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1 | INTRODUCTION

Different from the model based control techniques [1-6], as an
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Abstract

For linear time varying (LTV) multiple input multiple output (MIMO) systems with
vector relative degree, an open-closed-loop iterative learning control (ILC) strategy is
developed in this article, where the time interval of operation is iteration dependent. To
compensate the missing tracking signal caused by iteration dependent interval, the
feedback control is introduced in ILC design. As the tracking signal of many continuous
iterations is lost in a certain interval, the feedback control part can employ the tracking
signal of current iteration for compensation. Under the assumption that the initial state
vibrates around the desired initial state uniformly in mathematical expectation sense, the
expectation of ILC tracking error can converge to zero as the number of iteration tends
to infinity. Under the circumstance that the initial state varies around the desired initial
state with a bound, as the number of iteration tends to infinity, the expectation of ILC
tracking error can be driven to a bounded range, whose upper bound is proportional to
the fluctuation. It is revealed that the convergence condition is dependent on the feed-
forward control gains, while the feedback control can accelerate convergence speed by
selecting appropriate feedback control gains. As a special case, the controlled system with
integrated high relative degree is also addressed by proposing a simplified iteration
dependent interval based open-closed-loop 1LC method. Finally, the effectiveness of the
developed iteration dependent interval based open-closed-loop ILC is illustrated by a
simulation example with two cases on initial state.

KEYWORDS
intelligent control, iterative methods

makes ILC popular in both theoretical and applicable fields
with repetitive cases such as robot [11-13], high speed rack

feeder [14], high speed train [15-17], pneumatic artificial

intelligent control scheme, iterative learning control (ILC) is
usually utilised to impel the output of repetitive system to track
a reference trajectory gradually along the iteration direction
[7-10]. By employing the tracking information of preceding
iterations, ILC adjusts the control input of subsequent itera-
tions to make the tracking error reduce. One of the most
conspicuous strengths of ILC is that less prior knowledge of
the dynamical system is required in design process, which

muscle [18], and air conditioning system [19].

With the aim of achieving perfect tracking, most ILC
methods require that the time interval at each iteration is fixed.
However, in many actual circumstances, the controlled system
may stop eatlier or later due to external disturbances or system
dynamics. This would lead to the time interval varies from
iteration to iteration. Thus, some ILC designs for dynamical
interval have been

systems with iteration dependent
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investigated [14, 20-38]. And the authors in the work [39] have
provided a review of the model and ILC method of the iter-
ation dependent interval systems. In [20], a certain conver-
gence is derived with the help of improved P-type ILC scheme
for non-linear systems with iteration dependent interval initial
state, and external disturbances. Other first order ILC schemes
can be found in [21, 22], and [23]. Due to the iteration
dependent interval, the tracking signal of last cycle would be
lost as the actual time interval is less than the desired one. In
this case, the mentioned first order ILC schemes, which only
utilise the tracking signal of last cycle to adjust current control
input, cannot obtain useful information from last iteration. To
deal with the iteration dependent time interval, for linear
discrete time systems, the iteration average operator is intro-
duced in [24], where all former tracking signals are collected
and employed to compensate the missing information. In [25],
an iteratively moving average operator is introduced in ILC
design, which uses the tracking information of latest iterations
to compensate the signal that was missing at last iteration. For
non-linear systems with initial state shifts and iteration
dependent interval, a higher order ILC scheme using the in-
formation in some recent iterations is proposed in [26]. In [27],
two ILC schemes are presented, which select valuable tracking
information and filter out redundant information. Some other
ILC schemes with the compensation mechanisms in iteration
domain are presented for linear systems [28-30] and non-linear
systems [31-37]. Combining flexible adaptive methods and
two-dimensional methods, some novel ILC schemes have been
addressed for a class of iteration dependent interval repetitive
systems [35-38]. However, it is worth pointed out that these
iteration based compensation methods [24-33] need to store
lots of tracking information. As the time interval is shorter in
many continuous iterations, the storage of ILC would be large,
since the signal in many previous iterations are adopted in ILC
law. Other compensation mechanisms should be considered
for dynamical systems with iteration dependent interval.

On the other hand, most of the existing iteration depen-
dent interval based ILC methods are developed for controlled
systems with a relative degree of one [20-27, 30-33]. For
dynamical systems represented in time domain, the relative
degree reflects that the control input affects the system output
connected with system matrices [40—43]. And for linear sys-
tems represented in frequency domain by a transfer function
U(s)/V(s), the relative degree is defined by
G =deg V —deg U, where deg(-) denotes the order of
polynomial with real coefficients. Nowadays, the ILC issue of
dynamical systems with high relative degree (G > 1) are studied
[41-43]. The vector relative degree of multiple input multiple
output (MIMO) systems reveals the relationship from control
input to single system output, which can give more detailed
information between them. Fortunately, in recent years, the
iteratively moving average operator based ILC scheme with
robustness analysis is proposed for linear continuous time
systems with vector relative degree under iteration dependent
input trail lengths and random initial state shifts [28]. For linear
discrete time MIMO systems with vector relative degree and
iteration dependent interval, an iteration average operator
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based PD-type ILC is presented, as well as P-type and D-type
[29]. The authors in the work [34] used the modified error and
iteratively moving average operator to design two iteratively
variable pass lengths based sampled data ILC algorithms for
non-linear continuous time systems with vector relative degree.
However, the systems considered in [28, 29] are time invariant,
and the missing information caused by iteration dependent
interval is compensated by the signal of previous iterations [28,
29, 34]. More efforts should be made in iteration dependent
interval based ILC scheme for time varying systems with
vector relative degree.

