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Abstract
For linear time varying (LTV) multiple input multiple output (MIMO) systems with
vector relative degree, an open‐closed‐loop iterative learning control (ILC) strategy is
developed in this article, where the time interval of operation is iteration dependent. To
compensate the missing tracking signal caused by iteration dependent interval, the
feedback control is introduced in ILC design. As the tracking signal of many continuous
iterations is lost in a certain interval, the feedback control part can employ the tracking
signal of current iteration for compensation. Under the assumption that the initial state
vibrates around the desired initial state uniformly in mathematical expectation sense, the
expectation of ILC tracking error can converge to zero as the number of iteration tends
to infinity. Under the circumstance that the initial state varies around the desired initial
state with a bound, as the number of iteration tends to infinity, the expectation of ILC
tracking error can be driven to a bounded range, whose upper bound is proportional to
the fluctuation. It is revealed that the convergence condition is dependent on the feed-
forward control gains, while the feedback control can accelerate convergence speed by
selecting appropriate feedback control gains. As a special case, the controlled system with
integrated high relative degree is also addressed by proposing a simplified iteration
dependent interval based open‐closed‐loop ILC method. Finally, the effectiveness of the
developed iteration dependent interval based open‐closed‐loop ILC is illustrated by a
simulation example with two cases on initial state.
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1 | INTRODUCTION

Different from the model based control techniques [1–6], as an
intelligent control scheme, iterative learning control (ILC) is
usually utilised to impel the output of repetitive system to track
a reference trajectory gradually along the iteration direction
[7–10]. By employing the tracking information of preceding
iterations, ILC adjusts the control input of subsequent itera-
tions to make the tracking error reduce. One of the most
conspicuous strengths of ILC is that less prior knowledge of
the dynamical system is required in design process, which

makes ILC popular in both theoretical and applicable fields
with repetitive cases such as robot [11–13], high speed rack
feeder [14], high speed train [15–17], pneumatic artificial
muscle [18], and air conditioning system [19].

With the aim of achieving perfect tracking, most ILC
methods require that the time interval at each iteration is fixed.
However, in many actual circumstances, the controlled system
may stop earlier or later due to external disturbances or system
dynamics. This would lead to the time interval varies from
iteration to iteration. Thus, some ILC designs for dynamical
systems with iteration dependent interval have been
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investigated [14, 20–38]. And the authors in the work [39] have
provided a review of the model and ILC method of the iter-
ation dependent interval systems. In [20], a certain conver-
gence is derived with the help of improved P‐type ILC scheme
for non‐linear systems with iteration dependent interval initial
state, and external disturbances. Other first order ILC schemes
can be found in [21, 22], and [23]. Due to the iteration
dependent interval, the tracking signal of last cycle would be
lost as the actual time interval is less than the desired one. In
this case, the mentioned first order ILC schemes, which only
utilise the tracking signal of last cycle to adjust current control
input, cannot obtain useful information from last iteration. To
deal with the iteration dependent time interval, for linear
discrete time systems, the iteration average operator is intro-
duced in [24], where all former tracking signals are collected
and employed to compensate the missing information. In [25],
an iteratively moving average operator is introduced in ILC
design, which uses the tracking information of latest iterations
to compensate the signal that was missing at last iteration. For
non‐linear systems with initial state shifts and iteration
dependent interval, a higher order ILC scheme using the in-
formation in some recent iterations is proposed in [26]. In [27],
two ILC schemes are presented, which select valuable tracking
information and filter out redundant information. Some other
ILC schemes with the compensation mechanisms in iteration
domain are presented for linear systems [28–30] and non‐linear
systems [31–37]. Combining flexible adaptive methods and
two‐dimensional methods, some novel ILC schemes have been
addressed for a class of iteration dependent interval repetitive
systems [35–38]. However, it is worth pointed out that these
iteration based compensation methods [24–33] need to store
lots of tracking information. As the time interval is shorter in
many continuous iterations, the storage of ILC would be large,
since the signal in many previous iterations are adopted in ILC
law. Other compensation mechanisms should be considered
for dynamical systems with iteration dependent interval.

On the other hand, most of the existing iteration depen-
dent interval based ILC methods are developed for controlled
systems with a relative degree of one [20–27, 30–33]. For
dynamical systems represented in time domain, the relative
degree reflects that the control input affects the system output
connected with system matrices [40–43]. And for linear sys-
tems represented in frequency domain by a transfer function
UðsÞ=V ðsÞ, the relative degree is defined by
G¼ deg V − deg U , where degð⋅Þ denotes the order of
polynomial with real coefficients. Nowadays, the ILC issue of
dynamical systems with high relative degree (G > 1) are studied
[41–43]. The vector relative degree of multiple input multiple
output (MIMO) systems reveals the relationship from control
input to single system output, which can give more detailed
information between them. Fortunately, in recent years, the
iteratively moving average operator based ILC scheme with
robustness analysis is proposed for linear continuous time
systems with vector relative degree under iteration dependent
input trail lengths and random initial state shifts [28]. For linear
discrete time MIMO systems with vector relative degree and
iteration dependent interval, an iteration average operator

based PD‐type ILC is presented, as well as P‐type and D‐type
[29]. The authors in the work [34] used the modified error and
iteratively moving average operator to design two iteratively
variable pass lengths based sampled data ILC algorithms for
non‐linear continuous time systems with vector relative degree.
However, the systems considered in [28, 29] are time invariant,
and the missing information caused by iteration dependent
interval is compensated by the signal of previous iterations [28,
29, 34]. More efforts should be made in iteration dependent
interval based ILC scheme for time varying systems with
vector relative degree.

In this paper, an iteration dependent interval based open‐
closed‐loop ILC scheme including feedforward and feedback
control structure is developed for linear time varying (LTV)
MIMO systems with vector relative degree. As the tracking
information of many continuous iterations is lost in a certain
time interval, the signal of current iteration could be used for
compensation with the help of feedback control item. Under
the assumption that the initial state vibrates around the desired
initial state uniformly in mathematical expectation sense, the
expectation of ILC tracking error can converge to zero as the
number of iteration tends to infinity. Under the circumstance
that the initial state varies around the desired initial state with a
bound, as the number of iteration tends to infinity, the
expectation of ILC tracking error can be driven to a bounded
range, whose upper bound is proportional to the fluctuation. It
is demonstrated that the convergence condition is dependent
on the feedforward gains only, while the appropriate feedback
gains can improve the ILC convergence performance. As a
special case, the controlled system with integrated high relative
degree is also addressed by proposing a simplified iteration
dependent interval based open‐closed‐loop ILC method. The
major contributions of this paper are summarised as follows:
(1) the existing iteration dependent interval based ILC studies
for MIMO systems with vector relative degree requires that the
system is time invariant [28, 29]. The LTV MIMO system with
vector relative degree or integrated high relative degree is
considered in this article. (2) In the ILC designs for dynamical
MIMO systems with iteration dependent interval, the tracking
information in previous iterations is adopted for compensation
[28–37]. An iteration dependent interval based open‐closed‐
loop ILC method containing feedforward and feedback con-
trol is proposed. With the help of feedback control, a
compensation mechanism in time domain is presented, such
that the missing tracking signal caused by iteration dependent
interval can be compensated by the signal of current iteration.
The proposed iteration dependent interval based open‐closed‐
loop ILC method can accelerate the convergence speed with
the help of appropriate feedback control gains. (3) To analyse
the convergence of the proposed iteration dependent interval
based ILC schemes, the λ‐norm is widely used [22, 24, 25, 27,
30–34]. However, it is well known that the λ‐norm might not
be satisfactory measure of ILC tracking error [26, 29]. By
employing mathematical induction in convergence analysis, λ‐
norm is avoided in this article.

