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Abstract
Our main goal is to prove that every invertible generalized hyperbolic operator on a
Banach space has a stability property, known as time-dependent stability, which was
introduced by J. M. Franks (Invent. Math. 24 (1974), 163–172) and is stronger than
structural stability.
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1 Introduction

Structural stability is one of the most important concepts in the modern theory of
dynamical systems and differential equations. It was originally introduced by A.
Andronov and L. Pontrjagin [1] for a certain class of differentiable flows on the plane.
Later, variations of the original concept were introduced and investigated in different
contexts. In the area of differentiable dynamics, a diffeomorphism f : M → M on a
compactmanifold is said to be structurally stable if every diffeomorphism g : M → M
that is sufficiently close to f in the C1-topology is topologically conjugate to f , that
is, there exists a homeomorphism h : M → M such that g = h ◦ f ◦ h−1. The
importance of this concept lies in the fact that models of physical systems are only
approximations of the true systems and it is important to know whether the qualitative
behaviors of the approximation and the true dynamical system are the same. We refer
the reader to [15, 22, 23] for nice expositions about structural stability.
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J. Franks [10] observed that, in most physical situations, it seems likely that the
true dynamical system is not really autonomous but is instead to a certain extent time
dependent. So, he proposed the following concept of stability: A diffeomorphism
f : M → M on a compact manifold is said to be time-dependent stable if there is
a neighborhood N of f in the C1-topology such that g1 ◦ · · · ◦ gp is topologically
conjugate to f p whenever g1, . . . , gp ∈ N (an important point here is that N is
independent of p). It is clear that this concept is stronger than structural stability.

In the present note we are interested in the dynamics of invertible operators on
Banach spaces. Our main motivation comes from the following classical result.

Hartman’s theorem. Every invertible hyperbolic operator on a Banach space is
structurally stable.

The name “Hartman’s theorem” for the above result was coined by C. Pugh [21].
Actually, P. Hartman [14] established it for operators on finite-dimensional euclidean
spaces. The extension to arbitrary Banach spaces was independently obtained by J.
Palis [20] and C. Pugh [21] (both were motivated by an argument due to J. Moser
[19]). This theorem is the main tool for proving the celebrated Grobman-Hartman
theorem on the local linearization of diffeomorphisms around hyperbolic fixed points
in Banach spaces [20, 21]. We refer the reader to [13, 15, 18, 23] for more details on
this important linearization theorem and its applications.

A basic question is whether or not the converse of Hartman’s theorem is always
true. It was soon realized that the answer is positive in the finite-dimensional setting
(see J. Robbin [22]), but the full question remained open for more than 50 years.
This question was finally answered in the negative in the recent paper [6] of the
author with A. Messaoudi, where the first examples of structurally stable operators
that are not hyperbolic were obtained. A little later, the same authors proved that every
invertible generalized hyperbolic operator on a Banach space is structurally stable [5,
Theorem 1], which implied a generalized Grobman-Hartman theorem [5, Theorem 3].
Moreover, in the recent papers [3, 16], it was independently shown that every invertible
generalized hyperbolic operator on a Banach space is also topologically stable, a well-
known concept of stability introduced by P. Walters [24].

In short, the significant developments in the field of linear dynamics in recent
decades have motivated some authors to revisit stability theory in this context [2, 3,
5, 6, 16, 17]. Several relevant results have already been obtained, and we believe that
this branch of linear dynamics will continue to undergo significant development for
many years to come. The present note contains another contribution to this line of
investigation. We address the following basic question related to Hartman’s theorem:

Is every invertible hyperbolic operator on a Banach space time-dependent sta-
ble?

Ourmain goal is to give a positive answer to this question.Actually,wewill establish
the following more general result.

Theorem 1 Every invertible generalized hyperbolic operator on a Banach space is
time-dependent stable.

In fact, this theorem will be derived from an even more general result (Theorem 4).
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The note is organized as follows. In Section 2 we present all the necessary pre-
liminaries for the present work. In Section 3 we prove a refinement of Theorem 1,
namely Theorem 4, in which we also analyze the problem of uniqueness of the
homeomorphism that establishes the conjugation and the possibility of choosing this
homeomorphism in such a way that we have continuous dependence with respect to
the perturbation. Some additional remarks are also presented at the end of the section.

2 Preliminaries

Throughout K denotes either the field R of real numbers or the field C of complex
numbers, N denotes the set of all positive integers and N0= N ∪ {0}.

