore, every regular cellular-almost

Lindelöf space is cellular-Lindelöf. Thus, X cannot be cellular-almost Lindelöf.
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Example 2.6. There exists a regular DCCC space that is not a cellular-weakly Lindelöf space.

Let

X = (ω1 + 1) × ω1.

Given that ω1 + 1 is compact and ω1 is countably compact with the usual topology, it follows that X is

also countably compact. Since X is regular then X is DCCC, by the Theorem 2.1.8 of [5].

We claim that

C = {{(α, α)} : α is a successor ordinal and α < ω1}

is a cellular family such that there is no a weakly Lindelöf subspace that intersects all elements of C.

Indeed, let L be a weakly Lindelöf subspace of X. Since the projection on the second coordinate, π2 :

(ω1+1)×ω1 −→ ω1 is continuous and the property of weakly Lindelöf is preserved under continuity, then

π2(L) is a weakly Lindelöf space. In ω1 every weakly Lindelöf space is bounded. Let α0 = sup π2(L),

then (α0 + 1, α0 + 1) < L. Therefore X is not cellular-weakly Lindelöf space.

The previous examples allow us to construct the following diagram:

L aL wL DCCC

c-L c-aL c-wL c-DCCC

| | |

| |

| |

|

|

The diagram above naturally raises questions about whether a cellular-weakly Lindelöf (cellular-

almost Lindelöf) space is weakly Lindelöf (almost Lindelöf).

Since the properties of being almost Lindelöf and weakly Lindelöf are properties which are preserved

under clopen subspaces (see [13]), we can conclude from Proposition 1.3 that:

Corollary 2.7 ([16], for P = L). Every clopen subset of a cellular-P spaces is cellular-P, for P ∈

{L, aL, wL}.

Proposition 1.5 states that if P is preserved under disjoint countable sums, then c-P is also preserved

under the same condition. Given that the almost Lindelöf (aL) and weakly Lindelöf (wL) properties are

preserved under clopen subspaces and disjoint countable sums, we obtain the following result.

Corollary 2.8. Let P ∈ {almost Lindelöf, weakly Lindelöf} and let {Xn : n ∈ ω} be a disjoint family of

topological spaces. Then,
⊕

n∈ω Xn ∈ [c-P] if and only if Xn ∈ [c-P] for each n ∈ ω.
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It is well known that the product of cellular-Lindelöf spaces is not necessarily cellular-Lindelöf. Fur-

thermore, in [7] A. Dow and R.M. Stephenson Jr. provided an example of a cellular-Lindelöf space and

a compact space whose product is not cellular-Lindelöf. Next, we provide topological spaces X and Y

that are cellular-P for P ∈ {aL,wL} but whose product X × Y is not cellular-P.

Recall that a subset A of R is totally imperfect [10] if A does not contain a copy of the Cantor set.

Bernstein’s Theorem [10] states that there exists a subset A of R such that |A| = |R \ A| = c and both A

and R \ A are totally imperfect sets.

Example 2.9. There exist two Tychonoff cellular-almost Lindelöf spaces X and Y such that X × Y is not

cellular-almost Lindelöf.

Proof. Let A be the subset of R as in Bernstein Theorem. Let X and Y be subsets of the Alexandroff

duplicate AD(R) defined as follows:

X = (A × {0}) ∪ (R × {1}) and Y = ((R \ A) × {0}) ∪ (R × {1}).

In [11], A.D. Rojas-Sánchez, and Á. Tamariz-Mascarúa proved that X and Y are Tychonoff Lindelöf

spaces. Thus, X and Y are cellular-almost Lindelöf.

It is not difficult to prove that D = {(p, p) : p ∈ R × {1}} is an uncountable clopen discrete subspace of

X × Y . Hence, by Proposition 2.4 we conclude that X × Y is not cellular-almost Lindelöf. �

The next result is a consequence of Proposition 1.6.

Corollary 2.10 ([16], for P = L). If P ∈ {Lindelöf, almot Lindelöf, weakly Lindelöf}, X ∈ [c-P] and Y is

a separable space, then X × Y ∈ [c-P].

Question 2.11. Is the product of a compact space and a cellular-almost Lindelöf (cellular-weakly Lin-

delöf) cellular-almost Lindelöf (cellular-weakly Lindelöf)?

