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The choice of a suitable convergence step that allows the fast convergence of the filtered-x LMS algorithm
in practical scenarios is usually carried out by trial and error, since the theoretical developments provide
only indicative values. The particularity of the filtered-x structure, which adds a delay between the output
of the adaptive filter and the error signal and colors the reference signal, increases the inaccuracy of
the theoretical models. Furthermore, the use of band-limited reference signals is beyond the scope of
most theoretical studies, which focus on the cases of full-band reference signals, making it difficult to
extrapolate these models to band-limited signals. In this paper, we propose a low-cost and meaningful
method for selecting the convergence step that is well tuned in most practical cases. It can be used
regardless of the type of the reference signal, the system delays, and the nature of the filter required in
the filtered-x structure. Numerical simulations are performed to validate the effectiveness of the proposed
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1. Introduction

The filtered-x LMS (Fx-LMS) algorithm [1] is often used in adap-
tive control systems [2] where the signal generated by the adaptive
filter undergoes a modification before exercising control. This ef-
fect appears in active noise control (ANC) systems [3] like the one
illustrated in Fig. 1. In this figure, the system named S corresponds
to the so-called secondary path, which is an acoustic path repre-
senting such a transformation in practice. It is necessary to obtain
an accurate secondary path estimate in order to modify the refer-
ence signal x(n) in accordance with the control algorithm. Such a
model is usually implemented using a linear filter [4,5] (system S
in Fig. 1) that is applied to the reference signal to transform it into
the filtered reference signal, x;(1).

The controller aims to minimize the instantaneous power of the
noise (error signal e(n)) at the control point, | = e2(n), and adjusts
iteratively the adaptive filter, w, by means of a steepest descent
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strategy that uses the gradient of J with respect to w, which is
given by V] = 2e(n)xs. Hence, the Fx-LMS algorithm updates the
adaptive filter coefficients by using

w(n) =w(n-—1) — uxg(n)e(n), (1)
where w(n) is composed of the L coefficients of the adaptive filter
and u is the convergence step. X¢(n) is a vector with the last L
samples of the filtered reference signal, and e(n) is the error signal
(residual noise signal picked up by the error sensor).

Since the filtered reference signal does not exhibit a flat spec-
trum in common cases, the convergence step parameter that con-
trols the convergence of the Fx-LMS to the optimum filter wop
by means of Eq. (1) as n increases may be challenging to select.
The Fx-LMS algorithm has been extensively studied and analyzed
[6-10] as well as the LMS algorithm and its convergence [11-
13]. However, the theoretical models proposed to obtain an upper
bound for the convergence step to guarantee algorithm stability
were derived under many restrictive conditions, and its application
is not straightforward. Therefore, the convergence step parameter
is usually adjusted by trial and error [14] or using tables [15] in
practice.

As a derivation of the theoretical results obtained by the con-
vergence analysis of the LMS algorithm, the following bound is
suggested in [16]

W< (2)
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Fig. 1. Active noise control system with filtered-x structure (electrical paths in solid
lines, acoustic paths in dashed lines).

with an optimum value of the convergence step given by fop =
1 which is an approximation of

UXZfL
1
- 3
M, - (3)

where Amax is the largest eigenvalue of the L x L autocorrelation
matrix of the filtered reference signal and szf is the average power
of the filtered reference signal. Equation (2) is derived by bounding
the largest eigenvalue of the autocorrelation matrix by the sum of
all its eigenvalues, which coincides with the trace of this matrix.
Furthermore, assuming that the noise signal is stationary, this trace
is given by O'Xsz.

The maximum convergence step given by Eq. (2) has to be re-
laxed in practical cases due to the delay introduced by S. Since this
bound is very restrictive, it usually works properly when the fil-
tered reference signal exhibits a flat spectrum. However, the spread
of the eigenvalues increases when the spectrum of the filtered ref-
erence signal is colored or band-limited, and, consequently, the
sum of the eigenvalues is closer to the maximum eigenvalue. Thus,
the bound stated in Eq. (2) is then no longer so restrictive, and
it may even become useless in the case of large delays due to S.
Therefore, the stability conditions of the LMS algorithm cannot be
applied straightforwardly to the Fx-LMS due to the transformation
that the signal undergoes at the output of the adaptive filter (in-
cluding the delay) before reaching the error sensor. Furthermore,
errors in the estimate of the secondary path may also affect the
Fx-LMS convergence conditions [17]. Perfect estimation of the sec-
ondary path, § =S, is considered throughout this work.

