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Procrustes problem for the inverse eigenvalue problem
of normal (skew) J-Hamiltonian matrices and normal
J-symplectic matrices

S. Gigola* L. Lebtahi' N. Thome?

Abstract

A square complex matrix A is called (skew) J-Hamiltonian if AJ is (skew) Her-
mitian where J is a real normal matrix such that J? = —1I, where I is the identity
matrix. In this paper, we solve the Procrustes problem to find normal (skew) J-
Hamiltonian solutions for the inverse eigenvalue problem. In addition, a similar
problem is investigated for normal J-symplectic matrices.

Keywords: Inverse eigenvalue problem, (skew) J-Hamiltonian matrix, J-symplectic ma-

trix, Moore-Penrose inverse, Procrustes problem.
AMS subject classification: Primary: 15A09; Secondary: 15A24

1 Introduction

Inverse eigenvalue problems arise as important tools in several research subjects such as
structural design, parameter identification, modeling, etc. [5, 13, 30]. Inverse eigenvalue
problems consist of the construction of a matrix A with a determined structure and a spec-
ified spectrum. In the literature, these problems were studied under certain constraints on
A asin [1, 7, 10, 21, 22, 26, 27, 28, 30, 31]. For instance, by using Hermitian generalized
Hamiltonian matrices, the associated inverse eigenvalue problem was solved in [31]. More-
over, in [1], the general solution of the inverse eigenvalue problem for Hermitian generalized
skew Hamiltonian matrices was given and the expression of the solution for the optimal
approximation problem was obtained. For symplectic matrices and several factorizations
related to them, we refer the reader to [29].
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Our interest is to study the Procrustes problem associated with a specific class of
matrices (J-Hamiltonian, skew J-Hamiltonian, and J-symplectic matrices) as we will detail
in what follows.

It is remarkable that Hamiltonian matrices play an important role in several engineering
areas such as optimal quadratic linear control [20, 24], H. optimization [33] and the
solution of algebraic Riccati equations [2, 16], among others. In [17], symplectic matrices
are studied from a point of view of their connection with predetermined left eigenvalues.

Specifically, for given k X k real matrices A, B, and C' with B and C being symmet-
ric matrices, the algebraic Riccati equation XA + ATX — XBX + C = O has solution

X = —VU~!, where the block matrix [ g

} spans an H-invariant subspace of the corre-
A B
C —AT
U is nonsingular [15]. We recall that a 2k x 2k real matrix G is Hamiltonian if the product

O I
G -1, O
H determines the form of all the Hamiltonian matrices.

On the other hand, important applications for symplectic matrices arise mainly in
Mathematical Physics in areas such as quantum mechanics. For instance, symplectic ma-
trices give the phase-space representation of Gaussian transformations in quantum photon-
ics [4]. In addition, Linear Quadratic Control Problem [20] requires this kind of matrices
in their investigations.

The symbols C™*" and R™*"™ stand for the sets of m x n complex real matrices. The
symbols M* and M will denote the conjugate transpose and the Moore-Penrose inverse of a
matrix M, respectively. We remind that for a given rectangular complex matrix M € C™*",
its Moore-Penrose inverse is the (unique) matrix MT € C™™ that satisfies MMM = M,
MIMM" = MT, (MM = MM', and (MTM)* = MTM. This matrix always exists
[3]. We also need the following notation for both specified orthogonal projectors: Qu =
I, — MM and Py, = I,,, — M M. Tt is worth noting that MTPy; = O and Py (MT")* = O.
We will use the inner product given by (A, B) = trace(AB*) for A, B € C™™ and the
Frobenius norm of A given by ||A||r = 1/(A, A). The symbol o(A) denotes the spectrum
of the matrix A € C"*".

Let J € R™" be a normal matrix such that J? = —1I,,. It is well known that a matrix
A € C™™ is called J-Hamiltonian if (AJ)* = AJ [11]. Moreover, A € C"*" is called skew
J-Hamiltonian if (AJ)* = —AJ.

On the other hand, a matrix A € C"*" is called J-symplectic if A*JA = J. Every
J-symplectic matrix A is nonsingular, with determinant satisfying |det(A)| = 1 and its
inverse is given by A™! = J71A*J = —JA*J since J is skew-Hermitian. Even more, it is
well-known [23, 6, 19] that det(A) = 1, which means that the algebraic multiplicities of
the eigenvalues 1 and —1 are both even. For some applications of symplectic matrices, we
refer the reader for example to [18].

Throughout all this paper, we will consider a fixed real normal matrix J such that
J? = —1I, where I denotes the identity matrix of adequate size.

sponding subspace for the Hamiltonian matrix given by H = { } provided that

is symmetric, where [ will stand for the k x k identity matrix. Moreover,



Observe that, if A € C™ " then the spectral condition for A to be J-Hamiltonian is
that A € o(A) if and only if —\ € o(A), that is, A € o(A) implies {\, =A} C ¢(A). Even
more, when A € R™*", the condition A € o(A) implies {\, =\, X\, =A} C o(A), since in real
polynomials non-real roots appear in pairs of the type a & bi. This fact forces the values of
the diagonal of the given matrix D have to obey these symmetry properties. Notice that

for
21 1 v 0
A—{_i 2@'} and J—{O _Zl

we have that the normal matrix A is J-Hamiltonian and o(A) = {1 + 2i, —1 + 2i}. Thus,
A € 0(A) does not imply A € o(A). )

Otherwise, if A € C™" is skew J-Hamiltonian then \ € o(A) if and only if A € o(A),
that is, if A € o(A) then {\,A\} C o(A). However, in general, A € o(A) does not imply
—X € 0(A) as the following example shows:

(] e[ 2]

This skew J-Hamiltonian matrix A satisfies 1 € 0(A) = {1,2} but —1 ¢ o(A).