The following example illustrates that in general, the Alexandroff duplicate of a cellular-P space is

not necessarily a cellular-P space, for P ∈ {L, aL, wL}.

Example 2.12. There is a Tychonoff space X such that X ∈ [c-P] and its Alexandroff duplicate AD(X) <

[c-P], for P ∈ {L,aL,wL}.

Let D be a discrete space of cardinality ω1. Suppose that D = {dα : α < ω1} and let βD be the

Stone-Čech compactification of D. Define

X = (βD × (ω + 1)) \ ((βD \ D) × {ω}),

with the subspace topology. Since βD × ω is σ-compact, then βD × ω ∈ [P]. Furthermore, βD × ω is

dense in X, which implies that X ∈ [c-P]. Now, since A = {(dα, ω) : α < ω1} is closed and discrete in X,
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then A× {1} is a clopen uncountable subset in AD(X); hence, by Proposition 1.7, we conclude that X is a

Tychonoff space such that X ∈ [c-P] and AD(X) < [c-P].

The Sorgenfrey plane, S × S, is a cellular-almost Lindelöf space with uncountable extent. Hence,

by Corollary 1.8, its Alexandroff duplicate is not cellular-almost Lindelöf. Also, the topological spaces

considered in the examples 2.1 and 2.3 are a cellular-P spaces such that their Alexandroff duplicate is

not cellular-P, for P = L and P = wL, respectively. In [12], Song and Zhang prove that X ∈ [L] is

equivalent to AD(X) ∈ [L]. Consequently, if X ∈ [L], then AD(X) ∈ [c-L].

Question 2.13. Let P ∈ {aL, wL} and X be a P space. Is AD(X) a cellular-P space?

Remark 2.14. Let X be the space from the previous example and let AD(X) his Alexandroff duplicate.

Define f : AD(X)→ X by f ((x, 0)) = f ((x, 1)) = x for each x ∈ X. Then f is a closed 2-to-1 continuous

map. Thus, the preimage of cellular-P spaces under a closed 2-to-1 continuous map is not necessarily

cellular-P, for P ∈ {aL, wL}.

3. Cardinality of the cellular-P spaces

The following result is a generalization of Theorem 5.2 given by Xuan and Song in [16]. So, for the

sake of completeness we include the proof with the appropriated modifications.

Theorem 3.1. Let X be a normal and DCCC space with Hψ(X) = ω and a symmetric g-function g such

that for each x ∈ X,
⋂
{g((n, x)) : n ∈ ω} = {x}. Then |X| ≤ c.

Proof. For each x ∈ X let Bx = {Vn,x : n ∈ ω} be the family of neighborhoods of x given by the Hausdorff

pseudo-character. Suppose that |X| > c and let

Pn,m,k = {{x, y} ∈ [X]2 : Vn,x ∩ Vm,y = ∅ and y < g((k, x))}.

It is straightforward to prove that [X]2 =
⋃

n,m,k∈ω Pn,m,k.

By the Erdős-Rado lemma (Theorem 2.3, [8]), there exist n0,m0, k0 ∈ ω and S ⊆ X infinite and non-

countable such that [S ]2 ⊆ Pn0,m0,k0 . Let us assume that S is not closed and discrete in X. Then, there

exists an accumulation point x ∈ X of S . Consequently, there is y ∈ (S \ {x}) ∩ g((k0, x)). Given that g

is symmetric, it follows that x ∈ g((k0, y)). Since X is T1, it follows that there exists z ∈ S \ {y}g((k0, y)),

which is a contradiction.

For each x ∈ X let Ux = Vn0,x ∩ Vm0,x andU = {Ux : x ∈ S }, thenU is a cellular family in X. By the

normality of X, there exists an open set W such that S ⊆ W ⊆ W ⊆
⋃
U. It is not difficult to prove that

the family of sets, {Ux ∩W : x ∈ S }, is discrete in the space X.

Appl. Gen. Topol. 27, no. 2 (2026), 24535 11

https://creativecommons.org/licenses/by-nc-sa/4.0/


I. Martínez-Ruiz, C. Moreno-Espinoza and A. Ramírez-Páramo

Since X has the DCCC property, it follows that {Ux ∩W : x ∈ S } is countable, which contradicts that

S is uncountable. �

If P is a topological property, then [P] ⊆ [DCCC] if and only if [c-P] ⊆ [DCCC].