The computation of a theoretical upper bound on the con-
vergence step of the Fx-LMS can be computationally costly [18].
Hence, many studies have been carried out to provide computa-
tionally efficient bounds. It is shown in [19] that the convergence
step could be bounded by

2

02 (L+2A) )

"<
and its optimum value is given by w/2. Only the simplified case
with a pure delay (A) on the secondary path is considered. This
bound was modified in [20] by considering a secondary path mod-
eled by a FIR filter s(n) of order M, thus obtaining a practical
bound based on the optimum step size as

1

— (5)
02 (L+2Ae)

W< Ha, =

where Agq is called the equivalent delay of the secondary path and

is given by

_ M ns2(n)
Yonios2(n)

Equation (5) coincides with the optimum convergence step from

Eq. (4) when the secondary path S is a pure delay. In any other

(6)
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Fig. 2. (a) Different impulse responses of the acoustic path that would provide the
same bound for p according to Eq. (5) when the reference signal is white noise. (b)
Different power spectral densities of the reference signal with mean power o2 that
would provide the same bound for p according to Eq. (4) when the acoustic path
is a pure delay.

case, the calculation given by Eq. (6) intends to consider the ef-
fects produced by S. However, such a simple secondary path does
not exist in practice, and a convergence step bound that is more
feasible than Eq. (5) is required. For example, acoustic paths such
as those shown in Fig. 2(a) would have identical convergence step
bounds since their reference signal powers and A.q values (given
by Eq. (5)) coincide, but the maximum convergence step allowed
in practical scenarios is different. Similarly, reference signals with
the same mean power but different spectral distributions, such as
those shown in Fig. 2(b), would have the same bound when the
secondary path is a pure delay (given by Eq. (4)). However differ-
ent bounds have to be used in practice.

The aforementioned bounds only depend on the length of the
adaptive filter, the power of the filtered reference signal, and the
delay inherent in the secondary path (or an equivalent delay mod-
eled using Aeq). Nevertheless, those convergence step bounds do
not adequately consider the spectral distribution of the reference
signal or the frequency response of the secondary path. In [21],
the same authors extended the analysis performed in [20] but
considering band-limited signals. Moreover, a different mathemat-
ical model was derived in [21], and, consequently, the bound
Eq. (5) was corrected in [22] by fitting experimentally measured
values to a curve that models the behavior of the denominator of
Eqg. (5), then obtaining:

1

—_— (7)
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zef(L +2 Bwq
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where By, is the bandwidth (normalized with respect to the full
bandwidth) where the energy of the filtered reference signal ex-
ceeds a certain threshold. Although this result fits well with the
experimental data, its extrapolation to other environments is not
immediate. In the case of full-band systems or signals, this bound
tends to coincide with the bound given by Eq. (5), which is useless
in many cases. Moreover, in the case of band-limited signals, it is
not always easy to determine the representative bandwidth of the
signal because it depends on the selection of the relative-energy
threshold.

To address these problems, this work presents a robust and
meaningful method to estimate the convergence step bound of the
Fx-LMS. The proposed approach is based on a sub-band analysis of
the power spectral density for each frequency band. This model is
valid for arbitrary spectral energy distribution of the filtered ref-
erence signal, provided that the spectrum could be assumed to be
roughly flat at each band. Otherwise, it is necessary to know the
suitable number and width of the spectral sub-bands. In this re-
gard, we also present a simple algorithm that obtains those param-
eters. Thus, this approach is a practical way to choose the conver-
gence step parameter, avoiding cumbersome and impractical sta-
tistical analyses.

2. Convergence step selection of the Fx-LMS by sub-band
analysis

The sub-band Fx-LMS algorithm [23] splits the frequency spec-
trum of the signals involved into independent frequency bands to
make the convergence conditions independent in each band (i.e.
working as parallel independent adaptive systems). To achieve this,
the algorithm makes use of a critically sampled filter bank. Thus, if
we split the spectrum into B bands, the signals in each band could
be decimated by a factor of B, leading to a normalized bandwidth
of %. We can assume that we use ideal filters, which do not in-
troduce delay, and that the number of bands allows us to consider
that the power spectral density of the filtered reference signal in
each band is constant. Hence, the upper bound of the convergence
step of the adaptive filter corresponding to the bth band can be
derived from Eq. (5) as:

1
My = (8)
Uff,)(%g)“ +2A¢q)
with szfb being the value of the power spectral density of the fil-

tered reference signal corresponding to the bth band. FIR adaptive
filters of L coefficients in each band are considered.