On the other hand, the spectral condition for A to be J-symplectic is that A € o(A)
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impli M, —,= ¢ Co(A).
1rnp1es{ ) 7)\7/\} —J( )

For a given full-column rank matrix X € C™*™ and a given diagonal matrix D € C™* ™,
we introduce the set S of all solutions of the inverse eigenvalue problem AX = X D, that
is,

S={AeC™ :AX = XD} (1)

The set S, with the additional assumption that A is a normal J-Hamiltonian matrix, is
studied in [11]; the set S, with the additional assumption that A is a normal skew J-
Hamiltonian matrix, is studied in [32]. However, to our knowledge, the set S for A being
a normal J-symplectic matrix, has not yet been studied.

We will consider the following sets:

NIH = {Ae T AA" = A*A, (AJ)" = AJ},

NISH = {A €T : AA* = A*A, (AJ)* = —AJ},

and

NITS ={AeC"": AA" = A"A A" JA = J}.

Statement problems: This paper solves the Procrustes problem associated with normal
(respectively, skew) J-Hamiltonian matrices, as well as, to normal J-symplectic matrices.
That is, assuming that SNT # (), for a given matrix A € C"*", we study the existence
and uniqueness of matrices A € S NT such that

min A - Allp = 13- Ay, )



for each one of the following cases: T =NJH or T =NJTSH,or T =NJTS.

This paper is organized as follows. Section 2 solves the Procrustes problem for normal
J-Hamiltonian matrices. Section 3 is dedicated to solve the Procrustes problem corre-
sponding to normal skew J-Hamiltonian matrices. Finally, in Section 4, we present and
solve the inverse eigenvalue problem and the Procrustes problem associated with normal
J-symplectic matrices, as well as a numerical example is provided.

2 Optimization problem for normal J-Hamiltonian ma-
trices

Throughout this section, for a given full-column rank matrix X € C*™, a given diagonal
matrix D € C™*™ and a given matrix A € C"*", assuming that SNNJH # () in (1), we
treat the existence and uniqueness problem of finding A € S N N JH such that

omin 1A= Allp = | A- A 3)

Remark 1 We note that diagonalizable (even singular) matrices give rise to a wide class
of matrices that may appear in the inverse eigenvalue problem (1), which can be constructed
X1
o
where X, € C"*" is a fized diagonal matriz (because the system AXy = X1 D has, trivially,
a diagonal solution). Hence, we can assure that infinitely many solutions are found (since
all matrices B such that B(PX) = (PX)D belong to S, for any nonsingular matriz P).
Given that the set of diagonalizable matrices is dense in the set of all matrices [12], we
conclude that, in practice, it is quite common to find situations where matrices solving (1)
do appear (for example, all matrices of index 1). In addition, S may contains matrices
satisfying AA* = A*A and (AJ)* = AJ, for example, matrices having the form of the direct
sum Dy @& (—D3), for Dy being a diagonal matriz of adequate size, that is, SONJTH # 0.

by different matrices X and D. For instance, S # O whenever m > n and X = {

Uniqueness of solution of Procrustes problem for T = NJH

Once the existence of solution of (3) is proven, for a non-empty set S N N JH, we have
that
SOANIH=A+{AeC™": AX =0}

is an affine subspace of C"*™ (with the canonical affine structure [9]) for any 4y € SN TH.
By [9, p. 245], the uniqueness of solution of (3) is guaranteed since that the distance of a
point to an affine subspace is always attained in a single point.

From now on, we focus our efforts on the proof of the existence problem.



The general expression for matrices A€ SNNJITH

Since J? = —1I,,, it is clear that n = 2k for some positive integer k. Then, there exists a
unitary matrix U € C™*" such that
B o, O .
J—U[O —iIk}U' (4)
Let us consider the following partition
_ |
X=U [ o ] ,

where X, Xy € C*¥*™. The general normal J-Hamiltonian solution of the inverse eigenvalue
problem (1) is given by (see [11, Theorem 2])

A=U [ . } v (5)
where
Az = X1DQx, (X2Qx,)" + Y12 Px,qx, - (6)
for arbitrary Y, € CF*¥,
Ay = [XiD = XiDQx, (X%:Qx,) X2 = YisPrsgy, X X] +
+H(XT)" X5 Px,qy, YisPx, + Px,Ya1 Py, (7)

and
A = [XaD = (Qx,X3) Q. DX X1 — Progy, YioXi] X] +
+(X2T)* [XleDQXI (X2QX1)T - XTYHPXQQXI] Px, + Px, Y Px,, (8)

for arbitrary skew-Hermitian Y;;, Yoo € C*¥** under the following conditions:

XlDQXlQXzQxl = 07 (9)
[X1D — X1 DQx, (X2Qx,) X2 — Yi2 Px,qx, X2| Qx, = O, (10)
[XQD - (QXlX;)TQxlD*X;(Xl - PX?QX1§/1*2X1:| QX2 = Oa (11)

A11A12 = A12A22, and the matrices
Xik (XlD — A12X2) and X; (XQD — ATQXI) (12)

are skew-Hermitian.

