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ABSTRACT

We present crossconvergence, which commonly generalize bornology, preuniform
convergence, orderconvergence, b-uniform filtration and grill-determined prenear-
ness. The corresponding construct CCONYV forms a strong topological universe, re-
spectively quasitopos, in which quotients are stable under arbitrary products. We also
discuss its enlargement to semicrossconvergence and precrossconvergence, respec-
tively.
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1. INTRODUCTION

The new considered bounded, respectively bornological approach to convergence provides a high level
framework that enables the analysis of convergence-like concepts from the perspective of boundedness
rather that the traditional convergence of filters to points or the convergence of uniform filters, which de-
termines uniformity in special cases. This shift in viewpoint has proven especially useful in the study of
non-normable structures and generalizations of topological and uniform spaces. Over the years, several
classical frameworks have been introduced in this context, including metric spaces, proximity spaces,

uniform spaces, merotopic spaces, supertopological spaces and set-convergence spaces, see 2. Classical
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Concepts. Each of this models offers different perspective on the concept of point-convergence or uni-
form convergence in mathematical structures.

This striking similarities among them are leading to their embeddings into certain ones, called crosscon-
vergence, semicrossconvergence or precrossconvergence, respectively. Here, it is important to note that
CCONY, the category of crossconvergence spaces and corresponding maps is forming a strong topolog-
ical universe [27] or quasitopos [25], respectively, in which quotients are stable under arbitrary products
and containing some of the former mentioned important constructs as nicely embedded subcategories.
Since CCONYV is cartesian closed, thus in that it possesses a natural and well-behaved complete way of
forming spaces of functions (which Standard Topology can not boast).

Moreover, CCONY is extensional, as it possesses a way of extending any space by a single point, which
consistency. (Similarly, such consistency can fail to exist). Additionally, CCONYV corrects particular
troubles that occur in any of the mathematical frameworks. For example, it can correctly manage the
"uniform components" of a space, which are problematic in uniform spaces (UNIF). Furthermore, sub-
spaces of topological spaces behave better when they are formed in CCONV. But in TOP products of
quotients need not be quotients. But in CCONYV this statement holds (see 6. Convenient properties
of former considered constructs). Uniform concepts, such as uniform continuity, uniform convergence,
Cauchy sequences (Cfilter, see 7) and completeness are not available in TOP. Furthermore, the localiza-
tion of the concept of precompactness (=total boundedness) leads to a cartesian closed category in which
quotients are hereditary, compare with 6.

Other interesting reports [2], [3] and [7] consider closure operators in Categorical Topology and Categor-
ical Algebra. So it is possible to give the characterization of both closed and strongly closed subobjects of
an object in the category of semiuniform convergence spaces to show that they form appropriate closure
operators which enjoy the basic properties like idempotency, (weak) hereditariness, and productivity in
the category of semiuniform convergence spaces. In a category equipped with notion of subobject and
closure one may pursue topological concepts in a context no longer confined to "TOP-like categories".
Par example, universal compactification of topological positively convex sets and moduls can be de-
scribed as well as Banach limits with respect to convex analysis [24], [29].

This framework now presents a contribution to the area of "Convenient Topology" and builds a base
that is both useful and general, and possesses solid, reliable properties for use in higher structures. In
addition, this paper serves also as a revised edition of the older published papers of b-convergence by the
first author [14], [15].

In comparing this revised edition with some other published papers of b-convergence by the first out-

hor we point out that the new one establishes carefully a hierarchy of setting convergences by starting

@O0 Appl. Gen. Topol. 27, no. 2 (2026), 25481 | 2


https://creativecommons.org/licenses/by-nc-sa/4.0/

Crossconvergence: A new bounded topological presentation

in general with precrossconvergence (in short pcc), as the first item, motivated by the fact that set-
convergence in the sense of Wyler [32] can be considered as special case and thus, the corresponding
category SETCONY can be nicely embedded into PCCONY, the fopological construct whose objects
are the precrossconvergence spaces and whose morphisms are the bounded equiform maps (in short beq-
maps), see section 5. SCCONYV, the full and isomorphism-closed subcategory of PCCONYV contains
in particular b-TOP, the category of b-fopological spaces and bounded continuous maps (in short bc-
maps) as nicely embedded subcategory and extends the results in [14], [15]. SCCONY is bireflective in
PCCONY, see section 5. CCONYV, the full and isomorphism closed subcategory of SCCONY is now
focus of our considered view, bicoreflective embedded into SCCONYV and containing PUCONYV, the
category of preuniform convergence spaces and uniformly continuous maps [27], b-UFIL, the category
of b-uniform filter spaces and bounded uniformly continuous maps (in short buc-maps)[17], ORDC,
the category of order convergence spaces and bounded continuous maps (in short bic-maps) [21], G-
PNEAR, the category of grill-determined prenearness spaces and corresponding maps, see section 4.
BOUND, the category of bounded spaces and bounded maps [32], respectively BORN, the full and
isomorphism-closed subcategory of BOUND, whose objects are the bornological spaces [10], see sec-
tion 4. And last but not least we consider ECCONYV, the full and isomorphism-closed subcategory of
CCONY, whose objects are the epicrossconvergence spaces, in which ULIM, the full and isomorphism-
closed subcategory of PUCONYV whose objects are the uniform limit spaces [27] is nicely embedded.
In section 2 we remined the reader at certain classical concepts with notation, convention and correspond-
ing references. The here listed members of them are serving now in form of isomorphic components in
its corresponding convergences like pcc, scc, cc or ecc, respectively.

In section 3 we consider categorical notions and statements, transferred into the concept of topological
constructs (here especially for crossconvergences). In section 4 and 5 the basics of crossconvergences are
introduced and important "embedding-theorems" are presented. The purpose of section 6 is to show that
the topological construct CCONY fulfil all the properties for being a strong topological universe, mean-
ing that it is quotent-stable, cartesian closed and extensional. And at the end, in section 7, we inform the
reader about the possibility to enlarge uniform limit spaces to epicrossconvergence and studying gener-
alized completeness by using so called Cauchy-filter which are convergent. In this context we renounce
on the properties for being fixed and saturated, see section 4.

To simplify certain expressions, we provide now a notion table (NT) as follows:

For a pair (8%, 1), where 8% is boundedness and u : 8% — P(FIL(X x X)) an operator (map) from BX
into P(FIL(X X X)), (B%, u) is called

(i) saturated iff B is saturated;
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(ii) fixed iff By, By € BX\(o) implying u(B1) = u(B);
(iii) set-based iff B € BX implies B X Be u(B), where B={ACX:A>B)
(iv) fil-determined iff x € X and U € u({x}) implying the existence of an filter ¥ € 7,({x}), X XF €
p(tx}) and x XF C U, where 7,({x}) := {F € FIL(X) : AV € u({x}),V cx xF};
(v) point-bounded iff x € X and U € u({x}) implying {x} X {x} € U
(vi) grill-basediff B € BXandU e (1(B) implying the existence of an G € GRL(X)Ny,,secGxsecG C
U and secG x secG € u(B), where y, := {A C PX : 3G € GRL(X) A B € BX, A c G and
secG X secG € u(B)}; here GRL(X) :={G c PX : G is grill } with G is called grill (X-grill) iff
(gl) o¢gG;
(g2) BIUB, e Gift Bie Gor B, € G;
And for A ¢ PX and R ¢ P(X X X) we set, secA :={BC X : VA e AANB # 2}, and
secxR:={UCXXX:YReERRNU # o};
(vii) limited iff B € 8X\{@} and U € u(B) implying the existence of F € FIL(X) s.t. é XF cU
and ¥ g, B, where for B € BN\{2}, F qu B iff there exists V € u(B), V CI.Q x¥ and F ¢,2 iff
F = PX.

2. CrassicaL ConcepTs (NotaTioN, CONVENTION AND REFERENCES)

Definition 2.1. A boundedness on a set X is a non-empty subset B c PX, where PX denotes the

powerset of X, which possesses the following properties:

(bl) By c B € 8¥ implies By € B%;
(b2) x € X implies {x} € BX. Then the pair (X, B) is called a bounded space [5], [32].

Sometimes BX is called B-set. [32]

Definition 2.2. A bounded space (X, 8%) and 8%, respectively are called

(i) bornological provided that B satisfies
(b) By, By € BX implying By U B; € BX,
(ii) saturated, provided that X € 8% is holding and thus 8% = PX.

Remark 2.3. Note, that DX := {@} U{{x} : x € X} defines a boundedness onaset X and &X :={Bc X : B
is finite } is bornology on X. For bounded spaces (X, 8%), (¥, 8Y), amap f : X — Y is called bounded,

provided it satisfies

(bf) B € B implies f[B] € B'.
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BOUND denotes the category, whose objects are the bounded spaces and whose morphisms are the
bounded maps [32]. BORN denotes the full subcategory of BOUND, whose objects are bornological
[10].

Definition 2.4. For a set X, X X X denotes the crossproduct with itself and Xi= {AcX:xeA}l By
% x X we denote the filter generated by {(x, x)}. And for filter U, V € FIL(X X X); where FIL(X X X)
denotes the set of all filterson X X X ,weset U XV ={RCcXxX: AU eUIV eV, UxXxV CR},
representing the crossproduct of U, V. Notice, that P(X x X) is allowed for being a filter on X X X.

Definition 2.5. A preuniform convergence on a set X is a subset Jy C FIL(X X X), where FIL(X X X)
denotes the set of all filters on (X X X), such that the following are satisfied:

(PUC1) U, € Jx, whenever U € Jx and U C U;

(PUC2) The filter X x X belongs to Jx for each x € X.
Remark 2.6. 1f (X, U) is a uniform space and [U] := {V € FILX x X) : V > U]}, then (X, [U]) is a
preuniform convergence space. For preuniform convergence spaces (X, Jx), (¥, Jy),amap f : X — Y is
called uniformly continuous provided that (f X f)(U) € Jy for each U € Jx , where (f X f)(U) :={V C
YXY:3U e Us.t (fx HIU] c Viwith (f x HIU] = {(f X f)x1,x2) : (x1,x2) € U} = {f(x1), f(x2) :
(x1,x2) € U}. PUCONY denotes the category whose objects are the preuniform convergence spaces and

whose morphisms are the uniformly continuous maps. [27]

Definition 2.7. For a set X # @, a pair (8%, u) consisting of a boundedness 8% and a non-empty set
u C FIL(X x X) is called a b-uniform filter structure (b-uniform filtration) on X, and the triple (X, 8%, 1)
a b-uniform filter space provided that the following axioms are satisfied:

(bufl) U e pand U Cc U, € FIL(X x X) implying U € y;

(buf2) B € BX\(o} implies B x Be y, where B:= {A C X : A > B).

