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ABSTRACT

Self-sustained electronic oscillators are emerging as key building blocks for physical neuromorphic computing. Among them, S-
type negative differential resistance (NDR) devices offer wide material versatility and strong tunability of their internal dynamics.
While nonlinear theory predicts their stability regimes and bifurcations with high accuracy, experimental access to these regimes
remains limited. Here, we combine theory and experiment to characterize the stability regimes of an S-type NDR thyristor
device exhibiting self-sustained oscillations. By mapping nonlinear control-theoretic concepts onto impedance spectroscopy (IS)
measurements, we show that frequency-domain characterization provides direct experimental signatures of stability, bifurcations,
and oscillatory regimes, despite the intrinsically nonlinear nature of the system. The measurements further reveal the interaction
between autonomous and forced oscillations, as well as entrainment and phase locking phenomena. Our results establish IS
as a powerful in situ probe of nonlinear dynamical behavior in oscillatory devices, with direct relevance for neuromorphic and

oscillator-based hardware.

1 | Introduction

Physical computation harnesses the intrinsic dynamics of mate-
rials and electronic devices to process information directly
through their nonlinear and time-dependent responses [1-4].
Rather than abstracting computation into digital logic, physi-
cal systems perform operations by exploiting properties such
as phase transitions, relaxation kinetics, synchronization, or
limit-cycle oscillations. Networks of nonlinear oscillators have
emerged as a particularly powerful platform for this paradigm,
as their collective phases and frequencies naturally encode and
transform information in tasks involving optimization, pattern
classification, or temporal inference [5-8].

A broad class of physical oscillators can be constructed using
a two-terminal nonlinear device connected with simple passive

components such as a series resistor and a capacitor [9]. Their
behavior is governed by negative differential resistance (NDR),
which gives rise to self-sustained oscillations when external
parameters cross a critical threshold. These oscillators are typi-
cally grouped into N-type or S-type, depending on whether the
NDR occurs in the current-driven or voltage-driven regime [9-12].
The transition to oscillatory behavior through this critical thresh-
old is often sharp and corresponds to a Hopf bifurcation, where
a stationary state becomes unstable and a periodic limit-cycle
emerges [13, 14].

S-type oscillators include devices whose resistance exhibits a
sharp switching behavior or a delayed feedback process associ-
ated with a single slow internal state variable. Examples range
from oxide-based memristive devices such as VO, [15, 16], to
electrochemical or redox systems where nonlinear autocatalytic
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processes induce NDR [10, 17-21]. These systems have gained
renewed interest due to the role of oscillators in physical com-
puting schemes, where the tunability of oscillation frequency,
phase, and amplitude is central to exploiting coupled networks
for computational tasks [22, 23].

In recent work, we summarized the dynamical properties of S-
type oscillators that arise from a single resistive degree of freedom,
including the approach to the Hopf bifurcation, the nature of
harmonic oscillations near the onset, and the emergence of
relaxation oscillations at stronger driving [5, 24].

While most studies of nonlinear oscillators focus on time-
domain responses, frequency-domain analysis offers unique
insight into stability, internal time constants, and the emergence
of bifurcations. Impedance spectroscopy (IS), based on applying
a small sinusoidal voltage or current perturbation over a range
of frequencies, is widely used in electrochemical and solid-state
systems to characterize dynamic processes [25-27]. In oscillatory
or near-bifurcating systems, IS captures how small fluctuations
evolve and dissipate, revealing signatures of NDR, eigenmode
softening, and the approach to instability [12, 14, 17, 28-31]. As
shown theoretically in previous work, Hopf bifurcations have a
direct counterpart in the IS response of the system. Equivalent-
circuit (EC) representations then allow one to track how the
effective resistive and capacitive elements vary as the operating
point approaches the bifurcation threshold [14]. More generally,
IS can be viewed as an experimental analogue of classical control
theory approaches used to analyze electronic oscillators, such as
the Barkhausen or Nyquist criteria [32, 33] and the local activity
theory introduced by Chua [34-36]. In these frameworks, stability
and oscillatory regimes are determined by the location of the
transfer function poles and zeros in the complex plane. The
impedance is itself the system transfer function, experimentally
accessed along the imaginary axis s = iw, where w is the frequency,
thus establishing a natural bridge between IS measurements and
classical control-theoretic descriptions of oscillatory dynamics.

The general properties of S-type systems have been demonstrated
with a thyristor oscillator [24] that provides a prototypical system
in which these behaviors can be cleanly observed and modelled.
A thyristor is a bistable PNPN device with two stable operating
points: blocking and conduction [37]. Its galvanostatic current-
voltage (I-V) curve exhibits three branches: a low-current
blocking branch, an unstable NDR region, and a high-current
conduction branch. In the potentiostatic case, at low applied
voltage the device remains in the blocking state, conducting only
leakage current. When the voltage reaches a threshold, a small
gate current can trigger internal carrier multiplication, causing a
rapid transition to the conduction branch. Once switched on, the
device remains in the high-conductance state until the external
current is reduced below the holding current, at which point it
returns abruptly to the blocking branch. This bistability, together
with the sharp transition across the unstable region, defines the
S-type NDR central to its dynamics.