Note that the condition (12) is equivalent to X7 XD — X5 X5 D is skew-Hermitian.

In order to find an optimal solution ﬁ, as we have stated in (3), we first transform the
problem into a more simple one.



The sitmplified problem
Let A € C™" be an arbitrary given matrix such that U*AU is partitioned as

%11 A:l?

U*AU =
A21 A22

: (13)

where ﬁij € C** and U is the same matrix as in (4). Since Frobenius norm is unitarily
invariant, by using the matrix A € SNNJH given in (5), we obtain

IA— A} = |UTAU — U AU}
= || An — Aullz + | Az — Awall% + | An — A% + || Ase — As|%.

Now, we study each of these four norms separately.

Explicit form of the solution

Next results are needed in order to minimize the norm of some matrices with special
structures. We quote Lemma 1 in [27] with a slight modification.

Lemma 1 Let B € C™*™ P, € C?, and P, € C™*™ where P> = P, = P; fori=1,2.
Then the following statements hold:

(i) there exists the minimum of ||B — PLEP;||r for E ranging the set C7*™.
(i1) This minimum is attained in E if and only if E satisfies P,(B — E)P, = O.

Lemma 2 Let M € C™™. The equation PyY Py = O has always a (nontrivial) skew-
Hermitian solution Y € C™*™.

Proof. It follows as an immediate consequence of applying [14, Theorem 2.4] to iX with
C=0and A= B = Py. u

Now, we are ready to give the explicit solution to problem (3). Assume that SON JTH #
0.

We start by studying || A2 — Aj2||% since it contains the arbitrary matrix Y}, that also
appears in the expressions of Aj; and Ags.

Under the condition (9), by using expression (6) of A2, Lemma 1 assures that

2

|42 = Aull? = || A2 = X1DQx, (X2Qx,)" = VisPracy,

F

attains its minimum in Y3, if and only if Y}, satisfies
A2 = XiDQx, (%:Qx,) = Yiz| Praw, = O.

6



Since (X2Qx,)" Px,q x, = O, the last equality simplifies to
(A12 — Y12) Pxyqx, = O. (14)

In this case,

~ - 2
min [|A;p — A3 = H [A12X2 —X1D| Qx, <X2QX1)THF=

Apo€Chxk

since R — RPy; = RM M for arbitrary matrices R and M of adequate sizes.
Recalling that the Frobenius norm is invariant under taking adjoint and applying the
last result to

| Ao — ALl1% = [1((A2)" — Aw) |17 = |(An)*" — Aw|%

we have N _ 2
min ||(Asn)* — Ay = H [(A21)*X2 - XlD] @x, (XQQXI)THF

A12€(Ck'><k'

if and only if Y, satisfies B
((A21)" = Y12) Px,qy, = O. (15)

From (6) we obtain
Ay = X1DQx, (XoQx,)' + A12Px,qx, - (16)

It is clear that from (14) and (15) we get
ZmPXzQxl = Y12Px,qx, = (;121)*PX2QX1-

Conversely, if ;LgPXQQXl = (Em)*PXQQXl =: Z, post-multiplying both sides by Px,q,, we
get _ _
A12PX2QX1 = <A21)*PX2QX1 = ZPXZQXI'

Now, Y15 := Z satisfies (14) and (15).
Since Y12 Px,qx, = A12Px,q0x, = (A21)"Px,qy, » the conditions (10) and (11) are equiv-
alent to

[X1D — X1DQx, (X2Qx,) X5 — AZIQPXQQXI XQ] @x, =0 (17)

and
[XQD —(Qx,X3)'Qx,D* X} X, — Px,qx, A21X1] Qx, = 0, (18)

respectively. Moreover, expression (7) gives

||Z11 - All”% == HAVH - [X1D — XlDQxl (XQQXl)TXQ — AvlgPXQQXlXQ X;r—

2

_<XI)*X5PX2QX1 Ay Px, — Px, Y11 Px,




Denoting by R the fixed terms in the last norm, that is,

R = A= [XiD - XiDQx, (X2Qx))' X2 = APy, Xa| X[ =
_<XD*X;PX2QX1 A/QIPX17

Lemma 1 ensures that [|Ay; — Ayp]|% attains its minimum in Y3 if and only if Py, (R —
Y11)Px, = O, which is equivalent to

Px, (A1 — Yu)Px, = O, (19)
since X{Px, = O and Py, (X/)* = O. In this case,

. 1 2 . A 2
oJmin fAn = Aulle = 17 = Px,AuPx [F

Then, by using (7) we obtain

A\n = | XiD - X1DQx, (XQQX1)T Xy — g12PX2QX1X2 X}L +
+(X])" X3 Px,qx, An Px, + Px, A11 P, . (20)

By Lemma 2, (19) has always a skew-Hermitian solution ZH — Y7 for a skew-Hermitian
Yi11. Then, En is skew-Hermitian as well.

Conversely, if Ay, is skew-Hermitian then equation Px,CPx, = O has a skew-Hermitian
solution C. Setting Y77 := gﬂ —C, we get that Y7; is a skew-Hermitian matrix that satisfies
(19).