All Banach spaces are assumed to be over K, unless otherwise specified.
Given a continuous linear map T from a Banach space X into a Banach space Y ,

recall that the norm of T is the non-negative real number given by

‖T ‖ = sup
‖x‖≤1

‖T (x)‖.

This notion will play an important role in the next section. If F : X → Y is any map,
we define

‖F‖∞ = sup
x∈X

‖F(x)‖ and Lip(F) = sup
x 	=x ′

‖F(x) − F(x ′)‖
‖x − x ′‖ ·

Wesay that F is aboundedmap if ‖F‖∞ < ∞ and it is aLipschitzmap if Lip(F) < ∞.
A continuous linear map from a Banach space X into itself will be called simply

an operator on X . We denote by IX the identity operator on X . In this note we are
interested in the dynamics of invertible operators.

Recall that an invertible operator T on a Banach space X is said to be hyperbolic
if its spectrum σ(T ) does not intersect the unit circle in the complex plane. It is well
known that T is hyperbolic if and only if there are an equivalent norm |||·||| on X and
a direct sum decomposition

X = Xs ⊕ Xu, T = Ts ⊕ Tu,

called the hyperbolic splitting of T , such that Xs and Xu are closed T -invariant sub-
spaces of X (the stable and the unstable subspaces for T ), Ts = T |Xs is a proper
contraction (i.e., ‖Ts‖ < 1) and Tu = T |Xu is a proper dilation (i.e., ‖T−1

u ‖ < 1),
where the norms ‖Ts‖ and ‖T−1

u ‖ are calculated with respect to the new norm |||·||| on
X .

Recall that an invertible operator T on a Banach space X is said to be generalized
hyperbolic if there is a direct sum decomposition

X = M ⊕ N ,

where M and N are closed subspaces of X with the following properties:
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(GH1) T (M) ⊂ M and σ(T |M ) ⊂ D,
(GH2) T−1(N ) ⊂ N and σ(T−1|N ) ⊂ D,

where D denotes the open unit disc in the complex plane. This class of operators
appeared in the statement of [4, Theorem A], which was the major tool to prove the
existence of operators that have the shadowing property but are not hyperbolic [4,
Theorem B]. However, the terminology “generalized hyperbolic” was introduced in
[8], where additional dynamical properties of these operators were investigated (see
also [3, 5, 7]).

In the definition of the concept of structural stability, it is usual to consider pertur-
bations that are small in the sense of the C1-topology. However, in certain situations,
some authors allow more general perturbations, namely: Lipschitz perturbations with
small sup norm and small Lipschitz constant (see [21], for instance). As in [5, 6], we
adopt the following definition of structural stability in the setting of linear dynamics.

Definition 2 An invertible operator T on a Banach space X is said to be structurally
stable if there exists ε > 0 such that

T + L is topologically conjugate to T

whenever L : X → X is a Lipschitz map with ‖L‖∞ < ε and Lip(L) < ε.

Therefore, it is natural to adopt the following definition of time-dependent stability
in the present context.

Definition 3 An invertible operator T on aBanach space X is said to be time-dependent
stable if there exists ε > 0 such that

(T + L1) ◦ · · · ◦ (T + L p) is topologically conjugate to T p

whenever p ∈ N and L1, . . . , L p are Lipschitz maps from X into itself with ‖L j‖∞ <

ε and Lip(L j ) < ε for all j ∈ {1, . . . , p}.

3 Main result

Let us now state and prove our main result, which clearly implies Theorem 1.

Theorem 4 For any invertible generalized hyperbolic operator T on anyBanach space
X, the following properties hold:

(A) There exists ε > 0 such that for any p ∈ N and any bounded Lipschitz maps
L j : X → X, j = 1, . . . , p, with

Lip(L j ) < ε for all j ∈ {1, . . . , p},

there exists a homeomorphism h : X → X satisfying

(T + L1) ◦ · · · ◦ (T + L p) = h ◦ T p ◦ h−1 and ‖h − IX‖∞ < ∞.
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(B) Given δ > 0, there exists ε > 0 such that for any p ∈ N and any Lipschitz maps
L j : X → X, j = 1, . . . , p, with

‖L j‖∞ < ε and Lip(L j ) < ε for all j ∈ {1, . . . , p},

there exists a homeomorphism h : X → X satisfying

(T + L1) ◦ · · · ◦ (T + L p) = h ◦ T p ◦ h−1 and ‖h − IX‖∞ < δ.