In this paper, an iteration dependent interval based open-
closed-loop ILC scheme including feedforward and feedback
control structure is developed for linear time varying (LTV)
MIMO systems with vector relative degree. As the tracking
information of many continuous iterations is lost in a certain
time interval, the signal of current iteration could be used for
compensation with the help of feedback control item. Under
the assumption that the initial state vibrates around the desired
initial state uniformly in mathematical expectation sense, the
expectation of ILC tracking error can converge to zero as the
number of iteration tends to infinity. Under the circumstance
that the initial state varies around the desired initial state with a
bound, as the number of iteration tends to infinity, the
expectation of ILC tracking error can be driven to a bounded
range, whose upper bound is proportional to the fluctuation. It
is demonstrated that the convergence condition is dependent
on the feedforward gains only, while the appropriate feedback
gains can improve the ILC convergence performance. As a
special case, the controlled system with integrated high relative
degree is also addressed by proposing a simplified iteration
dependent interval based open-closed-loop ILC method. The
major contributions of this paper are summarised as follows:
(1) the existing iteration dependent interval based ILC studies
for MIMO systems with vector relative degree requires that the
system is time invariant [28, 29]. The LTV MIMO system with
vector relative degree or integrated high relative degree is
considered in this article. (2) In the ILC designs for dynamical
MIMO systems with iteration dependent interval, the tracking
information in previous iterations is adopted for compensation
[28-37]. An iteration dependent interval based open-closed-
loop ILC method containing feedforward and feedback con-
trol is proposed. With the help of feedback control, a
compensation mechanism in time domain is presented, such
that the missing tracking signal caused by iteration dependent
interval can be compensated by the signal of current iteration.
The proposed iteration dependent interval based open-closed-
loop ILC method can accelerate the convergence speed with
the help of appropriate feedback control gains. (3) To analyse
the convergence of the proposed iteration dependent interval
based ILC schemes, the A-norm is widely used [22, 24, 25, 27,
30-34]. However, it is well known that the A-norm might not
be satisfactory measure of ILC tracking error [26, 29]. By
employing mathematical induction in convergence analysis, -
norm is avoided in this article.

The remaining sections of this article are organised as
follows. In Section 2, the LTV MIMO system with vector
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degree and iteration dependent time interval is presented, as
well as some preliminaries. Under the initial state vibrates
around the desired initial state uniformly in mathematical
expectation sense, the developed iteration dependent open-
closed-loop ILC method and the convergence analysis are
given in Section 3. When the initial state varies around the
desired initial state with a bound, Section 4 provides the
corresponding robustness analysis. Section 5 provides a
simulation example to validate the effectiveness of the
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derived results. In the end, we conclude this article in
Section 6.

2 | PROBLEM DESCRIPTION AND

PRELIMINARIES
Consider the following LTV MIMO systems that operate
repetitively,
(s Do dae csmi,
we(2) = Cl2)x (2),
where k=0, 1, -+ is the iterative index, z=0, 1, ---, Z, is the

discrete time index, x(z) € R is the state, #y(z) €R” is the
control input, and y;(z) € R™ is the output. The matrices
A(z) € RP*?, B(z) € R, and C(z) € R™*?. For system (1),
Z,(Z < Z, < Z) is the iteration dependent terminal time step
at k-th iteration with upper bound Z and lower bound Z. For
iteration dependent interval based ILC problem, it is reason-

]
H)[[A(Ez+i-
j=1
G~1

yW(z+i)=

y/S) (z+Gy) = _
7=0

able to assume that there exists a lower bound Z> 0 and a
upper bound Z> Z> 0, which are not required to be known
in priot. In other words, the specific information of Z and Zis
not included in the ILC scheme design.

RIGHTS L1 N Hig

Let x4(z) be the desited state, yy(z)= y((;)(z)

yt(iz) (z)---yf}lm> (z)]T = C(2)x4(z) is the corresponding output
Zyg+Glos=1,2,.m
where Z, is the desired terminal time step and G; is defined in
Definition 1.

trajectory with yy (z), z€{0,1, -,

Definition 1. [26]: The vector relative degree of LTV MIMO
system (1) is G= (G, Gy, -+, Gp,), if forall 1 <s<m

-1
Ciz+ ) [JA(z+i—/)B(z+i-1)=0,1<]<i,1<[< G -1,
]:l
A(z+ G =j)B(z+ G =) =0,1<[< G, -1, (2)

A(z+ G, —j)B(z) #0.

where G, > 1.
Assume that there is a unique control input #4(z) € R” for
0<z<Zy, such that

{xd(z+ 1) = A(2)xq(2) + B(2)uq(2) (3)
Y4(2) = C(2)x4(2)

The tracking error e,(z) =

at k-th iteration is

e(2) =ya(2) = yi(2)
=@ -1 -4

(4)

where e,(;) (z) :yf;) (z) - y,(:> (z), s=1,2,--,m, 0<z<min
{Zd + G, Z/e + Gs}

Lemma 1. If the vector relative degree of LTV MIMO system
(1) is G=(Gy, Gy, -, Gy,), then it is obtained that

x(2),0<i< G — 1

Gt (5)

Clz+G) [T Alz+)) xu(2) + Clz + G.) T] Az + G. - )B(2) i (2)

j=1

where y/(:) (2) is the s-th component of y,(z) at k-th iteration.

According to Definition 1, Lemma 1 can be directly proved
by the solution of system (1). Then from (5) in Lemma 1, it is

W@ -]
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demonstrated that the output y;:) (z), s€{1,2,---,m} at the  which implies
initial time interval z € {0,1, -+, G; — 1} is not influenced by
the control input #;(z). ) <z<
put #(z) él(:)(z _J & (2),0<z< 27, + G —1,2,,m) (11)
0,2+ G, <z<Zy+ G

Lemma 2. [10]: Assume a real sequence {aj} for k>0 is
denoted as

ap <Cop + M (6)

where M is a constant. If { < 1, then

i <M )
imsupay, < ——
k—+o00 1- él

In order to investigate the iteration dependent interval
based ILC method for LTV MIMO systems with vector rela-
tive degree, let £(n) be the mathematical expectation of the
stochastic variable 7. Then we give the following assumptions.

