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ABSTRACT

We introduce a new set-open topology on function spaces namely the semi-compact-
open topology. The topology of uniform convergence on semi-compacta lies between
the topology of pointwise convergence and the topology of uniform convergence. We
show that for the space of quasicontinuous functions the topology of uniform conver-
gence on semi-compacta coincides with the semi-compact-open topology. We also
investigate results relating to induced functions, cardinal invariants and Ascoli like
properties on the space of quasicontinuous functions when equipped with the topol-
ogy of uniform convergence on semi-compacta.
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1. INTRODUCTION

Quasicontinuous functions were defined by Kempisty [13] in 1932 though its origin can be traced
back to the work of Baire [2]. Levine [15] defined semi-open sets in 1963 and studied quasicontinu-
ous functions under the name of semi-continuous functions. Making use of semi-open sets, Dorsett [5]
introduced and investigated semi-compactness. Hold and Holy studied quasicontinuous functions un-

der pointwise convergence and uniform convergence investigating properties like locally boundedness,
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Baireness, compactness and metrizability ([10], [9], [12], [11]). Recently cardinal invariants, tightness
and Fréchet-Urysohn property of quasicontinuous functions have been extensively studied ([7], [19],
[20]). In this paper, we introduce a new function space topology that lies between the topology of
pointwise convergence and uniform convergence, which coincides with a set-open topology namely the
semi-compact-open topology for the space of quasicontinuous functions. We further prove results on in-
duced functions, cardinal invariants and Ascoli like properties for the space of quasicontinuous functions

when equipped with this new topology.

2. DEFINITIONS AND NOTATIONS

Definition 2.1 ([15]). Any subset which is contained in the closure of its interior is called quasi-open (or

semi-open).
Clearly, open sets are necessarily quasi-open.

Definition 2.2 ([5]). A topological space X is called semi-compact if for every semi-open cover of X has

a finite subcover.

Semi-compact sets are necessarily compact. However, the converse is not always true. An example of

a compact set which is not semi-compact is SN.

Definition 2.3 ([14]). A space X is said to be locally semi-compact if each point of X has a neighborhood

which is a semi-compact subset of X.

Definition 2.4 ([23]). A function f : X — R is said to be cliquish at a point x € X if for each € > 0
and each neighborhood U of x there is a non-empty open set G C U such that |f(y) — f(z)| < € for each
v,z € G. The function f is said to be cliquish if it is cliquish at each point x € X.

Definition 2.5 ([17]). A function f : X — Y is quasicontinuous at x € X if for every open set V C
Y, f(x) € Vand open set U C X, x € U there is a non-empty open set W C U such that f(W) Cc V. If fis

quasicontinuous at every point of X, we say that f is quasicontinuous.

Continuous functions are necessarily quasicontinuous. A function f : X — Y is quasicontinuous if

and only if f~!(V) is quasi-open for every open set V C Y.

We consider YX to be the set of all functions from X to ¥, Q(X, Y) to be the set of all quasicontinuous
functions in YX and C(X, Y) to be the space of all continuous functions in Y. P(X) denotes the family of

all non-empty finite subsets of X. The family of all non-empty compact subsets of X is denoted by K(X)
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whereas SK(X) denotes the family of all non-empty semi-compact subsets of X.

Let X and Y be topological spaces, F(X,Y) c YX and A be a non-empty family of subsets of X. Then

the family of all sets of the form
[A,U]={fe FX,Y): f(A)c U,A € A,U openin Y}

is a subbase for the 1-open topology 7, on F(X, Y). The space F(X, Y) when equipped with .7 is denoted
by Fa(X, Y).

For A = P(X) and 1 = K(X), the set-open topologies .7, and .7 are called the point-open topology
and the compact-open topology respectively. When A = SK(X), we call this new set-open topology Fy
the semi-compact-open topology. F (X, Y) when equipped with the semi-compact-open topology J is
denoted by F (X, Y).

Similarly, when U is some uniformity on ¥, F(X,Y) c YX and A is a non-empty family of subsets of

X, the family of all sets of the form
WA, M) ={(f.8) € FX,Y) x F(X,Y) : (f(x),8(x)) € M,¥x € A}

where A € A and M € U is a subbase for some uniformity on F(X,Y). The topology .7, generated
by this uniformity is called the topology of uniform convergence on the elements of the family A with
respect to U on F(X,Y). The space F(X,Y) when equipped with .7, , is denoted by F,,(X,Y). For this
topology, sets of the form

WA, M)[f] = {g € F(X,Y) : (f(x),8(x)) € M,Vx € A}

where M € U and A € A denotes a basic neighborhood of f € F(X,Y). In particular, if (¥, d) be a metric
space and U be the uniformity induced by the metric d, then W(A, e)[f] = {g € F(X,Y) : d(f(x), g(x)) <
€, Yx € A} denotes a basic neighborhood of f € F(X, Y). Sometimes we write W(A, €)[ ] as W(f, A, €).
For A = P(X) and 2 = K(X), the topologies .7}, and .7, are called the topology of pointwise con-
vergence and the topology of uniform convergence respectively. When 4 = SK(X), we call this new
topology Z., the topology of uniform convergence on semi-compacta with respect to U on F(X,Y).