Coupled with a resistor-capacitor network, this bistable behavior
produces self-sustained oscillations whose detailed mechanisms
we have reported previously [24]. Here, we focus on the
frequency-domain characterization of the same system, showing
how IS captures the evolution of the EC parameters as the

operating point approaches the bifurcation and enables, at the
same time, the classification of different stability regimes.

In this sense, the main contribution of the present work is to
build, on the basis of previous studies of Hopf bifurcations in
oscillatory devices, a direct bridge between IS and Hopf bifur-
cation phenomena. By experimentally validating the theoretical
predictions, we demonstrate that IS provides a powerful experi-
mental route to access nonlinear dynamical regimes and complex
bifurcation behavior that may sometimes remain difficult to
identify from theory alone.

The structure of the paper is as follows. First, we provide a
generic study of the IS behavior of an S-type oscillator across
the bifurcation point, identifying the specific EC elements that
govern stability and oscillation onset. A complete formulation of
the expected IS response is established, validated by experimental
data from the S-type thyristor device. Section 2 introduces and
analyzes a generic S-type NDR model, establishing the different
stability regimes and bifurcation scenarios within a nonlinear
dynamical framework. In Section 3, a small-signal analysis is
applied to this model to derive the corresponding IS and the
associated EC representation. Section 4 extends the same theo-
retical approach to a specific thyristor-based S-type NDR model.
In Section 5, the IS obtained experimentally from the thyristor
is analyzed in both non-oscillatory and self-oscillatory regimes.
Finally, Section 6 provides a comprehensive physical interpreta-
tion and discussion of the results, and Section 7 summarizes the
main conclusions of this work.

2 | Dynamical Equations and Bifurcation
Properties

In essence, a neuron-like oscillator can be described by a physical
model containing a conduction current that depends on an
internal state variable x that causes resistive switching with a
NDR sector. The standard structure of an S-type NDR oscillator
is shown in Figure 1a [9-11]. It consists of the nonlinear element
(green), and external elements resistor R, and capacitor C,, that
enable an oscillatory voltage u. The I, is the external current and
V, the external voltage. We always have

@

The oscillatory system is described by two dynamical equations

[5].

==z U-gul @
dx 1
E=G=a[g(x)u—x] 3

Equation (2) is obtained from the addition of currents in Figure 1a,

du
I, =C, ; +1; 4

dt
Equation (2) describes the operation at constant current I,,, in
which R, does not influence the bifurcation properties. The

20f18

Advanced Physics Research, 2026

510117 SUOLLLLIOD @A ERID 3 (e jddle 2 Aq pauieob 812 SO YO ‘2SN J0 SBINI 10y Aeic]1 ] BUIIUO AB]1M O (SUONIPUOD-PLIB-SLLLIBLIOD"AB| W ARG PUI|UO//-SThL) SUORIPLOD PU. SLLLB 1 83 885 *[9202/90/80] U ARIqIT2UIIUO AB{IM BI0UB e A 80 BOIUSRMIOd FRYSIBAIUN Ad THTOL IXdR/Z00T 0T/I0p/LLOY" A8 1M ARIq[ou|UO"peoLIADe//Sa LLOI popeojumod ‘0 ‘00ZTTSLZ



0.3r

QA

0.0l==
8.0 0.1 0.2 0.3 0.4

u (V)
1 0.35
(c) (d)
T - 0.30
s
~ 0
= 025} NEE——
c | z
= > 0.20f |
=] . |
O >
2 L 20NT, 50 5 0.15{/
- 5
A
B0 0z 04 08 os 1.0
01 015 02 025 03 t(s)
lo (A)
0.35 0.35

(f)

0.30 0.30 A \ \ ‘
025 ~—— 025 ‘ ] \ ‘
> 2
=020 =020
0.15 0.15
|
5 0.5 1.0 15 20 %% 25 3.0 35 4.0

t(s)

t(s)

FIGURE 1 | (a)Oscillatory circuit. (b) Stationary curve u(I,) (red) and constant current line for the cubic current model u(l,) = a[(I, — b)* + b3] —
cly. The folding points are indicated. (c) Bifurcation characteristics for constant applied current. The pink line is the value of capacitance that gives T;
=0 ateach I,. For I, = 0.15 A, it is Cop = 0.016 F (red point). The brown dashed line is T for this value C, = 0.016 F, and the olive-green horizontal line
indicates a change of current at fixed Cy = 0.016 F (I = 0.10 A, I, = 0.14 A, I = 0.15 A and I, = 0.16 A respectively). The behavior of the potential u(t) at
each current is shown in (d-f). Parameters a = 50 V/A3,b=0.2A,c=1Q, T = 0.01s.

second Equation (3) states the time dependence of the internal
variable x that determines the conductance g of the nonlinear
element. We assume that the conductance depends on x as follows
[38]

IL=g(X)u ®

The g(x) is the physical function that fixes the specific model. In
Equation (3) we introduce 7, the relaxation time for the transition
of x between the two conductance branches.

An equilibrium point is given by the conditions u = x = 0. For
u=20
I,
u=—"
g(x)

(6)

For x = 0itis

X

BT @

Equation (6) gives the stationary I-V curve, as x = I, in
equilibrium.