Assumption 1. [24]: The initial state x;(0) vibrates randomly
with iteration while the mathematical expectation satisfies

E{]lx4(0) = x(0)[|} =0 (8)

Assumption 2. The initial state x;(0) for any iteration fluc-
tuates randomly while the mathematical expectation is boun-
ded, that is

E{|lxa(0) =% (0)[|} <6 ©)

Remark 1. In traditional ILC schemes, 2 common assumption
is that the state x;(0) at each iteration is equal to the desired
initial state x;(0) [25]. Comparing with it, Assumption 1 is
relaxed, which allows x;(0) varying uniformly around x4(0) in
mathematical expectation sense [24]. Assumption 2 is a general
case of Assumption 1. It is worth noted that the strict
requirement of identical initial condition in traditional ILC
studies is relaxed under both Assumptions 1 and 2.

Moreover, the iteration dependent interval issue is also
considered in this paper. In other words, the actual terminal
time step Zy, is iterative varying and different from the desired
one Z,. For that case, a Bernoulli stochastic variable A;(z)
0Lz 2) taking binary values 0 and one is introduced. On
the one hand, Ax(z) =1 occurring with probability ¢(z),
(0 < ¢(z) £1) indicates that the ILC process of system (1) can
continue to the time point z at k-th iteration. On the other
hand, 4;(z) = 0 occurting with probability 1 — ¢g(z) indicates
that the ILC process of system (1) cannot continue to the time
point z at k-th iteration.

The modified tracking error &(z) = |&)(z) & (2)

T
- E/(em)(z)} is defined as

e (2) = () 2 &) (2) 0 <2< Zy + Gy(s =1,2,,m)
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when Z;, < Z; and
e(2)=e)(2),0<2<Zs+ Gy, (s=1,2,,m)  (12)

when Z, > Z,.

3 | ITERATION DEPENDENT
INTERVAL BASED OPEN-CLOSED-LOOP
ILC DESIGN AND CONVERGENCE
ANALYSIS

For LTV MIMO system (1) with vector relative degree
G= (Gl, Gy, -+
terval based open-closed-loop ILC law as follows for
0<z< Zd,

,Gn), we design the iteration dependent in-

M (2) =l (2) + 1, (2) (13)
ul,,(2) +ZLe (z+G,) (14)
W (2) =Y R&) (z+G.—1) (15)

s=1

Theorem 1. For system (1) with wvector relative degree
G= (G, Gy, Gy) under Assumption 1, assume the
desired outpur trajectory y,(z) is realized. Apply the iteration
dependent interval based open-closed-loop ILC law (13)(15).
If there are learning gains L(s = 1,2, -+, m) to make

I- Zm:LSCS(z 4G G_]le(z + G, —))B(2)

s=1

(16)
“qz+ G+l - [1—q(z+ Gl <p <1

then the mathematical expectation of tracking error

E{ller(z)||} will be driven to zero for z€ {Gs—1,G;, -,
G + Z4} as k goes infinity.

Proof. Let Midy(z) = ug(z) —(z) and Auy(z) = ug(z) -
uy,(2), subtracting both side of (14) with #,(z) and noting (10),
it yields

AMZ_H( = Auy(z E:Le/e (z+ G;)

ZLAk (z+GYel) (z+ G, (17)

s=1

= Auwy(z
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Denote Axg(z) = x4(z) — x4(2), according to (5), we get

&) (2+G) =y 2+ G) =3 (2 + G)

= Cz+G.) ]1:10 Az + j)Av(z) + Culz + G) flle(z + G, - )B(2) Ay (2) (18)
Substituting (18) into (17),
N, (2) = Dz ZL Ju(z+G)|Clz+ Gy (;]j)lA(z +/) Avg(2) + Colz + G) jle(z + G, —))B(2) Ay (2)
= |7- Zm:uk(z +G) Clz+ G GS_;A (z+ G, — j)B(z) | Ay (2) (19)
- =

m Gs—1
—ZLsxlk(z+G) (z+ Gy) H (z+7) Axp(2)

s=1
Subtracting both side of (13) with #4(2), and considering (15) and (10), it yields

- Aufkf(z) - ka(z +G,—1)e)(z+ G, —1)
s=1

Substituting (20) into (19),
m G;—1
A”QH (z) = [I - ZLs/lk(Z +Gy) Ci(z+ Gy) [ A(z+ G —)) B(Z)‘|
s=1 j=1

x lm/,;( ZR/Ikz+G ~1) ¢)(z+G, - 1)

s=1

- zm:le/e(z +Gy) C(z+G)) GﬁlA(Z +7)A%,(2)
s=1 7=0
= l[ - Zm:Lsxlk(z + G;) Ci(z+ Gy) Gﬁ1A(z + G, —))B(2) Aué(z) (21)

j=1

_ l] - ZM:LS/{k(Z—i- G,)Ci(z+ Gy) GHA(Z-F G - j)B(2)

s=1 j=1

xZR/lkz—i—G—l) Nz+ G, 1)

s=1

=3 L+ G+ G) TT Az +))an)
s=1 7=0

Applying norm || - || and £{ - } on both sides of (21), we have
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E{|[a], )H}SE{ I—Ei:Ls/lk(z—k GS)CS(Z—FGs)fﬁllA(z—st—j)B(z) }E{HM{(Z)H}