Remark 2.8. Given a pair of b-uniform filter spaces (X, 8%, ux), (Y, 8", uy),amap f : X — Y is called
b-uniformly continuous, in short buc, if f satisfies the following conditions:

(bucl) B e BX implies f[B] € B;

(buc2) U € uy implies (f X ) (U) € uy.

b-UFIL denotes the topological construct of b-uniform filter spaces and b-uniformly continuous maps.[17]

Definition 2.9. An orderconvergence is a pair (8%, 1), where 8% is B-set in the sense of Wyler [32],
hence a boundedness, and 7 : 8% — P(FIL(X)) := {F c PX : ¥ is filter } is function from BX into
P(FIL(X)) such that the following properties are satisfied:

(OC1) 7(@) := {PX]}, here the nullfilter PX is allowed to be an element of FIL(X).
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(0C2) Be 8%, F € 7(B) and F C ¥, € FIL(X) implying 7 € 7(B);

(0C3) x € X implies xe 7({x});

(0OC4) B € 8%\{@} implies 7(B) = U{r({x}) : x € B}.

Then the triple (X, BX, 1), where (8%,7) represents an orderconvergence, is called orderconvergence

space.

Remark 2.10. For orderconvergence spaces (X, BX 1x), ¥, BY,1y), a map f : X — Y is said to be
b-continuous (in short bc-map), provided that f is bounded and continuous by

(C) B e B8X\{o}and F € tx(B) implying f(F) € ty(f[B)).
ORDC denotes the category whose objects are the orderconvergence spaces and whose morphisms are

the b-continuous maps. In this context notice that point-convergence spaces can be considered as specific

orderconvergence spaces. [21]

Definition 2.11. A prenearness on a set X is a subset & C P(P(PX)) satisfying the following conditions:
(PN1) A; < A € £ implies A; € &, where A| < A VA e Ay JA e A A D A;
(PN2) {2} ¢ £ and ¢ # 2;
(PN3) A c PX with NA # @ implying A € .
For a prenearness & on X, the pair (X, ) is called a prenearness space [9].
A prenearness ¢ is said to be grill-determined provided it satisfies
(g) A € ¢ implies the existence of a grill G € PX such that A C G,
where G C PX is called a grill, iff

(gril) @ ¢ G;
(gri2) G1,GreGo G eGorGy eG.

Remark 2.12. For prenearness spaces (X, &), (Y,n), amap f : X — Y is called near map, in short n-
map, provided fA € n, whenever A € &, where fA = {f[A] : A € A}. By PNEAR we denote the
category of prenearness spaces and n-maps and by G-PNEAR its full subcategory of grill-determined
prenearness spaces. In that context we point out that the important construct CHY of Cauchy spaces and

corresponding maps has a corresponding counterpart in G-PNEAR [4].

Definition 2.13. A supertopology on a set X is a pair (8%, 0), where 8% is B-set and 0 : 8% — FIL(X)
function from 8% into FIL(X) s.t. the following properties are satisfied:
(STOP1) 6(@) = PX;
(STOP2) B € 8X and V € 6(B) implying V > B;
(STOP3) B € BX and U € 6(B) implying the existence of V € 6(B) that always U € 6(D) for any D € BX
with D C V.
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Remark 2.14. For supertopological spaces (X, BX,0), (Y, 8, ¢),amap f : X — Y is called b-continuous
(in short bc-map) provided that for any B € BX\{@} and V € o(f1B]), f‘l[V] € 6(B). By STOP
we denoting the corresponding construct. In this context notice that in the special case BX = DX, @

represents the Hausdorff-surrounding system for each x € X. [5]

3. CATEGORICAL BACKGROUND

By a construct we mean a category C whose objects are structured sets, i.e. pairs (X, &), where X is a
set and ¢ a C-structure on X, whose morphisms f : (X, &) — (Y, n) are suitable maps between X and Y

and whose composition law is the usual composition of maps.

Definition 3.1. A construct is called fopological ift it satisfies the following conditions:

(tc1) Existence of initial structures:
For any set X, any family ((Xj,&;))ie; of C-objects indexed by a class I and any family (f; :
X — X))ier of maps indexed by [ there exists an unique C-structure & on X which is initial with
respect to (X, f;, (Xi, &), 1), i.e. such that for any &-object (Y,n), amap g : (Y,n) — (X,&) is a
C-morphism iff for every i € I the composite map f; o g : (¥,n) — (X;, &) is a C-morphism;

(tc2) For any set X, the class {(¥,n) € |C| : X = Y} of all C-objects with underlying set X is a set;

(tc3) For any set X with cardiality at most one, there exists exactly one C-object with underlying set X

(i.e. there exists exactly one C-structure on X).

Definition 3.2. A category C is called cartesian closed provided that the following conditions are satis-
fied:

(ccl) For each pair (A, B) of C-objects there exists a product A X B in C;

(cc2) For each C -object A holds: For each C object B, there exists some C-object B4 (called power
object) and some C-morphism e4 p : A X B — B (called evaluation morphism) such that for
each C-object C and each C-morphism f : A X C — B, there exists an unique C- morphism

f : € — B” such that the diagram commutes.

A X BA —> B

N
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Remark 3.3. For a topological construct C the following statements are equivalent:

(i) Cis cartesian closed;
(i1) For any pair (A, B) € |C| x |C|, the set [A, B]. can be endowed with the structure of a C-object
denoted by B such that the following are satisfied:
(@) The evaluation map e4, B : AxB* — Bdefined by e p(a, g) = g(a) foreach (a, g) € AxBA
is a C-morphism;
(B) For each C-object C and each C morphism f : A x C — Bthe map f : C — B? defined
by J_‘(c)(a) := f(a,c) for each ¢ € C and each a € A is a C-morphism. [A, B]¢c denotes the

set of all C-morphism between A and B.

Note 3.4. Let A be a subcategory of a category C and F, : A — C be the inclusion functor. Then we
will use the theorem that A is reflective in C iff one of the two equivalent conditions is satisfied:
(1) F. has a left adjoint R;
(i1) Each object X € |C| has a universal map with respect to F,, i.e. for each X € |C| there exists
an A-object X4 and a C-morphism rx : X — X4 such that for each A-object Y and each C-

morphism f : X — Y there exists an unique A-morphism f: Xa — Y such that the diagram

X Y

commutes. (The functor R is called a reflector).
And it is called bireflective in C iff for each X € |C| the C-morphism ry : X — Xg is a
bimorphism. Then rx is said to be the bireflection of X with respect to A.

Note 3.5. Analogously, we will use the theorem that A is coreflective in C iff one of the two equivalent
conditions is satisfied:
(i) F. has a right adjoint R,
(i1) Each object X € |C| has a couniversal map with respect to F,, i.e. for each X € |C| there exists
an A-object X 7 and a C-morphism cx : Xa — X such that for each A-object Y and each C-
morphism f : Y — X there exists an unique A-morphism f : Y —> X5 such that the diagram

commutes. (The functor R, is called a coreflector).
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Xa cx x

Y

And it is called bicoreflective in C iff for each X € |C| the C-morphism rx : Xq — X isa

bimorphism. Then cx is said to be the bicoreflection of X with respect to A.

4. TOPOLOGICAL CONSTRUCTS

Definition 4.1. A crossconvergence (in short cc) is a pair (8%, u), where 8% is a B-set in the sense
of Wyler, and thus it is a non-empty subset of PX, the power set of a set X, stable under subsets and
containing all singletons, and i : 8%X — P(FIL(X x X)) is a function from 8% into P(FIL(X x X)),
where FIL(X X X) denotes the set of all filters on X X X, including the nullfilter, such that the following
properties are satisfied:

(CCD) (@) = {P(X x X)}

(CC2) Be BX, U e u(B) and U c U, € FIL(X x X) implying U, € u(B);

(CC3) x € X implies x x X€ u({x});

(CC4) @ # By c B € BX implying u(B;) C u(B);

(CC5) B € BX\{@} implies u(B) c U{u({x}) : x € B}.

Then we call the triple (X, 8%, i), where (8%, u) represents a cc, crossconvergence space (in short cc-
space).

For cc-spaces (X, B%,ux), (Y, 8", uy) amap f : X — Y is said to be b-equiform (in short beg-
map)provided that f is bounded, i.e. B € BX implies f[B] € B and equiform, i.e. B € 8%\@ and
U € ux(B) implying (f X /)(U) € uy(fIB]). CCONY denotes the construct of cc-spaces and beq-maps.

Remark 4.2. Notice, that the underlying space (X, B%) of an cc-space is bounded. Furthermore, for a
boundedness 8%, the triple (X, 8%, i) constitutes an cc-space, where 1} (@) = {P(X x X)} and for
B € BX\(2} we put: u(B) := (U € FIL(X x X) : A x € B, secy U Cx X x).

In this context we note, that (8%, ,uff ) constitutes an cc, which in addition is point-bounded, see (NT).

Definition 4.3. By PB-CCONYV we denote the full subcategory of CCONYV, whose objects are the

point-bounded cc-spaces.

Theorem 4.4. The constructs PB-CCONV and BOUND are isomorphic.