Corollary 3.2 ([16], Theorem 5.2). Let X be a normal cellular-Lindelöf space with Hψ(X) = ω and a

symmetric g-function g such that for each x ∈ X,
⋂
{g((n, x)) : n ∈ ω}={x}. Then |X| ≤ c.

Corollary 3.3. Let X be a normal space with Hψ(X) = ω and a symmetric g-function g such that for

each x ∈ X,
⋂
{g((n, x)) : n ∈ ω}={x}. If X ∈ [c-P] and [P] ⊆ [DCCC], then |X| ≤ c, (in particular, if

P ∈ {c-aL, c-wL}).

In [3] A. Bella and S. Spadaro showed that every monotonically normal cellular-Lindelöf first-countable

space has cardinality at most c. Furthermore, they showed that under CH every normal first-countable

cellular-Lindelöf space is weakly Lindelöf. The following results generalize these results to cellular-

weakly Lindelöf spaces. For the sake of completeness, we present its proof.

Lemma 3.4. Let X be a cellular-weakly Lindelöf space and let U be an open cover of X such that

|U| = c. There existsV ∈ [U]<c such that X ⊆
⋃
V.

Proof. Suppose thatU = {Uα : α < c} is an open cover of X such that ifV ∈ [U]<c, then X \
⋃
V , ∅.

Now, let {αβ : β < c} be a strictly increasing sequence of ordinals such that Vβ = Uαβ+1 \
⋃
{Uγ : γ ≤ αβ}

is a nonempty open set, for every β < c. Since V = {Vβ : β < c} is a cellular family and X is a cellular

weakly Lindelöf space, then there exists L ⊆ X such that L is a weakly Lindelöf space and L ∩ Vβ , ∅.

Therefore, there exists {γn : n < ω} ⊆ c such that L ⊆
⋃
{Uγn : n ∈ ω}. Given that c f (c) > ω, there exists

β < c such that sup{γn : n ∈ ω} < β. Consequently L ⊆
⋃
{Uγ : γ ≤ β}, so L ∩ Vβ = ∅. However, this

contradicts the election of L. �

Theorem 3.5 (2<c = c). Let X be a normal sequential cellular-weakly Lindelöf space such that χ(X) ≤ c.

Then |X| ≤ c.

Proof. Let θ be a regular large enough cardinal, and let M be an elementary submodel of H(θ) such that

X, τ ∈ M, c + 1 ⊆ M, M is closed under sequences of cardinality less than c and |M| = c.

Let E = M ∩ X, x ∈ X and (xn) be a sequence in E such that xn → x. Since M is closed under

ω-sequences, then (xn) ∈ M. By elementary, x ∈ M, so x ∈ E. The sequenciality of the space implies

that E is closed.

We claim that X ⊆ E. Suppose by contradiction that z ∈ X \M. It follows from the regularity of X that

there exists an open set U such that E ⊆ U ⊆ U ⊆ X \ {z}. By elementary, for every x ∈ X let B(x) ∈ M
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be a neighbourhood system for x such that |B(x)| ≤ c. Since c + 1 ⊆ M, then B(x) ⊆ M. Hence, there

exists Ux ∈ τ ∩ M such that x ∈ Ux and Ux ⊆ U. Let V =
⋃

x∈E Ux. Now E and X \ V are disjoint

closed sets, so there are F,G ∈ τ such that E ⊆ F, X \ V ⊆ G and F ∩G = ∅. Note that V ⊆ X \ {z}, so

z <
⋃

x∈E Ux.

Since {Ux : x ∈ E} ∪ {G} is an open cover having cardinality c, so by the Lemma 3.4, there exists

C ∈ [E]<c such that X ⊆
⋃

x∈C Ux ∪G. But E ∩G = ∅, so E ⊆
⋃
{Ux : x ∈ C}. Given that M is closed

under κ-sequences, for κ < c, and |C| < c, then

M � X ⊆
⋃
{Ux : x ∈ C}.

By elementary,

H(θ) � X ⊆
⋃
{Ux : x ∈ C}.