On the other hand, the average power of the signal considering
the whole band can be written as:

B

1
oF=y EG"sz' (9)
b=1

Using Eq. (9) in Eq. (5), we obtain:
1
Yho 0% () (L+2A¢)

However, Eq. (10) is only suitable for signals whose spectrum is
constant (axsz =02, Vb). In any other case, it would be feasible to

(10)

MAy, =

xf

think that each band should have a different weight in the calcu-

lation of the upper bound of the convergence step of the whole

system. Thus, we propose the following bound
1

i1 07, (B (L4 20¢q)

where F, denotes the weighting factor of the bth band. When the
reference signal exhibits a flat spectrum, clearly F, = 1, Vb. In the

(11)

i < p(proposed) =
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opposite case, when all of the energy of the reference signal is con-
tained in a single band v, the convergence step bound of that dec-
imated system should coincide with the convergence step bound
of the vth band of the sub-band system when decimating the
full-band system by a factor of B. It should be noted that when
decimating the full-band system, the number of filter coefficients
and the equivalent delay are decreased by the decimation factor B.
Consequently, the step size satisfies the following inequality for a
single-band v reference signal:

1 1
0102 (WEEL+20e) 024 () (L+20e)
from which it follows that, in this particular case, F, =B for b=v
and F, =0 for b#v.
The value of F, that satisfies all of the above conditions is given
by
2
o
F=—1 (13)
o

JI (12)

Thus F, could be considered a spectral-shape factor. F, =1
when the energy of the filtered reference signal in this band
matches the mean energy of the reference signal. F, is larger than
one when the energy in the band is higher than the mean energy.
Finally, F, is small when the band has low energy compared to the
mean energy, becoming zero when it has no energy.

The spectral-shape factor F, allows to deal with reference sig-
nals filtered through any secondary path and with flat spectrum in
sub-bands. Eq. (11) is based on the sub-band analysis of the FXLMS
algorithm and extends to sub-band analysis previous works pre-
sented in [7] and [20], which deal with different reference noises
and secondary paths as it was introduced in Section 1.

Equation (11) can be generalized for signals with a flat spec-
trum in sub-bands with normalized bandwidth given by Bj. The
convergence step bound in this case would be given by

1
Y b1 02 BoFy (L +20eq)

It must be noted that all shape factors, F,, become 1 in the case
of a full-band flat signal. Thus, in this case, the bound proposed in
Eq. (14) would coincide with that of Eq. (5).

The following steps summarized the calculation of the proposed
convergence step bound:

W < p(proposed) = (14)

1. Select the number of sub-bands B. Appendix A illustrates a
proper selection of the number of bands for a general case. Al-
though it could be alternatively fixed without cost for known or
common cases depending on the type of the filtered reference
signal.

2. Calculate the energy of the reference signal in each sub-band.

3. Calculate Eq. (14).

The calculation of the energy of the reference signal in each
sub-band is the most costly operation in practice. It can be carried
out using any valid estimator, for instance those based on the FFT.
Therefore, the computational cost of the proposed method can be
given in practice by O(Klog, K) being K the number of frequency
bins used for the spectrum calculation.

3. Results

Several experiments have been carried out to check the validity
and accuracy of the parameter proposed in Eq. (14). The results are
also compared with the convergence step bounds previously pro-
posed in the literature: u, defined in Eq. (3) (which does not work
well in practice due to the delay of the acoustic plant but is used
as a comparative reference); pa,, from Eq. (5); and p Aeg2 given in
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Fig. 3. Acoustic paths used in the experiments (sampling frequency 2 kHz): (a) primary path and (b) secondary path. These paths are available online in [25].

Table 1
Summary of the main characteristics of the experiments.
Exp.  Reference noise signal Secondary path Figure
1 full-band White Noise (WN) delay Fig. 4
2 low-pass WN/band-pass delay Fig. 5a-c
WN/high-pass WN
3 low-pass WN (with added delay/real meas.  Fig. 6(ab)/c
full-band WN)
4 single-tone/multi-tone real meas. Fig. 7a/b
5 single-tone/multi-tone/low- real meas. Fig. 7c
pass WN
6 pink noise delay Fig. 8

Eq. (7) (for band-limited signals). In addition, the maximum con-
vergence step value that guarantees the algorithm stability in each
experiment (‘experimental w’) is also provided. The proposed con-
vergence step bounds should approach (or should at least never
be larger than) this ‘experimental w’. This ‘experimental u’ was
obtained by means of repeated simulations with increasing values
of the step size until the maximum speed of convergence without
divergence was reached. The other bounds were calculated accord-
ing to their mathematical expressions. The estimation of axsz has

been calculated from the filtering of the reference signal through
the impulse response of the selected secondary path for each band
b. This response in each band has been measured using the Swept-
Sine Technique [24], which cannot be used for very narrow band-
widths. All of the experiments were performed on a system that
is based on the scheme illustrated in Fig. 1. The acoustic paths P
and S are modeled with 256 coefficients and correspond to real
responses measured in a room and sampled at 2 kHz. They are
shown in Fig. 3. A pure delay system is also considered in some
experiments to model the secondary path S. Table 1 summarizes
the main characteristics of the experiments.