In S-type oscillators the function u(l,) is single valued. The
differential resistance is
_du _1-g'u
1T dx T g

®

The region of NDR is when g’'u > 1. The condition du/dx = 0
defines the folding points of the I-V curve. They satisfy
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g (xpu (xp) =1 ©)

To illustrate a characteristic S-shape I-V curve, in the first part of
the paper we use a cubic function of the type [5, 12, 39]

u,(I) = a [(1(, — by + b3] —cl, (10)

in terms of parameters a, b, c. Later on we use the specific form
of a thyristor oscillator [24].

Equation (10) is shown in the pink curve in Figure 1b, that
indicates equilibrium points when the system is measured at fixed
current (as the horizontal line cases). The conductance function
is

1

§ 0= a(x?—-3bx+3b%)—c (a

The turning (fold) points have the values

Iy=b+ (%)m (12)
I, =b— (%)1/2 13)

They are indicated in Figure 1b as blue dots.

Let us summarize the bifurcation characteristics of the circuit
in Figure 1a described by the dynamical Equations (2) and (3),
derived in the Appendix and explained in more details elsewhere
[5, 24]. We get the Jacobian matrix

g gu

J=| @ (14)
£ Z(@u-1)
Tk Tk

and expressions of the trace
1 /
T)=—7=+—(gu-1) (15)
Tk

and the determinant

A 16)

N Cotx
The determinant is always positive, A; > 0. The bifurcation
diagram is shown in Figure 1c. The bifurcation region with respect
to (I, Cy) is given by T, = 0, and the limit-cycle oscillations occur
for T; > 0. The value of the capacitor at the bifurcation (pink line)
is

Cop = a7

T gu-1
By changing the current along the green line, at fixed C,, we
pass first across the folding point Ir,, then across the bifurcation,
and we change from stable behavior, Figure 1d,e to limit-cycle
oscillations. The frequency of oscillations at the Hopf bifurcation
is

1/2
wo =4, = (i) (18)

(a)
o
—| |—
R, g
WA 3
R, L,
_W_rm_
1 4{-20

0.00 0.05 0.10 0.15 0.20 0.25 0.30
I, (A)

FIGURE 2 | (a) Small perturbation EC. (b) IS parameters as a
function of current. Parameters a = 50 V/A3,b=02A,c=1Q, g = 0.01

S.

This is the harmonic oscillation around the stationary point,
Figure 1f (red line). If we move away from the bifurcation, the
system (2, 3) produces relaxation oscillations, characterized by
sudden transitions, Figure 1f (brown line) [40-42].

Strictly speaking, the full Hopf bifurcation theorem also requires
the usual transversality and nondegeneracy conditions, including
the speed of passage of the eigenvalues through the imaginary
axis and the sign of a stability index governing the local character
of the bifurcation. In the present work, we do not pursue a full
mathematical proof, but adopt the standard physics and engi-
neering approach, where these conditions are often left implicit
and assumed to be satisfied, as supported here by numerical
simulations and experimental evidence [43, 44].

3 | Impedance Spectroscopy Analysis
The IS measurement is the relation of voltage to current under a

sinusoidal perturbation I of angular frequency w;. By adding the
forcing term in Equations (2) and (3), the linearized Equation (14)

becomes [29]
dx L

In the frequency domain we obtain

(J—iw, [1]) X = (a) (20)

0

where [1] is the identity matrix. The impedance is defined by

_ 1 1 gu-1 .
"~ det (J —iwg [1]) Co ( Tk lwf) @

7 =

—~ |

It can be written in several equivalent ways

1 1 g . >
Z=—= — 4+ T, —iw (22)
Co (wy — @) (wy + wy) +iw;T; <Co ' /
-1
: (gg'w)
Z = Cot —M———— 23
gHiey O+(1—g’u)+iwf‘rk @3

On another hand, the impedance can be expressed in terms of the
EC shown in Figure 2a [14]
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1 1
Z=|>+iwCo+ — (24)
R, (R, +iwsLy)

Comparing Equations (23) and (24), the small perturbation EC
elements are

Ry = é (25)
1-g'u
Re= e @
T,
= g gu g", - 27)

The variation of these elements with the stationary applied
current is shown in Figure 2b. R, and L, remain positive, while
R, is negative between the folding points, producing a total
differential resistance R,

-1
1 1
_+_

R:
‘7 |R, "R,

(28)

We remark that the determinant remains positive even though
the total differential resistance is negative [30].

‘We now examine the characteristic time scales associated with the
key elements of the EC and relate them to the intrinsic response
times of the NDR device, the external capacitor, and the overall
circuit dynamics, as well as to the emergence of stable, unstable,
and bifurcation regimes. The characteristic time of the inductive
branch of the EC is given by

L, Tk

TL:}Q_QZW (29)

while the characteristic charging time of the capacitive branch is

C
Tc = Rb CO = EO (30)

and the intrinsic relaxation time of the S-type device is given by

Lq
R, +R, GD

Tk

which reflects the internal dynamics of the S-type active element
embedded in the circuit.