But z <
⋃

x∈E Ux. We conclude that X ⊆ E ⊆ M. �

Corollary 3.6. (CH) Every normal first-countable cellular-weakly Lindelöf space is a weakly Lindelöf

space.

Proof. Since 2ω = ω1 implies 2<c = c, and by the Theorem 3.5 X has cardinality at most c. By Lemma

3.4, every open cover of X is either countable or has a countable subcollection with a dense union. �

Question 3.7. Under what additional conditions is a Hausdorff (regular or Tychonoff) cellular-weakly

Lindelöf space weakly Lindelöf?

Acknowledgements: The authors thank the anonymous reviewers for their helpful comments, which improved the quality of

the manuscript. The second author thanks the scholarship granted by SECIHTI for his doctoral studies.

Funding: This research has not received external funding.

Author Contributions: Conceptualization M. R. and R. P.; Investigation, Methodology, Writing – original draft, Writing –

review & editing M. R., M. E. and R. P. All authors have read and agreed to the published version of the manuscript

References

[1] O. T. Alas, L. R. Junqueira, M. D. Passos, and R. G. Wilson, On cellular-compactness and related properties, Rev. R.

Acad. Cienc. Exactas Fís. Nat. Ser. A Mat. RACSAM 114 (2020), 101.

[2] A. Bella and S. Spadaro, On the cardinality of almost discretely Lindelöf spaces, Monatsh. Math. 186 (2018), 345–353.

[3] A. Bella and S. Spadaro, Cardinal invariants of cellular-Lindelöf spaces, Rev. R. Acad. Cienc. Exactas Fís. Nat. Ser. A

Mat. RACSAM 113 (2019), 2805–2811.

Appl. Gen. Topol. 27, no. 2 (2026), 24535 13

https://creativecommons.org/licenses/by-nc-sa/4.0/


I. Martínez-Ruiz, C. Moreno-Espinoza and A. Ramírez-Páramo

[4] F. Cammaroto and G. Santoro, Some counterexamples and properties on generalizations of Lindelöf spaces, International

Journal of Mathematics and Mathematical Sciences 19 (1996), 737–746.

[5] E. K. van Douwen, G. M. Reed, A. W. Roscoe, and I. J. Tree, Star covering properties, Topology Appl. 39 (1991), 71–103.

[6] A. Dow, An introduction to applications of elementary submodels to topology, Topology Proc. 13 (1988), 17–72.

[7] A. Dow and R. M. Stephenson, Productivity of cellular-Lindelöf spaces, Topology Appl. 290 (2021), 107606.

[8] R. Hodel, Cardinal functions I, in: K. Kunen, J. Vaughan (Eds.), Handbook of Set-Theoretic Topology, North-Holland,

Amsterdam (1984), 1–61.

[9] I. Juhász, L. Soukup, and Z. Szentmiklóssy, On cellular-compact spaces, Acta Math. Hungar. 162, no. 2 (2020), 549–556.

[10] K. Kuratowski, Topology, vol. I, Academic Press, New York-London (1966).

[11] A. D. Rojas-Sánchez and Á. Tamariz-Mascarúa, Spaces with star countable extent, Comment. Math. Univ. Carol. 57, no.

3 (2016), 381–395.

[12] Y. K. Song and Y. Y. Zhang, Some remarks on almost Lindelöf spaces and weakly Lindelöf spaces, Mat. Vesnik 62, no. 1

(2010), 77–83.

[13] P. Staynova, A comparison of Lindelöf-type covering properties of topological spaces, RHIT Under-grad. Math. J. 12

(2011), 164–204.

[14] V. V. Tkachuk and R. G. Wilson, Cellular-compact spaces and their applications, Acta Math. Hungar. 159 (2019), 674–

688.

[15] V. V. Tkachuk, Weakly linearly Lindelöf spaces revisited, Topology Appl. 256 (2018), 128–135.

[16] W. F. Xuan and Y. K. Song, A study of cellular-Lindelöf spaces, Topology Appl. 251 (2019), 1–9.

[17] W. F. Xuan and Y. K. Song, More on cellular-Lindelöf spaces, Topology Appl. 266 (2019), 106861.

Appl. Gen. Topol. 27, no. 2 (2026), 24535 14

https://creativecommons.org/licenses/by-nc-sa/4.0/

