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ABSTRACT

In this paper, we introduce I-Fréchet-Urysohn, strongly I-Fréchet-Urysohn and
strictly I -Fréchet-Urysohn spaces, discuses their properties of countable tightness and
mappings that preserve these spaces. Meanwhile, we discuss the internal characteri-
zations of these spaces in Co(X). The following main theorem is obtained.

Theorem. Let a be a network of X. The following are equivalent.

(1) Co(X) is a strictly I -Fréchet-Urysohn space.

(2) Co(X) is a strongly I -Fréchet-Urysohn space.

(3) Cy(X) is an I -Fréchet-Urysohn space.

(4) Every open a-cover of X contains an I -a-sequence.

(5) If {U,}qen is a sequence of open a-cover of X, then there is an I-a-sequence
{U, }hen Of X such that each U,, € ‘U,,.

(6) C(X) is a strictly T -Fréchet-Urysohn space.
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1. INTRODUCTION

The study of topological properties on spaces of continuous functions C(X, L) has been a significant
research topic in general topology in recent years. For spaces X and L, we denote by C(X, L) the set of all

continuous functions from X to L. It was endowed with the pointwise convergence topology denoted as
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C,(X, L), the compact-open topology denoted as Ci(X, L), and the set-open topology denoted as C,(X, L).
The underlying problem is to find topological invariants (P, Q) for which X possesses property P if and
only if C(X, L) possesses property Q.

It is known that Fréchet-Urysohn spaces form a distinguished class lying strictly between first-countable
spaces and sequential spaces, with profound applications in analysis and geometric topology. The
Fréchet-Urysohn property is a desired property in a topological space since it allows us to handle the
topology through their sequences. The study of Fréchet-Urysohn property encompasses rich content,
key references are provided in works [6, 14, 18, 19]. In the study of ideal convergence, the closely re-
lated concept is 7-Fréchet-Urysohn spaces. Furthermore, we have conducted preliminary research on
this class of spaces [16, 25, 26, 27].

In 1982 and 1993, D. Gerlits [7] and E.G. Pytkeev [21] characterized the Fréchet-Urysohn property of
C,(X, R) using the topological properties of X, respectively. In 1986, A.V. Arhangel’skii [3] characterized
the countable fan-tightness of C,(X,R) using the topological properties of X. In 1994, S. Lin, C. Liu,
and H. Teng [13] discussed both the Fréchet-Urysohn property and countable fan-tightness of Cr(X,R).

On this base, we continue the discussion of the 7-Fréchet-Urysohn property in topological spaces
and function spaces in this paper. We believe that the discussion on this topic has at least the following
significance. First, these results generalize some theorems in the Fréchet-Urysohn property in topological
spaces and function spaces. Second, we draw into 7-Fréchet-Urysohn, strongly 7-Fréchet-Urysohn
and strictly J-Fréchet-Urysohn spaces, which bring ideal convergence into function spaces, and greatly
enrich the applications of ideal convergence. Third, these results prompt the study of the relationship
between the spaces defined by ideal convergence and mappings, which further improves the mutual

classification between spaces and mappings.

2. PRELIMINARIES

In this section we recall the necessary concept, notation and terminology. The readers may refer to
[5, 14] for concept, notation and terminology not explicitly given here.

The concept of J-convergence in topological spaces is a generalization of statistical convergence and
the usual convergence, which is based on the ideal of subsets of the set N of all positive integers. Let
A = 2" be the family of all subsets of N. An ideal I C A is a hereditary family of subsets of N which
is stable under finite unions [8, P. 670], i.e., the following are satisfied: if B ¢ A € 7, then B € TI; if
A,B € I,then AU B € 7. Anideal 7 is said to be non-trivial, if 7 + @ and N ¢ 7. A non-trivial ideal
I C Ais called admissible if I D {{n} : n € N}. The family of all finite subsets of N is denoted by 71 f;,.

Then 7 f;, is the smallest non-trivial ideal contained in each admissible ideal.

@O0 Appl. Gen. Topol. 27, no. 1 (2026), 24158 | 2


https://creativecommons.org/licenses/by-nc-sa/4.0/

T -Fréchet-Urysohn property in Co(X)

Recall that a sequence {x,},en in a topological space X is said to be 7-convergent to a point x € X
provided for any neighborhood U of x, we have {n € N : x,, ¢ U} € 7, which is denoted by x, Lox [8,
Definition 3.1]. A subset F' C X is said to be 7 -closed if for each sequence {x,},en in F with x;, LxeX ,
then x € F. A subset U C X is said to be J-open if X \ U is I -closed.