The remaining sections of this article are organised as
follows. In Section 2, the LTV MIMO system with vector
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degree and iteration dependent time interval is presented, as
well as some preliminaries. Under the initial state vibrates
around the desired initial state uniformly in mathematical
expectation sense, the developed iteration dependent open‐
closed‐loop ILC method and the convergence analysis are
given in Section 3. When the initial state varies around the
desired initial state with a bound, Section 4 provides the
corresponding robustness analysis. Section 5 provides a
simulation example to validate the effectiveness of the

derived results. In the end, we conclude this article in
Section 6.

2 | PROBLEM DESCRIPTION AND
PRELIMINARIES

Consider the following LTV MIMO systems that operate
repetitively,

xkðzþ 1Þ ¼ AðzÞxkðzÞ þ BðzÞukðzÞ;
ykðzÞ ¼ CðzÞxkðzÞ;

�

ð1Þ

where k¼ 0; 1;⋯ is the iterative index, z¼ 0; 1;⋯;Zk is the
discrete time index, xkðzÞ ∈ Rp is the state, ukðzÞ ∈ Rr is the
control input, and ykðzÞ ∈ Rm is the output. The matrices
AðzÞ ∈ Rp�p, BðzÞ ∈ Rp�r , and CðzÞ ∈ Rm�p. For system (1),
Zk Z ≤ Zk ≤ Z
� �

is the iteration dependent terminal time step
at k‐th iteration with upper bound Z and lower bound Z. For
iteration dependent interval based ILC problem, it is reason-

able to assume that there exists a lower bound Z > 0 and a
upper bound Z > Z > 0, which are not required to be known
in prior. In other words, the specific information of Z and Z is
not included in the ILC scheme design.

Let xdðzÞ be the desired state, ydðzÞ ¼ yð1Þd ðzÞ
h

yð2Þd ðzÞ⋯yðmÞd ðzÞ�
T
¼ CðzÞxdðzÞ is the corresponding output

trajectory with yðsÞd ðzÞ, z ∈ 0; 1;⋯;Zd þGsf g, s¼ 1; 2;⋯;m,
where Zd is the desired terminal time step and Gs is defined in
Definition 1.

Definition 1. [26]: The vector relative degree of LTV MIMO
system (1) is G¼ G1;G2;⋯;Gmð Þ, if for all 1 ≤ s ≤ m

where Gs > 1.
Assume that there is a unique control input udðzÞ ∈ Rr for

0 ≤ z ≤ Zd , such that

xdðzþ 1Þ ¼ AðzÞxdðzÞ þ BðzÞudðzÞ
ydðzÞ ¼ CðzÞxdðzÞ

�

ð3Þ

The tracking error ekðzÞ ¼ eð1Þk ðzÞ eð2Þk ðzÞ ⋯ eðmÞk ðzÞ
h iT

at k‐th iteration is

ekðzÞ ¼ ydðzÞ − ykðzÞ

¼ yð1Þd ðzÞ − yð1Þk ðzÞ yð2Þd ðzÞ − yð2Þk ðzÞ ⋯ yðmÞd ðzÞ − yðmÞk ðzÞ
h iT

ð4Þ

where eðsÞk ðzÞ ¼ yðsÞd ðzÞ − yðsÞk ðzÞ, s¼ 1; 2;⋯;m, 0 ≤ z ≤ min
Zd þGs;Zk þGsf g.

Lemma 1. If the vector relative degree of LTV MIMO system
(1) is G¼ G1;G2;⋯;Gmð Þ, then it is obtained that

where yðsÞk ðzÞ is the s‐th component of ykðzÞ at k‐th iteration.

According to Definition 1, Lemma 1 can be directly proved
by the solution of system (1). Then from (5) in Lemma 1, it is

Csðzþ iÞ∏
l−1

j¼1
Aðzþ i − jÞBðz þ i − lÞ ¼ 0; 1 ≤ l ≤ i; 1 ≤ l ≤ Gs − 1;

Cs zþGsð Þ∏
l−1

j¼1
A zþGs − jð ÞB zþGs − lð Þ ¼ 0; 1 ≤ l ≤ Gs − 1;

Cs zþGsð Þ ∏
Gs−1

j¼1
A zþGs − jð ÞBðzÞ ≠ 0 :

8
>>>>>>>><

>>>>>>>>:

ð2Þ

yðsÞk ðzþ iÞ ¼ Csðzþ iÞ∏
i

j¼1
Aðzþ i − jÞ xkðzÞ; 0 ≤ i ≤ Gs − 1

yðsÞk zþGsð Þ ¼ Cs zþGsð Þ ∏
Gs−1

j¼0
Aðzþ jÞ xkðzÞ þ Cs zþGsð Þ ∏

Gs−1

j¼1
A zþGs − jð ÞBðzÞ ukðzÞ

8
>>>><

>>>>:

ð5Þ

WEI ET AL. - 647

 24682322, 2023, 3, D
ow

nloaded from
 https://ietresearch.onlinelibrary.w

iley.com
/doi/10.1049/cit2.12213 by R

eadcube (L
abtiva Inc.), W

iley O
nline L

ibrary on [27/10/2024]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense

https://ietresearch.onlinelibrary.wiley.com/action/rightsLink?doi=10.1049%2Fcit2.12213&mode=


demonstrated that the output yðsÞk ðzÞ, s ∈ f1; 2;⋯;mg at the
initial time interval z ∈ 0; 1;⋯;Gs − 1f g is not influenced by
the control input ukðzÞ.

Lemma 2. [10]: Assume a real sequence αkf g for k ≥ 0 is
denoted as

αkþ1 ≤ ζαk þM ð6Þ

where M is a constant. If ζ < 1, then

limsup
k→þ∞

αk ≤
M

1 − ζ
ð7Þ

In order to investigate the iteration dependent interval
based ILC method for LTV MIMO systems with vector rela-
tive degree, let EðηÞ be the mathematical expectation of the
stochastic variable η. Then we give the following assumptions.

Assumption 1. [24]: The initial state xkð0Þ vibrates randomly
with iteration while the mathematical expectation satisfies

E kxdð0Þ − xkð0Þkf g ¼ 0 ð8Þ

Assumption 2. The initial state xkð0Þ for any iteration fluc-
tuates randomly while the mathematical expectation is boun-
ded, that is

E kxdð0Þ − xkð0Þkf g ≤ δ ð9Þ

Remark 1. In traditional ILC schemes, a common assumption
is that the state xkð0Þ at each iteration is equal to the desired
initial state xdð0Þ [25]. Comparing with it, Assumption 1 is
relaxed, which allows xkð0Þ varying uniformly around xdð0Þ in
mathematical expectation sense [24]. Assumption 2 is a general
case of Assumption 1. It is worth noted that the strict
requirement of identical initial condition in traditional ILC
studies is relaxed under both Assumptions 1 and 2.