m Gs—1
+E{ I= L(z+G,) Ci(z+ G.) [] A(z+ G, —j)B
]:1

s=1

}f IR

s=1 (22)
x E{ (2 + G = )}E{ e}

Jz+ G, — 1)H}

+E{ zm:Lsak(z+ G,)Ci(z+ Gy) H1A(Z +7)

s=1 j=0

}E{|Axk(z)|}

According to the definition of Bernoulli stochastic variable 4;(z), there are

E{ I- f:uk(z 4+ GGz + G) GﬁA(z + G, —j)B(2) }
szlm o J=1 (23)
= 1= Y LCAz+G) [T 4+ G.=))B()| - qlz+ G + |l - [t = gz + G)]
s=1 j=1
and
E{[|[(z+ G|} =q(z+ G) (24)
On the other hand, from (23), (16) and (24), we can rewrite (22) as
E{||as,, (Z)H} SpE{HAuZ(z)H} +0 Y IR gz + Go=1) - E{ el 2+ G- 1)}
s=1
m G;—1
+ Y L - q(z+ Go) - | Culz + G| H0 14z + )| - E{I|Axe(2) ||} (25)
s=1 J=

< E{HA;/ (2) H} +pmquE{He/<:> z+Gi—1 H} + mmpgmem$ E{||Ax(2)]|}

<oE{ )} + & B2+ £{]le + 6= 0]}

where ||Ly|| <myz, ||Rs||<mgr, (s€{0,1,--,m}), |C)||<mec, |A@E@)|<ms, (z€{0,1,--,Z4+ Gi}), and
g1 = max {mqumcmgs,pmmRZ]} with § = maxq(z), 1 € {0,1, -, Zy + G}
12
Then, from (1), (3), (20) and (24), there is

E{)|u(2)|[} < 1 4(z = )] - E{llAxe(z = DI} + 1B = DIl - E{ [ dme(z = 1)}
<A =Dl - E{laxe(z = DI} + 1B = 1)) - E{ a2 - 1)}

+ Bz -1)] - i::HRSH qlz+G=2)- E{|| (2 + G- 2)||}

< muE{|| Ay (z = D]} + mBE{HMQ(z - 1)H} + mmgmpq(z + G, — 2)5{’

e,(:)(z—i- G, — Z)H}
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According to (5) in Lemma 1 and (26), we have

Dzt G=1) =y (z+ G, - 1)H}

4l

2+ G- 1)} =E{

<|[Cilz+ G =1)|| ﬁ [A(z + G = 1 = ) E{ || Axe (2) ]|}
j=1 (27)

< memZE(|[&x(z = D[} + mem§ ™ mpE{ ||z — 1)}

+ mcm§5_1mmBqu(z + G, — Z)E{’

Pier -2

In consequence, from (26) and (27), we can get

Efax (@)} +E{|e 2 + G- 1)}
< (74 +mem ) B8z = O} + (s + mom™ma ) E{ [ asd = 1)}
+ (1 +mcm§‘_1) mmpmpq(z + G; _Z)E{ ¢ (z+G-2) H}

<@ [Eflan(z- DI} +E{ e -+ G, -2 H}] +g3E{HA»/ z-1 H} @)

<g[etano -+ £ G- 0|} + e e {0

where g = max{mA + mcmjf7 (1 + mcmgsﬂ) mmBqu} E{HAMQH(Z)H} < pE{HAMQ(z)H}
and g; = (1 —|—mcmg‘_1) mp with ||B(2)|| < ms, z€ {0, 1, SN
+o > g eE{ a0}
Zi+ G 8112(;5 & ()
Since E{||Ax(0)||} = 0 holds from (8) of Assumption 1, it
follows from (5) that As z=0 in (25), and considering (8) and (29), there is

E{ e

ooHl)-elbite kel (R o

< - -
IC(G: =1 H 14(Gs=j=1) Noting p < 1 shown in (16), we obtain

:ILE{IIJ%( )|} o kETOOE{HA%Q(O)H} =0 (33)

As z=1 in (31), we have
Then, from (8) and (29), we can rewrite (28) as

E{||ad,, (1|} < pEL||add, (1) E{ || add(0)
E{llaw()lI} + E{ ||l 2 + G- 1)|| } ) {ladci o[} <pe{Jasd][} + erget{flas) !&)
< zz_:gé_l_lng{ HA”Z(Z) H} (30) From (33) and (106), it follows that
=0
Consequently, substituting (30) into (25), it yields kETooE{ HA%};(l) H} =0 (%)
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Assume that for z=1,...,0—1

>

lim E{HAM[/;(Z)H} =0 (36)

k—+o0

As z=w, from (31), we have

el s 0 soe{ o
oSS

Considering (33), (36), and (16), we obtain

lim E{HAL/Z(@)H} =0 (38)

k—+o00

(37)

Thus, based on the mathematical induction, we can conclude
that

Jim E{HAMQ(Z)H} —0,2€{0,1,-,Z} (39

k=400

Wz +1) =
_ G-1
Vi (Z + G)
=0
According to (30), (39), and (8), for z€ {0,1,...,Z; + 1}, it

follows that

Jm [E{llex(z + Ge = DI} + E{[lAx(2)[[}] = 0. (40)

As a result,

Jim E{llex(2)[} =0,2€ {Gi =1, Gy, -+, Zg + G} (41)
—+00

This completes the proof.

RIGHTSE LI MN iy

=C(z+G) [1 4z+)) %(z) + C(z+ G) [TA(z+ G

It is worth noted that in this article, MIMO systems with
vector relative degree are studied, in which the relative degree of
each output could be different from others. It is demonstrated
from Theorem 1 that the initial time points are dependent on
the relative degree. According to the convergence results, the
system output y/(;) (z), s€{l,2,--,m} in time interval
{0,1,---,Gs — 1} cannot be controlled, because the control
input #4(z) does not affect the system output for
2€{0,1,,G,

initial time points should be different for each system output.