All of the models considered for calculating the convergence
step bound except u; (for the reasons previously discussed) should
behave properly for reference signals of flat spectrum and pure
delays since their expressions will become the same in this case.
Consequently, we will first verify this behavior.

3.1. Step-size bounds for full-band white noise reference signal and a
delay in the secondary path

In the first experiment (Fig. 4), the secondary path S is a
pure delay system (A = 10). An adaptive filter of L =150 coef-
ficients and eight spectral bands of the same width (B, = 1/16,

Vb) are considered. The reference signal is white noise with o2
{0.1,0.5,1, 2,5, 10}. Figure 4(a) illustrates the values of the conver-
gence step bound for each model compared to the corresponding
‘experimental w’. As can be observed, both the proposed bound
and pa,, offer very similar results, which are close to the experi-
mental one. Note that neither the theoretical value of o2 nor the
value of the autocorrelation of the reference signal have been used.
Alternatively, 02 has been estimated from the experimental data
since this work aims to provide an upper bound of the convergence
step that can be used in practice without resorting to the knowl-
edge of the signal statistics. For this reason, slight differences be-
tween the proposed convergence step bound given in Eq. (14) and
HA, in Eq. (10) are observed. However, we should theoretically
obtain the same values in this experiment. In any case, both val-
ues are lower than (but close to) the experimental convergence
step. Therefore, they are suitable. On the other hand, it is observed
that the values of w, cannot be used in practice since this bound
does not consider the delay of the acoustic path, so its value is
always much higher than the experimental one. The same conclu-
sions arise when o2 =1 and the number of filter coefficients or
the acoustic path delay changes. This is illustrated by Fig. 4(b) and
(c). This means that the bound given by Eq. (5) and the one pro-
posed by Eq. (14) are suitable for flat full-band reference signals
and pure delays in the secondary path.

3.2. Step-size bounds for filtered reference signal and a delay in the
secondary path

In a second experiment (Fig. 5), several band-limited signals
are selected as reference signals using a secondary path with
A =10 and an adaptive filter of 150 coefficients. B, represents
the normalized signal bandwidth concerning the total bandwidth.
Figure 5 shows the different bounds obtained when filtered white
noise is used as a reference signal: Fig. 5(a) for a low-pass fil-
tered signal, Fig. 5(b) for a band-pass filtered signal, and Fig. 5(c)
for a high-pass filtered signal. Because the bound Ko given
in Eq. (7) differs from that of u,, for band-limited signals,
the parameter HA g is also computed. As can be observed, the
only bound that always remains below the experimental value
of the convergence step is the one proposed in this work. On
the other hand, u,,, and HAgg could be helpful (and close to
the proposed approach) only when the reference signals are full-
band signals since they exceed the experimental results when B,,
decreases.
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Fig. 4. Convergence step bounds obtained for a white-noise reference signal: (a)
varying the average power of the reference signal, o2; (b) varying the number of
adaptive filter coefficients, L; and (c) varying the acoustic path delay, A.

3.3. Step-size bounds for low-pass reference signal with added white
noise

The third experiment, which is illustrated in Fig. 6, aims to ver-
ify the validity of the different convergence step bounds when a
broadband noise for different signal-to-noise ratio (SNR) is added
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Fig. 5. Convergence step bounds obtained for a white-noise reference signal filtered
with: (a) a low-pass filter, (b) a band-pass filter, and (c) a high-pass filter, leading
to a normalized bandwidth B, =[0.2,0.4,0.6,0.8].

to a band-limited reference signal. A low-pass reference signal is
used. Note that the resulting composed signal cannot be consid-
ered band-limited. The SNR varies from —15 to 15 dB in Fig. 6(a)
when the reference signal with B, = 0.1 (cut-off frequency f. =
Bw/2) and A =10 are considered. Figure 6(b) shows the bounds
when SNR=10dB and different B,, (the secondary path is also mod-
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Fig. 6. Convergence step bounds with a band-limited reference signal plus noise:
(a) varying SNR, (b) for SNR=10 dB and different bandwidths, and (c) varying the
bandwidth and using a real secondary path (not a pure delay system).

eled as a pure delay). When the SNR decreases the broadband
noise tends to mask the reference signal. Then the resulting sig-
nal tends to be a flat-spectrum signal and the values of both the
proposed bound and p,,, are similar and very close to the ex-
perimental one. However, fi,,, is no longer useful since it reaches
higher values than the experimental ones when the SNR increases,

Signal Processing 211 (2023) 109118

whereas the proposed bound remains at lower values and close
to the experimental ones. On the other hand, a similar behavior
is observed when the bandwidth of the reference signal varies. In
this case, large bandwidths show similar behavior to the full-band
flat-spectrum signals, whereas wn,, is no longer valid when the
bandwidth decreases.