A similar reasoning allows us to say that the minimum of ||Ass — Ag||2 is attained in
Yo if and only if Py, (ggg — Y59)Px, = O which is equivalent to ﬁgg is skew-Hermitian.
Finally, from (8) the last norm is minimized by

Ay = [XQD - (QXl)X;)T Qx, D" X7 Xy — Px,qy, g21X1} X1+
+(X])" [XleDQxl (X2Qx,)" — XikguPXzQxl] Px, + Px,ApPx,. (21)
The results obtained can be summarized in the following theorem.

Theorem 1 Let A € C™™ be a partitioned matriz as in (13) and assume that SHNJH #
(). Then the problem (3) has a unique solution AeSNNITH zf and only if AH, Agg, and
X:X\D — X3 XoD are skew-Hermitian, (9), (17), (18), and (A — (Ag)* )Px,qx, = O
are satisfied and if we define Ay, Ay, and Asy by (20), (16) and (21), respectively, the
condition 211121\12 = 212222 must be fulfilled. In this case, the (unique) optimal solution is
gien by

Ay A:m

A=U| =
<A12)* A22

U*.

8



By using the condition given in the statement of Theorem 1, we notice that
A = X1DQx, (X2QX1)T + (*’421)*PX2Q>(1
gives an alternative expression for A\lg.

Remark 2 [t is well known that the set S is wide enough for Hermitian and generalized
skew-Hamiltonian matrices as it was established in [1], and for normal skew J-Hamiltonian
O I
—I; O
all these cases are particular ones of normal matrices. So, it is natural that the set S for
NITH must be wider.

matrices as showed in [11, 32], for the particular matriz J = . 1t is clear that

Algorithm and numerical examples

The algorithm presented below indicates a procedure that solves the Procrustes problem
associated with the inverse eigenvalue problem stated in this subsection.

ALGORITHM 1

Input: Matrices Z, J, X, and D such that J? = —I, and X and D constrained
to the condition SNNJH # 0.

Output: The optimal matrix A that solves Problem (3).
Step 1 Diagonalize J = U(il & —il;)U™.

Step 2 Partition U*X = [ X 1
Xo

":{ll A:12

Step 3 Partition U*AU =
Az Agy

Step 4 Compute P = I,, — X{X; and T = I,,, — X1 X,.
Step 5 Compute L = I, — (XoP)'XoP and Q = I, — Xy P(X,P)T.

Step 6 Compute M = X1D~— XlDP (XQP)T X2 — Avng X2 and N = XQD —
(PX)'PD*X: X, — QAy X,.

Step 7 If gﬂ is not skew-Hermitian or IZIQQ is not skew-Hermitian, go to Step
18.

Step 8 If X7 XD — X5 XD is not skew-Hermitian, go to Step 18.
Step 9 If (1112 — (gzl)*)Q # O or X1DPL # O, go to Step 18.
Step 10 If MP # O or NT # O, go to Step 18.

9



Step 11 Compute R = I, — XleT and S = I, — XQX;r.

Step 12 Compute Aj; = MX] + (X])*X;QA R + RA\ R,

Step 13 Compute A = X, DP (XoP)' + A15Q.

Step 14 Compute Ay = NXj+(X])* [XleDP (X,P)! — Xfﬁlzcg] S+ A58,
Step 15 If EHA\H — 12112222 £ 0, go to Step 18.

All A12

Step 16 Compute A=U
(A12)" A

U-.

Step 17 Go to End.

Step 18 "There is not a normal J-Hamiltonian matrix A such that Ijli‘Isl ||,Z —
€
Allr = 1A= Al
End

Remark 3 We have used MATLAB R2022a and MATHEMATICA 13.1 packages. QOur
worked examples have been considered for matrices of small sizes by using symbolic com-
putations.

In what follows, we present some illustrative examples.

Example 1 Let consider the matriz

00 -1 0 1 0 0 0
00 0 -1 0«2 0 O .
/= 10 0 O =U 00 —i O Ut
01 0 0 0 0 —1
where
1 0 — 0
U:L 07« 0 —i
v2 10 1 0
01 0 1
Moreover, we consider the matrices
—V2 2 0
\/g \(/)_ _ia 141 0 0
X NG 0 , with a € C, D 0 +i 0 |,
“ 0 0 l
0 O Wi

10



and infinitely many data depending on parameters b, h,k,z € C given by

5 —2Re(h)  —z—b—ivV3  9—2Im(h) —iz+ib+33
~ 1| —b—z—i/3 7i — 2k 3V3 —ib+ iz 3
A= s .
2 —9—Im(h) —3V3—iz+ib 5i+ 2Re(h) z+b—iV3
33 —ib+ iz -3 b+z—iV3 7i + 2k

Applying Algorithm 1 we get

{1+ e 1= 0 1= 144 0
X“‘{o 0 0}’9&_{ 0 0 ay
1 1 1 0 1 1 —1 0
Pzé —7 1 O 5 T:§ (4 ]-0 )

0 0 2 0O 00
1 —2 0
L—% 1 0|, Q—{g 8},
0 00
| -1+7 142 0 | 14+7 =144 0
M_{ 0 0 O}’ N_{ 0 0 za}’
00 0 0
R_[O 1} and S lo 0]

Step 7 is satisfied since

~ —2i  —2iV/3 ~
AH_{—2@'\/§ 9 } and AQQ_{Z,\@ 5

are skew-Hermatian. Now,

0 444 0
XiXaD - X;XoD = | —4+4i 0 0
0 0 —iaa

is skew-Hermitian, so Step 8 is satisfied. B
Moreover, Step 9 is valid because (Ajg — (A21)*)Q = O and X1DPL = O where

~ h b ~ h 2
A12:|:2 k?:| and A21:|: b k’:|
Furthermore, MP = O, NT = O. Hence, Step 10 is satisfied.