@O0 Appl. Gen. Topol. 27, no. 2 (2026), 25481 | 9


https://creativecommons.org/licenses/by-nc-sa/4.0/

D. Leseberg and Z. Vaziry

Proof. At the first, compare with 3. Categorical Background. We construct a functor F : BOUND —
PB-CCONYV by setting for any bounded space (X, 8%), F((X, 8Y)) := (X, 8%, ), as defined in 4.2. And
for any bounded map f : (X, BX) — (¥, B) between pairs of bounded spaces we put F(f) := f. Then
for any bounded space (Z, B%) and any bounded map g : (¥, BY) — (Z,8%) we have F(go f) =go f =
F(g) o F(g) since F(f) : (X, B, ,uf ) — (Y, B, ,uZ) is beq-map and the composition of beq-maps is beq-
map again. For B € 8X\{@}let U € ,uff(B), hence there exists x € B, secxU CX X X. f(x) € f[B] follows

and secy(f X /) (U) Cf(.y) X f(.y) is true, because of {x}x{x} € U implies {f(V)}*x{f)} € (f X ) (U), and
thus (f X /)(U) € ,ulf( fIB]). Conversely, for any point-bounded crossconvergence space (X, 8%, ) we
set G((X, BX, 1)) := (X, BX) and for any beq-map f : (X, BX,n) — (¥, BY, 1), G(f) := f as the "forgetfull
functor”. It remains to prove that F o G = lpp.ccony and G o F = lgounp, Where 1pg.conv denotes
the identity functor on PB-CCONYV, and 1gounp the identity functor on BOUND. For a bounded space
(X, BX) we have (G o F)(X,8%)) = G(F((X,8))) = G(X, 8%, 1%)) = (X,8%) = Ipounn((X, BY)).
And conversely for an point-bounded crossconvergence space (X, 8%, ) we have (F o G)((X, 8%,7)) =
F(G((X, 8%, 7)) = F(X,8Y) = (X, 8%, 1), so it remains to verify n = uX. For B € 8*\{2} let
U e ug(B), hence secxU cx x X follows for some x € B. But x x xe n({x}) C n(B) implies U € n(B).
Conversely, U € n(B) implies U € n({x}) for some x € B. By the hypothesis we get {x} X {x} € U which
implying U € uf (B). O

Remark 4.5. Now, we still adding the fact, that the fundamental construct BORN of bornological spaces
and bounded maps has an counterpart in CCONYV, too [10].

Example 4.6. For a preuniform convergence space (X, J) let 8% be a B-set. Then we consider the pair
(BX, uy), where py : BX — P(FIL(XxX)) is defined by setting 11;(@) := {P(XxX)) and for B € 8%\{2},
wy(B) := J. Hence (8%, us) constitutes an cc, which in addition is fixed. If 8% is saturated, then (8%, 1)

constitutes a fixed and saturated cc, see (NT).

Theorem 4.7. The full subcategory FSAT-CCONYV, of CCONVwhose objects are the fixed, saturated
cc-spaces is isomorphic to the construct PUCONYV.

Proof. We construct a functor F : PUCONV — FSAT-CCONY by setting for any preuniform con-
vergence space (X, Jy), F((X,J)) := (X, PX, uy,), compare with 4.6. And for any uniformly continuous
map f between pairs of preuniform convergence spaces (X, Jx), (¥, Jy) we put F(f) := f. Then for any
preuniform convergence space (Z, Jz) and any uniformly continuous map g : (¥, Jy) — (Z, Jz), we have
F(gof)=gof=F(g) o F(f),since F(f) : (X,PX,uys,) — (¥, PY,u;,) is beq-map. Also note that for
maps f, g, the equation (go f) X (go f) = (g X g) o (f X f) is valid. For B € PX\{2} let U € u,,(B), our
goal is (f X f)(U) € uy, (f[B]). By the hypothesis, U € Jx implies (f X f)(U) € Jy = s, (f[B]), which
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shows the claim. Conversely, we define a functor G : FSAT-CCONV — PUCONY by setting for
any fixed and saturated cc-space (X, 8%, ), G((X, BX,n)) := (X,n(X)). (X, n(X)) € PUCONYV (note that
X € 8% is holding). And for any beq-map f : (X, B%,7) — (¥, BY,¢) between pairs of fixed and satu-
rated cc-spaces we put G(f) := f. Then for any fixed and saturated cc-space (Z, 87, i) and any beq-map
g: (8,8 — (2,87, ), we have G(g o f) = g o f = G(g) o G(f), since G(f) : (X, n(X)) — (L&) is
uniformly continuous, and the composition of uniformly continuous maps is uniformly continuous again.
So let U € n(X), then (f x f)(U) € &(f[B]), since f is beq-map. ¥ € BY is valid by the saturation, and
E(f[B)) = £(Y) follows, since (BY,¢) is fixed. Consequently, (f x f)(U) € &(Y) is true. It remains to
show that the following equations hold, i.e.

(i) G o F = lpycony and

(ii) F oG = 1FSAT-CCONV-
to (i): For a preuniform convergence space (X, J) we consider (GoF)((X, J)) = G(F((X, J))) = G((X, PX, uy)) =
(X, u;(X)) = (X, J) = lpuconv(X, J). On the other hand for a fixed and saturated cc-space (X, BX, n) we
consider (F o G)((X, B%,m) = F(G(X, B%,n))) = F(X,n(X)) = (X, PX, uyx)) = (X, PX, 7). Notice, that
for any B € 8% = PX, n(B) = n(X) = pyx)(B). m

Theorem 4.8. By denoting SAT-CCONYV the full and isomorphism-closed subcategory of CCONYV whose
objects are saturated, then we claim that FSAT-CCONYV is bireflective in SAT-CCONV.

Proof. At the first compare with 3. Categorical Background. For a saturated cc-space (X, 8%, ) of SAT-
CCONYV we consider the triple (X, 8%, u f)» Where ug BX - P(FIL(X x X)) is defined by setting
pr (@) == {P(X x X)} and p,(B) := u(X) for any B € B¥\{@}. Then 1x : (X, BX, ) - (X, BX, up, ) is the
bireflection of (X, BX, u) with respect to FSAT-CCONYV. Notice also, that PX equals 8%,

(X, PX, s, ) is a fixed and saturated cc-space such that 1x : (X, BX, 1) — (X, PX, iy, ) is beq-map. Now,
let (Y, BY,n) be a fixed, saturated cc-space and f : (X, 8%, u) — (¥, BY, 1) be beq-map, we have to show
that f : (X, PX, up) — (Y,PY,n) is equiform. Compare with the following diagram:

(X, B%, 1)

lx

(Y, 8", n) (X, BX, uz)

Let for B € PX\{@}U € s (B), hence U € u(X) implies (f x f)(U) € n(f[X]) by the hypothesis.
Consequently, (f X f)(U) € n(Y) implies (f X f)(U) € n(f[B]), since (¥, BY,n) is fixed and saturated.

Thus the claim results. O
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Theorem 4.9. The construct SAT-CCONYV is a bireflective in CCONV.

Proof. At the first compare with 3. Categorical Background. For an object (X, 8%, ) in CCONV we are
setting s (@) := {P(X X X)}, ttsa:(B) = u(B) for any B € B8X\{@}, and for each B € PX\BX, p1,,:(B) =
{U € FILX x X) : Ax € B, U € u({x})}. Then 1x : (X, BX,u) — (X, PX, ttsa;) is the bireflection of
(X, BX, ) with respect to SAT-CCONV. (X, PX, uy,;) is a saturated cc-space such that 1y : (X, BX W —
(X, PX, psqr) is beg-map. Now, let (Y, BY 1) be a saturated cc-space and f : (X, 8%, u) — (¥, B8,n) be
beg-map, we have to show that f : (X, PX, tse;) — (Y, 8BY,n) is equiform. Compare with the following

diagram:

X, 8%, )

lx

(Y, 8",n) (X, PX, tsar)

For B € 8X\{@} and U € py,(B) we have U € u(B) implying that (f X f)(U) € u(f[B]) is holding by
the hypothesis. In the case that B € I_JX\BX and U € ug,(B) are valid, we can find an element x € B
such that U € u({x}) = pus:({x}). And by the hypothesis (f X f)(U) € n({f(x)}) follows, which implies
that (f X f)(U) € n(f[B]) is true. ]

Corollary 4.10. FSAT-CCONYV is a full and isomorphism closed subconstruct, which is bireflective in
CCONYV and thus, PUCONYV can be essentially considerd as a bireflective full embedded subcategory of
CCONYV.

Example 4.11. For a b-uniform filter spaces (X, BX, ) we consider the pair (BX, ), where uy BX —
P(FIL(X x X)) is defined by setting 11,(2) := {P(X x X)} and for B € BX\{@}, ur(B) := «, then (8%, i)

constitutes an cc, which in addition is set-based, compare with (NT).

Remark 4.12. In that context we point out, that any discrete crossconvergence (D%, u) is set-based, with

DX ={oU{{x}: xeX).

Theorem 4.13. The full subcategory FSET-CCONYV of CCONV, whose objects are the fixed, set-based

cc-spaces is isomorphic to the construct b-UFIL.

Proof. We compare also with 2., respectively 3. and construct a functor F : b-UFIL — FSET-CCONV
by setting for any b-uniform filter space (X, 8%, n), F((X, 8%, 7)) := (X, B%, uz), compare with 4.12.

By the definition (8%, u,) is fixed, too. And for any b-uniformly continuous map f between pairs of
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b-uniform filter spaces (X, B%,n), (Y, BY,y) we put F(f) := f. Then for any b-uniform filter space
(Z, B, @) and any buc-map g : (Y,8Y,y) — (Z,B%,0) we have F(go f) = go f = F(g) o F(f), since
F(f) : (X, 8%, 1z) = (Y, 8", ) is beq-map. For B € BX\{@} let U € pr(B), our goal is (f x f)(U) €
Hy(f[B]). By the hypothesis, U € n implies (f X f)(U) € ¥ = uy(f[B]), which shows the claim.
Conversly, we define a functor G : FSET-CCONV — b-UFIL by setting for any fixed and set based
cc-space (X, BX,n), G(X, BX,n)) := (X, BX, o)), where o := (U : FILX x X) : AB € BX\{o}, U €
nN(B)U{P(XxX)}. (B, o) constitutes a b-uniform filtration on X. And for any beq-map f : (X, BX n) —
(Y, BY, &) between fixed and set-based cc-spaces we put G(f) := f. Then for any fixed and set-based cc-
space (Z, 8%, ) and any beq-map g : (¥, B",&) — (Z, 8%, ) we have G(g o f) = g o f = G(g) o G(f),
since G(f) : (X, BX, o) = (Y, BY, 0¢) is uniformly continuous. So let U € o, and without restriction
U € n(B) for some B € BX\{@}. Then (f x f)(U) € &(f[B]), since f is beq-map. Consequently,
(f X /)(U) € o¢ follows, since f is especially bounded. It remains to show that the following equations
hold, i.e.
(i) Go F = lp.yriL and
(i) F oG = 1FsET-CCONV

to (i): For a b-uniform filter space (X, 8%, 7) we consider (G o F)((X,8%,n)) = G(F(X,8X,n))
G((X, 8%, up) = (X, B%, ou) = (X, BX, 1) = lp.urL(X, B, ), because of U € oy, implies U =
P(X x X) or U € p(B) for some B € BX\{@}. But in both cases U € r is true. Conversely, U € n
implies U € u.({x}) for some x € X, and thus U € o,

to (ii): For a fixed and set-based cc-space (X, 8%, 1) we consider (F o G)((X, BX,n)) = F(G(X, BX,1n)) =
FX,8%,0y) = (X, 8% ps,)) = (X, 8%, 1) = lpsercconv(X, B%,n) because of U € gy, (B) for B €
BX\{@} implying U € oy. Without restriction let U € n(B;) for some B} € BX\{@}. Consequently, U €
1(B) is true by the hypothesis. Conversely, let U € n(B) for some B € B8X\{@} hence U € Oy = Mo, (B)

follows which concludes the proof. |

Example 4.14. For an orderconvergence space (X, 8%, 7) we consider the pair (8%, u;), where y :
BX — P(FIL(X x X)) is defined by setting (@) := {P(X x X)} and for B € BX\{@}, u(B) := {U €
FILX X X) : dx € B3AF € v({x}), X XF < U)}. Hence (BX, ;) constitutes a crossconvergence on X,

which in addition is fil-determined, compare also with (NT).