Moreover, the homeomorphism h given in (A) (or (B)) is unique if and only if the
operator T is hyperbolic. Nevertheless, it is always possible to choose such a home-
omorphism hL for each p-tuple L = (L1, . . . , L p) of maps as in (A) (resp. (B)) in
such a way that the correspondence L → hL is uniformly continuous in the following
sense: given γ > 0, there exists η > 0 such that

‖hL − hL′ ‖∞ < γ

whenever L = (L1, . . . , L p) and L′ = (L ′
1, . . . , L

′
p) are p-tuples of maps as in (A)

(resp. (B)) with
‖L j − L ′

j‖∞ < η for all j ∈ {1, . . . , p}.
Note that the assumption that the L j ’s are small in the sup norm is not necessary to

guarantee that (T +L1)◦· · ·◦(T +L p) is topologically conjugate to T p, the important
assumption is that the L j ’s are boundedmapswith small Lipschitz constants. However,
by adding the hypothesis that the L j ’s are small in the sup norm, we can ensure that
the homeomorphism that establishes the conjugation can be chosen to be uniformly
close to the identity map.

In the proof below we combine ideas from [5] and [10] with some new ideas.

Proof Fix an invertible generalized hyperbolic operator T on a Banach space X . Let

X = M ⊕ N (1)

be a direct sum decomposition given by the definition of generalized hyperbolicity
and consider the closed subspace of X given by

Y = M + T−1(N ).

By the spectral radius formula, there exist a ≥ 1 and t ∈ (0, 1) such that

‖T n(y)‖ ≤ a tn‖y‖ and ‖T−n(z)‖ ≤ a tn‖z‖ whenever n ∈ N0, y ∈ M, z ∈ N .

(2)
Let PM : X → M and PN : X → N denote the canonical projections associated to
the direct sum decomposition (1) and define

b = max{‖PM‖, ‖PN‖}. (3)
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Choose δ ∈ (0, 1). We shall prove that the number

ε = min
{ 1 − t

a b (1 + t)
,

1

‖T−1‖
}

δ

satisfies properties (A) and (B). Indeed, fix p ∈ N and a p-tuple L = (L0, . . . , L p−1)

of bounded Lipschitz maps L j : X → X such that

Lip(L j ) < ε for all j ∈ {0, . . . , p − 1}.

Let S j = T + L j for each j . Since Lip(L j ) < ‖T−1‖−1, we have that S j is a
homeomorphism. We shall prove that Sp−1 ◦ · · · ◦ S0 is topologically conjugate to T p.
For this purpose, let Zp = {0, . . . , p− 1} endowed with the operation +p of addition
mod p and with the trivial metric d0. Consider the product X̃ = X × Zp endowed
with the metric

d((x, j), (x ′, j ′)) = max{‖x − x ′‖, d0( j, j ′)}.

For (x, j), (x ′, j) ∈ X̃ and λ ∈ K, we define

(x, j) ± (x ′, j) = (x ± x ′, j), λ(x, j) = (λx, j) and |(x, j)| = ‖x‖.

Note that the above operations of “addition” and “subtraction” on X̃ are defined only
for pairs of points with the same second coordinate. Moreover, we define

∞∑
k=0

(xk, j) =
( ∞∑
k=0

xk , j
)
,

provided
∑∞

k=0 xk is a convergent series in X .Wewill need the function spaces defined
below:

• F is the set of all continuous bounded maps F : X̃ → X̃ such that

F(X × { j}) ⊂ Y × { j} for all j ∈ Zp.

• G is the set of all continuous bounded maps F : X̃ → X̃ such that

F(X × { j}) ⊂ X × { j +p 1} for all j ∈ Zp.

We recall that F : X̃ → X̃ is a bounded map if its range F(X̃) is a bounded set in X̃ ,
i.e., a set with finite diameter. Although X̃ is not a vector space and | · | is not a norm,
both F and G are Banach spaces when endowed with the algebraic operations defined
pointwise

(F1 + F2)(x, j) = F1(x, j) + F2(x, j) and (λF)(x, j) = λF(x, j),
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and the supremum norm
|F |∞ = sup

(x, j)∈X̃
|F(x, j)|.

Note that the zero vector of F (resp. G) is the map given by

OF (x, j) = (0, j) (resp. OG(x, j) = (0, j +p 1)).

Let QM : X̃ → M × Zp and QN : X̃ → N × Zp be given by

QM (x, j) = (PM (x), j) and QN (x, j) = (PN (x), j).