After doing the computations of AH, Alg, and A22 we have that A11A12 = A12A22 and

2% 0 -2 0
-1 03 0 —1
A_§ 2.0 2 0
01 0 3

11



We can easily check that the matrix A is normal J-Hamiltonian and satisfies the equation
AX = XD.

Example 2 Let consider the matrices J and U given in the previous example and consider
also the matrices

5i — 2Re(h)  —ivV3—2z+4+4 9—2Im(h) 3vV3—iz+1

~ 1| —iV3—i—z —4+Ti 3WV3+1+iz 3
A=— , : , |, hzeC,
2| —9—2Im(h) —3vV3—iz+1 5i+2Re(h) —ivV3+z—i
—3V3 4141z -3 —iV3 itz 44 T
_(\)/5 ? 8 1+i 0 0
0 0 V2
. . 0 0 0
Steps 7, 8, and 9 are satisfied, M P = O but since NT = 1—i —1—4i 0 #+ O, Step

10 is not satisfied. Hence, the Algorithm ensures that the problem has no solution.

3 The normal skew J-Hamiltonian case

This section deals with the optimization problem for normal skew .J-Hamiltonian matri-
ces. For a given full-column rank matrix X € C" and a diagonal matrix D € C"™*™,
throughout this section, we denote by S NN JSH the set of all the solutions A € C"*" of
AX = XD for A being a normal skew J-Hamiltonian matrix.

By using the same notation as in Section 2, the structure of the normal skew J-
Hamiltonian matrices is given by (see [32, Lemma 1])

All A12

A=U U,
{ —Ajy Asp }

where Ay, and Ags are Hermitian, Ay A1 = A9 A and U is a unitary matrix diagonalizing
matrix J.

Notice that for a given normal skew J-Hamiltonian matrix A € C"*", it is easy to see
that the matrix B :=iA is also normal and, moreover, B is J-Hamiltonian. Furthermore,
the matrix equation AX = X D is equivalent to BX = X D, where D = ¢D. Observe that,
if D satisfies the restriction on the spectrum of the skew J-Hamiltonian matrix A (that
is, if A € o(A) then {\, A} C o(A)), the restriction on the spectrum of D is also satisfied
(that is, if A € o(B) then {\, =\, X\, =A} C o(B)).

Then, the general form of matrices in SNN JSH is obtained by applying [11, Theorem
2] to B =iA and D =iD. The following result gives necessary and sufficient conditions
that ensure the existence of solutions of the inverse eigenvalue problem for matrices having
the structure considered in this section.

12



Theorem 2 Let X € C™™ be a full-column rank matriz, D € C™ ™ be a diagonal matrix
and J € R™" be a normal matriz such that J> = —I,, where n = 2k. Consider the
partition X =U [ X; X3 ]* where X1, Xy € C¥*™. Then there exists A € SNNJISH if
and only if the conditions: (X1D — A1p X2)Q@x, = O,

|:X1D - X].DQXl (XQQXl)TXz - Y'].2PX2QX1 X2:| QXl == 07
[XQD + (QX1X§>TQX1D*XTX1 + PX2QX1Y’1*2X1] QX2 = O?
XiX1D — X5X5D is Hermitian, and Ay A1 = A1aAss hold. In this case, the general

solution is given by
A Ap }
A=U U-,
{ —Ajy Az

with
AH = [XlD - XlDQXl (XQQXl)TXQ - }/12PX2QX1X2:| XI+<XD*X;PX2QX1 YTZPX1+PX1Y11PX17
App = X1DQx, (X2Qx,) + Yi2Px,qx, »
and
Ay = [XoD+ (Qx,X3)'Qx, D" X7 X1 + Px,qy, Y1y X1] X1 +
+HXD)" [XTX1DQx, (X2Qx,) + X1 Y12Px,qy, | Pxa + Px,Y22Px,,

where Yi1, Yoo € C¥* are arbitrary Hermitian matrices and Yio € C*** is an arbitrary
matriz.

Now, the Procrustes problem associated with the matrices in S NN JSH is solved by
applying Theorem 1 to B = ¢A and D = iD. Summarizing, we establish the following
theorem.

Theorem 3 Let A € C™" be a partitioned matriz as in (13) and assume that S N
NITSH # (. Then the problem stated in (2) has a unique solution A € SNNJTSH if and
only if the matrices A1y, Ag, and X{X1D — X5 XoD are Hermitian, (X1D — A2 Xo)Qx, =
0,

[XlD — X1DQx, (X2Qx,) Xz — A1aPx,qy, X2} Qx, =0,
[X2D +(Qx, X3)'Qx, D*X{ Xy = Pxqy, Zlel} Qx, =0,

(glz + (g21)*)PX2QX1 = O hold; and if we define
A\ll = |:X1D - XlDQXl (XZQXJT X2 - ZlZPXQQX1X2:| XI+(XI)*X;PX2QX1g21QX1+PX1AV11PX1,

Ay = X1DQx, (X2Qx,)' + ZmPXzQXl;

13



and
Ay = [XQD +(Qx0)X3) Q. D X7 X1 + Py, A’lel} X)+
HXD)" | XEXDQx, (X2Qx) = XiAnProy, | P + PrAnPy,

then the condition A\11A\12 = 21\1221\22 must also be fulfilled.
In this case, the unique optimal solution is given by

~

All A12

-~

A=U
_(AIQ)* A22

U-.