Theorem 4.15. The full subcategory FIL-CCONYV of CCONYV, whose objects are fil-determined is iso-
morphic to the construct ORDC.

Proof. At the first compare with 2., 3. and (NT). We construct a functor F : ORDC — FIL-CCONV
by setting for any orderconvergence space (X, BX, 1), F(X, B%, 1)) := (X, BX,,uT), compare with 4.15.
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And for any bc-map f : (X, BX,7x) — (¥, 8Y,1y) between pairs of orderconvergence spaces we put
F(f) := f. Then for any orderconvergence space (Z, 87, 77) and any bc-map g : (Y, B, 1ry) — (Z, B%,17)
we have F(go f) = go f = F(g) o F(f), since F(f) : (X,8%,ur,) — (Y,8",u,,) is beq-map. For
B € BX\|{@} let U € ur(B). There exists x € B and F € 7x({x}), X xXF ¢ U. By the hypothesis
fF) € y({(f(0)})) and f(x) € f[B] with f (.X) Xf(F) = (f X )& xF) € (f x /(U) implying
(f X H(U) € ur, (fIB]), which shows the claim. Conversely, we define a functor G : FIL-CCONV —
ORDC by setting for any fil-determined crossconvergence space (X, BX ), GU((X, BX n) = (X, BX, Uy)
where (8%, Yry) is defined by setting ¢,(@) := {PX}, and for B € BX\{2} we put: Y,(B) :=={F € FIL(X) :
dxe BAU € n({x}), U cx x¥}. Consequently, (X, BX ;) constitutes an orderconvergence space,
compare with (NT). And for any beq-map f : X,B8%,n) — (¥, B",&) between pairs of fil-determined
crossconvergence spaces we put G(f) := f. Then for any fil-determined cc-space (Z, 8%, 1) and any
beg-map g : (¥, BY,£) = (Z,8%, ) we have G(g o f) = g o f = G(f) o G(f), since G(f) : (X, B, y)) —
(Y, By,gbg) is bc-map, and the composition of bc-maps is bounded continuous again. So let for B €
BX\[2}, U € Yry(B). Hence there exists an element x € B and U € n({x}) such that U cx XF . By the
hypothesis (f x £)(U) € £(f(0}). But then, f(x) € f[Bl and f x FU)  (f x )k xF) =f(x) X (F)
implying f(F) € ¢¢(f[B]). Now, it remains to show that the following equations hold, i.e.

(i) Go F = lorpc;
(ii)) F oG = 1p-ccONV-

to (i): For an orderconvergence space (X, B%, 1) we consider (G o F)(X,8%,7)) = G(F(X,B8%,1))) =
G((X, BX, 1r)) = (X, BX,¥,..) = (X, BX, 1) = lorpc((X, BX, 7)), because of : F € i, (B) for B € BX\ {2}
implies the existence of x € B and U € p({x}) such that U cx XF . Choose X € t({x}) with XxX cU.
Consequently, X XX cx XF implies ¥ € 7(B). Conversely, let ¥ € 7(B), hence ¥ € 7({x}) for some
x € Bimplies X XF € Hz({x}), and thus F € ¢, (B), which closing this end.

to (ii): For a fil-determined cc-space (X, 8%, ) we consider (F o G)((X, 8%, n))) = F(G((X, BX,n))) =
F((X, 8% y) = (X, B, y,) = (X, B%, 1) = lpi-cconv(X, B%, ), because of: For U € py, (B), B €
BX\{@} we can find x € Band F € y,,({x}) such that X XF  U. Choose V € n({x}) with V cx xF. But
then U € n(B) follows. Conversely U € n(B) implies the existence of an element x € B with U € n({x}).
By the hypothesis we can find a filter ¥ € ,({x}) with X XF € n({x}) and X XF c U. Consequently
U € py,(B) is true. O

Remark 4.16. As an fundamental application we state, that the well-known point-convergence spaces,

such as Kent convergence spaces, limit spaces, pretopological as well as topological convergence spaces

[23] have a corresponding counterpart in CCONYV, too.
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Theorem 4.17. The construct FIL-CCONYV is a full and isomorphism-closed subcategory, which is
bicoreflective in CCONV.

Proof. At the first compare with 3. and (NT). For an cc-space (X, 8%, 17) we consider the triple (X, 8%, 7 fil)s
where 177;(@) := {P(X X X)} and for B € BX\(2), n(B) :={U € FILXxX):dxeBAF € T,]({x}),).c
XF € U}. Then 1y : (X, BX,np) — (X, BX,n) is the bicoreflection of (X, BX, 1) with respect to FIL-
CCONV.

X, 8%, n i) 1s an fil-determined cc-space such that 1y : (X, BX.n ri) — (X, B%, 1) is beq-map. Now, let
(Y, BY,/J) be an fil-determined cc-space and f : (Y, BY w — (X, BX 1n7) be beq-map, we have to show
that f : (Y, By,,u) — (X, 8% ,Nrir) 1s equiform, in square see:

(X, 8%,1)

X, B%,nsi) (Y, BY, w)

So let for D € BY\{@}, V € u(D), hence V € u({y}) for some y € D. By the hypothesis we can find
a filter ¥ € y,({y}) with Yy x¥ € u({y}) and y x¥ C V. We have f(y) € f[D] and f(F) € ¥, ({f(}
with f(y) Xf(F) C (f X f)(V), and thus the claim results. Notice especially, that any beq-map between

cc-spaces is bc-map between the underlying order convergence spaces. m|

Example 4.18. For a grill-determined prenearness space (X, ¢) let BX be B-set. Then we consider the
pair (BX,,ué:), where p(2) := {P(X x X)} and for B € BX\{2} we put, He(B) :={U e FILXxX):3G €
GRL(X) N &, secG X secG C U}, where for G € PX,secG :={AC X :VF e GANF} # @} Then

(B%, H¢) constitutes an crossconvergence which in addition is grill-based, compare with 4. and (NT).

In obtaining an useful correspondence between PNEAR and CCONYV we will now modify the definition

of maps between the objects of their prevailing constructs.

Definition 4.19. By G-PNEARY we denote the construct, whose objects are the grill-determined pre-
nearness spaces and whose morphisms are the sected n-maps. Here a function f : (X,&) — (Y,n)
between prenearness spaces (X, £), (¥, n) is said to be sected n-map (in short sn-map) provided that for
A €€, sec(fsecA) en.

Note 4.20. Especially, we point out that any sn-map between prenearness spaces always is a n-map. In

this context we further note that the pair (8%, He) in 4.19 is fixed by the definition, and we denote by
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GFSAT-CCONYV the full subcategory of CCONV, whose objects are the grill-based, fixed and saturated

cc-spaces.
Theorem 4.21. The category G-PNEARY is isomorphic to the construct GFSAT-CCONYV.

Proof. We construct a functor F : G-PNEAR" — GFSAT-CCONY by setting for any grill-determined
prenearness space (X, &), F((X,§)) := (X, PX, u¢), compare with 4.19. And for any sn-map f : (X,¢) —
(Y,n) between pairs of grill-determined prenearness spaces we put F(f) := f. Then for any grill-
determined prenearness space (Z,y) and any sn-map g : (¥Y,7) — (Z,7v) we have F(go f) = go g =
F(g) o F(f), since F(f) := (X, PX, ug) — (Y, PY, 1) is beq-map. For B € BX\(@)let U € He(B). Hence
we can find G € GRL(X) N & such that secG X secG € U. By the hypothesis sec(fsecG) € n follows.
Choose ‘H € GR(Y) N n with sec(fsecG) c H, since 7 is grill-determined. But secG C fsecG implies
secH X secH C f(secG) X f(se@) = (f X f)secG X sec@) C (f X [IU), thus (f X f)(U) € iy (fIB).
Conversely, we define a functor G : GFSAT-CCONV — G-PNEAR by setting for any grill-based, fixed
and saturated cc-space (X, BX ), GX, BX, u) = (X, Yu), where y, ;== {A C PX : 3G € GRL(X) A B €
BX, A c G and secG x secG € u(B)}. And for any beq-map f : (X, BX, 1) = (Y, 8", n) between pairs of
grill-based, fixed and saturated cc-spaces we put G(f) := f. Then for any grill-based, fixed and saturated
cc-space (Z, BY, ) and any beq-map g : (¥, BY,n) — (Z, B%, ) we have G(go f) = go f = G(g) o G(f),
since G(f) = (X,y,) — (Y,yn) is sn-map. A € yu implies the existence of G € GRL(X) and B € BX
with A c G and secG X secG € u(B). Consequently (f X f)(secG x sec@) € n(f[B)]), fIB] € BY and
fA C f(G) € GRL(Y) are valid. But f(secG) C secf(G) € n(f[B])implies fA € y,. (Note also that the
composition of sn-maps is a sected n-map again). Now, it remains to show that the following equations
hold, i.e.