Moreover, the iteration dependent interval issue is also
considered in this paper. In other words, the actual terminal
time step Zk is iterative varying and different from the desired
one Zd . For that case, a Bernoulli stochastic variable λkðzÞ
(0 ≤ z ≤ Z) taking binary values 0 and one is introduced. On
the one hand, λkðzÞ ¼ 1 occurring with probability qðzÞ,
ð0 ≤ qðzÞ ≤ 1Þ indicates that the ILC process of system (1) can
continue to the time point z at k‐th iteration. On the other
hand, λkðzÞ ¼ 0 occurring with probability 1 − qðzÞ indicates
that the ILC process of system (1) cannot continue to the time
point z at k‐th iteration.

The modified tracking error ~ekðzÞ ¼
h

~eð1Þk ðzÞ ~eð2Þk ðzÞ

⋯ ~eðmÞk ðzÞ
iT

is defined as

~e ðsÞk ðzÞ ¼ λkðzÞ ∙ eðsÞk ðzÞ;0 ≤ z ≤ Zd þGsðs¼ 1; 2;⋯;mÞ

ð10Þ

which implies

~eðsÞk ðzÞ ¼
eðsÞk ðzÞ; 0 ≤ z ≤ Zk þGs

0;Zk þGs < z ≤ Zd þGs

(

ðs¼ 1; 2;⋯;mÞ ð11Þ

when Zk < Zd and

~eðsÞk ðzÞ ¼ eðsÞk ðzÞ; 0 ≤ z ≤ Zd þGs; ðs¼ 1; 2;⋯;mÞ ð12Þ

when Zk ≥ Zd .

3 | ITERATION DEPENDENT
INTERVAL BASED OPEN‐CLOSED‐LOOP
ILC DESIGN AND CONVERGENCE
ANALYSIS

For LTV MIMO system (1) with vector relative degree
G¼ G1;G2;⋯;Gmð Þ, we design the iteration dependent in-
terval based open‐closed‐loop ILC law as follows for
0 ≤ z ≤ Zd ,

ukþ1ðzÞ ¼ uf
kþ1ðzÞ þ ub

kþ1ðzÞ ð13Þ

uf
kþ1ðzÞ ¼ ukðzÞ þ

Xm

s¼1
Ls~e
ðsÞ
k zþGsð Þ ð14Þ

ub
kþ1ðzÞ ¼

Xm

s¼1
Rs~e
ðsÞ
kþ1 zþGs − 1ð Þ ð15Þ

Theorem 1. For system (1) with vector relative degree
G¼ G1;G2;⋯;Gmð Þ under Assumption 1, assume the
desired output trajectory ydðzÞ is realized. Apply the iteration
dependent interval based open‐closed‐loop ILC law (13)–(15).
If there are learning gains Lsðs¼ 1; 2;⋯;mÞ to make

�
�
�
�
�

I −
Xm

s¼1
LsCs zþGsð Þ ∏

Gs−1

j¼1
A zþGs − jð ÞBðzÞ

�
�
�
�
�

⋅ q zþGsð Þ þ kIk ⋅ 1 − q zþGsð Þ½ � ≤ ρ < 1

ð16Þ

then the mathematical expectation of tracking error
E kekðzÞkf g will be driven to zero for z ∈ Gs − 1;Gs;⋯;f

Gs þ Zdg as k goes infinity.

Proof. Let Δuf
kðzÞ ¼ udðzÞ − uf

kðzÞ and ΔukðzÞ ¼ udðzÞ−
ukðzÞ, subtracting both side of (14) with udðzÞ and noting (10),
it yields

Δuf
kþ1ðzÞ ¼ ΔukðzÞ −

Xm

s¼1
Ls~ek

ðsÞ zþGsð Þ

¼ ΔukðzÞ −
Xm

s¼1
Lsλk zþGsð ÞeðsÞk zþGsð Þ ð17Þ
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Denote ΔxkðzÞ ¼ xdðzÞ − xkðzÞ, according to (5), we get

eðsÞk zþGsð Þ ¼ yðsÞd zþGsð Þ − yðsÞk zþGsð Þ

¼ Cs zþGsð Þ ∏
Gs−1

j¼0
Aðzþ jÞΔxkðzÞ þ Cs zþGsð Þ ∏

Gs−1

j¼1
A zþGs − jð ÞBðzÞΔukðzÞ

ð18Þ

Substituting (18) into (17),

Δuf
kþ1ðzÞ ¼ ΔukðzÞ −

Xm

s¼1
Lsλk zþGsð Þ Cs zþGsð Þ ∏

Gs−1

j¼0
Aðzþ jÞ ΔxkðzÞ

"

þ Cs zþGsð Þ ∏
Gs−1

j¼1
A zþGs − jð ÞBðzÞΔukðzÞ

#

¼ I −
Xm

s¼1
Lsλk zþGsð Þ Cs zþGsð Þ ∏

Gs−1

j¼1
A zþGs − jð ÞBðzÞ

" #

ΔukðzÞ

−
Xm

s¼1
Lsλk zþGsð Þ Cs zþGsð Þ ∏

Gs−1

j¼0
Aðzþ jÞ ΔxkðzÞ

ð19Þ

Subtracting both side of (13) with udðzÞ, and considering (15) and (10), it yields

ΔukðzÞ ¼ Δuf
kðzÞ − ub

kðzÞ

¼ Δuf
kðzÞ −

Xm

s¼1
Rsλk zþGs − 1ð ÞeðsÞk zþGs − 1ð Þ

ð20Þ

Substituting (20) into (19),

Δuf
kþ1ðzÞ ¼ I −

Xm

s¼1
Lsλk zþGsð Þ Cs zþGsð Þ ∏

Gs−1

j¼1
A zþGs − jð Þ BðzÞ

" #

� Δuf
kðzÞ −

Xm

s¼1
Rsλk zþGs − 1ð Þ eðsÞk zþGs − 1ð Þ

" #

−
Xm

s¼1
Lsλk zþGsð Þ Cs zþGsð Þ ∏

Gs−1

j¼0
Aðzþ jÞΔxkðzÞ

¼ I −
Xm

s¼1
Lsλk zþGsð Þ Cs zþGsð Þ ∏

Gs−1

j¼1
A zþGs − jð ÞBðzÞ

" #

Δuf
kðzÞ

− I −
Xm

s¼1
Lsλk zþGsð ÞCs zþGsð Þ ∏

Gs−1

j¼1
A zþGs − jð ÞBðzÞ

" #

�
Xm

s¼1
Rsλk zþGs − 1ð Þ eðsÞk zþGs − 1ð Þ

−
Xm

s¼1
Lsλk zþGsð ÞCs zþGsð Þ ∏

Gs−1

j¼0
Aðzþ jÞΔxkðzÞ

ð21Þ

Applying norm k ⋅ k and Ef ⋅ g on both sides of (21), we have
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E
�
�
�Δuf

kþ1ðzÞ
�
�
�

n o
≤ E

�
�
�
�
�

I −
Xm

s¼1
Lsλk zþGsð ÞCs zþGsð Þ ∏

Gs−1

j¼1
A zþGs − jð ÞBðzÞ

�
�
�
�
�

( )

E
�
�
�Δuf

kðzÞ
�
�
�

n o

þ E

�
�
�
�
�

I −
Xm

s¼1
Lsλk zþGsð Þ Cs zþGsð Þ ∏

Gs−1

j¼1
A zþGs − jð ÞBðzÞ

�
�
�
�
�

( )
Xm

s¼1
kRsk

� E kλk zþGs − 1ð Þkf gE
�
�
�eðsÞk zþGs − 1ð Þ

�
�
�

n o

þ E

�
�
�
�
�

Xm

s¼1
Lsλk zþGsð ÞCs zþGsð Þ ∏

Gs−1

j¼0
Aðzþ jÞ

�
�
�
�
�

( )

