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a b s t r a c t 

The choice of a suitable convergence step that allows the fast convergence of the filtered-x LMS algorithm 

in practical scenarios is usually carried out by trial and error, since the theoretical developments provide 

only indicative values. The particularity of the filtered-x structure, which adds a delay between the output 

of the adaptive filter and the error signal and colors the reference signal, increases the inaccuracy of 

the theoretical models. Furthermore, the use of band-limited reference signals is beyond the scope of 

most theoretical studies, which focus on the cases of full-band reference signals, making it difficult to 

extrapolate these models to band-limited signals. In this paper, we propose a low-cost and meaningful 

method for selecting the convergence step that is well tuned in most practical cases. It can be used 

regardless of the type of the reference signal, the system delays, and the nature of the filter required in 

the filtered-x structure. Numerical simulations are performed to validate the effectiveness of the proposed 

approach. 

© 2023 The Author(s). Published by Elsevier B.V. 

This is an open access article under the CC BY-NC-ND license 

( http://creativecommons.org/licenses/by-nc-nd/4.0/ ) 

1

t

fi

f

i

t

s

a

e

m  

i  

t

n  

i

1

a

d

z

s

g

a

w  

w

a  

s  

(

t

t

b

T

[

1

b

h

0

(

. Introduction 

The filtered-x LMS (Fx-LMS) algorithm [1] is often used in adap- 

ive control systems [2] where the signal generated by the adaptive 

lter undergoes a modification before exercising control. This ef- 

ect appears in active noise control (ANC) systems [3] like the one 

llustrated in Fig. 1 . In this figure, the system named S corresponds 

o the so-called secondary path, which is an acoustic path repre- 

enting such a transformation in practice. It is necessary to obtain 

n accurate secondary path estimate in order to modify the refer- 

nce signal x (n ) in accordance with the control algorithm. Such a 

odel is usually implemented using a linear filter [4,5] (system S̃ 

n Fig. 1 ) that is applied to the reference signal to transform it into

he filtered reference signal, x f (n ) . 

The controller aims to minimize the instantaneous power of the 

oise (error signal e (n ) ) at the control point, J = e 2 (n ) , and adjusts

teratively the adaptive filter, w , by means of a steepest descent 
� This work has been partially supported by RTI2018-098085-BC41 and PID2021- 
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trategy that uses the gradient of J with respect to w , which is 

iven by ∇J = 2 e (n ) x f . Hence, the Fx-LMS algorithm updates the 

daptive filter coefficients by using 

 (n ) = w (n − 1) − μx f (n ) e (n ) , (1)

here w (n ) is composed of the L coefficients of the adaptive filter 

nd μ is the convergence step. x f (n ) is a vector with the last L

amples of the filtered reference signal, and e (n ) is the error signal

residual noise signal picked up by the error sensor). 

Since the filtered reference signal does not exhibit a flat spec- 

rum in common cases, the convergence step parameter that con- 

rols the convergence of the Fx-LMS to the optimum filter w opt 

y means of Eq. (1) as n increases may be challenging to select. 

he Fx-LMS algorithm has been extensively studied and analyzed 

6–10] as well as the LMS algorithm and its convergence [11–

3] . However, the theoretical models proposed to obtain an upper 

ound for the convergence step to guarantee algorithm stability 

ere derived under many restrictive conditions, and its application 

s not straightforward. Therefore, the convergence step parameter 

s usually adjusted by trial and error [14] or using tables [15] in 

ractice. 

As a derivation of the theoretical results obtained by the con- 

ergence analysis of the LMS algorithm, the following bound is 

uggested in [16] 

< 

2 

σ 2 
x f 

L 
(2) 
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Fig. 1. Active noise control system with filtered-x structure (electrical paths in solid 

lines, acoustic paths in dashed lines). 
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Fig. 2. (a) Different im pulse responses of the acoustic path that would provide the 

same bound for μ according to Eq. (5) when the reference signal is white noise. (b) 

Different power spectral densities of the reference signal with mean power σ 2 that 

would provide the same bound for μ according to Eq. (4) when the acoustic path 

is a pure delay. 
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ith an optimum value of the convergence step given by μopt = 

1 

σ 2 
x f 

L 
, which is an approximation of 

λ = 

1 

λmax 
(3) 

here λmax is the largest eigenvalue of the L × L autocorrelation 

atrix of the filtered reference signal and σ 2 
x f 

is the average power 

f the filtered reference signal. Equation (2) is derived by bounding 

he largest eigenvalue of the autocorrelation matrix by the sum of 

ll its eigenvalues, which coincides with the trace of this matrix. 

urthermore, assuming that the noise signal is stationary, this trace 

s given by σ 2 
x f 

L . 

The maximum convergence step given by Eq. (2) has to be re- 

axed in practical cases due to the delay introduced by S. Since this 

ound is very restrictive, it usually works properly when the fil- 

ered reference signal exhibits a flat spectrum. However, the spread 

f the eigenvalues increases when the spectrum of the filtered ref- 

rence signal is colored or band-limited, and, consequently, the 

um of the eigenvalues is closer to the maximum eigenvalue. Thus, 

he bound stated in Eq. (2) is then no longer so restrictive, and 

t may even become useless in the case of large delays due to S.

herefore, the stability conditions of the LMS algorithm cannot be 

pplied straightforwardly to the Fx-LMS due to the transformation 

hat the signal undergoes at the output of the adaptive filter (in- 

luding the delay) before reaching the error sensor. Furthermore, 

rrors in the estimate of the secondary path may also affect the 

x-LMS convergence conditions [17] . Perfect estimation of the sec- 

ndary path, ˜ S = S, is considered throughout this work. 