The space F(X, Y) when equipped with this new topology is denoted by F ,(X, Y).
From here on, we consider the topological space X to be Hausdorff if not mentioned otherwise. We

denote the function space F(X,Y) as F(X) when Y = R. For any subset A in X, the interior of A and

closure of A are denoted by A® and A respectively.
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3. MaIN REesuLTs

Theorem 3.1. For any topological space X and some compatible uniformity U on Y, the semi-compact-
open topology on the space of quasicontinuous functions Q(X, Y) coincides with the topology of uniform

convergence on semi-compacta with respect to U, that is,

QSk(X’ Y) = QSk,Ll(X7 Y)

Proof. Let A € SK(X) and U be open in Y such that f € [A, U] is open in Q4 (X, Y). Foreacha € A, there
exists M, € U such that the set M,[f(a)] ={y € Y : (f(a),y) € M,} c U. Now, let N, € U such that
N, o N, C M,. Then A being semi-compact, f(A) is compact. There exists a finite subset A’ of A such
that f(A) € U{N4lf(a)] : a € A’}. Taking N = ({N, : a € A’} we can show that W(A, N)[f] C [A, U].
Let g € W(A, N)[f] and x € A. There exists some a € A" with f(x) € N,[f(a)], so that (f(a), f(x)) € N,,.
Since (f(x), g(x)) € N C Ng, (f(a), g(x)) € N, o N, € M,. Therefore, g(x) € M,[f(a)] C U.

Conversely, let A € SK(X), M € U and f € W(A, M). Let N be a closed and symmetric element
of U such that No N o N c M. The set f(A) being compact, there exists a finite subset A” of A
so that f(A) c U{N[f(a)] : a € A’} where N[f(a)] = {y € Y : (f(a),y) € N}. For eacha € A’,
let A, = AN f~Y(N[f(a)]), which is again in SK(X). Let V, be the interior of (N o N)[f(a)]. Take
V = N{[As V4] : a € A’}, which is open in Qg (X, Y). Since V, contains N[ f(a)] for each a € A’, we can
show that f € V. To see that V ¢ W(A, M)[f], let g € V and x € A. There exists some a € A" , with
f(x) € N[f(a)], so that (f(a), f(x)) € N. Also g(x) € V, C (N o N)[f(a)], so (f(a),g(x)) € N o N. Since
N is symmetric, (f(x),g(x)) € NoNoN c M, and thus g € W(A, M)[f]. ]

Similar results related to coincidence of the set-open and uniform topologies for the space of continu-
ous functions C(X, Y) can be found in the works of Nokhrin and Osipov ([18],[21]).

Induced functions are defined using composition of functions to create a bridge between two function
spaces. For the space of continuous functions C(X, Y) results relating to admissible topology, covering
properties, joint continuity are established with the help of induced functions ([1], [16]). It may be noted

that the composition of two quasicontinuous functions is not necessarily quasicontinuous.
Theorem 3.2. Let X,Y be two given topological spaces and U be some compatible uniformity on Z.

If g : X = Y be a quasicontinuous function, then the function g* : Cy,(Y,Z) = Qu.(X,Z) where

g*(h) = h o g is continuous.
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Proof. We know that Cy ,(Y, Z) = Ci(Y, Z) (Theorem 3.3 of [22]). Using Theorem 3.1, we have Q ,(X, Z) =
Ox(X,Z). Let fy € C(Y,Z) and g*(fp) € [A, V] where A € SK(X) and V is open in Z. Since quasicontin-
uous image of a semi-compact set is compact, therefore g(A) is compact. Now consider U = [g(A), V]
which is open in C(Y, Z). Clearly, fo € U. For any h € U, g*(h) € [A,V] as g*"(h)(A) = ho g(A) C V.
Therefore, g*(U) C [A, V]. ]

Theorem 3.3. Let X,Y and Z be topological spaces and g : Y — Z be a continuous map. Then,
the induced map g. : Qu(X,Y) — QOu(X,Z) where g.(f) = gof is continuous. Moreover, if g is an

embedding so is g..