E kΔxkðzÞkf g

ð22Þ

According to the definition of Bernoulli stochastic variable λkðzÞ, there are

E

�
�
�
�
�

I −
Xm

s¼1
Lsλk zþGsð ÞCs zþGsð Þ ∏

Gs−1

j¼1
A zþGs − jð ÞBðzÞ

�
�
�
�
�

( )

¼

�
�
�
�
�

I −
Xm

s¼1
LsCs zþGsð Þ ∏

Gs−1

j¼1
A zþGs − jð ÞBðzÞ

�
�
�
�
�

⋅ q zþGsð Þ þ kIk ⋅ 1 − q zþGsð Þ½ �

ð23Þ

and

E kλk zþGsð Þkf g ¼ q zþGsð Þ ð24Þ

On the other hand, from (23), (16) and (24), we can rewrite (22) as

E
�
�
�Δuf

kþ1ðzÞ
�
�
�

n o
≤ ρE

�
�
�Δuf

kðzÞ
�
�
�

n o
þ ρ

Xm

s¼1
kRsk ⋅ q zþGs − 1ð Þ ⋅ E

�
�
�eðsÞk zþGs − 1ð Þ

�
�
�

n o

þ
Xm

s¼1
kLsk ⋅ q zþGsð Þ ⋅ kCs zþGsð Þk ∏

Gs−1

j¼0
kAðzþ jÞk ⋅ E kΔxkðzÞkf g

≤ ρE
�
�
�Δuf

kðzÞ
�
�
�

n o
þ ρmmRqE

�
�
�eðsÞk zþGs − 1ð Þ

�
�
�

n o
þmmLqmCmGs

A E kΔxkðzÞkf g

≤ ρE
�
�
�Δuf

kðzÞ
�
�
�

n o
þ g1 E kΔxkðzÞkf g þ E

�
�
�eðsÞk zþGs − 1ð Þ

�
�
�

n oh i

ð25Þ

where kLsk ≤ mL, kRsk ≤ mR, ðs ∈ f0; 1;⋯;mgÞ, kCðzÞk ≤ mC , kAðzÞk ≤ mA, z ∈ 0; 1;⋯;Zd þGsf gð Þ, and

g1 ¼max mmLqmCmGs
A ; ρmmRq

n o
with q¼max

i
qðiÞ, i ∈ 0; 1;⋯;Zd þGsf g.

Then, from (1), (3), (20) and (24), there is

E kΔxkðzÞkf g ≤ kAðz − 1Þk ⋅ E kΔxkðz − 1Þkf g þ kBðz − 1Þk ⋅ E kΔukðz − 1Þkf g

≤ kAðz − 1Þk ⋅ E kΔxkðz − 1Þkf g þ kBðz − 1Þk ⋅ E
�
�
�Δuf

kðz − 1Þ
�
�
�

n o

þ kBðz − 1Þk ⋅
Xm

s¼1
kRsk ⋅ q zþGs − 2ð Þ ⋅ E

�
�
�eðsÞk zþGs − 2ð Þ

�
�
�

n o

≤ mAE kΔxkðz − 1Þkf g þmBE
�
�
�Δuf

kðz − 1Þ
�
�
�

n o
þmmBmRq zþGs − 2ð ÞE

�
�
�eðsÞk zþGs − 2ð Þ

�
�
�

n o

ð26Þ
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According to (5) in Lemma 1 and (26), we have

In consequence, from (26) and (27), we can get

where g2 ¼max mA þmCmGs
A ; 1þmCmGs−1

A

� �
mmBmRq

n o

and g3 ¼ 1þmCmGs−1
A

� �
mB with kBðzÞk ≤ mB, z ∈ 0; 1;f

⋯;Zd þGsg.
Since E kΔxkð0Þkf g ¼ 0 holds from (8) of Assumption 1, it

follows from (5) that

E
�
�
�eðsÞk Gs − 1ð Þ

�
�
�

n o
¼ E

�
�
�yðsÞd Gs − 1ð Þ − yðsÞk Gs − 1ð Þ

�
�
�

n o

≤ kCs Gs − 1ð Þk ∏
Gs−1

j¼1
kA Gs − j − 1ð Þ

kE kxkð0Þkf g

¼ 0 ð29Þ

Then, from (8) and (29), we can rewrite (28) as

E kΔxkðzÞkf g þ E
�
�
�eðsÞk zþGs − 1ð Þ

�
�
�

n o

≤
Xz−1

l¼0

gz−l−1
2 g3E

�
�
�Δuf

kðlÞ
�
�
�

n o ð30Þ

Consequently, substituting (30) into (25), it yields

E
�
�
�Δuf

kþ1ðzÞ
�
�
�

n o
≤ ρE

�
�
�Δuf

kðzÞ
�
�
�

n o

þ g1
Xz−1

l¼0

gz−l−1
2 g3E

�
�
�Δuf

kðlÞ
�
�
�

n o ð31Þ

As z¼ 0 in (25), and considering (8) and (29), there is

E
�
�
�Δuf

kþ1ð0Þ
�
�
�

n o
≤ ρE

�
�
�Δuf

kð0Þ
�
�
�

n o
ð32Þ

Noting ρ < 1 shown in (16), we obtain

lim
k→þ∞

E
�
�
�Δuf

kð0Þ
�
�
�

n o
¼ 0 ð33Þ

As z¼ 1 in (31), we have

E
�
�
�Δuf

kþ1ð1Þ
�
�
�

n o
≤ ρE

�
�
�Δuf

kð1Þ
�
�
�

n o
þ g1g3E

�
�
�Δuf

kð0Þ
�
�
�

n o

ð34Þ

From (33) and (16), it follows that

lim
k→þ∞

E
�
�
�Δuf

kð1Þ
�
�
�

n o
¼ 0 ð35Þ

E
�
�
�eðsÞk zþGs − 1ð Þ

�
�
�

n o
¼ E

�
�
�yðsÞd zþGs − 1ð Þ − yðsÞk zþGs − 1ð Þ

�
�
�

n o

≤ kCs zþGs − 1ð Þk ∏
Gs−1

j¼1
kA zþGs − 1 − jð ÞkE kΔxkðzÞkf g

≤ mCmGs
A E kΔxkðz − 1Þkf g þmCmGs−1

A mBE
�
�
�Δuf

kðz − 1Þ
�
�
�

n o

þmCmGs−1
A mmBmRq zþGs − 2ð ÞE

�
�
�eðsÞk zþGs − 2ð Þ

�
�
�

n o

ð27Þ

E kΔxkðzÞkf g þ E
�
�
�eðsÞk zþGs − 1ð Þ

�
�
�

n o

≤ mA þmCmGs
A

� �
E kΔxkðz − 1Þkf g þ mB þmCmGs−1

A mB

� �
E
�
�
�Δuf

kðz − 1Þ
�
�
�

n o

þ 1þmCmGs−1
A

� �
mmBmRq zþGs − 2ð ÞE

�
�
�eðsÞk zþGs − 2ð Þ

�
�
�

n o

≤ g2 E kΔxkðz − 1Þkf g þ E
�
�
�eðsÞk zþGs − 2ð Þ

�
�
�

n oh i
þ g3E

�
�
�Δuf

kðz − 1Þ
�
�
�

n o

≤ ⋯⋯

≤ gz
2 E kΔxkð0Þkf g þ E

�
�
�eðsÞk Gs − 1ð Þ

�
�
�

n oh i
þ
Xz−1

l¼0

gz−l−1
2 g3E

�
�
�Δuf

kðlÞ
�
�
�

n o

ð28Þ
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Assume that for z¼ 1; :::; v − 1,