— 1} as shown in Lemma 1. Therefore, the

An example in practical ILC application is the system outputs
consisting of acceleration, speed, and displacement. It is well
known that the relationship among them is derivative, which is
represented as difference in discrete time. Thus, as the control
force is imposed, the acceleration is influenced firstly, then the
speed is affected, finally the displacement, which means that
each system output is affected by control input at different time
points. Such multiple output system has vector relative degree.

If the LTV system (1) has an integrated high relative degree
G> 1, the Markov parameters satisfy

-1
Clz+ i) [1A(z+i—j)B(z+i-1)=0,1<[<i,1<I/<G-1,
j=1
1-1
Cz+G)[14(z+G-j)B(z+G-1)=0,1<[<G -1, (42)
]:1
G-1 -
C(z+G) [T A(z+ G—j)B(z) #0.
=1

Similar to Lemma 1, we obtain the following relationship
according to (42) and (1),

] —
Clz+i)[[Az+i—)) x(2),05i< G-
j=1

G-1
| —)B(z) ms(z)
Jj=1

Therefore, the following Corollary 1 to Theorem 1 is
derived.
Corollary 1. For system (1) with integrated high relative de-
gree G > 1, under Assumption 1, assume the desired output
trajectory yy(z) is realized. Apply the following simplified
iteration dependent interval based open-closed-loop ILC law
for0<z<Z,,

w1 (2) =, (2) + ul,,(2) (44)
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i, (z) = my(z) + Loy (2 + G) (45)
), (z) =Rep 1 (z+ G - 1) (46)

If the learning gain L is chosen to make

I-IC(+0) T A(z + C-j)B(2)
2

-q(z+G)] <p<1,

—_

+I7]1- 2

then the mathematical expectation of tracking error
E{|ler(z)||} will be driven to zeto for z€ {G—1,G, -,
G+ Zy} as k goes infinity.

4 | ITERATION DEPENDENT
INTERVAL BASED OPEN-CLOSED-LOOP
ILC DESIGN UNDER INITIAL STATE
FLUCTUATION

In practice, the initial state in most ILC applications might not
vibrate uniformly, which means that condition (8) of Assump-
tion 1 does not satisfy. To address this case, a more relaxed initial
condition should be considered. In this section, under the initial
state fluctuation described in (9) of Assumption 2 rather than (8)
of Assumption 1, the corresponding robustness analysis is
provided.

Theorem 2. For system (1) with wvector relative degree
G=(Gy, Gy, Gy) under Assumption 2, assume the
desired output trajectory yy(z) is realized. Apply the iteration
dependent interval based open-closed-loop ILC law (13)~(15).
If there are learning gains Ly(s=1,2,--,m) to make (16)
hold, then, as k goes infinity, the asymptotic bound of
limsup E{||ex(2)||} will be driven to a bounded range, whose

k—+c0

upper bound is proportion 1o § for z€{G;—1,G;,
K GS + Zd}

Proof- Since E{||Ax;(0)||} <& holds from (9) of Assumption
2, it follows from (5) that

£ -]} =]

(G~ 5§16~ )}

G—1
<)1C(G. = DI TT I4(G. = - 1)
=1
1E{ |l (0)1]}
< mCmG 's. (48)

Then, from (9) and (48), we can rewrite (28) as

RIGHTS L1 N Hig

E{ |l (2)]1} + E{|

& (z+ G- 1)}
<si(o+ mony ) <3 {0

3
<g(1+moni™) o+ e e
=0

£{ ]}

Consequently, substituting (49) into (25), it yields

el o]} <oe{ ]

+g1g2(1+mcmf 1) b

+glzgz “1e.{ a0} (50)

(49)

Gs—1
Denote 8 = gl(Hmcim)andl() 0 +§1_—g;).AsZ:0in(25),

and considering (9) and (48), there is

E{HAM,;H(O)H} SpE{HAué(O)H} +a (1 + mem$ 1) 5
(s1)

Applying Lemma 2 to (51) and noting p < 1 shown in (16), we
obtain

limsup E{HAuZ(O)H} <

k=400

& (14+mem$™) 5
1-p

-0 (52)

As z=1 in (50), we have
E{lade ][} < oe{Jag0])
+a (1 + mcmj; 1) S (53)

)

Applying Lemma 2 to (53) and considering (52) and (10), it
follows that

limsup E{HA”[/;U)H} <

+

k—+o00 1-p 1-p
8183
= 0=2396 54
(gl . p) (54)
Assume that for z=1,...,0—1,
limsup E{ HA»/,;(z) H} <90 (55)

k—+c0

As z = v, from (50), we have

85UB01 7 SUOWILLOD A0 3[cedl|dde 8Ly Ag peusenob a1e sajole YO ‘9sn JO Sa|ni o} Akeiqi 78Ul JUO A8]IAA UO (SUONIPUOD-PUR-SLUBI IO A8 | 1M AReiq1 Ul |uo//SaiL) SUORIPUOD pue SIS 1 8Ly 88S " [7202/0T/L2] uo Akeiqiauliuo 48| ‘(-ouleAnde ) aqnopesy A TZZT Z10/6r0T 0T/I0P/W0D A8 | Akeiq 1 pul|uo yoJessa i //:Scny wouy papeojumoq ‘s ‘€202 ‘228289r2


https://ietresearch.onlinelibrary.wiley.com/action/rightsLink?doi=10.1049%2Fcit2.12213&mode=

654 |

WEI ET AL.