Proof. Let, f € Q(X,Y) and g.(f) € [A, U] = {h € Q(X,Z) : h(A) C U} where A € SK(X) and U is open
in Z. Since g : Y — Z is continuous, g~!(U) is open in Y. Now,
g, A Ul = the Q(X.Y) : g.(h) € [A, U1}
={heQX,Y):gohelA U]}
={he QX,Y): goh(A) c U}
={he QX.Y) : h(A) c g~ (U)}
=[A,¢ ')

Since [A, g‘l(U)] is open in O« (X, Y), the map g, is continuous.

Taking g to be an embedding, we can prove that g, is also an embedding. For any /;,h; € Q(X,Y)
with h; # hy, there must be some x € X such that h((x) # hy(x). If possible let g.(h1) = g.(hy), that
is, g o hy = g o hy and g(h1(x)) = g(ha(x)) which gives hi(x) = ha(x), a contradiction. Therefore, g, is
one-one. Now for any open set [A, U] € Q4 (X, Y), we prove that g.[A, U] is open in Qu(X, Z). Since, g
is an embedding from Y to Z, g(U) = G N g(Y) where G is open in Z. Now,

g:[A Ul={go f:felA Ul
={gof: felAg @G
={gof:g0f(A)CG}
=[A,G] N g(Q(X,Y))
which is open in g.(Q(X, Y)). Hence proved. m|

Proposition 3.4. Let X and Y be topological spaces. Then the evaluation function at x € X defined as
ey : Ou(X,Y) = Y where ex(f) = f(x), is continuous.
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Proof. For f € Q(X, Y) take any open set V containing e,(f) = f(x). Then,

(V) ={ge QX Y) : ex(g) = g(x) € V} = [, V]

which is a neighborhood of f in Qu(X, Y). m|

Proposition 3.5. Let X and Y be topological spaces. Then the evaluation function defined as e : X X
OX,Y) — Y where e(x, f) = f(x), is quasicontinuous with respect to each variable when Q(X,Y) is
equipped with the semi-compact-open topology Jy.

Proof. From Proposition 3.4, the function e is quasicontinuous at the first variable. For any fixed f €
O(X,Y), er : X — Y is defined by ef(x) = f(x), thatis, e; = f which is quasicontinuous by definition.

Therefore the function e is quasicontinuous with respect to each variable. |

Remark 3.6. Sum of a continuous function with a quasicontinuous function gives a quasicontinuous

function. Whereas sum of two real valued quasicontinuous functions gives a cliquish function [4].

Proposition 3.7. For any topological space X and R with usual uniformity U, the map s : Cy,(X) X
Osku(X) = Ouu(X) defined by s(f, g) = f + g is continuous.

Proof. Let fy € C(X), go € Q(X) such that s(fo, go) € W(A, €)[fo + go] where A is a semi-compact set
in X and € > 0. W(A, §)[fo] and W(A, 5)[go] are neighborhoods of fy and go in Cy ,(X) and Q. (X)
respectively. To prove s to be continuous we show that s(W(A, $)[fo] X W(A, $)[go]) € W(A, e)[ fo + gol.
Take (h, k) € (W(A, 5)[fo] x W(A, 5)[go]). Then |i(a) — fo(a)l < 5 and |k(a) — go(a)l < 5,Ya € A.
Consequently, |(h + k)(a) — (fo + go)(a)| < €, Va € A. Therefore, s(h,k) =h+ ke W(A,e)[fo+go]. O

Similarly we can prove the following proposition.

Proposition 3.8. For any topological space X and R with usual uniformity U, the map s : Qgsu(X) X
Osu(X) = CLgy(X) defined by s(f,g) = f + g is continuous where CL(X) is the space of cliquish
functions defined on X.

From now on, we consider the cardinality of X to be infinite in addition to it being Hausdorff, the uni-
formity U on R is considered to be the usual one and the topology for the space Q(X) is the topology of

uniform convergence on semi-compacta with respect to U if not mentioned otherwise.
Cardinal invariants are used to prove certain properties of the function spaces using cardinals of the

domain space. Topological properties like countability, separability, metrizability etc. can be proved

using cardinal invariants ([9], [8], [7]).
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The character of a point x in X is defined as,
x(x, X) = 8o + min{|O] : O is a base at x}.
The character of X is defined as,
x(X) = supf{y(x,X) : x € X}.
To define the m-character of X, we first need a notion of a local -base. If x € X, a collection V of non-

empty open subsets of X is called a local 7r-base at x (see [16]) provided that for each open neighborhood

U of x, there exists a V € V which is contained in U.