lim
k→þ∞

E
�
�
�Δuf

kðzÞ
�
�
�

n o
¼ 0 ð36Þ

As z¼ v, from (31), we have

E
�
�
�Δuf

kþ1ðvÞ
�
�
�

n o
≤ ρE

�
�
�Δuf

kðvÞ
�
�
�

n o

þ g1
Xv−1

l¼0

gv−l−1
2 g3E

�
�
�Δuf

kðlÞ
�
�
�

n o ð37Þ

Considering (33), (36), and (16), we obtain

lim
k→þ∞

E
�
�
�Δuf

kðvÞ
�
�
�

n o
¼ 0 ð38Þ

Thus, based on the mathematical induction, we can conclude
that

lim
k→þ∞

E
�
�
�Δuf

kðzÞ
�
�
�

n o
¼ 0; z ∈ 0; 1;⋯;Zdf g ð39Þ

According to (30), (39), and (8), for z ∈ 0; 1; :::;Zd þ 1f g, it
follows that

lim
k→þ∞

E kek zþGs − 1ð Þkf g þ E kΔxkðzÞkf g½ � ¼ 0: ð40Þ

As a result,

lim
k→þ∞

E kekðzÞkf g ¼ 0; z ∈ Gs − 1;Gs;⋯;Zd þGsf g: ð41Þ

This completes the proof.

It is worth noted that in this article, MIMO systems with
vector relative degree are studied, in which the relative degree of
each output could be different from others. It is demonstrated
from Theorem 1 that the initial time points are dependent on
the relative degree. According to the convergence results, the
system output yðsÞk ðzÞ, s ∈ f1; 2;⋯;mg in time interval
0; 1;⋯;Gs − 1f g cannot be controlled, because the control

input ukðzÞ does not affect the system output for
z ∈ 0; 1;⋯;Gs − 1f g as shown in Lemma 1. Therefore, the
initial time points should be different for each system output.
An example in practical ILC application is the system outputs
consisting of acceleration, speed, and displacement. It is well
known that the relationship among them is derivative, which is
represented as difference in discrete time. Thus, as the control
force is imposed, the acceleration is influenced firstly, then the
speed is affected, finally the displacement, which means that
each system output is affected by control input at different time
points. Such multiple output system has vector relative degree.

If the LTV system (1) has an integrated high relative degree
G > 1, the Markov parameters satisfy

Similar to Lemma 1, we obtain the following relationship
according to (42) and (1),

Therefore, the following Corollary 1 to Theorem 1 is
derived.
Corollary 1. For system (1) with integrated high relative de-
gree G > 1, under Assumption 1, assume the desired output
trajectory ydðzÞ is realized. Apply the following simplified
iteration dependent interval based open‐closed‐loop ILC law
for 0 ≤ z ≤ Zd,

ukþ1ðzÞ ¼ uf
kþ1ðzÞ þ ub

kþ1ðzÞ ð44Þ

Cðzþ iÞ∏
l−1

j¼1
Aðzþ i − jÞBðzþ i − lÞ ¼ 0; 1 ≤ l ≤ i; 1 ≤ l ≤ G − 1;

C zþG
� �

∏
l−1

j¼1
A zþG − j
� �

B zþG − l
� �

¼ 0; 1 ≤ l ≤ G − 1;

C zþG
� �

∏
G−1

j¼1
A zþG − j
� �

BðzÞ ≠ 0 :

8
>>>>>>>>>><

>>>>>>>>>>:

ð42Þ

ykðzþ iÞ ¼ Cðzþ iÞ∏
i

j¼1
Aðzþ i − jÞ xkðzÞ; 0 ≤ i ≤ G − 1

yk zþG
� �

¼ C zþG
� �

∏
G−1

j¼0
Aðzþ jÞ xkðzÞ þ C zþG

� �
∏
G−1

j¼1
A zþG − j
� �

BðzÞ ukðzÞ

8
>>>><

>>>>:

ð43Þ
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uf
kþ1ðzÞ ¼ ukðzÞ þ L~ek zþG

� �
ð45Þ

ub
kþ1ðzÞ ¼ R~ekþ1 zþG − 1

� �
ð46Þ

If the learning gain L is chosen to make

�
�
�
�
�

I − LC zþG
� �

∏
G−1

j¼1
A zþG − j
� �

BðzÞ

�
�
�
�
�

⋅ q zþG
� �

þ kIk ⋅ 1 − q zþG
� �� �

≤ ρ < 1;

ð47Þ

then the mathematical expectation of tracking error
E kekðzÞkf g will be driven to zero for z ∈ G − 1;G;⋯;

�

Gþ Zdg as k goes infinity.

4 | ITERATION DEPENDENT
INTERVAL BASED OPEN‐CLOSED‐LOOP
ILC DESIGN UNDER INITIAL STATE
FLUCTUATION

In practice, the initial state in most ILC applications might not
vibrate uniformly, which means that condition (8) of Assump-
tion 1 does not satisfy. To address this case, a more relaxed initial
condition should be considered. In this section, under the initial
state fluctuation described in (9) of Assumption 2 rather than (8)
of Assumption 1, the corresponding robustness analysis is
provided.

Theorem 2. For system (1) with vector relative degree
G¼ G1;G2;⋯;Gmð Þ under Assumption 2, assume the
desired output trajectory ydðzÞ is realized. Apply the iteration
dependent interval based open‐closed‐loop ILC law (13)–(15).
If there are learning gains Lsðs¼ 1; 2;⋯;mÞ to make (16)
hold, then, as k goes infinity, the asymptotic bound of
limsup
k→þ∞

E kekðzÞkf g will be driven to a bounded range, whose

upper bound is proportion to δ for z ∈ Gs − 1;Gs;f

⋯;Gs þ Zdg.

Proof. Since E kΔxkð0Þkf g ≤ δ holds from (9) of Assumption
2, it follows from (5) that

E
�
�
�eðsÞk Gs − 1ð Þ

�
�
�

n o
¼ E

�
�
�yðsÞd Gs − 1ð Þ − yðsÞk Gs − 1ð Þ

�
�
�

n o

≤ kCs Gs − 1ð Þk ∏
Gs−1

j¼1
kA Gs − j − 1ð Þ

kE kxkð0Þkf g

≤ mCmGs−1
A δ: ð48Þ

Then, from (9) and (48), we can rewrite (28) as

E kΔxkðzÞkf g þ E
�
�
�eðsÞk zþGs − 1ð Þ

�
�
�

n o

≤ gz
2 δþmCmGs−1

A δ
� �

þ
Xz−1

l¼0

gz−l−1
2 g3E

�
�
�Δuf

kðlÞ
�
�
�

n o

≤ gz
2 1þmCmGs−1

A

� �
δþ

Xz−1

l¼0

gz−l−1
2 g3

E
�
�
�Δuf

kðlÞ
�
�
�

n o
:

ð49Þ

Consequently, substituting (49) into (25), it yields

E
�
�
�Δuf

kþ1ðzÞ
�
�
�

n o
≤ ρE

�
�
�Δuf

kðzÞ
�
�
�

n o

þ g1gz
2 1þmCmGs−1

A

� �
δ

þ g1
Xz−1

l¼0

gz−l−1
2 g3E

�
�
�Δuf

kðlÞ
�
�
�

n o
ð50Þ

Denote θ ¼ g1 1þmCmGs−1
Að Þ δ

1−ρ and ϑ¼ g2 þ
g1g3
1−ρ. As z¼ 0 in (25),

and considering (9) and (48), there is

E
�
�
�Δuf

kþ1ð0Þ
�
�
�

n o
≤ ρE

�
�
�Δuf

kð0Þ
�
�
�

n o
þ g1 1þmCmGs−1

A

� �
δ

ð51Þ

Applying Lemma 2 to (51) and noting ρ < 1 shown in (16), we
obtain

limsup
k→þ∞

E
�
�
�Δuf

kð0Þ
�
�
�

n o
≤

g1 1þmCmGs−1
A

� �
δ

1 − ρ
¼ θ ð52Þ

As z¼ 1 in (50), we have

E
�
�
�Δuf

kþ1ð1Þ
�
�
�

n o
≤ ρE

�
�
�Δuf

kð1Þ
�
�
�

n o

þ g1g2 1þmCmGs−1
A

� �
δ

þ g1g3E
�
�
�Δuf

kð0Þ
�
�
�

n o
ð53Þ

Applying Lemma 2 to (53) and considering (52) and (16), it
follows that

limsup
k→þ∞

E
�
�
�Δuf

kð1Þ
�
�
�

n o
≤

g1g2 1þmCmGs−1
A

� �
δ

1 − ρ
þ

g1g3θ
1 − ρ

¼ g1 þ
g1g3
1 − ρ

� �

θ ¼ ϑθ ð54Þ

Assume that for z¼ 1; :::; v − 1,

limsup
k→þ∞

E
�
�
�Δuf

kðzÞ
�
�
�

n o
≤ ϑzθ ð55Þ

As z¼ v, from (50), we have
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E
�
�
�Δuf

kþ1ðvÞ
�
�
�

n o
≤ ρE

�
�
�Δuf

kðvÞ
�
�
�

n o

þ g1gv
2 1þmCmGs−1

A

� �
δ

þ g1
Xv−1

l¼0

gv−l−1
2 g3E

�
�
�Δuf

kðlÞ
�
�
�

n o
ð56Þ

Applying Lemma 2 to (56) and considering (52), (55), and (16),
we obtain

Thus, based on the mathematical induction, we can
conclude that

limsup
k→þ∞

E
�
�
�Δuf

kðzÞ
�
�
�

n o
≤ ϑzθ; z ∈ 0; 1;⋯;Zdf g ð58Þ

Then, considering (58), (48), and (9) in (28), it follows that for
z ∈ 0; 1; :::;Zd þ 1f g,

Since limsup
k→þ∞

E kΔxkðzÞkf g is nonnegative, we can easily

obtain that for z ∈ 0; 1; :::;Zd þ 1f g

limsup
k→þ∞

E
�
�
�eðsÞk zþGs − 1ð Þ

�
�
�

n o
≤ ϑz 1þmCmGs−1

A

� �
δ ð60Þ

It implies that for z ∈ Gs − 1;Gs; :::;Gs þ Zdf g, the

asymptotic bound limsup
k→þ∞

E
�
�
�eðsÞk ðzÞ

�
�
�

n o
is proportion to δ.

This completes the proof.
Remark 2. Theorem 2 gives the robustness analysis of iteration
dependent interval based open‐closed‐loop ILC scheme under
initial state fluctuation. From the theoretical results, one can
see that the asymptotic bound of ILC tracking error is
dependent on the bound of initial state fluctuation. In practice,
we can drive the tracking error into an acceptable range by
precisely setting the initial position.

limsup
k→þ∞

E
�
�
�Δuf

kþ1ðvÞ
�
�
�

n o
≤

g1gv
2 1þmCmGs−1

A

� �
δ

1 − ρ
þ

g1
Pv−1

l¼0
gv−l−1
2 g3E

�
�
�Δuf

kðlÞ
�
�
�

n o

1 − ρ

≤
g1gv

2 1þmCmGs−1
A

� �
δ

1 − ρ
þ

g1g3 gv−1
2 θ þ gv−2

2 ϑθ þ⋯þ ϑv−1θ
� �

1 − ρ

¼ gv
2 þ

g1g3
1 − ρ

gv−1
2 þ gv−2

2 ϑþ⋯þ ϑv−1� �
� �

θ

¼ g2 þ
g1g3
1 − ρ

� �

gv−1
2 þ gv−2

2 ϑþ⋯þ ϑv−1� �
− gv−1

2 ϑ − gv−2
2 ϑ2 − ⋯ − g2ϑv−1

� �

θ

¼ ϑ gv−1
2 þ gv−2

2 ϑþ⋯þ ϑv−1� �
− gv−1

2 ϑ − gv−2
2 ϑ2 − ⋯ − g2ϑv−1� �

θ ¼ ϑvθ

ð57Þ

limsup
k→þ∞

E kΔxkðzÞkf g þ E
�
�
�eðsÞk zþGs − 1ð Þ

�
�
�

n o� �

≤ gz
2 1þmCmGs−1

A

� �
δþ

Xz−1

l¼0

gz−l−1
2 g3limsup

k→þ∞
E
�
�
�Δuf

kðlÞ
�
�
�

n o

≤ gz
2 1þmCmGs−1

A

� �
δþ g3 gz−1

2 θ þ gz−2
2 ϑθ þ⋯þ ϑz−1θ

� �

¼ gz
2 1þmCmGs−1

A

� �
δþ g3

g1 1þmCmGs−1
A

� �
δ

1 − ρ
gz−1
2 þ gz−2

2 ϑþ⋯þ ϑz−1� �

¼ 1þmCmGs−1
A

� �
δ gz

2 þ g3
g1

1 − ρ
gz−1
2 þ gz−2

2 ϑþ⋯þ ϑz−1� �
� �

¼ 1þmCmGs−1
A

� �
δ g2 þ

g1g3
1 − ρ

� �

gz−1
2 þ gz−2

2 ϑþ⋯þ ϑz−1� �
− gz−1

2 ϑ − gz−2
2 ϑ2 − ⋯ − g2ϑz−1

� �

¼ 1þmCmGs−1
A

� �
δ ϑ gz−1

2 þ gz−2
2 ϑþ⋯þ ϑz−1� �

− gz−1
2 ϑ − gz−2

2 ϑ2 − ⋯ − g2ϑz−1� �
¼ ϑz 1þmCmGs−1

A

� �
δ:

ð59Þ
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Similar to Corollary 1, the following Corollary 2 to Theo-
rem two is acquired.

Corollary 2. For system (1) with integrated high relative de-
gree G > 1, under Assumption 2, assume the desired output
trajectory ydðzÞ is realized. Apply the simplified iteration
dependent interval based open‐closed‐loop ILC law (44)–(46).
If the learning gain L is chosen to make (47) hold, then, as k
goes infinity, the asymptotic bound of limsup

k→þ∞
E kekðzÞkf g will

be driven to a bounded range, whose upper bound is propor-
tion to δ for z ∈ G − 1;G;⋯;Gþ Zd

� �
.

Remark 3. In some ILC studies for linear MIMO system with
integrated high relative degree, they require that the system is
time invariant and operates in fixed time interval [42, 43].
Corollaries 1 and 2 gives the simplified iteration dependent
interval based open‐closed‐loop ILC law for LTV MIMO
systems with integrated high relative degree, which in fact
extends the ILC designs for MIMO system with integrated
high relative degree to a wider range.