£t o

|y soE{ oo}

es(ome )
+a Zg” . 1gaE{HA%£(1)H}

Applying Lemma 2 to (56) and considering (52), (55), and (10),
we obtain

Since limsup E{||Ax(2)||} is nonnegative, we can easily

k—+o0
obtain that for z€ {0, 1,...,Zy + 1}

hmsupE{Hek 2+ G—1 H}<19Z<1+mcm§ 1) 5 (60)
k—>+00

It implies that for z€{G,-1,G,, ..., G+ Z;},

asymptotic bound limsup E { He](:) (z) H} is propottion to 6.

k=400

8182 (1 +mCmG 1) 5 & ng : 1g3E{HAu’;(Z)H}
_|_

limsup E{HA[’/kH (’U)H}

k—+o0 1- P

gigs (1 +mem§

1-p

) 5+g1g3 (gg_lg +g;j—289 4+ e 4 8v—1a)

1-p

|
(o)

= @(

Thus, based on the mathematical induction, we can
conclude that

limsup E{HMQ@)H} <90,2€{0,1,-,Z;)  (58)

k=400

Then, considering (58), (48), and (9) in (28), it follows that for
ze€{0,1,....,Zg+ 1},

e 61

timsup (E{|Ax(2)|I} + E{ ¢}

k—+oc0

TG+ 9 -

g2219+ +8’vl)

1-p (57)

R AR R T 1)}9

g2 119 gz 2192 g219'l)—1 7]

g2 119 gz 2192_ _g219v_1:| 0 = '97)9

This completes the proof.

Remark 2. Theorem 2 gives the robustness analysis of iteration
dependent interval based open-closed-loop IL.C scheme under
initial state fluctuation. From the theoretical results, one can
see that the asymptotic bound of ILC tracking error is
dependent on the bound of initial state fluctuation. In practice,
we can drive the tracking error into an acceptable range by
precisely setting the initial position.

<& (1+mem§) 5+ Zgﬁ ‘gsimsup £{ [ 0) }

= koo
<& (1 +mem$™ )6+g SO+ &0+ -+ 97710)
el oV
= (1 +mcm§’1) ) [g§+g31g_1p(g2 +&79+ -+ 9! )}
= (1 +mcmjf‘1) B [<g2 +%) (&' +& 9+ + 9 - 9-g 7 — - —gzsz—l}
= (1 memG ™) S [8(& + 29+ ) = = 20— e =8 = (14 mem(T) 6,
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Similar to Corollary 1, the following Corollary 2 to Theo-
rem two is acquired.

Corollary 2. For system (1) with integrated high relative de-
gree G> 1, under Assumption 2, assume the desired output
trajectory yq(z) is realized. Apply the simplified iteration
dependent interval based open-closed-loop ILC law (44)-(46).
If the learning gain L is chosen to make (47) hold, then, as k
goes infinity, the asymptotic bound of limsupE{||e.(z)||} will

k—4o0
be driven to a bounded range, whose upper bound is propor-

tion to 8 for z€ {G—1,G, -, G+ Z,}.

Remark 3. In some ILC studies for linear MIMO system with
integrated high relative degree, they require that the system is
time invariant and operates in fixed time interval [42, 43].
Corollaries 1 and 2 gives the simplified iteration dependent
interval based open-closed-loop ILC law for LTV MIMO
systems with integrated high relative degree, which in fact
extends the ILC designs for MIMO system with integrated
high relative degree to a wider range.

5 | SIMULATION EXAMPLE

Example 1. To illustrate the effectiveness of the developed
iteration dependent interval based open-closed-loop ILC
method, consider the LTV MIMO system with vector relative
degree G = (1,2) denoted as

0.1 —0.47 —0.6e™
z 2
(—) —09 008 —0.02
xp(z4+1)= | \80
0.5¢5% 0.04 —0.05
0.01 0.08  3.01

We(2) =

0 0.7em 402 0 0
, xi(z
0 0 0 0.6em

where z € {0

1,--,Z;}. The desired output trajectories
() g e
Vi (2) an Vi

(z) of system (61) are given as follows:

]

Y (z) = 0.022[1 + cos(4m 2/100 — 7)),z € {0,1, -+, Zg + 1},

Y (2) = 0.8[1 + sin(2m 2/100 — 7/2)], 2 € {0,1, -+, Z4 + 2},
(62)

RIGHTS L1 N Hig

where Z; = 100. The iteration dependent terminal time step
Z, €{95,96,---,105} is displayed in Figure 1. Afterwards,
system (61) with ILC law (13)—(15) is simulated. The perfor-
mance of ILC is evaluated by the following error index on the
sum of absolute errors,

Z,+G;

SEY = N E{‘yf;)(z)—y§>(z)]},s:1,z. (63)

z=G,—1

The initial control input is taken as #y(z) =[0 O]T for
z€{0,1,-+,Z;}. The feedforward control gains in (14) are

set as L= [6%867} and L, = |:060031065:|' The feedback

0.015

“01 } and

control gains in (15) are selected as Ry = {

0.01
interval based open-closed-loop ILC law (13)—(15) with con-
ventional ILC law without feedback control part, the P-type

—0.07} and L, —

R, = [0'05]. To compare the proposed iteration dependent

ILC law with control gains L; = [0.006

0.016
In the simulation, two cases on initial state are provided

|:O'O3O5:| is also simulated.

under Assumption 1 and 2, respectively.
Case 1. The values of initial state 2x(0) = [x/il)(o)

x/(ez)(O) xg))(O) x/(:) (O)]T € R* versus iteration k are shown in
which E{||x4(0) = xx(0)[[} =0 with
x(0)=[0 0 0 O]T. The corresponding error indexes

Figure 1, satisfy

_ 5 _
0.08 = _
55 0.01
0.05 L 0.9
2.3¢m — 15

xXp(z) + ur(z

R I
0.01 50 (61)
—0.02 i 0 0 ]

SE/S) and SE,(ez) along the iteration direction are provided in
Figure 2. Figure 3 gives the resulting output trajectories at third
and fifth iterations to desired trajectories by using law
(13)—(15).