() G o F = lp.NgaR";

(i) F oG = 1GFSAT-CCONV-
to (i): For a grill-determined prenearness space (X, &) we have (GoF)((X, €)) = G(F((X, &) = G((X, PX, j1¢))
= (X, y) = (X, &) = lg-pNrar(X, &) by proving the equation & = .
A € vy, implies the existence of G € GRL(X) and B € BX, A c Gand secGxsecG € He(B). Then we can
find a grill H € GRL(X) N & with secH X secH C secG X secG. But G € H implies A € £. Conversely,
let A € £. Since £ is grill- determined we can choose a grill G € GRL(X) N ¢ such that A c G. Since
X € B¥ and secG X secG € He(X). we are getting A € y,,. For a grill-based, fixed and saturated cc-space
(X, BX, &) we have (F o G)(X,8%,m) = F(G(X,8%,m) = F(X,yy) = X,8% ) = X, 8% =
lgrsar-cconv(X, B8, 1) by proving the equation p1,, = 7.
For B € 8X\{@} and U € Hy,(B) we can find a G € GRL(X) Ny, with secG X secG C U. Moreover we
can choose H € GRL(X) and a bounded set D € 8%, G ¢ H and secG X secG € n(D). But secH C secG)
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implies secG X secG € n(D), and the claim results. Conversely, for B € 8X\{@} let U € n(B). Then we
can find G € GRL(X) N 7y, with secG X secG C U and secG X secG € n(B) by the hypothesis, and the

claim results. ]

Note 4.22. On the other hand, in generalizing beg-maps between cc-spaces (X, B%, ux), (Y, BY, uy), we
call a bounded map f : BX — BY grillequiform (in short geq-map), provided that for G € GRL(X),
B € BX\(@} and secG X secG € ux(B), secf(G) X sec f(G) € uy(fIB]).

In this context we note, that any beq-map between cc-spaces is grillequiform, since for any G € GRL(X),
f(sec@) is subset of secf(G). In addition we mention that for pairs of grill-determined prenearness
spacess (X, &x), Yéy)andamap f : X — Y, f : (X, &) — (Y, &y) is near map if and only if
[ (X, PX, pgy) — (Y, PY, ug,) is grillequiform.

Definition 4.23. CCONV* denotes the category, whose objects are the cc-spaces and whose morphisms

are the geq-maps.

Remark 4.24. CCONY is obviously a subcategory of CCONV?~, and the following theorem is valid:
Theorem 4.25. The category GFSAT-CCONV* is isomorphic to G-PNEAR.

Proof. By applying the former results. m|

Example 4.26. At the end of this section we are looking at two extraordinary crossconvergences on a set
X presented by (DX, 11g), where DX := {@U{{x} : x € X} and g is defined by setting 14(?) := {P(XXX)},
and for x € X, pug({x}) :={U € FIL(X X X) : {x} X {x} € U}. And the second one by (PX, up), where up
is defined by setting up(@) := {P(X X X)} and for B € PX\{2}, up(B) := FIL(X X X).

5. SEMICROSSCONVERGENCE AND PRECROSSCONVERGENCE

If we omit the axiom (cc5) in the definition 4.1., then we get the notion of a so-called semicross-
convergence (in short scc), and the corresponding space is called semicrossconvergence space, (in short
scc-space). By considering b-topologies respectively b-topological spaces (X, 8%, 1), [19], which are a
natural generalization of Kuratowski closure spaces and playing an important rule if one is considering
enlarged topological extensions, [19], we look at the following assignments, see 5.1. Here, a b-topology
is a pair (8%, 1), where 8% is bornology and  : 8% —s PX a map, satisfying the following conditions:

(btl) (@) = 2;

(bt2) B € B¥ implies #(B) € BY;

(bt3) By c B € BX implying #(B;) C t(B);
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Ficure 1. Diagram of some important categories

(bt4) B € B¥ implies B C 1(B);
(bt5) B € BX implies (¢(B)) C #(B);
(bt6) By,B; € BX implying #(B1 U By) C #(B1) U t(B»).

In that context we note, that for pairs (X, BX tx), (¥, BY,ty) of b-topological spaces, a bounded map f :
(X, BX, ty) — (Y, BY, ty) is said to be continuous provided that B € 8X\{@} implies f[tx(B)] C ty f[B]),
and by b-TOP we denoting the corresponding category.

Example 5.1. For any b-topological space (X, 8%, 1) we put:
w(@) = {P(X x X)}, and for B € BX\(@}, w,(B) := (U € FILX xX) : AF € UFILX), F x
F c U and #(B) € F), where UFIL(X) := {F € P?>X : F is ultrafilter }. (8%, y,) constitutes an

semicrossconvergence.
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Remark 5.2. For an semicrossconvergence (8%,17) we set: cly(@) := @ and for B € BX\(2}, cly(B) :=
{xeX:AF e UFILX),¥ x¥ €n(B) and x € N"F}. Then cl), : BX — PX satisfies (btl), (bt3), (bt4),
(bt5)and (bt6), respectively.

Definition 5.3. An semicrossconvergence (8%,7) is said to be bornotopic by satisfying the following

conditions:

(bt0) BX is bornology;

(btl) B e BX implies cl,(B) € BX, (covered);

(bt2) B € BX\{o} and U € n(B) implying the existence of ¥ € UFIL(X), ¥ x¥ C U and cl,(B) € F,
(crossfiltered);

(bt3) B e 8%, F € UFIL(X) and cl,(B) € ¥ implying ¥ X ¥ € n(B), (dense);

(bt4) B € BX implies n(cl,(B)) = n(B), (closed);

(bt5) By, B, € 8X\{@} implying n(B; U By) = n(B;) U n(B>),(additive).

Remark 5.4. Now by stating (8%, 7,) is bornotopic, then any bornotopic semicrossconvergence (8%, 7)
leads to the following equations,i.e. (i) ¢/, = t and (ii) g, = n. Thus, we obtain a bijection be-
tween the corresponding constructs. And furthermore, for pairs (X, 8%, tx), (Y, 8%, ty) of b-topological
spaces, a bounded map f : (X, BX)y — (¥, 8Y) is continuous from (X, BX,tx) — (Y, BY,1y) iff
f: (X Bx,lhx) — (Y, BY,,u,Y) is equiform.

BT-SCCONY denotes the full subcategory of SCCONY, the category of scc-spaces and beq-maps,

whose objects are the bornotopic semicrossconvergence spaces, then we pose the following theorem:
Theorem 5.5. The categories b-TOP and BI-SCCONYV are isomorphic.

Proof. We define a functor F : b-TOP — BT-SCCONY by setting for any b-topological space (X, 8%, 1),
F(X, 8%, 1) := (X,8%, 1) and conversely a functor G : BT-SCCONV — b-TOP by setting for any
bornotopic sce-space (X, BX, 1) := (X, B%, cly). By5.4.,GoF = lytop and F oG = lgrscconv.For the
prevailing morphisms f between the corresponding spaces, we set F(f) := f and G(f) := f. Then the
following equations are valid: F(go f) = F(g) o F(f) and G(g o f) = G(g) o G(f) compare with 5.4. O

Note 5.6. Here, we remind again, that saturated bornotopic semicrosssconvergences and saturated b-
topologies are essentially the same species, and thus, they can both be considered as Kuratowski closure

operators and vice versa.

Note 5.7. If we further omit in definition 4.1. the axiom (cc4), we get the notion of a so-called precross-
convergence (in short pcc), and the corresponding space is called precrossconvergence space (in short

pcc-space). By considering set-convergence spaces (X, 8%, q) in the sense of Wyler, [32], which present
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a general theory of convergences, we look at the following assignment:
For any set-convergence space (X, BX, q), where BX s B-set and g c FIL(X) X BX a relation between
filters and bounded sets on X, such that the following is valid:

(scl) B e B implies (B, B) € ¢ ©B ¢B;

(sc2) ¥ € FIL(X) and ¥ q@ implying ¥ = PX;

(sc3) Be BX, FqB and F c F; € FIL(X) implying F19B,
We put: puy(2) := {P(X x X)} and for B € BX\(2}, Hg(B) :={U € FILX xX) : AF € FIL(X), FqB
and Z; XF c U). Then, (X, BY, Hq) constitutes an pcc-space, which in addition is set-based and limited,
(NT).

Remark 5.8. Note, that for a limited set-based pcc (BX ,m), (X, BX py) is forming the so-called un-
derlying set-convergence. Furthermore, we are getting the equations p,, = ¢ and pp, = n. And for
pairs (X, B%, gx), (Y, BY, gy) of set-convergence spaces and a bounded map f : (X, B8%) — (¥,8"),
f @ (X, 8%,qy) — (Y,8" qy) is continuous, which means f(¥)qyf[B] whenever ¥ gxB, iff f :
(X, 8%, Hay) — (¥, BY, Hgqy) 1s equiform. LSET-PCCONY denotes the full subcategory of PCCONYV,
the category of pcc-spaces and beq-maps, whose objects are limited and set-based, then we claim the

following theorem:

Theorem 5.9. The category SETCONYV of set-convergence spaces and continuous maps is isomorphic
to LSET-PCCONYV.

Proof. We define a functor F : SETCONV — LSET-PCCONY by setting for any set-convergence
space (X, BX, q), F(X, BX, q) = (X, BX, Hg) and for any bounded continuous map between pairs of set-
convergence spaces F(f) := f. Conversely, we set for any limited and set-based cc-space (X, BX,n),

G((X, 8%, ) := (X, BY, py). Hence GoF = Iggrcony, FoG = lpserpccony and F(go f) = F(g)oF(f),
G(g o f) = G(g) o G(f) are true by applying 5.8. o

Remark 5.10. In that context we point out, that any discrete pcc (DX, 1) is especially set-based, where
DX = {2} U {{x}: x € X}.

Note 5.11. Now, let SET-PCCONY be denoting the full subcategory of PCCONY, whose objects are the

set-based precrossconvergence spaces, then we note the following corollary:
Corollary 5.12. LSET-PCCONYV is bicoreflective in SET-PCCONYV.

Proof. For an set-based pcc-space (X, B, n7) we consider the triple (X, B, Miim)> Where 1;,,(2) 1= {P(X X
X)}, and for B € BX\{@}, miim(B) := {U € FILX) : AF € FIL(X),]_?} x¥ C U and F p,B}. Then
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(B%, i) is limited and set-based such that 1x : (X, 8%, nu,) — (X, B%,n) is the bicorefletion of
(X, 8%, n) with respect to SET-PCCONYV.

Now, let (¥, BY, i) be a limited and set-based pcc-space and f : (Y, 8", ) — (X, 8%, 1) be beq-map,
we have to show that f : (¥, B8Y,u) — (X, BX, 1) is equiform. So let for D € BY\{@}, V € w(D),
hence we can find a filter F € FIL(X) such that 2? xF < U and Fp,B. Hence f(F)p,f[B] with
f [.B] Xf(F) C (f X f)(U). Notice, that any beq-map between pcc-spaces is continuous between the

underlying set-convergence spaces, and the claim results, compare with the diagram:

X, 8%, 1)

lx

(Y, BY, ) (X, BX, M1im)

O

Remark 5.13. Thus, set-convergence spaces are now considered as special cases of set-based precross-
convergence spaces, and furthermore, pseudostop spaces have also an counterpart in SET-PCCONYV,
which offers now a new platform for studying, par example pseudotopological spaces from a more gen-
eral point of view, [32].