Consider the homeomorphisms T̃ : X̃ → X̃ and S : X̃ → X̃ defined by

T̃ (x, j) = (T (x), j +p 1) and S(x, j) = (S j (x), j +p 1).

Given a homeomorphism R : X̃ → X̃ with R(X × { j}) = X × { j +p 1} for all j , we
consider the map

� : F ∈ F �→ F ◦ R − T̃ ◦ F ∈ G. (4)

It is easy to check that � is linear and continuous.
We claim that � is injective. Indeed, let F ∈ F with �(F) = OG . We have to

show that F = OF . The equality �(F) = OG gives

F ◦ Rn = T̃ n ◦ F for all n ∈ N. (5)

Hence, for every (x, j) ∈ X̃ and n ∈ N,

F(x, j) = T̃ n(F(R−n(x, j))) = αn(x, j) + βn(x, j), (6)

where

αn(x, j) = T̃ n(QM (F(R−n(x, j)))) and βn(x, j) = T̃ n(QN (F(R−n(x, j)))).

It is clear that, for each n ∈ N,

αn(x, j) ∈ M × Zp for all (x, j) ∈ X̃ . (7)

Let us show that, for each n ∈ N,

βn(x, j) ∈ T−1(N ) × Zp for all (x, j) ∈ X̃ . (8)

Since F(R−1(x, j)) ∈ Y × Zp, we must have QN (F(R−1(x, j))) ∈ T−1(N ) × Zp,
and so

β1(x, j) = T̃ (QN (F(R−1(x, j)))) ∈ N × Zp.
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Hence, since α1(x, j) ∈ M × Zp and α1(x, j) + β1(x, j) = F(x, j) ∈ Y × Zp, we
see that (8) holds for n = 1. Assume that (8) holds for a certain n ∈ N. Then,

βn+1(x, j) = T̃ (βn(R
−1(x, j))) ∈ N × Zp.

As before, we conclude that (8) holds with n + 1 in the place of n. By induction, (8)
holds for all n ∈ N. By (6), (7) and (8),

QM (F(x, j)) = αn(x, j) = T̃ n(QM (F(R−n(x, j)))) for all n ∈ N.

Thus, by (2) and (3),

|QM (F(x, j))| ≤ a b tn|F |∞ for all n ∈ N,

implying that
QM (F(x, j)) = (0, j) for all (x, j) ∈ X̃ . (9)

Now, by (5), for every (x, j) ∈ X̃ and n ∈ N,

F(x, j) = T̃−n(F(Rn(x, j))) = ϕn(x, j) + ψn(x, j), (10)

where

ϕn(x, j) = T̃−n(QM (F(Rn(x, j)))) and ψn(x, j) = T̃−n(QN (F(Rn(x, j)))).

It is clear that, for each n ∈ N,

ψn(x, j) ∈ T−1(N ) × Zp for all (x, j) ∈ X̃ . (11)

Let us show that, for each n ∈ N,

ϕn(x, j) ∈ M × Zp for all (x, j) ∈ X̃ . (12)

Since

T̃ (QN (ϕ1(x, j))) = T̃ (ϕ1(x, j)) − T̃ (QM (ϕ1(x, j)))

= QM (F(R(x, j))) − T̃ (QM (ϕ1(x, j))) ∈ M × Zp,

we have that
QN (ϕ1(x, j)) ∈ T−1(M) × Zp. (13)

By (10) with n = 1, we can write

F(x, j) = QM (ϕ1(x, j)) + (QN (ϕ1(x, j)) + ψ1(x, j)).
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Since QM (ϕ1(x, j)) ∈ M×Zp and QN (ϕ1(x, j))+ψ1(x, j) ∈ N ×Zp, the fact that
F(x, j) ∈ Y × Zp implies that QN (ϕ1(x, j)) + ψ1(x, j) ∈ T−1(N ) × Zp. Hence,
by (11),

QN (ϕ1(x, j)) ∈ T−1(N ) × Zp. (14)

By (13) and (14), QN (ϕ1(x, j)) ∈ {0}×Zp, which gives (12) for n = 1. Assume that
(12) holds for a certain n ∈ N. Then,

T̃ (QN (ϕn+1(x, j))) = T̃ (ϕn+1(x, j)) − T̃ (QM (ϕn+1(x, j)))

= ϕn(R(x, j)) − T̃ (QM (ϕn+1(x, j))) ∈ M × Zp,

and so
QN (ϕn+1(x, j)) ∈ T−1(M) × Zp.