5 | SIMULATION EXAMPLE

Example 1. To illustrate the effectiveness of the developed
iteration dependent interval based open‐closed‐loop ILC
method, consider the LTV MIMO system with vector relative
degree G¼ ð1; 2Þ denoted as

where z ∈ 0; 1;⋯;Zkf g. The desired output trajectories
yð1Þd ðzÞ and yð2Þd ðzÞ of system (61) are given as follows:

yð1Þd ðzÞ ¼ 0:02z½1þ cosð4π z=100 − πÞ�; z ∈ 0; 1;⋯;Zd þ 1f g;

yð2Þd ðzÞ ¼ 0:8½1þ sinð2π z=100 − π=2Þ�; z ∈ 0; 1;⋯;Zd þ 2f g;

8
<

:

ð62Þ

where Zd ¼ 100. The iteration dependent terminal time step
Zk ∈ f95; 96;⋯; 105g is displayed in Figure 1. Afterwards,
system (61) with ILC law (13)–(15) is simulated. The perfor-
mance of ILC is evaluated by the following error index on the
sum of absolute errors,

SEðsÞk ¼
XZdþGs

z¼Gs−1

E
�
�
�yðsÞd ðzÞ − yðsÞk ðzÞ

�
�
�

n o
; s¼ 1; 2: ð63Þ

The initial control input is taken as u0ðzÞ ¼ 0 0½ �
T for

z ∈ 0; 1;⋯;Zdf g. The feedforward control gains in (14) are

set as L1 ¼
−0:07
0:006

� �

and L2 ¼
0:0305
0:016

� �

. The feedback

control gains in (15) are selected as R1 ¼
0:015
−0:1

� �

and

R2 ¼
0:05
0:01

� �

. To compare the proposed iteration dependent

interval based open‐closed‐loop ILC law (13)–(15) with con-
ventional ILC law without feedback control part, the P‐type

ILC law with control gains L1 ¼
−0:07
0:006

� �

and L2 ¼

0:0305
0:016

� �

is also simulated.

In the simulation, two cases on initial state are provided
under Assumption 1 and 2, respectively.
Case 1. The values of initial state xkð0Þ ¼ xð1Þk ð0Þ

h

xð2Þk ð0Þ xð3Þk ð0Þ xð4Þk ð0Þ�
T ∈ R4 versus iteration k are shown in

Figure 1, which satisfy E kxdð0Þ − xkð0Þkf g ¼ 0 with
xdð0Þ ¼ 0 0 0 0½ �

T . The corresponding error indexes

SEð1Þk and SEð2Þk along the iteration direction are provided in
Figure 2. Figure 3 gives the resulting output trajectories at third
and fifth iterations to desired trajectories by using law
(13)–(15).

Case 2. The values of initial state xkð0Þ ¼ xð1Þk ð0Þ
h

xð2Þk ð0Þ xð3Þk ð0Þ xð4Þk ð0Þ�
T ∈ R4 versus iteration k are shown in

Figure 4, which satisfy E kxdð0Þ − xkð0Þkf g ≤ δ with

xkðzþ 1Þ ¼

0:1 −0:47 −0:6e1−z
150 0:08

z
80

� �2
− 0:9 0:08 −0:02 0:05

0:5e
1−z
200 0:04 −0:05 0:01

0:01 0:08 3:01 −0:02

2

6
6
6
6
6
6
4

3

7
7
7
7
7
7
5

xkðzÞ þ

z
55

2:3e
z

100 − 15
z
50
þ 1

0

−0:01

0:9

2:6e
1−z
100 þ 5

0

2

6
6
6
6
6
6
6
4

3

7
7
7
7
7
7
7
5

ukðzÞ

ykðzÞ ¼
0 0:7e−z

400 þ 0:2 0 0

0 0 0 0:6e−z
200

" #

xkðzÞ

8
>>>>>>>>>>>>><

>>>>>>>>>>>>>:

ð61Þ
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xdð0Þ ¼ 0 0 0 0½ �
T and δ¼ 1. The corresponding error

indexes SEð1Þk and SEð2Þk along the iteration direction are pro-
vided in Figure 5. Figure 6 gives the resulting output trajec-
tories at third and fifth iterations to desired trajectories by
using law (13)–(15).

Under the initial state xkð0Þ vibrates around the desired
initial state xdð0Þ but satisfies E kxdð0Þ − xkð0Þkf g ¼ 0
depicted in Figure 1, we can observe from Figure 2 that the
error indexes SEð1Þk and SEð2Þk decrease fast at the first few
iterations and then converge to zero asymptotically along the
iteration axis. Theorem one is verified. As the initial state
xkð0Þ fluctuates around the desired initial state xdð0Þ within
a bound in mathematical expectation sense, that is,
E kxdð0Þ − xkð0Þkf g ≤ δ with bound δ¼ 1 displayed in

Figure 1, Figure 5 shows that the error indexes SEð1Þk and

SEð2Þk can be driven to a bounded range gradually as the
number of iteration k tends to infinity. Theorem two is
illustrated. From Figures 3 and 6, which show the system
output trajectories yð1Þk ðzÞ and yð2Þk ðzÞ to the desired output

trajectory yð1Þd ðzÞ and yð2Þd ðzÞ at different iterations, it can be
found that though the time interval of system (61) is iter-
ation dependent as shown in Figure 7, a progressively
improved system outputs to track the desired output tra-
jectories is achieved beyond the initial time points. More-
over, from Figures 2 and 5, it is shown that the proposed
iteration dependent based open‐closed‐loop ILC law (13)–
(15) has a faster speed than the traditional P‐type ILC
without feedback control part. This is because feedback

F I GURE 1 The variation of iteration dependent terminal time step Zk
versus iteration k.

F I GURE 2 (case 1 of Example 1): The profiles of initial states xðiÞk ð0Þ,
ði¼ 1; 2Þ (above) and xðiÞk ð0Þ, ði¼ 3; 4Þ versus iteration k as the values of
initial state satisfy E kxdð0Þ − xkð0Þkf g ¼ 0 with xdð0Þ ¼ 0 0 0 0½ �

T .

F I GURE 3 (case 1 of Example 1): The profiles of the error indexes
SEð1Þk (above) and SEð2Þk (below) versus iteration k.

F I GURE 4 (case 1 of Example 1): The resulting output trajectories
yð1Þk ðzÞ to the desired output trajectory yð1Þd ðzÞ (above) and yð2Þk ðzÞ to the yð2Þd ðzÞ
(below) at iterations k¼ 3 and k¼ 5.
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control item involved with ILC design can use the tracking
error information of current iteration to compensate the
missing signal due to the presence of iteration dependent
time interval. Even if the open‐closed‐loop ILC law is a
little more complicated than the traditional P‐type ILC law
for discrete time system, it can achieve a better transient
response and convergence speed because there are more
control gains to adjust.