Since L, is always positive whereas R, changes sign across the
NDR region, the inductive time 7; becomes negative within the
NDR regime. However, this quantity alone does not provide a
direct criterion for the stability of the full system, as it is obtained
by separating individual circuit elements and does not account
for the feedback loop formed by the complete resonant network.
To assess the stability of the linearized dynamics, it is necessary to
introduce an effective characteristic time of the EC that governs
the relaxation (or amplification) of small perturbations around
the operating point. This effective relaxation time corresponds
to the linearized RLC feedback loop and is given by the parallel
combination of the capacitive and inductive time scales,

1 1 1
— ==+ (32)
Teq Tc 7L

This effective time scale is directly related to the trace of the
Jacobian matrix of the dynamical system,

T,=-—— (33)
eq

Consequently, 7,, provides a compact dynamical criterion for
stability: when 7,, > 0, small perturbations are damped and
the stationary state is stable; when 7,, < 0, perturbations are
amplified, leading to self-sustained oscillations; and the marginal
condition 7,; =0 marks the onset of the Hopf bifurcation
separating stable and oscillatory regimes.

In addition, the characteristic times introduced above are linked
to the determinant of the Jacobian and therefore to the oscilla-
tion frequency at the bifurcation point. In particular, the Hopf
frequency is determined by the coupling between the intrinsic
relaxation time of the active S-type device, 7, and the capacitive
time of the passive branch, 7.,

1 1/2
w=0a0"= (=) 69

TxTc

highlighting that the oscillatory dynamics emerge from the
interplay between the internal device kinetics (thyristor) and the
external circuit response (external capacitor coupled).

The relationship between the effective circuit time scales and
the trace-determinant structure of the Jacobian has been derived
previously within a general theoretical review in Ref. [14]. The
present expressions represent a direct implementation of that
formalism for the S-type NDR system analyzed here, providing
an explicit mapping between EC parameters and the onset of
instability.

Now we follow the spectral changes of IS as we move the station-
ary current along the I-V curve, as indicated in Figure 3a. The
corresponding changes of DC resistance are shown in Figure 3b,
showing clearly the region of negative resistance.

Starting from the lowest current values, the system exhibits a
purely capacitive response in Figure 3c, which evolves into a
chemical inductor impedance [30, 45] in Figure 3d, character-
ized by the characteristic crossing into the fourth quadrant, as
discussed previously [14]. The visibility of the inductive feature
depends on the relative magnitudes of the capacitive and induc-
tive branches elements. Upon approaching the lower folding
point, the effective inductance increases markedly and the DC
resistance vanishes, leading to a circular impedance response,
as shown in Figure 3e. Beyond this point, the DC resistance
becomes negative. When the Hopf bifurcation is crossed and
the system enters the unstable regime, the impedance spectra
undergo a mirror inversion from the right half-plane to the left
half-plane, yielding responses that are qualitatively analogous
to those observed in the stable regime but reflected across
the imaginary axis, as illustrated in Figure 3f,g. Upon further
increasing the current, a second inversion of the spectra is
observed when the system crosses back through the bifurcation
boundary, returning the imaginary space response to the right
half-plane even though the DC resistance remains negative,
Figure 3h. Finally, upon approaching and crossing the upper
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FIGURE 3 | (a)I-Vcurveand (b) DC resistance of the S-model. (c-i) Impedance spectra at fixed current I,, for the points indicated in (a). The point
is the impedance at zero frequency, Ry = Z(wy = 0). Arrows indicate the direction of increasing frequency. Parameters a = 50 VIA3,b=02A,c=1Q, 1

=0.01s,Cy=0.016 F.

folding point, the spectra recover the initial capacitive-like
response associated with positive DC resistance, as shown in
Figure 3i.

We next discuss in detail in Figure 4 the evolution of the IS across
the Hopf bifurcation, analyzing four points of stationary current
in different colors along the green line indicated in Figure lc,
corresponding to the capacitor value 0.016 F. The NDR is onset
at the current 0.118 A, and the Hopf bifurcation indicated in a
red point is at the current 0.15 A. We begin with the blue point
of Figure 1c at 0.11 A that gives the blue spectrum in Figure 4.
This stationary point is outside of the region of NDR, hence

the DC resistance R, is positive. The spectrum shows again the
characteristic shape of the chemical inductor.

The impedance spectra, evaluated at the other three points
indicated in Figure 1c (green, red, brown), are shown in Figure 4.
In these three points the stationary R, value of the resistance is
negative. In the green point, the system is still damped to equi-
librium, while in the red point the system becomes oscillatory.
The crucial property is the value of the resistance at intermediate
frequencies, which switches from positive to negative across the
bifurcation [28]. This is why the spectra in Figure 4a switch
between the second and the fourth quadrant when the current
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passes through the bifurcation. We note that inversion of the sign
of Z' and — Z'" occurs when the frequency is scanned through
the intrinsic oscillatory value w, of Equation (18). This can be
observed in the Z vs. Log f plots of Figure 4c,d, where f = w;
/27 is the frequency. There is a singularity when the current is
at the bifurcation value. The impedance starts growing toward
(= o0, —o0) at low frequency and returns from (+ o0, +o0)
at high frequency. This can be rationalized observing that the
denominator term in Equation (21), that becomes det (J — icw/[1])
= 0, matches the eigenvalues of Equation (42) (see Appendix). In
Equation (22) it is observed that the singularity occurs when T
= 0 at the specific frequency w; = @,. In general, the bifurcation
at constant current corresponds to the poles of the impedance
function [28, 29].