By arguing as above, we obtain QN (ϕn+1(x, j)) ∈ {0} × Zp, and so (12) holds with
n + 1 in the place of n. By induction, (12) holds for all n ∈ N. By (10), (11) and (12),

QN (F(x, j)) = ψn(x, j) = T̃−n(QN (F(Rn(x, j)))) for all n ∈ N.

Therefore, by (2) and (3),

|QN (F(x, j))| ≤ a b tn|F |∞ for all n ∈ N,

which implies that

QN (F(x, j)) = (0, j) for all (x, j) ∈ X̃ . (15)

By (9) and (15), we conclude that F = OF , as desired.
Let us now prove that � is surjective (hence bijective) and its inverse is given by

�−1(G)(x, j) =
∞∑
k=0

T̃ k(QM (G(R−k−1(x, j)))) −
∞∑
k=1

T̃−k(QN (G(Rk−1(x, j)))).

(16)
For this purpose, take G ∈ G. Note that the partial sums of both series in (16) are well
defined. Moreover, by (2) and (3),

∞∑
k=0

|T̃ k(QM (G(R−k−1(x, j))))| ≤
∞∑
k=0

a b tk |G(R−k−1(x, j))| ≤ a b

1 − t
|G|∞

(17)
and

∞∑
k=1

|T̃−k(QN (G(Rk−1(x, j))))| ≤
∞∑
k=1

a b tk |G(Rk−1(x, j))| ≤ a b t

1 − t
|G|∞. (18)

This implies that the first (resp. second) series in (16) is well defined and determines an
element of M ×{ j} (resp. T−1(N )×{ j}). Hence, the difference in (16) is an element
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of Y × { j}. Since the convergence is uniform, we conclude that the right hand side of
(16) defines a map F ∈ F . Now,

�(F)(x, j) = F(R(x, j)) − T̃ (F(x, j))

= (
QM (F(R(x, j))) − T̃ (QM (F(x, j)))

)

+ (
QN (F(R(x, j))) − T̃ (QN (F(x, j)))

)

=
⎛
⎝

∞∑
k=0

T̃ k(QM (G(R−k(x, j)))) −
∞∑
k=0

T̃ k+1(QM (G(R−k−1(x, j))))

⎞
⎠

+
⎛
⎝−

∞∑
k=1

T̃−k(QN (G(Rk(x, j)))) +
∞∑
k=1

T̃−k+1(QN (G(Rk−1(x, j))))

⎞
⎠

= QM (G(x, j)) + QN (G(x, j))

= G(x, j),

showing that�(F) = G. Thus,� is bijective and its inverse is givenby (16).Moreover,
the estimates in (17) and (18) imply that

‖�−1‖ ≤ a b (1 + t)

1 − t
· (19)

Wewill needmaps of the form (4) for two choices of R, namely: R = T̃ and R = S.
In other words, we will consider the bijective continuous linear maps

�1 : F ∈ F �→ F ◦ T̃ − T̃ ◦ F ∈ G and �2 : F ∈ F �→ F ◦ S − T̃ ◦ F ∈ G.

Let L ∈ G be defined by
L(x, j) = (L j (x), j +p 1).

We define the maps 
1 : F → G and 
2 : F → G by


1(F)(x, j) = L((x, j) + F(x, j)) and 
2(F)(x, j) = 
1(F)(x, j) − L(x, j).

We claim that 
1 and 
2 are Lipschitz maps with

Lip(
1) = Lip(
2) ≤ ε. (20)

Indeed, take F,G ∈ F with F(x, j) = ( f j (x), j) and G(x, j) = (g j (x), j). Since

|L((x, j) + F(x, j)) − L((x, j) + G(x, j))|
= |(L j (x + f j (x)), j +p 1) − (L j (x + g j (x)), j +p 1)|
= ‖L j (x + f j (x)) − L j (x + g j (x))‖
≤ Lip(L j )‖ f j (x) − g j (x)‖ ≤ ε |F − G|∞,
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we obtain Lip(
1) ≤ ε. It is clear that Lip(
2) = Lip(
1).
By (19) and (20), the map �−1

1 ◦ 
1 : F → F satisfies

Lip(�−1
1 ◦ 
1) ≤ ‖�−1

1 ‖Lip(
1) ≤ a b (1 + t)

1 − t
ε ≤ δ < 1. (21)

Hence, by Banach’s fixed point theorem, �−1
1 ◦ 
1 has a unique fixed point U in F .