At last, we mention that supertopological spaces and its corresponding maps, [5] are integrated as well.

Note 5.14. SCCONYV is a full and and isomorphism-closed subcategory, which is bireflective in PC-
CONV.

Proof. For an pcc-space (X, BX, ) we set: p;(2) := {P(X x X)} and for B € BX\{@}, us(B) := {U €
FIL(XxX): AB; € 8X\{@}, B; ¢ Band U € u(B,)}. Then (X, BX, uye) is scc-space, and 1y : (X, BX, 1)
— (X, B, u,.) the bireflection of (X, B, u) with respect to SCCONV.

Now let (¥, BY,1) be scc-space and f : (X,B%,u) — (¥, 8", 1) be beq-map, we have to show that
f (X, 8% ue) — (Y, 8Y,1n) is equiform. So let for B € 8X\{@}, U € uy(B), hence we can find a
bounded set B; € 8X\{@}, B ¢ B and U € u(B;). By the hypothesis, (f X f)(U) € n(f[B;]), implies
(f X f)(U) € n(fIB]), and the claim results, compare with the diagram: m|

Note 5.15. CCONYV is a full and isomorphism-closed subcategory, which is bicoreflective in SCCONYV.

Proof. For any scc-space (X, B, ) we set: p.(@) = {P(X x X)} and for B € B\|{@}, pc(B) =
(U € FILX x X) : Ax € B, U € u({x})}. Then (X, B, i) is cc-space, and 1y : (X, BY, pee) —
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(X, 85, 1)

lx

(Y, 8Y,n) (X, BX, uye)

(X, BX, u) the bicoreflection of (X, BX, u) with respect to CCONV. Now let (¥, BY, 1) be scc-space and
f: (Y, 8Y,n) — (X, 8%, 1) be beq-map, we have to show that f : (¥, BY,n) — (X, B%, u..) is equiform.
So let for D € BY\{@}, U € n(D). By the hypothesis we can find y € D with U € n({y}). Hence
(f X HI(U) € u({y}) follows, since f is beq-map. But f(y) € f[D] implies the claim, compare with the

diagram. m|

(X, 8%, 1)

Ix

(Y, By, 77) (X, BX,,UCC)

Example 5.16. In addition, for some examples let S ¢ PX and Bg be the bornology generated by S,
then (X, B85, ,uf ) forms a point-bounded crossconvergence on X. And for a symmetric topological space
(X, 1), where tdenotes the corresponding closure operator, we consider (X, &), where & = {A C PX :
N{t(A) : A € A} # @} and then looking at (PX, u¢,), see 4.19. Consequently, A € & implies the existence
of x e Xsuchthatx e Nf{r(A) : A e Aland G :={D C X : x € (D)} € GRL(X) with A c G € &. Thus
(PX, ug,) is object of GFSAT-CCONV.
Let a supertopological space be given in the sense of Doitchinov [5], see also 2.13. Then a corresponding
precrossconvergence (8%, ug) will be presented at next, compare also with (NT) and remark 5.8.
Here at first we consider a so-called neighborhood space (X, B%, ), where 6 : BX — FIL(X) satisfies
the following conditions:

(n1) 6(2) = PX;

(n2) B € BX and V € A(B) implying V O B;

(n3) By Cc B € 8¥ implying A(B) C 6(B;).
Then we consider (8%, 1), where up : 8% — PFIL(X x X) is defined for B € BX by setting: ug(B) =
{Ue FILXxX):AF € tg(B),j.B XF C U}, where ty(B) := {F € FIL(X) : ¥ 2 6(B)}. On the other
hand let (X, B%,7) be pcc-space, then for B € BX we look at 0,(B) := N{F € FILX) : F € 7,(B)},
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where 7,(B) :={Ff € FILX) : AV enB) V cé xF}. Notice, that (8%, ug) is especially limited and
set-based, but furthermore it satisfies the condition for being surrounded.

Here, a corresponding pec-space (X, 8%, n) is said to be surrounded iff for B € 8%, n{U € FIL(X x X) :
U € u(B)} € w(B). Thus, neighborhood spaces and corresponding surrounded, limited and set set-based
pcc-spaces are essentially the same, up to isomorphism. Then, in consequence such a space is said to be
supertopic, provided that its underlying neighborhood space is a supertopological one. Hence STOP and
ST-PRECCONYV, the full subcategory of PRECCONYV, whose objects are the supertopic pcc-spaces ,

are isomorphic.

6. CONVENIENT PROPERTIES OF THE FORMER CONSIDERED CONSTRUCTS

At the first, will show that PCCONY satisfies the conditions for being a topological construct. (see 3.
Categorical Background).

Theorem 6.1. PCCONY is a topological construct.

Proof. For a one point set X := {x} we put: By := {2, {x}}, ux(@) = {P(X X X)} and pux({x}) :=
{{(x X x)}}. Then, (Bx, ux) is the only one precrossconvergence on X. Moreover, for any set X the class
of all precrossconvergences on X forms a set. And at last, for a set X and a class I let (8%, up)ier be a
family of pcc-spaces and (f; : X — Xj)ier a family of functions. We set Bffl ={BcCcX:Viel,
filB] € 8%}, pin(@) := {P(X x X)} and for any B € BI\{@}, uin(B) := {U € FILX X X) : Vi€ I,
(fi X f)(U) € w;(fi[B])} . Then (Bffl, Uin) s the coarsest precrossconvergence on X such that for any i € I,
fi: (Bf}i JMin) — (X, BXi ) is beq-map. Thus (Bi, MUin) constitutes the initial precrossconvergence on

X with respect to the given data. m|
Corollary 6.2. The constructs SCCONYV and CCONYV are both topological categories.

Proof. This is valid by using only categorical arguments with respect to the results in 5.14. and 5.15.,

respectively. m|

Note 6.3. In CCONYV the initial crossconvergence (Bf.fl,,u,-,,) with respect to the given data is defined
by setting: (Bf; =(BcX:VielfiB] € 85, u,(@) = {P(X X X)} and for any B € Bf;\{@},
Uin(B) :={U € FILIX xX): Yiel3x; € B, (fi X f[)(U) € w;({ fi(x)})}. Furthermore, in CCONYV the
final crossconvergence (Bifm, Hrin) With respect to the given data is defined by setting: ijm ={BcCcX:
Ji e 13B; € B5, B C fi[BUDY, psin(@) := (P(XxX)} and for B € B, \(@}, pin(B) := {U € FIL(Xx
X):3iel3AB; € BXN\{@} AU, € ui(B)), f.[Bi]l € Band (f;x f;)(U;)) c UYU{U € FIL(XxX):Ax € B,
{x} x {x} € U}.

@O0 Appl. Gen. Topol. 27, no. 2 (2026), 25481 | 23


https://creativecommons.org/licenses/by-nc-sa/4.0/

D. Leseberg and Z. Vaziry

At the next, we consider the latter property, but more precisely described in some application. So let
(X, 8%, u) — (Y,8",n) be a quotient map in CCONV, i.e. f: X — Y is surjective and (BY, 1) the

final crossconvergence on Y with respect to (f, 8%, u), compare with 6.3., then we state:
Note 6.4. In CCONYV products of quotient maps are quotient maps.

Proof. Let (f; : (X;, 8%, ;) — (Y;, BY,n,)i € I be a non-empty family of quotient maps in CCONV
and let

#
(Xy BX’#)—) (Y7 BY, 77)

Pi qi

1
(XhBXi,Mi) E— (Yi, BYis nl)

be the corresponding product diagram in CCONYV, where (X, BX, ) = Iier(X;, BXi, ui), (Y, BY, n) =
;e (Yi, BYi,m;), pi. q: are denoting the corresponding projections for any i € I and f* the existing product
map. Since all f; are surjective, f# is surjective. By 5.3., BY = (D; c Y;: AB; € B%,D; c fi[B;]} for
alli € I, ni(@) = {P(Y; x Y;)} and for D; € BY\{@}, n:(D;) = {V; € FIL(Y; x Y;) : AB; € B8%\{g},
AU; € wi(By), (f; X fi)(U;) € V;and D; O f;[B;]} for all i € I, because f; is quotient map for all i € 1.
Now, we show that B equals with .‘B]Yp# :=={D c Y : 3B e 85D c f*[B]} and 5 equals with 7
where 11,4(@) := {P(Y x Y)} and for D € BL\{@}, (D) = {W € FIL(Y x Y) : 3H € 8*\{0},IH €
u(H), (f* x f)(H) c ‘W and D > f#[B]} Thus, the product map f* is quotient map in CCONV.
At the first let D € BY, hence ¢;[D] € B for each i € I, since BY is the product boundedness for
each i € I. But then we can find B; € 8% with qilD] c fi[B;] for each i € I by the hypothesis.Thus
B := [l;g Bi € 8%, since BX is the product boundedness on X. Consequently, f#*[B] > D, since
y € D implies y;(y) = y; € ¢;[D] C fi[B;]. Hence gi(y) = fi(x;) for x; € B;, for every i € I, and then
x = (x;)ie; € B with f*(x) = y follows by using the commutativity of the product diagram. At the second
let D € B‘I;#. Then we can find B € 8% with f#[B] D D. Consequently, g;[D] C gl f#[B]] € BYi for each
iel, andg;[D] € BYi follows, showing that D € BY is valid. Now, we prove that 7 equals with iy 1 where
n(@) = {P(Y x Y)}and n#(D) := {W € FIL(Y X Y) : AH € BX\[@}IH € u(H), (f* x fH)H) c W
and f*[H] c D} for any D € B"\@}. So let for D € B"\{@} at first ‘W € n+(D). Then we can find H €
BX\{@} and H € u(H) with (f* x f*)(H) c ‘W and f#[H] c D. Consequently, (g; X g)((f* x fF)(H)) =
(f; X [)((pi X pi)(H)) € ni(filpi[H]]) for each i € I. Otherwise, we have fi[pi[H]] = ¢;[f*[H]] for any
i € I, hence i(fil pil H11) = ni(qil f*[H]]) € ni(qiL D)) follows with (g; X gi)((f* X fH)(H)  (qixg)(W),

@O0 Appl. Gen. Topol. 27, no. 2 (2026), 25481 | 24


https://creativecommons.org/licenses/by-nc-sa/4.0/

Crossconvergence: A new bounded topological presentation

which implying (g; X g;))(‘W) € ni(q;[D]) for each i € I. Thus ‘W € (D), see 5.4.