All the phenomena discussed here are directly connected to
classical control-theoretic criteria for oscillators based on the
analysis of the system transfer function, such as Chua’s local
activity framework or the Barkhausen and Nyquist stability
criteria [34-36]. Now, the relevant transfer function is the
impedance of the device-circuit system Z(a + ib). Within these
classical frameworks, a dynamical regime is locally stable when
the poles of the transfer function lie in the left half of the
complex plane, whereas instability arises when poles cross into
the right half-plane. Consequently, the transition from stable to
unstable operation at a Hopf bifurcation necessarily involves the
crossing of a pole through the imaginary axis, that separates both
half-planes. This imaginary axis is precisely the domain probed
experimentally in IS, where the transfer function is evaluated
along a = 0 and b = w by sweeping the frequency w. As a result,
when the system is tuned to the bifurcation point or sufficiently
close to it, the impedance diverges at the Hopf frequency w. This

establishes a direct and physically grounded connection between
experimental IS and classical control theory for the stability of
nonlinear oscillatory systems.

For a more exhaustive analysis of the evolution of the IS upon
sweeping I, as well as of the parameters extracted from the
EC representation, the reader is referred to the Section S1, with
white backgrounds corresponding to the stable regime and green
backgrounds indicating the unstable regime.

The present analysis applies to the small-signal response around
stationary operating points. Once IS is performed within the self-
oscillatory regime, the system formally becomes a periodically
forced nonlinear oscillator, whose rigorous treatment would
require Floquet theory or an associated Poincaré return map [43,
44).

4 | Thyristor Model

The previous sections established the general properties of IS
behavior of S-type systems with a bifurcation behavior. Now we
measure these characteristics on the thyristor oscillator that has
been previously discussed [24]. To describe the I-V curve in this
system, we use the analytical model

R v d2ay + doa, x + a,x? v 35
wg () =R x+Voln| e )T (D
We introduce the function
X
x)= (36)
TN ES)

and define the oscillator by Equations (2) and (3).

Figure 5 presents the simulated response of the thyristor oscillator
model. The I-V characteristic is shown in Figure 5a, where the
stationary branch obtained in the absence of oscillations (for
capacitance values in the stable regime) is shown in blue, while
the oscillatory response (for capacitance values in the unstable
oscillatory regime) is superimposed in magenta. The bifurcation
diagram is displayed in Figure 5b, and simulations of oscillatory
dynamics are presented in Figure 5c—f. In Figure 5c,d, oscillations
obtained with a smaller external capacitance, close to the Hopf
bifurcation, exhibit smaller amplitudes, higher frequencies, and a
more sinusoidal character. In contrast, Figure 5e,f corresponds to
alarger capacitance, further away from the bifurcation threshold,
resulting in oscillations with larger amplitudes, lower frequen-
cies, and a relaxation-type waveform. All these predictions have
been experimentally observed in Ref. [24].

The simulated IS of the thyristor model is obtained following
exactly the same procedure as that employed in the previous
sections for the general S-type model in Equations (19-24). The
resulting spectra exhibit the same qualitative features across
the different dynamical regimes, namely stable, bifurcation, and
unstable (oscillatory) operation. Simulated IS for different values
of I, and the corresponding EC parameters are shown in the
Section S2.1, with white backgrounds corresponding to the stable
regime and green backgrounds indicating the unstable regime.
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5 | Experimental Results: Thyristor IS and
Oscillations

Next, we analyze the features observed in the experimental IS and
relate them to the dynamical regimes of the device. Impedance
spectra are measured at selected current points along the I-V
characteristic under two different conditions. In Figure 6, the
thyristor is characterized without an external capacitor, so that
the only capacitance present is the intrinsic parasitic capacitance
of the device. In this case, the effective capacitance is small
and the system remains below the Hopf bifurcation threshold,
such that no intrinsic oscillations are observed. In contrast,
in Figure 7 an external capacitor of 4.5 nF is added and the
system exhibits clear self-sustained oscillations, as shown in
Figure 5f. Under these oscillatory conditions, the intrinsic limit-
cycle dynamics can interact and mix with the small-amplitude
sinusoidal perturbation imposed during the IS. Therefore, a
proper interpretation of the experimental IS response becomes
crucial to correctly perform in situ nonlinear analysis and to avoid
misinterpreting dynamical effects as purely linear circuit features.

These figures illustrate how the IS evolves with the applied
current. In the non-oscillatory case (Figure 6), it is worth noting
that the DC resistance changes from positive to negative and back
to positive, as expected from the I-V characteristic, without any
inversion of the response into the left half-plane. This is because
the small parasitic capacitance of the device prevents the system
from crossing the Hopf bifurcation threshold and entering an
unstable oscillatory regime.