Figure 6 (c) illustrates the bounds obtained when the secondary
path is a real measurement instead of a simulated pure delay sys-
tem. It is important to note that the reference signal is full-band
white noise that is filtered by the acoustic path when B,, = 1. Also
note that the proposed bound is the only one that shows good
agreement with the experimental convergence step in all cases.

3.4. Step-size bounds for single-tone and multi-tone reference signal
with a real secondary path

The next study is focused on the effect of using single or multi-
tone reference signals instead of white or band-limited noises with
the real secondary path commented above. Figure 7(a) illustrates
the convergence step bounds obtained for single-tone reference
signals. Tones of unit amplitude and discrete frequencies given by
[0.05, 0.15, 0.25, 0.35, 0.45] are used. The results show a wide vari-
ation of the values due to the effect of the frequency response of
the secondary path. As can be observed, the only bound that pro-
vides accurate values in each case is, again, the one proposed in
this work. However, the rest of the approaches give values that are
higher than the experimental convergence parameter. On the other
hand, Fig. 7(b) presents the results for a multi-tone reference sig-
nal given by

05-Af
3T,

x(n) =Y cos[27 (Afo+ kA fo)n]. (15)
k=0

Thus, when Af, decreases, the spectral richness of the signal
(more tones) increases and the separation between tones de-
creases. The values of A fy considered are: [0.001 0.005, 0.01, 0.05,
0.1, 0.2]. It can be observed that the proposed model gives values
that are higher than the experimental results for the two lowest
A fg, so they would not be valid. This is because the reference sig-
nal spectrum is split into eight bands of equal width, as in the
first experiment. However, the number of bands and their widths
should be adjusted so that each one contains a sufficiently flat part
of the spectrum (in the case of broadband signals) or only one
single-tone (in the case of multi-tone signals). Note that in the case
of multi-tone signals with Q tones of amplitude Aq, Eq. (14) can be
written as:

1

M < 5 s
Q (A3/2)
Zb=1 (Ai/Z) quj A§/2 (L + 2Aeq)

(16)

without the need for an analysis of the signal spectrum.
Consequently, the bands that are used to calculate the proposed
bound must be as small as possible when the power spectral den-
sity of the filtered reference signal exhibits a large difference be-
tween close frequencies or when the multi-tone signal is com-
posed of very close tones. The experiments show that when A fy
is very small, there is not enough frequency resolution with only
eight bands to obtain a suitable convergence step bound according
to the proposed criterion. The same would have happened if val-
ues of By, smaller than 0.2 had been selected in the experiments of
Figs. 5 and 6. Thus, the number of analysis bands and their width
must be in accordance with the shape of the filtered reference sig-
nal spectrum, and their choice becomes more critical as the refer-
ence signal spectrum exhibits significant differences between close
frequency bands. On the other hand, an accurate estimation of the
signal power in each band is needed. Therefore, it turns out that
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Fig. 7. Convergence step bounds obtained for a real secondary path and: (a) a
single-tone reference signal, (b) a multi-tone reference signal, and (c) three differ-
ent reference signals varying the number of spectral bands B (a single-tone signal,
a multi-tone signal with A fo = 0.005, and a band-limited signal with B,, = 0.1).

the frequency resolution for calculating the proposed bound must
be chosen as a trade-off between the flatness of the spectrum and
the accuracy of the power estimation of the filtered reference sig-
nal within each sub-band.

3.5. Step-size bounds for: Single-tone, multi-tone and band-limited
reference signals, depending on the number of sub-bands B

In order to determine the influence of the number of analysis
bands (for simplicity, of the same bandwidth), the experimental
convergence step was compared with the proposed bound for dif-
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ferent values of B (number of analysis bands) and different filtered
reference signals whose spectra showed large variations (consider-
ing in all cases a real acoustic path). Figure 7(c) illustrates the be-
havior of the proposed bound for different B. In the upper part of
the figure, a single-tone reference signal with A fy = 0.005 is used.
As can be observed, suitable bounds are obtained from B =40
analysis bands. Moreover, less than 10 bands is insufficient to guar-
antee a suitable bound for a single-tone reference signal, although
a suitable value is obtained for just eight bands (the case of the
previous experiment).