For a topological space X, we denote by F(X) and K(X) the set of all nonempty finite and nonempty
compact subsets of X, respectively. For spaces X and L, we denote by C(X, L) the set of all continuous
functions from X to L; if L = R, we denote by C(X) = C(X,R). Let A € X and B C L. We denote by

[A,B] ={f€CX,L): f(A) C B).

It is easy to check that [A, By N By] = [A, B1] N [A, Bx] and [A; U Ay, B] = [A}, B] N [A», B].
Let X be a topological space, a family @ of subsets of X is a network of X if whenever x € U with U
open in X, then there exists A € a such that x € A C U [5, P. 127]. A network a of X is said to be a

closed network (resp., compact network) if each element of « is closed (resp., compact) in X.

Definition 2.1 ([1, Definition 4.2]). A topology on C(X, L) is said to be a set-open topology if there
is a closed network @ of X such that a subbase of this topology is formed by 6 = {[A,V] : A €
a and V is open in L}. The continuous functions space with this topology denoted by C,(X,L). Par-
ticularly when L = R, it simply denoted by C,(X).

If Y is a subspace of X, Cp(Y, L) is still denoted by C (Y, L), where 8 = aly.

If @ = F(X) (or the family of all singletons), the set-open topology on C(X, L) which generates by a is
called pointwise convergent topology, and the continuous functions space with this topology denoted by
Cy(X,L). If @ = K(X), the set-open topology on C(X, L) which generates by « is called compact-open
topology, and the continuous functions space with this topology denoted by Cy(X, L).

Definition 2.2. Let 7 be an ideal on N and a be a closed network of X.

(1) A cover U of X is called an a-cover provided each element from « is contained in a member of
U. When a = F(X) (resp., @ = K(X)), then a-cover is called w-cover (resp., k-cover).

(2) A sequence {U,},en of subsets of X is called an 7 -a-sequence provided for each A € a, we have
(neN:A¢U,}eT.

An T g;,-a-sequence is called a-sequence. It is obvious that each a-sequence of a space X is an 7-
a-sequence of X. But the converse need not be true, we can refer to Example 3.2 in [4]. According to

notations above it is clear what means the notation 7 -w-sequence and I -k-sequence.

In this paper, if no otherwise specified, we consider J is always an admissible ideal on N, all mappings
are surjection, all topological spaces are supposed to be 7| unless a stronger separation axiom is explicitly

assumed.
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3. J-FrRECHET-URYSOHN SPACES

In this section, we shall discuss some properties of ideal version of Fréchet-Urysohn spaces. First, we
recall three properties of generalized sequences: Fréchet-Urysohn properties, strongly Fréchet-Urysohn
properties and strictly Fréchet-Urysohn properties. A topological space X is said to be a Fréchet-Urysohn
space if for each A C X and each x € A implies the existence of a sequence in A converging to x in X [6,
P. 113]. A space X is said to be a strongly Fréchet-Urysohn space if {A,},en is a decreasing sequence of
subsets of X and x € ﬂneNA_,, implies the existence of a sequence {x,},en such that each x, € A, with
X, — x [24, Definition 1.1]. A space X is said to be a strictly Fréchet-Urysohn space if x € (Nuen An
implies the existence of a sequence {x,},en such that each x, € A, with x, — x [7, P. 151]. Similarly, we

have the following definitions.

Definition 3.1. Let 7 be an ideal on N and X be a topological space.

(1) X is said to be an T-Fréchet-Urysohn space if for each A C X and each x € A implies the existence
of a sequence in A 7-converging to x in X [22, P. 90].

(2) X is said to be a strongly I -Fréchet-Urysohn space if {A,} e is a decreasing sequence of subsets of
Xand x € ﬂneNA_n implies the existence of a sequence {x,},en such that each x, € A, with x, LxeX.

(3) X is said to be a strictly I-Fréchet-Urysohn space if x € (,ey A, implies the existence of a

sequence {x,},en such that each x, € A, with x, LxeX.

It is obvious that, first countable spaces = strictly 7-Fréchet-Urysohn spaces = strongly 7-Fréchet-
Urysohn spaces = 7 -Fréchet-Urysohn spaces.

If I = Iy, then 1 fj-Fréchet-Urysohn space, strongly 7 f;,-Fréchet-Urysohn space and strictly
1 yiy-Fréchet-Urysohn space coincide with Fréchet-Urysohn space, strongly Fréchet-Urysohn space and
strictly Fréchet-Urysohn space, respectively.