The n-character of a point x in X is defined as,
7 (x, X) = 8o + min{|V| : V is a local n-base at x}.
The m-character of X is defined as,
m(X) = sup{m,(x,X) : x € X}.
We define SK-cofinality of a topological space X to be
SKcof(X) = Ry + min{|B| : B is a cofinal family in SK(X)}.

We call a topological space X hemi semi-compact if SKco f(X) = Ny, that is, there is a countable family
{K, : K, € SK(X),n € N} such that for every K € SK(X) there is n € N with K C K,.

Theorem 3.9. Let X be a topological space and (Y, d) be a metric space which is not bounded, then

X(st,u(Xa Y)) = ﬂx(st,u(Xa Y)) = SKCOf(X)

Proof. First we show that SKcof(X) < m (Quu(X,Y)). Let f,, : X — Y be the constant function
which takes all x of X to the single point y in Y. Then f,, is quasicontinuous. Let {W(f;,A:, &) : f; €
0(X,Y),A; € SK(X),& > 0,1t € T} be a local n-base of f, in Q(X,Y) with |T| < 7, (Qu (X, Y)) where

W(fi, A &) = {g € Q(X,Y) : d(fi(x), g(x)) < &, Vx € Ay}

We show that the collection {A; : ¢ € T} is a cofinal family in SK(X). Take any A € SK(X). Then there
must be some 7 € T with W(f;, A, &) € W(fy,,A,1). We show that A C A,. If possible, let a € A\ A,.
Now X being Hausdorff and A, being compact, there is an open set U such that a € U and U N A, = ¢.
Since (Y, d) is not bounded there is some y; € Y such that d(yg, y1) > 1.

Let g : X — Y be defined as follows,
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i X € E,
g(x) =
fi(x) otherwise.

Then g is quasicontinuous and g(s) = fi(s) for s ¢ U which gives d(g(s), fi(s)) = 0 < ¢,¥s € A,.
Therefore, g € W(fi, As, &), but g ¢ W(fy,, A, 1) since d(g(a), f,,(a)) = d(y1,y0) > 1. A contradiction.
Thus,

SKcof(X) < my(Quu(X, ¥)) < x(Qutu(X, V).

To prove that y(Qu (X, Y)) < SKcof(X), let f € Q(X,Y). Let 8B be a cofinal subfamily of SK(X) with
|B| = SKcof(X). Then the family {W(f, K, %) : K € 8,n € N}is alocal base at f. ]

Corollary 3.10. Let X be a topological space. Then
X(Q(X)) = m (Q(X)) = SKco f(X).

Corollary 3.11. For a topological space X, the following are equivalent.
1. X is hemi semi-compact.
2. Q(X) is first countable.

Now we recall definitions of some other cardinal invariants which will help us to prove the metriz-
ablility of the space Q(X).

The weight of a topological space X is defined as
w(X) = Ng + min{|g| : B is a base in X}.
The density of a topological space X is defined as
d(X) = Np + min{|8| : B is a dense subset in X}.
The cellularity of a topological space X is defined as
c(X) = No+ sup{|U| : U is a pairwise disjoint family of non-empty open sets in X}.
The uniform weight for a Tychonoff space X is defined as
u(X) = 8o +min{m : there is a uniformity on X of weight < m}.
From [6] we have, w(X) = ¢(X) X u(X), w(X) = e(X) X u(X), where e(X) is extent of X defined as
e(X) = Ko+ sup{|E| : E is a closed discrete set in X}.

A collection V of non-empty open subsets of X is called a r-base provided that for each non-empty open

set U in X, there exists a V € V which is contained in U. The n-weight of X is defined by
aw(X) = No + min{|B| : B is a r-base of X}.
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Theorem 3.12. For a topological space X, u(Q(X)) = SKco f(X).

Proof. We consider a cofinal family £ in SK(X) such that SKcof(X) = |8|. The family {W(K, %) K €
B,n € N} where W(K, %) ={(f,g : Yx € K,|f(x) — gx)| < %} is a base of the uniformity on semi-
compact convergence. Thus u(Q(X)) < SKcof(X). For every Tychonoff space Z, we have y(Z) < u(Z).
By Theorem 3.9, SKcof(X) = x(Q(X)), therefore we must have u(Q(X)) = SKcof(X). ]

Corollary 3.13. For a topological space X, the following are equivalent.
1. X is hemi semi-compact.

2. O(X) is metrizable.

3. O(X) is first countable.

Corollary 3.14. For a topological space X, w(Q(X)) = aw(Q(X)).