Finally, the results for a band-limited signal and B,, = 0.1 (lower
than the cases considered in the previous experiments) plus an
added noise with SNR=15 dB are also shown in Fig. 7(c). In this
experiment, a useful value for the convergence step value is given
from 20 analysis bands. An oscillation of the convergence step with
the number of bands can be observed. This is due to the relation
between the signal energy distribution and the number of sub-
bands. Since the signal is band-limited and its transition band is
extended between 0.2 and 0.22 (cut-off frequency), when a given
sub-band includes this transition band, the power calculation is
not accurate enough and the convergence step cannot be accu-
rately estimated. This effect can be observed when the number
of bands is far from multiples of 11, whereas the method obtains
good results for multiples of 11 in the figure.

Appendix A illustrates the proper selection of the number of
bands. Furthermore, an algorithm for the selection of the number
and width of the sub-bands based on the spectral flatness is also
proposed, which is a practical alternative to the uniform sub-band
distribution.

Thus, a meaningful convergence step bound is always found
from a certain number of analysis bands. The value of this bound
tends to decrease as the number of bands increases and tends to
saturate above a given value. It is important to note that the power
of the multi-tone signal within each sub-band has been estimated
from the samples of the experiment, which means that Eq. (16) has
not been used.

3.6. Step-size bounds for pink noise reference signal depending on
the number of sub-bands B

Uniform sub-band analysis has been assumed in all of the pre-
vious experiments. However, it is not always the most appropri-
ate method. For example, if we consider pink noise signals, where
the variation of the power spectral density increases with the fre-
quency, it would be convenient to adjust the bandwidth of each
band so that By, ; = 2By, In this way, we will optimize the number
of bands needed to obtain a suitable convergence step bound.

Figure 8 shows the results of the proposed convergence step
bound as a function of the number of bands when the reference
signal is pink noise and the secondary path is a pure delay sys-
tem of 10 samples. Uniform and exponentially growing bandwidth
resolutions are considered. The adaptive filter has L = 150 coeffi-
cients in all cases. As can be observed, uniform bandwidth for the
spectrum analysis of the filtered reference signal does not provide
convergence step bounds that are close to the experimental value
in this experiment, even when the number of bands is large. On
the contrary, if bands with increasing bandwidth are used, since
the spectrum variation is faster where the bandwidth is smaller,
we reach the experimental value of the convergence step using
fewer bands than with the uniform bandwidth. However, we need
more resolution in the narrower (low frequency) bands to estimate
the power spectral density in all bands correctly. Thus, for B > 24
(where the lower band has a width of 0.5/224), we need more res-
olution than that used in the experiment to obtain an accurate step
bound.
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Fig. 8. Convergence step bound for a pink noise signal with different numbers of
sub-bands B and constant or exponential bandwidth of the analysis bands.

It should be noted that the nature of this type of signal is the
most adverse for the proposed methodology since we are consider-
ing a constant spectral density within each band. Thus, we are ‘ap-
proximating’ the spectral density of the filtered reference signal.
In cases where this approximation does not represent the actual
spectrum correctly, the resulting bound may be inaccurate.

Although the proposed bound usually is quite well tuned in
practical cases, the convergence step bound proposed in this work
can be relaxed by a factor of less than unity (a factor of 0.6 has
shown meaningful results) when the shape of the power spectral
density of the filtered reference signal changes abruptly with fre-
quency (and therefore a constant value within each band does not
correctly represent its shape) or when the estimation of the power
spectral density value in each band is not accurate enough.

3.7. Comparison of the proposed convergence step bound with a
bound derived from a statistical analysis

Despite the simplicity of the proposed method, its performance
is comparable to (and even outperforms) results derived from more
complex and computationally expensive models. For example, a
statistical analysis is proposed in [18] to model the behavior of
the Fx-LMS algorithm applied to ANC, from which a bound for the
convergence step could be derived. The computational complex-
ity of this method is very high and increases with the length of
the secondary path. The following secondary paths were used in
[18] to test the proposed method (where P(z) represents the pri-
mary path, S(z) the secondary path, and $(z) the estimate of the
secondary path):

System 1: P(z) =222, S(z) = 2729, §(z) = S(2);

e System 2: P(z) =1.5+2 1 -0.7272, S(z) = 0.2+ 0.8z, §(2) =
5(2);

System 3: P(z) =1.5+2z"1 —0.7z272, S(z) = 0.2 + 0.8z 1, §(z) =
0.4+09z71 £5S(2);

System 4: P(z) and S(z) are represented in Fig. 3 of [18] (with
20 coefficients), and $(z) = S(2).