When analyzing the IS of the thyristor in the oscillatory case
(Figure 7), the initial and final spectra (red, orange, and dark
green traces) follow the qualitative response expected from the
capacitive arc and the chemical inductor, with a pronounced
increase in the impedance magnitude as the bifurcation point
is approached (orange trace), consistent with the divergence
expected at the Hopf bifurcation. However, within the unstable
regime, the measured spectra do not invert into the left half-plane
as predicted by the theory (see Figure 4). Instead, they exhibit a
marked increase in spectral noise. In addition to these features,
in both thyristor conditions, the measurements display a discrete
switching between two values of the real part of the impedance
at very low frequency, corresponding to alternating positive and
negative values of Z’ when Z'’ = 0.

These experimental spectra were fitted using the EC introduced
in Figure 2a, and the extracted EC parameters are reported in
Figure 8 for the non-oscillatory case and in Figure 9 for a direct
comparison between non-oscillatory and oscillatory cases. These
results show that, except for the externally imposed capacitance,
the extracted parameters are essentially independent of whether
the device is oscillating or not, their magnitudes and trends
remain unchanged across both conditions. As expected, we see
in Figure 9b that the only parameter that differs between the
two operating modes is the effective capacitance C,, which
exhibits the remarkable behavior of collapsing from the externally
imposed value C, = 4.5 nF to the intrinsic parasitic capacitance of
the device C,, ~ 0.1 nF when the current lies within the oscillatory
regime. This is a key indication that IS does not actually detect
the presence of the external capacitor during the oscillations.
Finally, the intrinsic relaxation time of the thyristor 7y remains

approximately constant, as evidenced in Figures 8e and 9d, in
agreement with theoretical expectations. The slight decrease
observed at high currents can be attributed to an artificial increase
in the fitted capacitance at high current values, Figure 8c, likely
reflecting additional high-current capacitive contributions not
included in the model, which do not affect the main physical
interpretation.

6 | Interpretation and Discussion

In order to understand the origin of the observed phenomena, and
especially the reason why the IS does not switch to the second and
third quadrants when the system crosses the Hopf bifurcation,
it is essential to recognize that the system is already oscillating
when the IS is performed in this regime. In IS measurements,
a small-amplitude sinusoidal perturbation is superimposed on a
DC bias (galvanostatic excitation in our case), and the impedance
is extracted from the phase shift between the input and output
AC components together with the ratio of their amplitudes and
DC levels. However, in the oscillatory regime of the device, the
output signal already exhibits self-sustained oscillations with a
characteristic amplitude and frequency even in the absence of
any external AC perturbation. When the small AC excitation is
applied under these conditions, the measured output response
corresponds to the superposition of the AC-driven response onto
the pre-existing autonomous oscillation of the device at the given
DC operating point.

Once IS is applied within the self-oscillatory regime, the system
should, strictly speaking, be understood as a periodically forced
nonlinear oscillator. In this case, the rigorous mathematical
framework is no longer restricted to linear stability around a
stationary operating point, but instead concerns the stability,
coexistence, and interaction of periodic orbits, as described by
Floquet theory or the associated Poincaré return map [43, 44].

To illustrate and clarify this mechanism conceptually, raw IS
time-domain signals have been simulated in Figure 10 using the
general S-type model of Figure 1 in the oscillatory regime by
adding a series resistance R, = 1 Q in order to amplify the AC
output signal and clarify the observed phenomenon. Figure 10a
displays the input current signals, all applied at the same DC
bias level (I, = 0.20 mA) but vertically offset for visual clarity
and at different excitation frequencies, while Figure 10b shows
the corresponding output voltage responses, again vertically
offset for clarity. For a more detailed understanding of how
the raw impedance signals are generated and analyzed in both
the oscillatory and non-oscillatory regimes in the experimental
setups, the reader is referred to Section S2.2.

As a consequence, IS effectively operates on the AC components
of the input and output signals superimposed on the intrinsic
oscillation of the device, and the DC output voltage entering the
impedance evaluation corresponds to a time-averaged value over
the temporal window used for the measurement. This immedi-
ately leads to a first key conclusion: since the external capacitance
C, is already being periodically charged and discharged by the
intrinsic oscillations in the unstable regime, it does not impose
any additional phase lag on the small AC perturbation applied
during IS. As a result, the experimental IS is unable to detect C,
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when the device operates in the oscillatory regime. This directly
explains the pronounced collapse of the fitted C, within the
oscillatory regime and its recovery to the externally imposed value
upon exiting this regime. In practice, the capacitance extracted
in the oscillatory regime corresponds to the intrinsic parasitic
capacitance of the device, which does not participate in the
self-sustained oscillatory dynamics.

This also implies that, in the oscillatory regime, the measured
AC output response effectively corresponds to that of the system
without the oscillation-enabling external capacitance. Conse-
quently, the spectra do not invert into the left half-plane, even
though the DC resistance remains negative, because the effective
small-signal response is that of a configuration that would not
sustain oscillations.

The same reasoning directly accounts for the noise observed in
the IS within the unstable regime. Depending on the excitation
frequency and on the specific temporal window over which the
AC components are evaluated, the IS procedure samples different
portions of the intrinsic oscillation trajectory. At high excitation
frequencies, the AC perturbation probes only short segments of
the limit cycle, leading to strong spectral point-to-point variability
and enhanced apparent noise in the extracted impedance. In

contrast, at lower excitation frequencies the AC excitation spans
a larger fraction of the intrinsic oscillation period, so that
the signal averaging becomes more effective and the apparent
noise level is substantially reduced. This frequency-dependent
noise therefore constitutes a direct signature of the presence of
intrinsic oscillations and of their characteristic amplitude and
frequency.