Case2. The values of initidl state x(0) = [x(0)
x/(gz) (0) x,(:) (0) x,(:) (O)]T € R* versus iteration & are shown in
4, which E{||x4(0) = x(0)]|} <6 with

Figure satisfy
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106 T T T T T T T T T T T
***** open-closed-loop ILC scheme
1 x ¥ conventional ILC scheme
104 ¥ 1 1
E E -)FE ¥ R 4
102 *3 *3 -
s . . . .
40 50 60 70 80 90
N 100 1 Iteration k
T T T T T
***** open-closed-loop ILC scheme
08 |- 5 K v * —— conventional ILC scheme
* E @ - —
w
96 E E 3 * 3 2 B
£ ¥ L 2 3 * -
94 . . L L " L . L L . " L

0 10 20 30 40 50 60 70 80 90
Iteration k

FIGURE 1 The variation of iteration dependent terminal time step Zj,
versus iteration k.

0.05
S
S.
>
- 0
e
a x
>
-0.05 :
0 10 20 30 40 50 60 70 80 90
Iteration k

T T

©. x0)

(3)
Xk

.0.05 L L L L L L L L
0 10 20 30 40 50 60 70 80 90

Iteration k

FIGURE 2 (case | of Example 1): The profiles of initial states x\ (0),
(i=1,2) (above) and x;;)(O), (i =13,4) versus iteration k as the values of
initial state satisfy E{|x;(0) — x(0)||} = 0 with x,(0)=[0 0 0 0]

x(0)=[0 0 0 O]T and & = 1. The cortesponding error

indexes SE,(;) and SE,(:) along the iteration direction are pro-
vided in Figure 5. Figure 6 gives the resulting output trajec-
tories at third and fifth iterations to desired trajectories by
using law (13)—(15).

Under the initial state x(0) vibrates around the desired
initial state x7(0) but satisfies E{|x;(0) —x,(0)||} =0
depicted in Figure 1, we can observe from Figure 2 that the
error indexes SE,(;) and SE/(f) decrease fast at the first few
iterations and then converge to zero asymptotically along the
iteration axis. Theorem one is verified. As the initial state
x(0) fluctuates around the desired initial state x4(0) within
a bound in mathematical expectation sense, that is,

E{||x4(0) —=x,(0)||} £ with bound 6=1 displayed in

RIGHTSE LI MN iy

40 50 60 70 80 90
Iteration k

FIGURE 3 (case 1 of Example 1): The profiles of the error indexes
SE/(:) (above) and SE/(:) (below) versus iteration k.

5 T T T T T T T T T T

vy'@) 1

0 10 20 30 40 50 60 70 80 90 100 110
Time z

FIGURE 4 (case 1 of Example 1): The resulting output trajectories
yg) (2) to the desired output trajectory yﬁ;) (z) (above) and ykz) () to the yi,z) (2)
(below) at iterations & =3 and k= 5.

Figure 1, Figute 5 shows that the error indexes SE](:) and

SE/(ez) can be diiven to a bounded range gradually as the

number of iteration k tends to infinity. Theorem two is

illustrated. From Figures 3 and 6, which show the system

output trajectories y,(:)(z) and yl(eZ) (z) to the desired output

trajectory yt(;)(z) and yfiz) (z) at different iterations, it can be

found that though the time interval of system (61) is iter-
ation dependent as shown in Figure 7, a progressively
improved system outputs to track the desired output tra-
jectories is achieved beyond the initial time points. More-
over, from Figures 2 and 5, it is shown that the proposed
iteration dependent based open-closed-loop 1LC law (13)—
(15) has a faster speed than the traditional P-type ILC
without feedback control part. This is because feedback
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(1) (2)
x("(0), x?(0)

L L

0 10 20 30 40 50 60 70 80 90
Iteration k

1 T T T u T T T T

30, xP(0)

A . . . . . . .
0 10 20 30 40 50 60 70 80 90

Iteration k

FIGURE 5 (case 2 of Example 1): The profiles of initial states x,(:) (0),
(i=1,2) (above) and x](;)(O), (= 3,4) versus iteration k as the values of
initial state satisfies E{|x4(0) — x(0)||} £ S withx;(0) =[0 0 0 O]T and
o=1.

T T T =

open-closed-loop ILC scheme
conventional ILC scheme

(1)
SEk

60 70 80 90

***** open-closed-loop ILC scheme
——— conventional ILC scheme

(2)
SE;

0 : e R SR,

0 10 20 30 40 50 60 70 80 90
Iteration k

FIGURE 6 (case 2 of Example 1): The profiles of the error indexes
SE,S) (above) and SELZ) (below) versus iteration k.

control item involved with ILC design can use the tracking
error information of current iteration to compensate the
missing signal due to the presence of iteration dependent
time interval. Even if the open-closed-loop ILC law is a
little more complicated than the traditional P-type ILC law
for discrete time system, it can achieve a better transient
response and convergence speed because there are more
control gains to adjust.

Example 2. To illustrate the effectiveness of the simplified
open-closed-loop ILC law (44)—(406), consider the following
linear piezoelectric motor system with relative degree G =2
under iteration dependent interval, which is described as fol-
lows [44]

RIGHTSE LI MN iy

110

Time z

FIGURE 7 (case 2 of Example 1): The resulting output trajectories
yil) () to the desired output trajectory y((;) (z) (above) and ykz) () to the yz(iZ) (2)
(below) at iterations k£ =3 and k£ = 5.