Definition 3.2. Let X be a topological space.

(1) X is said to have countable tightness if whenever A C X and x € A in X, then x € C for some
countable subset C C A [17, Definition 8.2].

(2) X is said to have countable fan-tightness if x € (\,ep An, Ay C X implies that for each n € N there
exists a finite subset B,, of A,, such that x € m [3, P. 526].

(3) X is said to have countable strong fan-tightness if x € (Ve An, An C X implies that there exists a

sequence {x,},en such that each x, € A, and x € {x,, : n € N} [23, P. 917].

Recall that X is called an J-sequential space provided each 7-open subset of X is open [20, 26].
Obvious, X is an 7 -sequential space if and only if each 7-closed subset of X is closed. An 1 f;,-sequential

space is called a sequential space |5, P. 53].
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Proposition 3.3. The following conclusions hold for a topological space X and an ideal I on N.
(1) Each I-Fréchet-Urysohn space has countable tightness.
(2) Each strongly I-Fréchet-Urysohn space has countable fan-tightness.
(3) Each strictly I-Fréchet-Urysohn space has countable strong fan-tightness.

Proof. (1) Note that each 7 -Fréchet-Urysohn space is an Z-sequential space [22, Theorem 2.5]; and each
I -sequential space is of countable tightness [26, Theorem 3.7].

(2) Let X be a strongly 7-Fréchet-Urysohn space, {A,},cny be a decreasing sequence of subsets of X
and x € (,en An. For each n € N, put Al = Usn Ak It follows that {A; },en is a decreasing sequence
of subsets of X and x € (,,en Al. Since X is a strongly 7-Fréchet-Urysohn space, there is a sequence
{Xn}nen such that each x,, € A, and x, L x e X. Foreachn € N, take B, = {xx : k < n} N A,. Then
B, is a finite subset of A, and |,y Br = {x, : n € N}. And because x, Lxe X, it follows that
{n e N: x, € U} € N\ I for any neighborhood U of x in X. Thus x € m, and further X has
countable fan-tightness.

(3) Let X be a strictly J-Fréchet-Urysohn space, {A,},en be a sequence of subsets of X and x €
Mnen A,,. Then there is a sequence {x,},en such that each x,, € A, with x, 2, x € X. Hence fneN:x,e
U} € N\ I for any neighborhood U of x in X, thus x € {x, : n € N}, and further X has countable strong

fan-tightness. o

Definition 3.4. Let X, Y be topological spaces and f : X — Y be a mapping.

(1) f is called countably bi-quotient, if for each y € Y and each countable family U of open subsets
in X which covers f~!(y), then there is a finite subfamily U’ of U such that y € [f(L U")]° [24, P. 149].

(2) f is called strictly countably bi-quotient, if for each y € Y and each countable family U of open
subsets in X which covers f~!(y), then there is m € N such that y € [ f(U,,)]° [15, Definition 2.2].

(3) f is said to be pseudo-open, if for each y € Y and an open subset U in X with f~(y) C U, then
f(U) is a neighborhood of y in Y[2, Definition 1].

(4) f is said to be J-quotient provided f “Wyis I -open in X, then U is J-open in Y [26, Definition
5.1].

(5) f is said to be J-covering, if whenever {y,},en 1S a sequence in ¥ 7-converging to y in Y, there
exist a sequence {x,},en of points x, € f‘l(y,,) foreachn € Nand x € f‘l(y) such that x, Lox [26,
Definition 5.1].

It is obvious that open mappings = strictly countably bi-quotient mappings = countably bi-quotient

mappings = pseudo-open mappings.
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It is known that each 7-convergence sequence is preserved by a continuous mapping [10, Theorem
3]; each 7-sequential space is preserved by a continuous and quotient mapping [26, Theorem 5.3]; each

J-covering mapping onto an J-Fréchet-Urysohn is pseudo-open [26, Theorem 6.7].

Proposition 3.5. (1) Each I-Fréchet-Urysohn space is preserved by a continuous and pseudo-open
mapping.

(2) Each strongly I-Fréchet-Urysohn is preserved by a continuous and countably bi-quotient map-
ping.

(3) Each strictly I-Fréchet-Urysohn is preserved by a continuous and strictly countably bi-quotient

mapping.

Proof. (1) It has been proved in [22, Proposition 2.3].