Taken together, these considerations imply that the IS response
of the system in the oscillatory regime reflects a mixture of
the responses characteristic of stable and oscillatory operation.
When the system is biased at current values for which no
intrinsic oscillations occur, the impedance corresponds to the
genuine small-signal response of the device-circuit system. In
contrast, when the system operates within the oscillatory regime,
the measured spectra correspond to the response of the same
system effectively deprived of the oscillation-enabling external
capacitance, with an additional noise contribution arising from
the intrinsic limit-cycle dynamics.

For comparison, IS and EC parameters of the thyristor model
obtained using a capacitance value that does not induce an
unstable regime or bifurcations C, = 0.2 nF, for different applied
currents, are reported in the Section S2.3.
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Based on these results, Figure 11 presents a composite simulated
replication of the experimentally observed response at current
values comparable to those in Figures 6 and 7, using the
oscillation-enabling capacitance outside the oscillatory region
C, = 4.5 nF (white backgrounds) and the non-oscillatory
capacitance within the oscillatory region C, = 0.2 nF (green
backgrounds).

Accordingly, a direct comparison between the experimental
IS in Figure 7 and the simulated IS in Figure 11 reveals an
almost one-to-one correspondence, confirming that the behavior
discussed above indeed emerges from the interaction between
intrinsic device self-oscillations and the small-signal perturbation
imposed during the IS measurement. Going one step further, the
IS measured in the oscillatory regime in Figure 7 (green, cyan,
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and magenta traces) are, apart from the superimposed noise,
essentially identical to the spectra obtained at the same current
values in Figure 6, where the external capacitance enabling
oscillations is absent. This further supports the conclusion that,
within the oscillatory regime, the IS measurements effectively
probe the small-signal response of the system in the absence of
the oscillation-enabling capacitance, in full agreement with the
superposition mechanism illustrated in Figure 10.

To enable a direct comparison between experimentally extracted
parameters and model predictions, Figure 12 presents the EC
parameters that remain essentially unchanged upon varying
the external capacitance and, therefore, across different stability

regimes. The close agreement between the simulated trends and
magnitudes and those obtained experimentally in Figures 8 and 9
demonstrates the internal consistency of the model and supports
the robustness of the EC representation across both oscillatory
and non-oscillatory operating conditions.

To conclude this work, we address the remaining feature of
the IS measurements that requires interpretation. In both sets
of thyristor IS, namely those obtained with only the parasitic
capacitance (Figure 6) and those obtained with the oscillation-
enabling external capacitance (Figure 7), a distinctive behavior is
observed at low frequencies. When the imaginary part vanishes
(Z"" = 0) and the real part is negative (Z' < 0), the measured
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real impedance exhibits a discrete switching between two values
of equal magnitude and opposite sign. Remarkably, these values
coincide with the magnitude of the impedance reached at these
low frequencies. This phenomenon occurs in both oscillatory
and non-oscillatory cases; the only requirement is that the low-
frequency corner of the spectrum corresponds to a negative real
impedance when Z"’ = 0.

Figure 13 displays the real part of the impedance as a function of
frequency for two representative operating points of the system
with the oscillation-enabling capacitance, plotted in selected
zones of the frequency. Figure 13a corresponds to the orange
spectrum in Figure 7, measured in the stable regime, close to the
Hopf bifurcation. Figure 13b corresponds to the cyan spectrum in
Figure 7, measured within the unstable regime.

Figure 13a provides direct experimental confirmation of the theo-
retical behavior predicted in Figure 4. The spectrum corresponds
to a stable operating point very close to the Hopf bifurcation,
where Z' exhibits a clear divergence. This divergence occurs at

a frequency of approximately 2 kHz, which should coincide with
the oscillation frequency w, at the bifurcation. Using the param-
eters extracted from the fitted EC and evaluating the bifurcation
frequency through Equation (18), we obtain a value that is approx-
imately 2 kHz. The excellent quantitative agreement between
the experimentally observed divergence frequency and the the-
oretically predicted Hopf frequency demonstrates the direct
correspondence between the IS response and the underlying
bifurcation dynamics, thereby providing experimental validation
of the theory illustrated in Figure 4.

Finally, we are going to look into the discrete switching phe-
nomenon introduced previously and visualized in Figure 13b for
an operating point within the unstable, self-oscillatory regime.
To rationalize this discrete switching of Z’ between positive and
negative values, it is necessary to revisit the basic principles of IS
and the theory of injection locking and entrainment of nonlinear
systems. In IS, the condition Z’ < 0 with Z'" = 0 corresponds
to a purely NDR. In terms of the raw AC input and output
signals used in IS measurements, this implies a phase shift of ¢ =
7 between the applied current perturbation and the measured
voltage response (whereas a positive resistance corresponds to a
phase shift of ¢ = 0).