The reference signal (and noise) used in [18] is given by x(n) =
nx(n—1) + ¢(n), where ¢(n) is a Gaussian random variable and
n = 0 when x(n) is white noise, while n = 0.8 when x(n) is colored
noise (modeled by an AR system). The adaptive filters have four
coefficients for the first three systems and eight coefficients for the
last one.

Table 2 shows the comparative results obtained. The experi-
ments that provided the results of Table IIl of [18] have been re-
produced. The results of the convergence step bound proposed in
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Table 2
Comparative table between the proposed method and the results of [18].
Ref. signal system ner.  experimental  [18] proposed
. . System 1 0.071 0.061 0.0691
White noise o/ om2 056 0384  0.7685
System 4 0.43 0.360 0.43
AR noi System 1 0.0093 0.0081 0.0087
o1se System 2 0.087 0.06 0.0986
System 3 0.065 0.047 0.0902

this work fit the experimental ones quite well for the systems with
Paths 1 and 4 (even better than those proposed in [18]). However,
the proposed bound is somewhat higher than the experimental
one (but of the same order) for the systems with Paths 2 and 3.
Therefore, this bound would have to be relaxed in practice to as-
sure convergence. Note that the solutions for the adaptive filter in
these two systems (Paths 2 and 3) are non-causal, so the ‘causal’
solution reached by the adaptive filter in practice does not really
cancel the noise (only slightly decrease the power of the noise
signal). Consequently, the convergence analysis of these systems
(Paths 2 and 3) should not be considered equivalent to the pre-
vious ones (Paths 1 and 4).

4. Multichannel extension

The extension of this work to a multichannel ANC system com-
prised of J actuators and K error sensors (as it is depicted in Fig. 9)
arises almost straightforwardly when the following considerations
are taken into account:

o The multichannel system has | x K secondary paths that pro-
vide ] x K filtered reference signals (x;i (1))

J adaptive filters of L coefficients are required.

The update equation for the jth filter (following the multiple
error filtered-x LMS algorithm proposed in [26]) is:

K
w;(n) =w;(n-1) —szjk(")ek(”), (17)
k=1

In the case of more than one reference signal, a single reference
signal resulting from combining all of them can be considered
for the purpose of calculating the convergence step bound.
The value of the trace of the multichannel autocorrelation ma-
trix of the filtered reference signals that would allow bound-
ing the highest eigenvalue of this matrix is given by 02 =
szle ij:] (rjzk. where ajzk is the mean power of the reference
signal filtered through the acoustic path between the jth actu-
ator and the kth error sensor.

The equivalent delay of the multichannel system, Amc, would
be chosen as the most restrictive (the largest) among the equiv-
alent delays of all of the acoustic (secondary) paths.

Therefore, Eq. (5) can be modified for the multichannel case as

1

_— 18
02c(L+2Ame) (18)

W< H1Ape =
which is again valid only for full-band filtered reference signals.
On the other hand, Eq. (18) can be directly applied or, following
the work in [26], the most restrictive single channel bound for this
system can be used, which means:

1
(]I<)U]2,<max (L+2Amc) .

< L2Ame = (19)
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Fig. 9. Multichannel ANC system (electrical paths in solid lines, acoustic paths in dashed lines).

06" x ¢ proposed Fne
x Hqa
mc
04 [ :u‘ZA 7
mc
< O experimental u
0.2 1
x
ol ® o & & |

Fig. 10. Convergence step bound of a multichannel (2 x 2) system with a reference
signal that was low-pass filtered at different cutoff frequencies (fc).

However, if the filtered reference signal is analysed in B bands
of B, bandwidth, the following expression derived from the single
channel case can be proposed

1

— , (20)
Zb:l Gmchbe (L + 2Amc)

M < fme =

where a,%,cb is the power spectrum value of the filtered signal
2
within the b band, F, = i"gf and, 63c = Yp_; 0, ABy.