(2) Let X be a strongly 7-Fréchet-Urysohn space and f : X — Y be a continuous countably bi-
quotient mapping. Suppose that {A,},ay is a decreasing sequence of subsets of ¥ and y € (Ve An.
Then there is x € f~!(y) such that x € M,y f~1(A,). Otherwise, f~1(y) N (Nuen f~1(AN) = @, ie.,
1) € X\ (NMhen f1HAD) = UnenX \ £71(A,)). Since f is a countably bi-quotient mapping and
{A,}nen is a decreasing sequence, there exists n € N such that y € [f(X \ )TAH))]". Thus @ # A, N
JFXN\ m) C A, N X\ f‘l(A,,)) = A, N(Y\A,) = @. This is a contradiction. Note that X is a

strongly J-Fréchet-Urysohn space, there is a sequence {x,},exn such that each x, € f ~1(4,) and x, 5ox

Thus f(x,) € A, and f(x;,) ER f(x) = y from f being continuous. This implies that Y is a strongly
7 -Fréchet-Urysohn space.
(3) Similar to the proof in (2). m]

Proposition 3.6. Let Y be a strongly I-Fréchet-Urysohn. Then each I-covering mapping from a topo-

logical space X onto Y is countably bi-quotient.

Proof. If f : X — Y is not a countably bi-quotient mapping, then there exist a point y € Y and a
countable family U = {U, : n € N} of open subsets in X which covers f~!(y) such that y € Y \
(Ui UDI° = m for each n € N. Since Y is a strongly J-Fréchet-Urysohn space, there is
yn € Y\ f(Ui<n Ui) with y, 5 y € Y. And since f is an J-covering mapping, there exist a sequence
{xn}nen of points x, € f‘l(yn) for eachn € N and x € f‘l(y) such that x, L x € X. Note that
{U, : n € N}is a family of open subsets in X and covers f -1 (v), hence there is my € N such that x € U,
thus {n € N : x, € Uy} = F € N\ 7. Therefore there is k € F and k > my such that x; € Up,, and
further yx € f(U,y,). This is a contradiction. Hence f is a countably bi-quotient mapping. O

Question 3.7. (1) Let Y be a strongly I-Fréchet-Urysohn and f be an I-quotient mapping from a
topological space X onto Y. Is f a countably bi-quotient mapping ?
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(2) Let Y be an a strictly I-Fréchet-Urysohn. Is each I-covering mapping from a topological space
X onto Y strictly countably bi-quotient?
(3) Is X an I -Fréchet-Urysohn space which has countable fan-tightness a strongly I -Fréchet-Urysohn

space?

Example 3.8. There exists an 7-Fréchet-Urysohn space which is not a strongly 7-Fréchet-Urysohn

space.

Proof. Let I = Iy, and S, be the sequential fan. Then S, satisfies the requirements [11, Example
1.4.2]. O

At the end of this section, the following figure illustrates the relationship between these spaces and

properties.

strictly FU-spaces =~ ——  strongly FU-spaces = ———  FU-spaces

| l

strictly 7-FU-spaces —— strongly 7-FU-spaces —— 7-FU-spaces

| |

countable strongly fan-tightness ——  countable fan-tightness — countable tightness

4. I-FrECHET-URYSOHN PROPERTY IN C(X)

It is known that some topological properties of C,(X) can be well characterized by topological prop-
erties of X [12]. The purpose of this section is to characterize J-Fréchet-Urysohn property of C,(X) in
terms of X.

In this section, we assume that all topological spaces are Tychonoff spaces and all closed networks
a are hereditarily closed and compact. On one hand, the reason for this separation hypothesis is that it
implies the existence of many continuous real-valued functions. On the other hand, if X is a Tychonoff
space, A is compact in X and B C X\ A is closed, then there is a f € C(X, [0, 1]) such that f(x) = 0, x € A;
f(x) = 1,x € B. In following, the symbol f; denotes the constantly zero function. Since C,(X) is a

topological vector space, we may confine ourselves to the point fy when studying local properties.

Theorem 4.1. Let I be an ideal on N and a be a network of X. Then the following are equivalent.
(1) Co(X) is a strictly I-Fréchet-Urysohn space.
(2) Co(X) is a strongly I-Fréchet-Urysohn space.
(3) Co(X) is an I-Fréchet-Urysohn space.