Algorithm and numerical examples

This subsection presents an algorithm to solve the Procrustes problem related to the inverse
eigenvalue problem stated. For this case, it reads more simplified. We also present some
numerical examples.

ALGORITHM 2

Input: Matrices Z, J, X, and D such that J?> = —I, and X and D constrained
to the condition SNN JSH # (.

Output: The optimal matrix A that solves Problem (2) for 7 = N JSH.

Step 1 Compute D =iD.

Step 2 Apply Algorithm 1 to ﬁ, J, X, and D obtaining the normal J-Hamiltonian
B.

Step 3 The optimal solution is A=—iB provided that SN N JSH # ()
End

Now, we provide some numerical examples.

Example 3 Let consider the same matrices J, U, and X as in Example 1. Moreover, we
consider the matrices

—2h+T7—-20 1—-21 —2—-3—2th 2—1

. 1:;@ 122_ 8 1 3.9 -7 —243i i
Rk T4 —247i—2h 240 2hE1142% 14+10i |
—2+4+5i i 5 — 6i 17

with h € C. Since matriz X remains unchanged, by applying Algorithm 2 we get the same
values for the matrices X1, Xo, P, T, L, @, R, and S. Now, we have
1+ 1—2'0}7 N:{l_i 1+i0}'

M:[o 0 0 0 0 a

14



Steps 7 and 9 are satisfied since

o1 wnd Lo L[ 1423 —24V3+4i
L A | 274 —24V3—-4i  9-2V3

are Hermitian and, moreover, (12112 + (ﬁgl)*)Q =0 and X;DPL = O where

AV12:|:1—2|-Z ;:| and 221:[_]; 2§:|

Furthermore, MP = O, NT = O, and

0 —4 — 43 0
XiXiD—-X;XoD = | —4+4i 0 0
0 0 —aa

is Hermitian. Thus, Steps 8 and 10 are satisfied.
After doing the computations of An, Alg, and A22 we have that A11A12 = A12A22 and

O =
|
.

A=

S

o O = O
o = O
_— o O O

We can easily check that the matriz A is normal skew J-Hamiltonian and satisfies the
equation AX = X D. Furthermore, the value of the norm is

|4 — Allp = V/|h2 = 2Re(h) + 45,
and its minimum value is attained for h =1 and equals 2v/11 = 6.63325.

Example 4 Let consider the matrices J, U, and A given in Example 3 and also consider
the matrices

-2 V2 0

141 0 0
0 0 0
\/§ \/§ 0 and 8 OZ g

0 0 V2

0 2
0 6

satisfied. Hence, Algorithm 2 ensures that the Procrustes problem has no solution.

Step 7 is satisfied, X1DPL = O but since (1112 + (Zgl)*)Q = { } # O, Step 9 is not
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4 The normal J-symplectic case

This section deals with the inverse eigenvalue problem for normal J-symplectic matrices
and the associated optimization problem. In order to solve them, we need to recall some
results about the Cayley transform.

Let A € C™™ such that det(/,, + A) # 0, that is, —1 is not an eigenvalue of A. The
Cayley transform of A is the matrix given by [§]

AC = (I, — A) (I, + A" (22)
We recall some useful properties:

(i) if AY is the Cayley transform of some matrix A € C**", then the matrix I,, + AY is
nonsingular.

(i) (I, —A) (I, + A ' = (I, + A" (I, — A).
(iii) A“ satisfies (22) if and only if A = (I, — AY) (I, + Ac)fl.

(iv) The Cayley transform, A — A® is an involution on the set of matrices A € C"™*"
such that I,, + A is nonsingular, that is, M = A® if and only if A = M.

(v) A and A® commute.
(vi) (A9)* = (A")°.
In this section, we will consider a fixed normal matrix J € R?"*?" such that J? = —1I5,.

Lemma 3 Let A € C*™2" sych that det(ly,+A) # 0. Then A is normal and J-symplectic
if and only if A® is normal and J-Hamiltonian.

Proof. It is easy to prove that A is normal if and only if (I3, + A)~! is normal. By using
(22), we get the equality (Io, + A°)(ly, + A) = 2I,,. Then, A normal is equivalent to
I, + A® is normal. And, finally, A normal if and only if A® is normal.