Write U (x, j) = (u j (x), j) and let H : X̃ → X̃ be the continuous map defined by

H(x, j) = (x + u j (x), j).

We claim that
S ◦ H = H ◦ T̃ . (22)

Indeed, since U is a fixed point of �−1
1 ◦ 
1,

U ◦ T̃ − T̃ ◦U = �1(U ) = 
1(U ).

Hence,

(u j+p1(T (x)), j +p 1) − (T (u j (x)), j +p 1) = (L j (x + u j (x)), j +p 1),

and so
u j+p1(T (x)) = T (u j (x)) + L j (x + u j (x)).

Therefore,

(S ◦ H)(x, j) = (S j (x + u j (x)), j +p 1)

= (T (x) + T (u j (x)) + L j (x + u j (x)), j +p 1)

= (T (x) + u j+p1(T (x)), j +p 1)

= (H ◦ T̃ )(x, j).

Now, let V = −�−1
2 (L) ∈ F . Write V (x, j) = (v j (x), j) and let K : X̃ → X̃ be

the continuous map defined by

K (x, j) = (x + v j (x), j).

We claim that
K ◦ S = T̃ ◦ K . (23)

Indeed, by the definition of V ,

V ◦ S − T̃ ◦ V = �2(V ) = −L.
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Hence,

(v j+p1(S j (x)), j +p 1) − (T (v j (x)), j +p 1) = (−L j (x), j +p 1),

and so
L j (x) + v j+p1(S j (x)) = T (v j (x)).

Therefore,

(K ◦ S)(x, j) = (S j (x) + v j+p1(S j (x)), j +p 1)

= (T (x) + L j (x) + v j+p1(S j (x)), j +p 1)

= (T (x) + T (v j (x)), j +p 1)

= (T̃ ◦ K )(x, j).

Let us now show that

K (H(x, j)) = (x, j) for all (x, j) ∈ X̃ . (24)

Let W ∈ F be given by

W (x, j) = (w j (x), j), where w j (x) = u j (x) + v j (x + u j (x)).

Note that
(K ◦ H)(x, j) = (x + w j (x), j).

By (22) and (23), K ◦ H ◦ T̃ = T̃ ◦ K ◦ H , that is,

(T (x) + w j+p1(T (x)), j +p 1) = (T (x) + T (w j (x)), j +p 1).

Hence,

�1(W )(x, j) = W (T̃ (x, j)) − T̃ (W (x, j))

= (w j+p1(T (x)), j +p 1) − (T (w j (x)), j +p 1) = OG(x, j).

Thus, W = OF and (24) holds.
Let us now prove that

H(K (x, j)) = (x, j) for all (x, j) ∈ X̃ . (25)

Let Z ∈ F be given by

Z(x, j) = (z j (x), j), where z j (x) = v j (x) + u j (x + v j (x)).

Note that
(H ◦ K )(x, j) = (x + z j (x), j).
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By (22) and (23), H ◦ K ◦ S = S ◦ H ◦ K , that is,

(S j (x) + z j+p1(S j (x)), j +p 1) = (S j (x + z j (x)), j +p 1).

This is equivalent to

(T (x)+L j (x)+z j+p1(S j (x)), j+p1) = (T (x)+T (z j (x))+L j (x+z j (x)), j+p1),

which gives

z j+p1(S j (x)) − T (z j (x)) = L j (x + z j (x)) − L j (x).

Hence,

�2(Z)(x, j) = Z(S(x, j)) − T̃ (Z(x, j))

= (z j+p1(S j (x)), j +p 1) − (T (z j (x)), j +p 1)

= (L j (x + z j (x)), j +p 1) − (L j (x), j +p 1)

= L((x, j) + Z(x, j)) − L(x, j)

= 
2(Z)(x, j).

Thus, Z is a fixed point of�−1
2 ◦
2. As in (21), the map�−1

2 ◦
2 : F → F satisfies

Lip(�−1
2 ◦ 
2) ≤ δ < 1.

Hence, �−1
2 ◦ 
2 has a unique fixed point in F . Since (�−1

2 ◦ 
2)(OF ) = OF , we
conclude that Z = OF and (25) holds.

By (24) and (25), H is a homeomorphism with inverse K . By definition,

H(x, 0) = (h(x), 0), where h(x) = x + u0(x).