Proof. We know (from [6]) that for a Tychonoff space Z, w(Z) = c¢(Z) X u(Z) and w(Z) = e(Z) X u(Z).
Using Theorem 3.12, we have w(Q(X)) = c¢(Q(X)) X SKcof(X) and w(Q(X)) = e(Q(X)) X SKcof(X). By
Theorem 3.9, aw(Q(X)) > m,(Q(X)) = x(Q(X)) = SKcof(X). Again, nw(Q(X)) > d(Q(X)) which gives

the following inequality,

mw(Q(X)) = SKeo f(X) x d(Q(X)) = w(Q(X)).

O

Ascoli like theorems are used to characterize the compact subsets of function spaces where equicon-
tinuity plays a vital role. For the space of quasicontinuous functions a property called densely equicon-
tinuity is defined to characterize the compact subsets. Results related to the characterization of compact

subsets in the space of quasicontinuous functions can be found in the works of Holy and Hola ([10],

[12]).

Definition 3.15 ([12]). Let X be a topological space and (Y, d) be a metric space. A subset S of F(X,Y)
is said to be densely equiquasicontinuous at a point x in X provided that for every € > 0, there exists a
finite family 8 of non-empty subsets of X which are either quasi-open or nowhere dense such that U8 is

a neighborhood of x and for every f € S, for every B € B,
d(f(p), f(q)) < €,¥p,q € B.

S is called densely equiquasicontinuous provided that it is densely equiquasicontinuous at every point of
X.

Remark 3.16. Using open sets in place of quasi-open sets in the above gives an equivalent definition of

densely equiquasicontinuity.
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Proposition 3.17. Let X be a locally semi-compact topological space and (Y, d) be a metric space. Then
Q(X,Y) is a closed set in (YX, Ty..).

Proof. Here, we use the fact that a uniform limit of a net of quasicontinuous functions is quasicontinuous.

O

Theorem 3.18 ([12]). Let X be a topological space and (Y,d) be a metric space. Let S be a densely

equiquasicontinuous subset of YX. Then the topologies T and Ty, on S coincide.

Corollary 3.19. Let X be a topological space and (Y, d) be a metric space. Let S be a densely equiqua-

sicontinuous subset of YX. Then the topologies Tpus Tsku and Ty, on S coincide.

We recall few definitions related to Ascoli like theorems.

A function f from a topological space X to a metric space (Y, d) is called locally bounded if for every
x € X, there is an open set U C X containing x such that f(U) = {f(u) : u € U} is a bounded subset of Y.
For any subset F(X,Y) c YX, the set of locally bounded functions from F(X, Y) is denoted by F*(X, Y).

A metric space (Y, d) has the Heine—Borel property or (Y, d) is called boundedly compact [3] if closed
and bounded subsets of Y are compact. Any subset S C YX is called pointwise bounded if the set
S[x] = {g(x) : g € S} is a bounded subset of Y.

Theorem 3.20 ([12]). Let X be a locally compact space and (Y, d) be a nontrivial metric space such that
d has the Heine-Borel property. A subset S of Q; (X,Y) is compact if and only if it is closed, pointwise

bounded and densely equiquasicontinuous.

Theorem 3.21. Let X be a locally semi-compact space and (Y,d) be a nontrivial metric space with
Heine—Borel property. A subset S C Qu.u(X,Y) is compact if and only if it is closed, pointwise bounded

and densely equiquasicontinuous.

Proof. Since X is locally semi-compact, Q(X,Y) = O*(X,Y). Let S ¢ Q(X,Y) be closed, pointwise
bounded and densely equiquasicontinuous. Now, S being closed in Qg ,(X,Y), it is also closed in
Qku(X, Y). Therefore S is compact in QO ,(X, Y) which forces S to be compact in Qg (X, Y).
Conversely, if S is compact in Qg (X, Y), the space QO (X, Y) being Hausdorft, S is closed. Fol-
lowing the arguments of Theorem 2.8 of [12] we can prove that S is densely equiquasicontinuous. From
Proposition 3.4, the evaluation mapping at x defined by e,(f) = f(x) for all f € Q(X,Y) is continuous
with respect to J, topology on Q(X, Y), therefore e,(S) = S[x] is compact and bounded. m]

Theorem 3.22. Let X be a locally semi-compact hemi semi-compact space. A subset S C Qgu(X) is

sequentially compact if and only if it is closed, pointwise bounded and densely equiquasicontinuous.
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Proof. Since the space X is hemi semi-compact, Qg ,(X) is metrizable by Theorem 3.12 which makes
the notions of compactness and sequential compactness equivalent for S in Q(X). Now by Theorem 3.21

the result follows. O
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