(4) Every open a-cover of X contains an I -a-sequence.
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(5) If {U,,}nen is a sequence of open a-cover of X, then there is an I-a-sequence {U,},en of X such
that each U, € U,,.
(6) CY(X) is a strictly IT-Fréchet-Urysohn space, where C(X) = [Co(X)]“.

Proof. Itis clear that (1) = (2) = (3) and (6) = (1). We only need to prove that (3) = (4) = (5) = (6).

(3) = (4) Let Co(X) be an 7-Fréchet-Urysohn space and U be an open a-cover of X. For each
A € a, there is Uy € U such that A C U,. Hence there exists f4 € C(X) such that f4(A) = {0} and
Ja(X'\ Ua) C {1}. It is easy to check that f € m. It is follows from (3) that there is a sequence
{An}nen of subsets of @ such that {4, },env is a sequence in C,(X) with fj, ER fo. Next, we shall show that
{Ua,}nen 1s an J-a-sequence of X. If A € «, then fy € [A,(—=1,1)], hence {(n e N : f, ¢ [A,(-1,D]} =
Ip € 7. Thusif x € Aand n € N\ I, then f4,(x) < 1, hence x ¢ X \ U,,, i.e.,, x € Uy,. Therefore,
(neN:AZ Uy} CIy€ T foreach A € a. This implies that {Uy, }nen is an J-a-sequence of X.

(4) = (5) Let {U,},ev be an open a-cover sequence of X. Without lose of generality, we may assume
that each U, refine U,. If X € a, then for each n € N, there is U,, € U,, such that X C U,. Thus
{Up}nen is an T-a-sequence of X. If X ¢ a, then {X \ {x}}.cx is an open a-cover of X. It follows from (4)
that there is a subset {x,, : n € N} of X such that {X\ {x,}},en is an 7-a-sequence of X, i.e., foreach A € «,
neN:AZX\{x,}} =1, €I PutB,={U\{x,}: U € U,}foreachn € N. Then B = | J,ey B, is an
a-cover of X. In fact, for each A € a, thereisn € N\ I, and U € U, such that A € X \ {x,} and A C U,
thus A C U \ {x,}. And by (4), B contains an J-a-sequence {Gy}ren. Hence for each A € a, we have
{ke N:A Gy} =14 € 1. Foreach k € N, there is n; € N such that G € 8,,, Thus there is U, € U,
such that Gy = Uy, \ {x,,}. For each n € N, we have {x;,x;---,x,} € a. Therefore, {x; : i < n} C Gy
fork € N\ I4. If k € N\ I4 and ny < n, then x,, € Gy = Uy, \ {x,,}, which is a contradiction. Thus
{nk : k € N} is an infinite set. So there is an increasing subsequence {ny,}iex of {ny : k € N}. Since (L{nki+1

refine U, for ny, < n < ny,,,, there is U,, € U, such that Unk_+1 Cc U,. Put

Unk.a n= nkia
W, = , .
Uy, n#ny,ieN.

Then W, € U,,. For each A € a, there is k; € N\ I4 such that A € Gy, C Unk,» hence A C W,. Note that
{n € N :n < n}is afinite set of N, this implies that {n e N: A€ W,} C I, U{n €N :n <n} € 1.
Consequently, {W,},en is an J-a-sequence of X.

(5) = (6) Since C4(X) is homeomorphic to C, (X, R®), it suffices to prove that C,(X, R®) is a strictly
J -Fréchet-Urysohn space. Suppose that {A, },cn is a sequence of subsets of C, (X, R*) and fy € (e A,.
For each n € N, put

U, ={f1(0n): feA,
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where {Op}nen is a decreasing open neighborhood base of 0 = (0,0,---) in R“. Then each U, is an
a-cover sequence of X. In fact, for each A € @ and each n € N, [A, O,] is a base neighborhood of fj
in Co(X,R®). Since fy € ey A, it follows that [A4,0,] N A, # @. Thus there is f € A, such that
f €[A,0,], hence A C f‘l(On). It follows from (5) that there is an J-a-sequence {U,},en of X such
that each U, € U,. Thus we have {n e N : A € U,} = I4 € I for each A € . Take f, € A, such that
U,=f; 1(0,). Next, we shall show that Ju ER Jfoin Co(X,R®). Let [A, V] be a basic neighborhood of fj
in C,(X,R%). Thus there is m € N such that O,, C V. Foreachn € N\ I4 and n > m, we have A C U,
further f,(A) C f,(U,) €0, C 0, CV.Hence{neN: f, ¢[A,V]}CI4yU{neN:n<m}e . This
implies that f;, 5 Jfo- Hence Cy(X,R?) is a strictly J-Fréchet-Urysohn space. |

Let Y be a subspace of X, we still denoted Cg(X) by C,(X), where § = « |y.