Example 2. To illustrate the effectiveness of the simplified
open‐closed‐loop ILC law (44)–(46), consider the following
linear piezoelectric motor system with relative degree G¼ 2
under iteration dependent interval, which is described as fol-
lows [44]

_bx
ð1Þ
k bzð Þ ¼ bxð2Þk bzð Þ;

_bx
ð2Þ
k bzð Þ ¼ −

V
M
bxð2Þk bzð Þ þ

F
M
buk bzð Þ;

byk bzð Þ ¼ bx
ð1Þ
k bzð Þ;

8
>>>>><

>>>>>:

ð64Þ

where bxð1Þk bzð Þ and bxð2Þk bzð Þ are the motion position and the
motion velocity, respectively, M ¼ 1 kg means the moving
mass, V ¼ 80 N is the velocity damping factor, and
F ¼ 60 N=V is the force constant. Let ukðzÞ ¼ buk z ⋅ Tsð Þ,

ykðzÞ ¼ byk z ⋅ Tsð Þ, and xkðzÞ ¼ xð1Þk ðzÞ xð2Þk ðzÞ
h iT

¼

bxð1Þk z ⋅ Tsð Þ bxð2Þk z ⋅ Tsð Þ

h iT
. By using _bx

ðiÞ
k z ⋅ Tsð Þ≈

bx
ðiÞ
k ðð zþ1Þ

�
⋅TsÞ−bx

ðiÞ
k z⋅Tsð ÞÞ

Ts
for i¼ 1; 2, the linear piezoelectric motor

system (64) is discretised as

xkðzþ 1Þ ¼
1 Ts

0 1 −
V Ts

M

2

6
4

3

7
5 xkðzÞ þ

0

FTs

M

2

4

3

5 ukðzÞ

ykðzÞ ¼ 1 0½ � xkðzÞ

8
>>>><

>>>>:

ð65Þ

where Ts ¼ 0:01 s means the sampling time. The iteration
dependent terminal time step Zk in (65) varies between 95 and
105 as shown in Figure 8.The desired output trajectory ydðzÞ is
described as

ydðzÞ ¼ 0:001 z − z2
� �

ð66Þ

where z ∈ f0; 1; :::; 100g with Zd ¼ 100. The initial control
input u0ðzÞ ¼ 0 for z ∈ f0; 1; :::; 100g. In order to measure the
ILC performance, the tracking error index is defined as

F I GURE 5 (case 2 of Example 1): The profiles of initial states xðiÞk ð0Þ,
ði¼ 1; 2Þ (above) and xðiÞk ð0Þ, ði¼ 3; 4Þ versus iteration k as the values of
initial state satisfies E kxdð0Þ − xkð0Þkf g ≤ δ with xdð0Þ ¼ 0 0 0 0½ �

T and
δ¼ 1.

F I GURE 6 (case 2 of Example 1): The profiles of the error indexes
SEð1Þk (above) and SEð2Þk (below) versus iteration k.

F I GURE 7 (case 2 of Example 1): The resulting output trajectories
yð1Þk ðzÞ to the desired output trajectory yð1Þd ðzÞ (above) and yð2Þk ðzÞ to the yð2Þd ðzÞ
(below) at iterations k¼ 3 and k¼ 5.
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SEk ¼
XZdþG

z¼G−1

E
�
�ydðzÞ − ykðzÞ

�
�

� �
ð67Þ

Apply the developed ILC law (13)–(15) with G¼ 2,
L¼ 14:5, and R¼ 11 to system (65). In the simulation, two
cases on initial state are provided under Assumption 1 and 2,
respectively.

Case 1. The values of the iterative initial state are set as
xkð0Þ ¼ xdð0Þ ¼ 0 0½ �

T , which satisfy Assumption 1. The
corresponding tracking error index SEk along the iteration
direction is depicted in Figure 9. Figure 10 provides the
responding output trajectory ykðzÞ to the desired output tra-
jectory ydðzÞ at iterations k¼ 3 and k¼ 5 by adopting the
simplified open‐closed‐loop ILC law (44)–(46).

Case 2. The values of the iterative initial state xkð0Þ ¼

xð1Þk ð0Þ xð2Þk ð0Þ
h iT

∈ R2 are displayed in Figure 11, which

satisfy E kxdð0Þ − xkð0Þkf g ≤ δ with xdð0Þ ¼ 0 0½ �
T and

δ¼ 0:08. The tracking error index SEk along the iteration di-
rection is given in Figure 12. Figure 13 shows the resulting
output trajectory ykðzÞ to the desired output trajectory ydðzÞ at
iterations k¼ 3 and k¼ 5 by adopting the simplified open‐
closed‐loop ILC law (44)–(46).

For system (65) with relative degree G¼ 2, as the iterative
initial state xkð0Þ ¼ xdð0Þ ¼ 0 0½ �

T satisfying Assumption 1,
it is illustrated from Figure 9 that the tracking error index SEk
can be controlled to zero. From Figure 10, it can be seen that a

F I GURE 9 (case 1 of Example 2): The profiles of ILC tracking error
index SEk versus iteration k.

F I GURE 1 0 (case 1 of Example 2): The resulting output trajectory
ykðzÞ to the desired output trajectory ydðzÞ at iterations k¼ 3 and k¼ 5.

F I GURE 8 (Example 2): The variation of iteration dependent terminal
time step Zk versus iteration k.

F I GURE 1 1 (Case 2 ofExample 2): The profiles of iterative initial states
xðiÞk ð0Þ, ði¼ 1; 2Þ as the values of initial state satisfies E kxdð0Þ − xkð0Þkf g ≤ δ
with xdð0Þ ¼ 0 0½ �

T and δ¼ 0:08.

658 - WEI ET AL.

 24682322, 2023, 3, D
ow

nloaded from
 https://ietresearch.onlinelibrary.w

iley.com
/doi/10.1049/cit2.12213 by R

eadcube (L
abtiva Inc.), W

iley O
nline L

ibrary on [27/10/2024]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense

https://ietresearch.onlinelibrary.wiley.com/action/rightsLink?doi=10.1049%2Fcit2.12213&mode=


progressively improved tracking performance of system output
ykðzÞ to desired output trajectory ydðzÞ has been accomplished
for z ∈ f0; 1; :::; 100g. Corollary one is verified. For system
(65) with relative degree G¼ 2, as the iterative initial state
varies around the desired initial state with a bound that is,
E kxdð0Þ − xkð0Þkf g ≤ δ as shown in Figure 11 satisfying
Assumption 2, Figure 12 illustrates that the control error index
SEk can be driven to a bounded range. From Figure 13, it is
shown that the corresponding output trajectory can track the
desired output trajectory progressively along the iteration di-
rection. Corollary two is verified. In addition, Figures 9 and 12
demonstrate that the proposed simplified iteration dependent
based open‐closed‐loop ILC law (44)–(46) has a faster speed
than the conventional P‐type ILC without feedback control
part shown as (44) and (45).

6 | CONCLUSION

In this article, an iteration dependent interval based open‐
closed‐loop ILC algorithm is developed for LTV MIMO sys-
tems with vector relative degree, in which the initial state can
vibrate around the desired one with identical expectation.
Theoretical analysis and simulation results have demonstrated
that as the iteration number tends to infinity, the mathematical
expectation of ILC tacking error can be controlled to zero
beyond the initial time points, which depends on the vector
relative degree of controlled system. Under initial state fluc-
tuation, as the number of iteration tends to infinity, the pro-
posed iteration dependent interval based open‐closed‐loop
ILC law can drive the expectation of ILC tracking error to a
bounded range, whose upper bound is proportional to the
fluctuation. For the systems with integrated high relative de-
gree, a simplified ILC law is given under these two initial
conditions. It is shown that the convergence condition is
determined by the feedforward gains, while the proper feed-
back control gains can expedite the convergence speed.
Further works can focus on extending the developed open‐
closed‐loop ILC approach to networked dynamical systems
or non‐repetitive systems.
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