It follows that h : X → X is a homeomorphism and

H−1(x, 0) = (h−1(x), 0).

By (22), S = H ◦ T̃ ◦ H−1, which gives

S p = H ◦ T̃ p ◦ H−1.

In particular,

((Sp−1 ◦ · · · ◦ S0)(x), 0) = S p(x, 0) = (H ◦ T̃ p ◦H−1)(x, 0) = (h(T p(h−1(x))), 0).
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Thus, h establishes a conjugation between Sp−1 ◦ · · · ◦ S0 and T p. Finally,

‖h − IX‖∞ = ‖u0‖∞ ≤ |U |∞ = |�−1
1 (
1(U ))|∞ ≤ a b (1 + t)

1 − t
|L|∞ < ∞. (26)

This completes the proof of (A). Note that we have not assumed that the L j ’s are small
in the sup norm so far. However, this assumption will be necessary to establish (B), as
the estimate obtained in (26) makes clear. In fact, suppose that we also have

‖L j‖∞ < ε for all j ∈ {0, . . . , p − 1}.

Then, by (26),

‖h − IX‖∞ <
a b (1 + t)

1 − t
ε ≤ δ,

which establishes (B).
Let us assume that T is hyperbolic and prove the uniqueness of the homeomor-

phism h. Let g : X → X be any homeomorphism satisfying

Sp−1 ◦ · · · ◦ S0 = g ◦ T p ◦ g−1 and ‖g − IX‖∞ < ∞. (27)

We define, recursively, maps b0, . . . , bp−1 from X into itself as follows:

b0 = g − IX and b j = S j−1 ◦ (IX + b j−1) ◦ T−1 − IX for j ∈ {1, . . . , p − 1}.

Clearly, these maps are continuous. Since b0 is bounded and

b j (x) = T (b j−1(T
−1(x))) + L j−1(T

−1(x) + b j−1(T
−1(x))), (28)

it follows recursively that all the b j ’s are bounded. Thus,

B : (x, j) ∈ X̃ �→ (b j (x), j) ∈ X̃

is a continuous bounded map. Since we are assuming that T is hyperbolic, Y = X ,
and so B ∈ F . If we prove that

B is a fixed point of �−1
1 ◦ 
1, (29)

then the uniqueness of such a fixed point would imply B = U and we would obtain

g = IX + b0 = IX + u0 = h,

as desired. Given (x, j) ∈ X̃ , we have to show that

�1(B)(x, j) = 
1(B)(x, j).
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If j ∈ {0, . . . , p − 2}, then (28) gives

b j+1(T (x)) = T (b j (x)) + L j (x + b j (x)),

and so

�1(B)(x, j) = B(T̃ (x, j)) − T̃ (B(x, j))

= (b j+1(T (x)) − T (b j (x)), j + 1)

= (L j (x + b j (x)), j + 1)

= 
1(B)(x, j).

In order to analyze the case j = p − 1, first note that the recursive definition of the
b j ’s implies that

b j = S j−1 ◦ · · · ◦ S0 ◦ (IX + b0) ◦ T− j − IX for all j ∈ {1, . . . , p − 1}.

In particular,
IX + bp−1 = Sp−2 ◦ · · · ◦ S0 ◦ g ◦ T−p+1.

Consequently,

T (bp−1(x)) + L p−1(x + bp−1(x)) = Sp−1(x + bp−1(x)) − T (x)

= (Sp−1 ◦ · · · ◦ S0 ◦ g)(T−p+1(x)) − T (x)

= (g ◦ T p)(T−p+1(x)) − T (x)

= g(T (x)) − T (x)

= b0(T (x)),

where in the third equality we used the equality in (27). Therefore,

�1(B)(x, p − 1) = B(T̃ (x, p − 1)) − T̃ (B(x, p − 1))

= (b0(T (x)) − T (bp−1(x)), 0)

= (L p−1(x + bp−1(x)), 0)

= 
1(B)(x, p − 1).

This completes the proof of (29), as it was to be shown.
Now, suppose that the operator T is not hyperbolic. Then, we can take a nonzero

vector y ∈ M ∩ T (N ), and so

z =
∞∑

n=−∞
T n(y)

defines a nontrivial fixed point of T . For each λ ∈ K,

hλ : x ∈ X �→ h(x + λz) ∈ X
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is a homeomorphism whose inverse is given by

h−1
λ : x ∈ X �→ h−1(x) − λz ∈ X .