The discrete switching observed in Figure 13b reflects transitions
between two phase-locked states of the driven response, where
the phase difference alternates between ¢ = 0 and ¢ = 7, leading
to positive and negative values of Z’ with similar magnitude.
Importantly, this phenomenon is not exclusive to the oscillatory
regime but can also occur in the non-oscillatory case (Figures 6
and 7), indicating that its origin lies in the resonant nature of the
equivalent RLC-type circuit rather than in the mere presence of
self-sustained oscillations.

Consistent with the periodically forced nonlinear-oscillator the-
oretical framework introduced above, the observed behavior can
be interpreted within the general theory of injection locking and
synchronization in nonlinear resonant systems. These theories
describe how a driven oscillator can lock its phase to an external
sinusoidal perturbation within specific frequency intervals, lead-
ing to stable phase configurations of the response. In this context,
the discrete switching of the real part of the impedance reflects the
existence of multiple phase-locked states of the driven resonant
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system. A detailed treatment of synchronization theory is beyond
the scope of the present work, but the relevant frameworks have
been extensively developed in the literature [46, 47].

We therefore conclude that, whenever IS of an equivalent reso-
nant circuit exhibits a purely negative Z’ at low frequencies, phase
locking between the intrinsic resonant response of the circuit
and the externally imposed AC perturbation can occur over finite
frequency intervals, giving rise to discrete switching between two
phase states and, consequently, between positive and negative
values of Z'. This interpretation provides a consistent dynamical
explanation for the observed low-frequency sign switching of the
real part of the impedance.

7 | Conclusions

This work began by establishing a theoretical framework for S-
type NDR oscillators, identifying stable, unstable, and bifurcating
regimes and linking each regime directly to its expected IS
response. This connection enables the classification of oscillator
types and stability domains solely from IS measurements. We
then applied this general framework to a specific thyristor model,
showing that the theoretical extraction of IS follows the same
principles as for a generic S-type oscillator. This consistency
allowed for a direct and systematic comparison between theory
and experiment.

IS of the thyristor was measured in both non-oscillatory (in
the absence of an external oscillation-enabling capacitance) and
self-oscillatory conditions (with an added capacitance inducing
instability). In both regimes, the experimental spectra were
accurately described by the EC representations derived from
the theoretical analysis. Moreover, the extracted EC parameters
exhibited the same current dependence predicted by the model.
A detailed physical interpretation of all observed spectral features
was provided, reconciling experimental observations with the-
oretical predictions and elucidating the dynamical mechanisms
underlying the measured responses.

Overall, these results demonstrate the strong potential of IS (a
frequency-domain technique traditionally associated with linear
systems) to probe intrinsically nonlinear and unstable dynamics
such as self-sustained oscillations. Although IS may initially
seem ill-suited for systems exhibiting autonomous oscillations,
our findings show that it offers a rich and sensitive window
into their behavior. IS enables direct experimental identification
of stability regimes and bifurcation points without relying on
phase-space reconstruction or time-domain nonlinear analysis.
The measurements also reveal clear signatures of the interplay
between intrinsic oscillations and externally applied small-signal
perturbations, including experimental evidence of entrainment
and phase locking in resonant NDR systems.

More broadly, this study establishes IS as a powerful in situ
probe of nonlinear dynamical phenomena in active electronic and
electrochemical devices. By providing direct access to stability,
bifurcations, and synchronization effects through frequency-
domain measurements, the approach offers a practical bridge
between nonlinear dynamics theory, control theory, and experi-
mental device characterization.

8 | Methods
8.1 | Thyristor NDR Device

The anode and gate of the thyristor device (Littelfuse SCR
EC103D) were connected with a 150kQ resistor; this resistance
value gives a sufficiently low threshold voltage of approximately
0.8V. Subsequently, the anode and cathode were taken as the 2
terminals.

8.2 | I-V and Galvanostatic Impedance
Measurements

Electrical measurements were carried out under ambient condi-
tions using a Biologic SP-200 potentiostat. In the current sweep
measurement, IpA/s sweeping rate (1 to 100pA) was used, and the
voltage across the working and counter electrode was measured.
The NDR region lies between 10 to 60pA. In the impedance
measurement, DC currents were varied from 2uA to 80uA. An
AC perturbation of 0.2uA peak-to-peak and frequency sweep from
1MHz to 1Hz was used.

9 | Appendix. Characteristics of Bifurcation and
Oscillations

To analyze the bifurcation properties that establish the range of
oscillatory domains, we consider a linear stability analysis [5, 48].
We expand the Equations (2) and (3) around a stationary point
(@1, x). The dynamical vector for the small displacement variables
X = [, %] obeys the differential equation:

dx

o =7X (37)

Here the Jacobian matrix J is defined by the partial derivatives F,,
= oF/du,...

_ [Fu Fx] (38)

We obtain the expressions of the trace
T,=F,+G, (39)
and the determinant
A, =F,G,-F.G, (40)
The eigenvalues A of the motion are determined by
J-1[1Dx =0 (41)

where [1] is the identity matrix. We obtain the characteristic
equation

/12 - TA/I + Al =0 (42)

Hopf bifurcation occurs when a pair of eigenvalues become
purely imaginary, i.e., the real part of the eigenvalue changes sign
from negative to positive by the variation of a parameter [49, 50],
while the determinant is positive.
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