Now, for a given J-symplectic A € C*"**", substituting A = (I, — AY) (o, + A)~
in A*JA = J, we get

1

1

(Lo + A9)) ™ (To — AC) T (Iy — A®) (I + AC) ™ = I
Premultiplying by (I, + A®)" and postmultiplying by I, + A we have
(Lon — A9)" J (Lo — A) = (Lo + A9)*J (I + A°).
Operating and using that J=! = J* = —J, we arrive at JA® = (JAC)", that is, A is

J-Hamiltonian.
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On the other hand, let A€ be J-Hamiltonian, that is, JA® = (JA®)". Since A =
(Lo — A9) (Lon + AC) and by using that J~! = J* = —J, we have

AJA = (Lo + A9 ") (= A)" T (I — A9) (I, + 4°)

= — ((Tan + A9)") " (T — AC)* T (Ipyy — AC) (I + A9) ™
= = ((Dn + A)") T (I = (JAOY) (In — A) (o + AC)
= — ((Tan + AO)) T (=T = JAC) (I — AC) (In + AC)
= ((Fon+ A)") " T (Jan + A°) (I — A°) (I + A7)

Now, by using property (ii), we get
A TA = ((Ion + A9)) T (I — AC) = ((In + A)) 7 (J = JAC)
= ((Bn+A°)) 7 (=" = (JAY)) = = (L + A°)) 7 (T +74°)
|

For a given normal J-symplectic matrix A € C**?" such that det(Iy, + A) # 0, we
have that matrix A¢ is also normal and J-Hamiltonian. There exists a unitary matrix
U € C**2" guch that

il, 0 1,.
J—U[O _Un}U. (23)

For that matrix U, we consider the partition of matrix A as follows

Ay A
AC — U 11 12 U*
|: AQI AQZ

Applying [11, Theorem 1] to matrix A° and using that A = (IQn — AC) (Ign + AC)_I, the
general expression of A is given by

I, — An —Ajs ] { I, + An Aqo ] - U
—Aj, I, — Asy Ajy I, + As 7

where A}, = —Ay1, A5y = —Agg, and A1 A2 = AjpAg.

Furthermore, for a given full-column rank matrix X € C*>?™ and a diagonal matrix
D € C?*™<2™ throughout this section, we denote by S NN JS the set of all the solutions
A € C*2" of AX = XD for A being normal J-symplectic such that det(l,, + A) # 0.
By substituting matrix A by (I, — AY) (I, + Ac)f1 in the matrix equation AX = XD,
we get X (Iy, — D) = A°X(Iy,, + D). Since det(Iy, + A) # 0, —1 is not an eigenvalue of
A, so I, + D is nonsingular. Thus

A=U

AX = XD <— A°X = XDC.
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As observed in the previous case, if D satisfies the restriction on the spectrum of the J-
symplectic matrix A, the restriction on the spectrum of D¢ = (I, — D) (Iom + D)_1 is

I-XA 1=\
also satisfied, that is, if A\ € o(A) such that A # —1 then {14-—)\’ _1+—>\} € a(AY).

Then, the general form of normal J-symplectic matrices (such that —1 is not an eigen-
value), solution of the inverse eigenvalue problem given by (1), is obtained by applying
[11, Theorem 2] to A° and DY. The necessary and sufficient conditions that assure the
existence of solutions of the inverse eigenvalue problem are given in the following result.

Theorem 4 Let X € C?*?™ be q full-column rank matriz, D € C*™*?™ be o diagonal
matriz and J € R?*™® be a normal matriz such that J*> = —I,,. Consider the partition
X =U [ X7 X5 ]* where X1, Xy € C™?™_ Then there exists a normal J-symplectic
matriz A, solution of the problem (1), if and only if the conditions: X, D®Qx, @x,qx, =0,

[X1D¢ — X1 DQx, (X2Qx,)" X — Y2 Pxyqx, X2] Qx, = O,

[XQDC - (QXIX;)TQXI (DC)*XTXl - PXQQXI le*QXl] QXQ =0,
XleDC - X;XQDC is skew-Hermitian, and Ay A1s = A19As hold. In this case, the
general solution is given by
-1
A=U U,

I, — An —Ajo ] { I, + An Aqo

with

A = [XiDY — X1DQx,(X2Qx,) Xs — YiaPx,qy, Xa| X + (X1)" X5 Py, Vi3 Px, +
+Px, Y11 Px,,

A12 = XlDCQXl (XQQXl)T + }/12PX2QX17
and
A22 = [X2DC - (QX1X;)TQX1(DC)*XTX1 - PXQQXl YT(QXl} Xg —+
XD [X1X1DCQx, (X2Qx,)T — XYViaPxyax, | Py + Px, Yoo Py,

where Y11, Yoo € C™*™ are arbitrary skew-Hermitian matrices and Yo € C™*™ is an arbi-
trary matriz.

Now, let A € C2"*2" he an arbitrary matrix such that U* AU is partitioned as

;{11 ;4:12

UAU =
A21 AQZ

: (24)

where JZL-J- € C™" and U is the same matrix as in (23). Assuming that SNN JH # () and
applying Theorem 1 to A® and D¢, the Procrustes problem associated with the matrices in
SNN TS can be completely solved. The results are summarized in the following theorem.
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Theorem 5 Let A € C¥2" pe q partitioned matriz as in (24) and assume that S N
NIS # 0. There exists a unique solution A normal and J- symplectic of (2) that also

satisfies problem (1) if and only if the matrices AH, Agg, and X{ X,D¢ — X3 X,DC a
skew-Hermitian, and the following conditions: X;D® Rx,@x0x, =0,