Conversely, let for D € BY\{@}, W € n(D), then (g; X ¢;)(‘W) € ni(q:[D]) for each i € I. Thus,
for each i € I there is some B; € B%\{@} and some H; € w;(B;), with (f; X fi)(H;) < (g;i X gi)(W)
and fi[B;] € qi[D]. If j : [1ie;(X; X Xi) — [lies Xi X [1;e; Xi denotes the canonical isomorphism.
(.e. (J((xi,2i) := ((x9), (z7)) and [];e; H; the product filter on [],c;(X; X X;), then j([];e; H;) is a filter
on [Ties Xi X [ier Xi with (pi X pi)(j(I1jef Hi)) = H; for each i € 1. Thus j([Tie; Hi) € p([1ies B)- It
t: [Tie/(YixY;) — Tlie; Yix ;e Yi denotes the canonical isomorphism, then = (f*x f*)(i([1;e; H:)) C
[Tier(fi X f)(H:) € [ier(qi X g)(W) € 71 (W). Thus, (f* x fH)(j(TTier H)) and f*[[1;e; Bi] € D shows
the claim. o

Remark 6.5. As pointed out by Preuss, [27], the theory of connection and disconnection profits from
the better behavior of quotients in topological constructs which are strong in the sense that quotients
are stable under arbitrary products. In TOP we have, that finite products of quotient maps must not
be quotient maps again. Furthermore, extensionality, i.e. the existence of one-point extensions, which
will be studied at the next, implies that quotients are hereditary. And the theory of connection and
disconnection profits from this fact, i.e. the statement, that the quotient space of a uniform space X,
obtained by the decomposition of X into its uniform components is uniformly disconnected, is true
whenever quotients are formed in CCONYV, where they are hereditary, but it is false, when quotients are
formed in UNIF.

Theorem 6.6. The strong topological construct CCONYV is extensional.

Proof. Let (X, BX, i) be a crossconvergence space. We put X* := X U {co} with co ¢ X. Let us denote by
i : X — X* the inclusion map. Then we define a crossconvergence (8%, u*) on X* as follows:

BX = BX U {{oo}}, 1* (@) := (P(X* x X*)}, for B € BX with 0 € B: u*(B) := FIL(X* x X*) and
for B € BX\(@,{co}}: p*(B) := {U* € FIL(X* X X*) : {(c0,00)}* € U* or {(c0,0)}* ¢ U* with
(i X ))"Y(U*) € u(B)}. Note, that for R C X* X X*, R* := R U (X* X {c0}) U ({c0} X X*), and for U € u(B),
B € BX\{@), the filter U* := {R* : R € U} € u*(B), respectively that u* : BX' — FIL(X* x X*) is
defined for all B € 8%, since especially B € B8X\{@} iff B € BX'\{@, {co}}). BX" is boundedness on X*
Then (X*, BX, 1) is the one-point extension of (X, BX, 1), which especially means that (BX, ) is initial
with respect to (X, i, (X*, BX*,y*) or in other words (X, 8%, ) is subspace of (X*, BX*,,u*), see also 4.2.
to (ccl): evident by the definition;

to (cc2): Let B € 85 with oo € B, U € u*(B) and U c U, € FIL(X* x X*), then evidently U € u*(B)
by the definition;

Now, let B € BX'\{@, {co}} and for U € p*(B){(co X o0)}* € U*, then for U; € FIL(X* x X*) with
U c U, the claim immediately follows. At last let {(co0, 00)}* ¢ U, for U C U, € FIL(X* x X*) with
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U € u*(B), {(c0, 00)}* ¢ U implies that the trace of U exists with (i X i)~ (U) € u(B). By the hypothesis
the trace of U also exists with (i X i)™ (W) < (i x i)"'(U,). Thus (i x i)™ (U); € u(B), which implies
the claim.

to (cc3): Let x € X*, then in the case of x € X, we have X x xe w1 ({x}), since X X xe u({x}) is valid.
Otherwise X = oo implies %0 X 0o€ FIL(X* x X*) = u*({oo}) by the definition.

to (cc4): Now let for @ # B; ¢ B € 8%, w0 € By, then u*(By) = u*(B) follows. In the case oo € B and
oo ¢ By we have By € 8X\{@}, and U* € p*(B;) implies immediately U* € p*(B).

to (cc3): Atlastlet B € 8X \{@}. For co € B we have ' ({oo}) = FIL(X*XX™) = u*(B). On the other hand
oo ¢ Bimplies B € BX'\(@, {c0}}. Then B € BX\{2)} implies u(B) C u({x}) for some x € B. U* € u*(B)
and {(oc0, 00)}* € U*, implying U* € u*({x}), since x # oo. {0, 00)}* ¢ U™ implies the existence of the
trace of U* with (i x i)~ (U*) € u(B). Hence we can find z € B with (i x i)™ (U*) € u({z}). But z # oo
implies U* € u*({z}). Evidently, i : (X, B8%) — (X*, B8X) is bounded, and furthermore for U € u(B),
B € BX\{@)}, (i X i)(U) € p*(i[B]) = w*(B) is valid, since R* € (i X i)}(U) implies R* D (i X i)[R] for
some R € U. Hence (i x i)™ [R*] © (i x i)™'[(i x )[R]] = R # @. Thus the trace of (i X i)(U) exists
and coincides with 2. Consequently, i is beq-map. Now, let (AX, 1) be crossconvergence on X such
that i : (X, A%, n) — (X*, 8%, u*) is beqg-map. We show that (A*,n) < (B%,u), which means that
AX < BX, and for any A € AX\{@}, U € n(A) implying U € u(A). Thus, 1y : (X, AX,n) — (X, BX, 1)
is beq-map. Now, A € AX implies i(A) = A € B% hence A € BX follows , since A = {co} contradicts.
Let for A € AX\{@}, U € n(A). Consequently, (i X i)(U) € u*(i[A]) = u*(A) follows by the hypothesis.
And since A € BX\{@, {co}} we have {(c0, 00)}* € (i X i)(U) or {(c0, 00)}* ¢ (i X i)(U) with (i x i)™ ((i x
D(U)) € u(A). But {(co0, 00)}* € (i X i)(U) contradicts by the definition of X*. In the other case, the trace
of (i X I)(U) exists, s.t. U € u(A) follows, since i is injective, and the claim results.

Now, let (Y, B, u") be a crossconvergence space and f : (AY, B}/, ,u}/ ) — (X, B%, ) be a beq-map from
a subspace (AY,B}/ ,y}/) of (Y, BY, "), where j : AY¥ — Y denotes the corresponding inclusion. We have
to show that f* : (Y, BY,,uY) — (X7, BX*,u*) is beq-map too, where f* : ¥ — X* is defined by setting:

The following diagram illustrates the above situation.
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Y Yy )Y J
@B L B

|
i

X, B, p) ———— (x*, 8% i)

At the first we show that f*(¥, 8Y) — (X*, 8%) is bounded. So let D € BY. If f*[D] = {oo}, then there
is nothing to show. In the case of co ¢ f*[D], DNAY € B}/ implying f[D N AY] € B8X by the hypothesis.
We show that f*[D] c f[D N AY]is valid. z € f*[D] implies z = f*(y) for some y € D. If assuming
y e Y\AY, f*(y) = oo follows which contradicts. But y € A¥ shows the claim.

Now, let U € u¥(D), D € BY\{@}, our goal is (f* x f*)(U) € u*(f*[D]). Choose y € D s.t. U € u¥' ({y}).
Then we discuss the alternation y € Y\AY respectively y € AY.

y € Y\AY implies f*(y) = oo and thus p*({oo}) = w*({f*()}) with (f* X f*)U) € FIL(X* x X*) =
H A DD c @ (FF[DD.

y € AY implies f*(y) = f(y). And (j x j)"'(U) exists iff (¥ x Y)\(AY x AY) ¢ U. Choose R € U
with R ¢ (Y x Y)\(AY x AY). Then there exists (y;,y2) € R with (y1,y2) € AY x AY, hence the claim
results. In this case, (j X j)"N(U) € y}/({y}), since (j X j)"/(U) > U. But f is equiform, hence
(f X OG> )7HAD) € u(FOID- Thus ((f x ) x H~HU)* € (L f M) ( see the begin of the proof
4.7.). But ((f X /(G x HHT)* < (f* X f*)(U) implies (f* x f*)U) € u*({(f()}), and the claim
follows. (Note, that for R € U(fx f)[RN(AY xAN)* = (f x HIRN(AY x AV)]U({oo} x X*)U(X* X {o0}) D
(f* X fHIRNAY X AN U (f* x fHIRN (Y x Y\AY x A)] = (f* x f9IR]).

If (j X j)"'(U) does not exists, (Y X Y)\(AY x AY) € U. Then (f* x fHIY x \(AY x AV)] =
(f* X fOUXNAY) x (NAT)) U (AT x (Y\AT) U (N\AY) x AN)] = (F[V\AT] x fY\AY]) U (f*[AY] x
FIINATD U (fFINA"] X fHAY]) = (foo} X {oo}) U (fIAY] X {oo}) U (foo} X fIAY]) C {(c0, c0)}, i.e.
{(c0, 0)}* € (f* X f*)(U). Thus (f* X f*)U) € w*{f(»)}), and the claim follows. O

Remark 6.7. TOP is not extensional, since in TOP quotients are not hereditary. Furthermore, as Preuss,
[27] has shown, UNIF, the category of uniform spaces and uniformly continuous maps and ULIM,
the category of uniform limit spaces and uniformly continuous maps are not extensional. On the other
hand SUCONYV, the category of semiuniform convergence spaces and related maps, [26] respectively
GCONY, the category of generalized point-convergence spaces and continuous maps are both exten-
sional. And, at this end, we still note that b-UFIL, the category of b-uniform filter spaces and bounded
uniformly continuous maps, [17] and ORDC, the category of orderconvergence spaces and bounded
continuous maps, [21] possesses also the above mentioned property.

Hence, CCONY takes one’s place into the concept of convenient topological constructs, because as the
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next, in addition, we show that CCONYV has natural function space structures, with is leading to the
property of being cartesian closed. And, in this context, CCONYV fulfils the following laws:

(1) First exponential law, X YxZ ig isomorphic to (X .

(2) Second exponential law, ([;c; X;)" is isomorphic to [];e ,(XI.Y );

(3) Third exponential law, X IEST isomorphic to [];c;(X¥);

(4) Distributive law, (see also [27]), X x [[*! ¥; is isomorphic to [ [*/(X x Y).