Corollary 4.2. Let Co(X) be an I-Fréchet-Urysohn space and Y be a closed subspace of X. Then Cy(Y)
is an I-Fréchet-Urysohn space.

Proof. Let Co(X) be an J-Fréchet-Urysohn space and Y be a closed subspace of X. Then § = a |y is a
hereditarily closed and compact network of Y. Suppose that U is an open -cover of Y, then V = {V :
V=X\Y)UU,U € U} is an open a-cover of X. In fact, foreach A € a, thereisU € U and V € V
suchthat A=(ANX\Y)UMANY)CX\Y)UU =V. Since C,(X) is an J-Fréchet-Urysohn space,
it follows from Theorem 4.1 that there is an 7-a-sequence {V,},en of V. Hence for each A € «, we
have {n e N : A € V,} € 1. Next, it suffices to show that {U,},cn is an 7-B-sequence of U. For each
B € B, since Y is a closed subspace of X, it follows that B € @. Thus {n e N : B ¢ V,;} € 7. Note that
Bef=alyandV, = X\Y)UU,,wehave{ne N: BZ U,} ={neN:B¢YV,} e Thisimplies
that {U,},en is an 7-B-sequence of U. Therefore C,(Y) = Cg(Y) is an 7-Fréchet-Urysohn space. a

Corollary 4.3. Let f : X — Y be continuous and C,(X) be an I-Fréchet-Urysohn space. Then C,(Y) is
an I-Fréchet-Urysohn space.

Proof. Let U be an open w-cover of Y. Since f is continuous and surjection, f~(U) = {f~'(U) : U €
U} is an open w-cover of X. Note that C,(X) is an 7-Fréchet-Urysohn space, it follows from Theorem
4.1 that there is an J-w-sequence {f‘l(Un) U, € Ulpen of f‘l((Ll). For each F € F(Y), there is
A € F(X) such that f(A)=F. Hence(neN: F g U,} C{neN:A¢ f‘l(Un)} € 7. This means that
{Un}nen is an I-w-sequence of U. Hence C,(Y) is an 7-Fréchet-Urysohn space. O

Recall that a space X is called zero-dimensional if X has a base consisting of clopen subsets of X, and
denoted it by indX=0. A space X is called strongly zero-dimensional if for each closed subset A of X
and an open set V with A C V, there is an open subset U of X such that A C U C V, and denoted it by
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IndX=0. A space X has property C”, if for any sequence {U,},ex of open covers of X there is a sequence
{U,},eny covers X such that each U,, € U, [9]. It is know that the unit closed interval [0, 1] does not have
property C”’ [23, P. 918].

Lemma 4.4 ([12, Corallary 2.1.11]). Let X be a Lindeldf space. If indX=0, then IndX=0.

Lemma 4.5 ([23, Theorem 1]). The following are equivalent for a space X.
(1) Each finite product of X has property C".
(2) Cp(X) has countable strongly fan-tightness.

Theorem 4.6. Let C(,(X) be an I-Fréchet-Urysohn space. Then IndX=0.

Proof. Since Cp(X) is an 7-Fréchet-Urysohn space, it follows from Proposition 3.3 that C,(X) has count-
able tightness. Hence X is a Lindel6f space [12, P. 179]. By Lemma 4.4, it suffices to show that indX=0.
For each x € X and each open neighborhood U of x in X, there is f € C,(X, [0, 1]) such that f(x) = 1
and f(X \ U) C {0}. Note that C,(X) is an Z-Fréchet-Urysohn space, it follows from Corollary 4.3 that
C,(f(X)) is an Z-Fréchet-Urysohn space. By Theorem 4.1 and Proposition 3.3, C,(f(X)) is a strictly -
Fréchet-Urysohn space, and C,(f(X)) has countable strong fan-tightness. Since unit closed interval [0, 1]
does not have property C”, it follows from Lemma 4.5 that f(X) # [0, 1]. Thus thereis y € [0, 1) \ f(X).
Hence x € f~'((y,1]) € U and f~'((y,11) = f~'([y,1]) is clopen in X. Hence indX=0, and further
IndX=0. m|

Question 4.7. Does there exist a function space Co(X) being an I-Fréchet-Urysohn space which is not
Fréchet-Urysohn space for some ideal I on N.
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