[X1DC — X1D“Qx, (X2Qx,) X2 — ngPXQQxl XQ] @x, =0,

[X2DC — (Q@x,X3)1Qx, (DY) X; X1 — Pxyqy, ,121)(1} Qx, =0,

(Zlg - (ggl)*)PXZQxl = O hold; and if we define

A\ll - |:X1DC - XlDCQxl (XQQXl)TXQ — ngPXQQXIXQ] X;T +
+(X])* X5 Px,qx, A21 Px, + Px, A1y Px,,

Ay = [XDC = (Qx,X3)' Qx, (D) X[ Xy = Prygy, AnXa| X] +
+(xd)" [XleDCQxl (X2Qx,)" — ngmpxzcaxl] Px, + Px,AnPx,,

and
A12 = XlDCQXl (XQQX1>T + A12PX2QX1’

then the condition A\llA\lg = 121\12;1\22 must be fulfilled. In this case, the unique optimal
solution s given by

-1

I, + A\n 121\12

In - A\ll _A\lQ

A=U . 12

Algorithm and numerical example

The following algorithm allows to solve the Procrustes problem related to the inverse
eigenvalue problem for normal J-symplectic matrices.

ALGORITHM 3

Input: Matrices ﬁ, J, X, and D such that J? = —I,, and X and D constrained
to the condition SNNJS # 0.

Output: The optimal matrix A that solves Problem (2) for 7 = N.JS.

Step 1 Compute DY = (I, — D)(Iyy, + D) !

Step 2 Apply Algorithm 1 to A, J, X, and DY obtaining the normal J-Hamiltonian
matrix B.
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Step 3 The optimal solution is A = (I, — B)(Iy, + B) ™.
End

Example 5 Let consider the matrix

00 -1 0 0 0 0
00 0 -1 0« 0 O .
/= 10 0 O =U 00 — O Ut
01 0 0 0 0 —1
where
0 ¢+ — O
1 i 0 0 —i
U‘E 01 1
10 0 1
Moreover, we consider the matrices
0 2a 0 g 1—2 0 0
1 0 2a 0 —ig . _ 0 142 0
X—E 0 —a 0 , witha,g € C, D= 0 0 %_%
0 a 0 g 0 0 0
3 —t—i 3 3
i 3 3 3
— 5
ad A=\ Ty 3 3 1oy
-3 -3 %—z 3i
It can be easily checked that
—1+4+2 0 0 0
Dczl 0 —1—22 0 0
5 0 0 1+ 0
0 0 0 1—2
Applying Algorithm 1 to ﬁ, J, X, and D¢ we get
0 a 00 [0 —a 0 0
Xl_[OOOg}’ XZ__O 0 0 ’
10 00 1.0 0 0
0000 0000
P= 0010}’ I'= 001 0]’
0000 10000
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o O O =
S O = O
O = O O
— o O O
O
I
| — |
S =
)
_
|
atl Do
| — |
o O
o |
~
S|
S O
Lo
S
—_

210 da 0 O 00 00
N‘E[oo 0—@} R_[ooy and S‘{oo}
Step 7 of Algorithm 1 is satisfied since

~ 0 —4i ~ 6i 2i
A“::{—@ o} and ‘%2:[2i6i]

are both skew-Hermitian.
Since X7 X,DY — X3X,D = O, this matrix is skew-Hermitian, so Step 8 is satisfied.

As .
~ ~ 10
A12=A21=g[0 1]7
Step 9 is fullfilled because (2112 - (ﬁgl)*)Q O and X,DPL = O.
Moreover, MP = O and NT = O, so Step 10 is satisfied.
Carrying out the calculation of Aiq, Alz, and Agg we have that A11A12 = A12A22 and

2% -1 0 0
1| -1 =20 0 0
51 0 0 -2 i

0o 0 1 -2

B=

This matriz B is normal J-Hamiltonian and satisfies the equation AX = XDC.
Finally, the optimal solution is

3+3i 1+i 0 0
G_1| 1+ 3430 0 0
40 0 0 343 —1—i |’
0 0 —1—i 3+3i

which s normal J-symplectic and satisfies the equation AX = XD.

The matrix equation for an undamped mass-spring system with n degrees of freedom
looks like )
MX +KX =0,

where Y is a time-dependent vector that describes the motion, M = diag(my, ma,- - ,my,)
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is the mass matrix and

[ ki ke —ky 0o .- 0 0 0
—ky kot ks —ks ... 0 0 0
0 R 0 0 0
K= : : : : : :
0 0 0 - kpotkiy ko1 0
0 0 0o .- —kp_1 ka1t Ky —ky
0 0 0o .- 0 —ky, ky,

is the stiffness matrix which is tridiagonal. Both are symmetric and the mass and stiffness
parameters must be positive.

Since we seek harmonic solutions for Y, it has the form Y = [y; yo -+ y,| where
y; = bjsin(wt). Substituting into the motion equation we get

M(—w*)Y + KY = 0.
Given that the matrix M is nonsingular, we can rewrite the last equation as
M'KY = w?Y.

This problem can be regarded as an eigenvector and eigenvalue problem where the unknown
matrix to find is K.

Let X be the matrix whose columns are the eigenvectors and D the diagonal matrix
whose elements are the eigenvalue. In this case, the general matrix equation becomes
AX = XD where A= M'K.

Let consider the input matrices

=9 B =[5 g ] o= [ el - [0]

1 »
The eigenvalues of J are ¢ and —i, U = { 1 ’ ], and

Then, K:MA:1

2

AL
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