Proposition 6.8. For two crossconvergence spaces (X, BX, %), (Y, BY,u¥) we consider the set YX :=
{fIf : X — Y is beq-map} and define a crossconvergence (BYX,,uYX) on YX by setting B . {B* C
YX .V B € 8%, B*(B) € B, where B*(B) := {f(x) : f € B*, x € B}, V" (@) = {(PYX x PY¥)}
and for B* € BY'\@} we put: u¥ (B*) := {U* € FILYX xYX) : A f € B'YB € 8X\{g} VU €
FIL(X x X)(U € uX(B) implies U (U) € u (fIB]))}, where U*(U) denotes the filter generated by the
set R*(R) with R*(R) := {(f(x),g(2)) : (f,g) € R*,(x,z) € R}. (BYX,,uYX) is called the bounded equiform
function crossconvergence on YX (in short beq-function crossconvergence), such that the evaluation map
e:(Xx YX,BXXYX,MXXYX) — (Y, BY,uY) is beq- map, where e(x, f) := f(x) for any x € X and f € YX.

Proof. Obviously, (BYX, ,uY X) is crossconvergence on Y’ X since especially for f € Y X andU e u(B),B €
BX\(2), ]: X ].” (U) = fx f(U) € u'(f[B]). And furthermore for B* € BYX\{Q} and U™ € ,uYX(B*)
we can find f € B* with the corresponding defined property. But U € u(B) implies U € u({x}) for
some X € B and thus U*(U) € pu' ({f(x)}) implying U* € uYX({f}). The converse is evident. The
evaluation map e : X x YX — Y, e(x, f) := f(x), e : (X x YX, 8" Xy (v 8Y V) is beq-map,
where (BXXYX, ,uXXYX) denotes the initial crossconvergence on X X YX with respect to ((X X YX), (p X
Py), (BX,/JX), (BY,,uY)) and py : X X Y — X, pyx t X X YX — ¥YX as the corresponding projections,
see 4.2.

At the first, e is bounded because of B € 8" implies py[B] € B and pyx[B] € B"". By the definition
of BY X, we are getting pyx[B](px[B]) € BY. The inclusion e[B] C pyx[Bl(px[B]) is holding, since
y € e[B] implies y = f(x) for some (x, f) € B. Hence px(x, f) = x and pyx(x, f) = f follow, showing
thaty = f(x) € pyx[Bl(px[B)) is valid. Now, let B € B \{@} with U € XY (B). We have to verify
that (e X e)(U) € ,uY(e[B]) is valid. Since (BXXYX, ,uXXYX) is the initial crossconvergence on X X YX we
are getting U € (¥ ({x, f}) for some (x, f) € B, (px, xpx)(U) € X (px[{x, H}] and (pf x pEIU) €
1 (pyx[{x, /1. Thus px[{(x, H}] = x and pyx[{(x, )}] = f implying (px X px)(U) € p¥({x}) and
(pyx X pyx)(U) € p" ({f}). By the definition of u¥* we obtain (pyx X pyx)(U)((px X px)(U)) €
1A f) = udex, HY < @ (e[B]). It remains to show that (pyx) X pyx)(U(px X px)(U)) C
(e x e)(Y).

V e (pyx X pyx)(U)((px X px)(U)) implies V > R*(R) for some R* € (pyx X pyx)(U) and some
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R € (px X px)(U).

Hence R* D (pyx X pyx)[U;] for some U; € U; and R O (px X px)[U>] for some U, € U,. Thus
R* O (py X py)lU; N Uz] and R D (px X px)[U1 N U;]. Note also that U; N U, € U is holding. Now
let z € (e X e)[U; N Us], thus z = (e X e)(x, f) for some (xf) € U; N U,. Consequently, px(x, f) = x and
pyx(x, f) = fimplying (f, f) € (pyx X pyx)[U1 N Uz] and (x, x) € (px X px)[U; N U] resulting into
z € R*(R), and the claim follows. |

Proposition 6.9. Let (X, BX, uX), (Y, BY,u¥) and (Z, BZ, i”) be crossconvergence spaces and f : (X x
Z, B 1%y — (Y, BY, u¥) any beq-map. Then the associated function f : (Z, B, u%) — (YX,BYX,MYX)
defined by f(z)(x) := f(x,z) for each z € X and x € X is also beq-map.

Proof. At the first, we prove that £ : (Z, 82) — (YX, BY") is bounded. In doing so, let D € BZ, we must
show f[D] e B SoletB e BX, then we claim f[D](B) e BY. Since pgl[D] N p;(l [B] € B here
px : XXZ — X, pz : X X Z — Z denotes the corresponding projection, we are getting f [p}l[D] N
p)‘(l [B]] € B by the hypothesis. It remains to verify that the inclusion f [DI(B) C f [p; [D]IN p)‘(l [B]] is
holding. y € f [D](B) implies y = f (z)(x) for some z € D and some x € B. Hence y = f(x, z) follows. But
(x,2) € pZ'[DINpx[B] implying y € f[p-'[D]Npy'[B]], and the claim holds. Further let for D € 8%\{2}
and for U € FIL(Z x Z), U € p“(D). Our goal is to verify that (fx f)(‘ll) € ,uYX(f[D]) is valid. Choose
z € D such that U € pZ({z}), then f(z) € B"" and f(z) € fID] follows. Now, let B € B8¥\{@} and
VY e FIL(X x X) such that V € uX(B) is holding, hence V € ,uX({x}) for some x € B. So, it remains to
prove that (f X A UNV) € u¥ (f(2)(x)}) = 1" ({f(x,z)}) is valid. We have {(x,z)} € B4, and by setting
E={Rc(XXxZ)x(Xx2Z):3AU e U,V eV,R> (p,xp.) ' [UIN(px X px)"' [V}, & € W”%({x, 2})
follows, since (p, X p.)(U) > U and (px x px)(V) D V are implying (p. X p,)(U) € p*({z}) and (px X
px)(V) € u*({x}). Then by the hypothesis we obtain (f X f)(&) € u?({f(x,z)}). Furthermore we have
(fxf)(’L{)((V) D (f X f)(&E), because of D € (f X f)(&) implies D D (f X f)[R] for some R € E. Then we
can find some U € U and some V € V such that (f x f)[R] D (f x /)[(pzx pz) ' [UIN(px x px)"'[V]] D
(f x DIUNV), since y € (f x HIUNV) implies y = (F(z1)(x1), f(z2)(x2) for some (f(z1), f(z2)) € (f x
DU with (z1,22) € U and(x1, x2) € V, hence f(z))(x1) = f(x1,21) and f(z2)(x2) = f(x2,22) implying
(x1,21) € (pz X p2)~' [UIN (px x px)~' [VI and (x2,22) € (e X po) ' [UTN (px % px)~' [V]. Consequently
y = (@), f@)(x)) = (FOrn, 20, f(x2,22)) = (f X P20, (f X )(x2,22)) results. o

Theorem 6.10. The strong topological construct CCONYV is cartesian closed.

Proof. By applying 6.2., 6.4. and 6.9., respectively. O
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Remark 6.11. Preuss, [27] pointed out that TOP and UNIF are not cartesian closed. On the other hand
SUCONY and GCONY possess that nice property. Furthermore, CHY, the category of Cauchy spaces

( and Cauchy continuous maps) is also cartesian closed

Corollary 6.12. CCONYV is a quasitopos respectively a topological universe in which quotients are

productive, and thus it constitutes a strong topological universe, see above.

Remark 6.13. TOP, UNIF, CHY are not strong topological universes, but SUCONYV, GCONYV, BOUND,
ORDC, b-UFIL and CCONY possess these properties. Thus, CCONYV also delivers a contribution to
Convenient Topology in which convergence structures are available but now are more enlarged to a con-
cept called Bounded Topology in which in addition bounded structures such as bornology, b-uniform
filtration, b-topology, supertopology, set-convergence or precrossconvergence are involved by studying
PRE-CCONY invariants, i.e. properties of precrossconvergences, which are preserved by isomorphisms
in PRE-CCONY. This includes also the study of full and isomorphism- closed subcategories of PRE-
CCONY as already formerly described

7. DISCUSSION AND PROPOSALS

The reader will observe that in the equivalent concept FSAT-CCONY of PUCONY we can renunciate
on the properties of being fixed and saturated. It remains now to be a concept of spaces (X, 8%, ) which
will be now enriched by the following additional postulates, i.e.

() (B, ) is filtered, meaning that B € 8% and U, U, € u(B) implying U, N U, € u(B);

(s) (BX,p) is symmetric,i.e. B € 8% and U € u(B) implying U~ € u(B);

(c) (B, ) is connected by B € BX and U;, U, € u(B) implying U; o U, € u(B), where Uy o U

is filter generated by {R| o Ry : Ry € U, Ry € U3).

Let us call a crossconvergence (8%, 1) and the corresponding space (X, B, i) epicrossconvergence, re-
spectively epicrossconvergence space, provided (8%, u) satisfies the conditions (f), (s) and (c), respec-
tively. By denoting EPICCONY the full subcategory of CCONYV, it is now possible to analyses the
fundamental full subcategory ULIM of PUCONYV, whose objects are the uniform limit spaces, by using
the more general concept of epicrossconvergence spaces. Here, a preuniform convergence structure J
on X is called uniform limit structure and the space (X, J) uniform limit space provided it satisfies the
following conditions: U, U € pimplying Uy N U, € J and U o U, € J if it exists, and U € J implies
U'el.
By using 4.7. the categories ULIM and FSAT-EPICCONY are isomorphic. Consequently, the concept
of epicrossconvergence is a more general one and contains UNIF, too.

Moreover, for an epicrossconvergence (8%, ) we can naturally consider so-called u-Cauchy filter (in
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short u-Cfilter), where a filter ¥ € FIL(X) is said to be u-Cfilter provided that ¥ X F € u({x}) for some
x € X. Furthermore, we say a filter ¥ € FIL(X) is u-convergent provided the existence of an element
x € X such that X XF € u({x}). Then completeness can be introduced by combining these two condi-
tions, i.e. , an epicrossconvergence (8%, 1) and the corresponding space (X, 8%, u) are called complete,
provided that any u-Cfilter is u-convergent. The following statement justifies this definition: An uniform
limit space is complete if and only if its corresponding epicrossconvergence space is complete. Now, it

seems to be of interest to develop a "completion-theory" for epicrossconvergence spaces.
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