50 =300 +}%ﬁk(g), (64)

where 35/21)(/2\) and 55/(5) (z) are _the motion position and the

motion velocity, respectively, M =1 kg means the moving
mass, V=80 N is the velocity damping factor, and

F=060 N/V is the force constant. Let u(z) = up(z- T),

)= [0 )] =

R R T . (i)

[x/(:)(Z- T) (2 72)} . By using % (z-T)=
~i) ~(i)
(¢ ((ZH)'?)_X’? EL) fori= 1,2, the linear piezoelectric motor

We(2) =9,(z- T), and

system (64) is discretised as

1 1;
xp(z+1) = 01 VT | %(2) +

my(z) (65)

=g =

(z) =11 0]x(2)

where T, =0.01 s means the sampling time. The iteration
dependent terminal time step Zy, in (65) varies between 95 and
105 as shown in Figure 8.The desired output trajectory y,(z) is
described as

ya(z) =0.001(z — 2°) (66)

where z € {0,1,...,100} with Z; =100. The initial control
input #y(z) = 0 for z € {0, 1, ..., 100}. In order to measure the
ILC performance, the tracking error index is defined as
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Z,4+G
SEv= > E{|y(2) - n(2)|} (67)

z=G-1

Apply the developed TL.C law (13)—(15) with G =2,

L =145, and R =11 to system (65). In the simulation, two
cases on initial state are provided under Assumption 1 and 2,
respectively.

Case 1. The values of the iterative initial state are set as
x(0) =x4(0) =[0 0]7, which satisfy Assumption 1. The
corresponding tracking error index SEj along the iteration
direction is depicted in Figure 9. Figure 10 provides the
responding output trajectory y(z) to the desired output tra-
jectory y4(z) at iterations k=3 and k=5 by adopting the
simplified open-closed-loop ILC law (44)—(40).
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FIGURE 8 (Example 2): The variation of iteration dependent terminal
time step Zj, versus iteration k.

350 T T T T T T T T

----- open-closed-loop ILC scheme
conventional ILC scheme
300 | 1

40 50 60 70 80 90
Iteration k

FIGURE 9 (case 1 of Example 2): The profiles of ILC tracking error
index SE}, versus iteration k.
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Case 2. The values of the iterative initial state x3(0) =

T
[(0) xP(0)] €R® are displayed in Figure 11, which

satisfy E{||x;(0) — x,(0)[|} <6 with x4(0)=[0 0]" and
0 =0.08. The tracking error index SE}, along the iteration di-
rection is given in Figure 12. Figure 13 shows the resulting
output trajectory y(2) to the desired output trajectory yy(z) at
iterations £ =3 and k=5 by adopting the simplified open-
closed-loop ILC law (44)—(46).

For system (65) with relative degree G = 2, as the iterative
initial state x,(0) = x4(0) =[0 0]7 satisfying Assumption 1,
it is illustrated from Figure 9 that the tracking error index SEj,
can be controlled to zero. From Figure 10, it can be seen that a

QOutput
&

10 . . . . .
0 20 40 60 80 100

Time z

FIGURE 10 (case 1 of Example 2): The resulting output trajectory
Yk (2) to the desired output trajectory y,(z) at iterations k£ =3 and k£ =5.
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FIGURE 11 (Case2ofExample 2): The profiles of iterative initial states
x,(;)(O), (i =1,2) as the values of initial state satisfies E{||x4(0) — x(0)||} <&
with x;(0) =[0 0] and &= 0.08.
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FIGURE 12 (Case 2 of Example 2): The profiles of ILC tracking
error index SEj, versus iteration .
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FIGURE 13 (Case 2 of Example 2): The resulting output trajectory
Yk (2) to the desired output trajectory y,(z) at iterations £ =3 and k£ =5.

progressively improved tracking performance of system output
Y (2) to desired output trajectory y,4(z) has been accomplished
for z€ {0,1,...,100}. Corollary one is verified. For system
(65) with relative degree G =2, as the iterative initial state
varies around the desired initial state with a bound that is,
E{||x4(0) = x(0)||} £6 as shown in Figure 11 satisfying
Assumption 2, Figure 12 illustrates that the control error index
SE}, can be dtiven to a bounded range. From Figure 13, it is
shown that the corresponding output trajectory can track the
desired output trajectory progressively along the iteration di-
rection. Corollary two is verified. In addition, Figures 9 and 12
demonstrate that the proposed simplified iteration dependent
based open-closed-loop ILC law (44)—(406) has a faster speed
than the conventional P-type ILC without feedback control
part shown as (44) and (45).
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6 | CONCLUSION

In this article, an iteration dependent interval based open-
closed-loop ILC algorithm is developed for LTV MIMO sys-
tems with vector relative degree, in which the initial state can
vibrate around the desired one with identical expectation.
Theoretical analysis and simulation results have demonstrated
that as the iteration number tends to infinity, the mathematical
expectation of ILC tacking error can be controlled to zero
beyond the initial time points, which depends on the vector
relative degree of controlled system. Under initial state fluc-
tuation, as the number of iteration tends to infinity, the pro-
posed iteration dependent interval based open-closed-loop
ILC law can drive the expectation of ILC tracking error to a
bounded range, whose upper bound is proportional to the
fluctuation. For the systems with integrated high relative de-
gree, a simplified ILC law is given under these two initial
conditions. It is shown that the convergence condition is
determined by the feedforward gains, while the proper feed-
back control gains can expedite the convergence speed.
Further works can focus on extending the developed open-
closed-loop ILC approach to networked dynamical systems
or non-repetitive systems.
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