Figure 10 shows the convergence step bounds obtained for each
of the three multichannel convergence step bounds mentioned
above, together with the (experimental) maximum convergence
step that guarantees system stability. A multichannel system with

two actuators (J = 2) and two error sensors (K = 2) has been used.
The reference noise signal was unit power white noise that was fil-
tered through a low-pass filter whose cutoff frequency varied from
0.2 to 1 (full-band signal). As can be observed, the proposed con-
vergence step fits very well with the experimental one. When the
reference signal is full-band, all of the proposals are close to the
experimental value, although i1, is higher that the experimen-
tal value and so useless. As the reference signal becomes band-
limited, the alternative bounds move further away from the ex-
perimental one and become useless in almost any case because
they provide values that are higher than the experimental bound.
The bound proposed in this work guarantees stability and is the
closest to the experimental bound of the convergence step in all
cases.

5. Conclusion

Although the analysis of the stability of the Fx-LMS algorithm
has been performed in several previous studies, these studies are
too restrictive, provide theoretical bounds of the convergence step
that are mainly only valid for simple cases (acoustic paths con-
sisting of pure delays, tonal signals, etc.), or they depend on sta-
tistical parameters of inaccurate (and not always simple) estima-
tion in practical cases. In this work, we have proposed a conver-
gence parameter bound that guarantees the stability of the Fx-LMS
algorithm, providing values that are very close to those achieved
in practice, even for multichannel systems. The calculation of this
bound is performed by using an estimation of the spectral den-
sity per frequency band of the filtered reference signal (where this
spectral density can be considered constant). It has been proved
that the bound proposed in this work is suitable for signals and
filters (acoustic paths) of different types, and it notably improves
the results of the theoretical bounds used so far.
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Appendix A. Selection of the number and widths of the
analysis sub-bands

The advantage of the proposed method lies in its simplicity and
accuracy. However, this accuracy depends on two main factors:

o The estimation of the power spectral density of the reference
signal must be sufficiently representative, which leads us to use
methods with sufficient frequency resolution concerning the
considered bandwidths.

o The power spectral density of each band can be considered
constant and approximately equal to the value of the average
power in that band.

Therefore, the number of sub-bands B and their widths B, must
be suitably chosen. The reliability of the estimated power spec-
tral density in each band depends on the spectral analysis method
used. The bandwidths B, used to calculate the proposed bound
should not be lower than the frequency resolution of the spectral
analysis method employed, which can be denoted by B,,;,. On the
other hand, assuming that the power spectral density in each band
is correctly estimated, the reliability of the proposed convergence
step bound requires the power spectral density to be almost con-
stant within each band. Note that the power spectral density value
used in the calculation of the proposed bound is an estimation that
is closer to the average value of the power spectral density within
each band. Hence, if the band does not exhibit a constant spec-
tral density, this indicator could underestimate the weight of that
band in the calculation of the bound. A safer bound arises when
the maximum value of the power spectral density is selected, in-
stead of its mean value. However, this could lead to obtaining a
bound that is a too restrictive when the power spectral density is
very variable within any band.

We suggest the Spectral Flatness parameter to calculate the
sub-band widths. This parameter is defined for sub-band b that en-
compasses b; to by frequency bins as [27]:

1
bu-b;

by
[1se
r,= ":1”' — (A1)
. Sk
bu — b k=b,

10
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where s is the value of the estimated spectral power correspond-
ing to the by frequency bin.

The Spectral Flatness is closer to 1 for flat bands and obtains
lower values for spikier bands (0 < I' < 1). A Spectral Flatness that
is lower than a given threshold I';;, can warn us that the signal
spectrum in the selected sub-band is not flat enough, and, conse-
quently, its estimated power spectral density is not representative.
Bands with a Spectral Flatness lower than the required threshold
I" should be split into narrower bands.

Generally speaking, the use of bands of constant width and
suitable spectral resolution is enough for most applications. How-
ever, Algorithm 1, which makes use of a Spectral Flatness thresh-

Algorithm 1 Algorithm to select B, Vb € {1, ..., B} (normalized by
Bmin)‘

1: Input: S = [sg,S1, -+, Sk_1)s e
: Output: B,,1 <b<8B
b=1;b;=0;b,=0; T, =1
: K = length(S)

: while b, < K do
while I') > T, do
by=by+1
b\ E
[1se

k=b,

8: Iy = , by —b;+1 sums and (b, — b))% +1

P Sk
bu —by k=b,
products *

9:  end while

10: Bb = bu - bl

n: b=b+1

122 by=by

13: Fb = ]

14: end while

15: if by > K then

16: Bb=I<—1—b1

17: end if
*The computational cost of this algorithm depends mainly on
the computation of the spectral flatness in line 8. This calcula-
tion has to be performed several times for each band selection.
The total number of operations for each band selection also de-
pends on the value of the threshold I';.

old, provides suitable bandwidths for the calculation of the pro-
posed convergence step bound in all cases, being K, the number of
frequency bins.
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