Since z is a fixed point of T ,

hλ ◦ T p ◦ h−1
λ = h ◦ T p ◦ h−1 = Sp−1 ◦ · · · ◦ S0 for all λ ∈ K.

Moreover,
‖hλ − IX‖∞ ≤ ‖h − IX‖∞ + |λ|‖z‖ < ∞.

If ‖h − IX‖∞ < δ, then we will also have ‖hλ − IX‖∞ < δ whenever |λ| is suffi-
ciently small. In any case, we see that h can be replaced by uncountably many other
homeomorphisms.

Finally, let us prove the last assertion of the theorem. For this purpose, we denote
the maps 
1,U and h by 
L,1,UL and hL, respectively, in order to make it clear that
they actually depend on L. Recall that:
(a) 
L,1 : F → G is given by 
L,1(F)(x, j) = L((x, j) + F(x, j)).
(b) �−1

1 ◦ 
L,1 : F → F satisfies Lip(�−1
1 ◦ 
L,1) ≤ δ < 1.

(c) UL ∈ F is the unique fixed point of �−1
1 ◦ 
L,1.

(d) hL : X → X is the homeomorphism given by hL(x) = x + uL,0(x), where
UL(x, j) = (uL, j (x), j).

Let � denote the set of all p-tuples L = (L0, . . . , L p−1) of bounded Lipschitz maps
L j : X → X with Lip(L j ) < ε (and ‖L j‖∞ < ε in the case of item (B)) endowed
with the metric

D(L,L′) = max
0≤ j<p

‖L j − L ′
j‖∞.

We want to prove that the correspondence L → hL is uniformly continuous in the
sense described in the statement of the theorem. Since

‖hL − hL′ ‖∞ = ‖uL,0 − uL′,0‖∞ ≤ |UL −UL′ |∞, (30)

it is enough to show that the map

L ∈ � �→ UL ∈ F

is uniformly continuous. In view of (b) and (c), this will follow from the parametrized
version of Banach’s fixed point theorem (see [11], for instance) as soon as we show
that the map

f : (F,L) ∈ F × � �→ �−1
1 (
L,1(F)) ∈ F (31)

is uniformly continuous. But this is true because simple computations show that

| f (F,L) − f (F ′,L′)|∞ ≤ ‖�−1
1 ‖(ε|F − F ′|∞ + D(L,L′)). (32)

This completes the proof of the theorem. ��
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Remark 5 Actually, the correspondence L → hL is Lipschitz. In fact, by (31) and (c),
we have that

f (UL,L) = �−1
1 (
L,1(UL)) = UL for all L ∈ �.

In view of (b), it follows from the proof of the parametrized version of Banach’s fixed
point theorem that

|UL′ −UL|∞ ≤ 2

1 − δ
| f (UL′ ,L′) − f (UL′ ,L)|∞.

Hence, by (19), (30) and (32), we obtain

‖hL − hL′ ‖∞ ≤ 2 a b (1 + t)

(1 − δ)(1 − t)
D(L,L′). (33)

It is worth noting that the Lipschitz constant in (33) is independent of p.

Remark 6 Theorem 4 remains true if we replace “homeomorphism” by “uniform
homeomorphism” throughout its statement. The proof is essentially the same, but
we need to work with the function spaces F and G defined as follows:

• F is the set of all uniformly continuous bounded maps F : X̃ → X̃ such that

F(X × { j}) ⊂ Y × { j} for all j ∈ Zp.

• G is the set of all uniformly continuous bounded maps F : X̃ → X̃ such that

F(X × { j}) ⊂ X × { j +p 1} for all j ∈ Zp.

Remark 7 Recall that a diffeomorphism f : M → M on a compact manifold is said
to be absolutely structurally stable [9, 12] if there exist a neighborhood N of f in
the C1-topology and a constant C ∈ (0,∞) such that each g ∈ N is topologically
conjugate to f by means of a homeomorphism h : M → M satisfying

‖h − IM‖∞ ≤ C ‖g − f ‖∞.

By using the notations in the proof of Theorem 4, it follows from (26) that the constant

C = a b (1 + t)

1 − t

has the following property: for each L = (L0, . . . , L p−1) ∈ �, the homeomorphism
hL : X → X conjugating Sp−1 ◦ · · · ◦ S0 and T p (where S j = T + L j ) satisfies

‖hL − IX‖∞ ≤ C max
0≤ j<p

‖L j‖∞ = C max
0≤ j<p

‖S j − T ‖∞.
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