The computation of a theoretical upper bound on the con- 

ergence step of the Fx-LMS can be computationally costly [18] . 

ence, many studies have been carried out to provide computa- 

ionally efficient bounds. It is shown in [19] that the convergence 

tep could be bounded by 

< 

2 

σ 2 
x f 

(L + 2�) 
(4) 

nd its optimum value is given by μ/ 2 . Only the simplified case

ith a pure delay ( �) on the secondary path is considered. This 

ound was modified in [20] by considering a secondary path mod- 

led by a FIR filter s (n ) of order M, thus obtaining a practical

ound based on the optimum step size as 

≤ μ�eq 
= 

1 

σ 2 
x f 

(L + 2�eq ) 
, (5) 

here �eq is called the equivalent delay of the secondary path and 

s given by 

eq = 

∑ M 

n =0 ns 2 (n ) ∑ M 

n =0 s 
2 (n ) 

. (6) 

quation (5) coincides with the optimum convergence step from 

q. (4) when the secondary path S is a pure delay. In any other 
2 
ase, the calculation given by Eq. (6) intends to consider the ef- 

ects produced by S. However, such a simple secondary path does 

ot exist in practice, and a convergence step bound that is more 

easible than Eq. (5) is required. For example, acoustic paths such 

s those shown in Fig. 2 (a) would have identical convergence step 

ounds since their reference signal powers and �eq values (given 

y Eq. (5) ) coincide, but the maximum convergence step allowed 

n practical scenarios is different. Similarly, reference signals with 

he same mean power but different spectral distributions, such as 

hose shown in Fig. 2 (b), would have the same bound when the 

econdary path is a pure delay (given by Eq. (4) ). However differ- 

nt bounds have to be used in practice. 

The aforementioned bounds only depend on the length of the 

daptive filter, the power of the filtered reference signal, and the 

elay inherent in the secondary path (or an equivalent delay mod- 

led using �eq ). Nevertheless, those convergence step bounds do 

ot adequately consider the spectral distribution of the reference 

ignal or the frequency response of the secondary path. In [21] , 

he same authors extended the analysis performed in [20] but 

onsidering band-limited signals. Moreover, a different mathemat- 

cal model was derived in [21] , and, consequently, the bound 

q. (5) was corrected in [22] by fitting experimentally measured 

alues to a curve that models the behavior of the denominator of 

q. (5) , then obtaining: 

≤ μ�eq 2 
= 

1 

σ 2 
x f 

(L + 2 

�eq 

B w 
) 

(7) 
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here B w 

is the bandwidth (normalized with respect to the full 

andwidth) where the energy of the filtered reference signal ex- 

eeds a certain threshold. Although this result fits well with the 

xperimental data, its extrapolation to other environments is not 

mmediate. In the case of full-band systems or signals, this bound 

ends to coincide with the bound given by Eq. (5) , which is useless

n many cases. Moreover, in the case of band-limited signals, it is 

ot always easy to determine the representative bandwidth of the 

ignal because it depends on the selection of the relative-energy 

hreshold. 

To address these problems, this work presents a robust and 

eaningful method to estimate the convergence step bound of the 

x-LMS. The proposed approach is based on a sub-band analysis of 

he power spectral density for each frequency band. This model is 

alid for arbitrary spectral energy distribution of the filtered ref- 

rence signal, provided that the spectrum could be assumed to be 

oughly flat at each band. Otherwise, it is necessary to know the 

uitable number and width of the spectral sub-bands. In this re- 

ard, we also present a simple algorithm that obtains those param- 

ters. Thus, this approach is a practical way to choose the conver- 

ence step parameter, avoiding cumbersome and impractical sta- 

istical analyses. 

. Convergence step selection of the Fx-LMS by sub-band 

nalysis 

The sub-band Fx-LMS algorithm [23] splits the frequency spec- 

rum of the signals involved into independent frequency bands to 

ake the convergence conditions independent in each band (i.e. 

orking as parallel independent adaptive systems). To achieve this, 

he algorithm makes use of a critically sampled filter bank. Thus, if 

e split the spectrum into B bands, the signals in each band could 

e decimated by a factor of B , leading to a normalized bandwidth 

f 1 
2 B . We can assume that we use ideal filters, which do not in-

roduce delay, and that the number of bands allows us to consider 

hat the power spectral density of the filtered reference signal in 

ach band is constant. Hence, the upper bound of the convergence 

tep of the adaptive filter corresponding to the bth band can be 

erived from Eq. (5) as: 

b = 

1 

σ 2 
x f b 

( 2 
2 B 

)(L + 2�eq ) 
(8) 

ith σ 2 
x f b 

being the value of the power spectral density of the fil- 

ered reference signal corresponding to the bth band. FIR adaptive 

lters of L coefficients in each band are considered. 

On the other hand, the average power of the signal considering 

he whole band can be written as: 

2 
x f = 

B ∑ 

b=1 

1 

B 

σ 2 
x f b 

. (9) 

Using Eq. (9) in Eq. (5) , we obtain: 

�eq 
= 

1 ∑ B 
b=1 σ

2 
x f b 

( 1 
B 
)(L + 2�eq ) 

. (10) 

owever, Eq. (10) is only suitable for signals whose spectrum is 

onstant ( σ 2 
x f b 

= σ 2 
x f 

, ∀ b). In any other case, it would be feasible to

hink that each band should have a different weight in the calcu- 

ation of the upper bound of the convergence step of the whole 

ystem. Thus, we propose the following bound 

≤ μ(proposed) = 

1 ∑ B 
b=1 σ

2 
x f b 

( 1 
B 
) F b (L + 2�eq ) 

(11) 

here F b denotes the weighting factor of the bth band. When the 

eference signal exhibits a flat spectrum, clearly F = 1 , ∀ b. In the
b 

3 
pposite case, when all of the energy of the reference signal is con- 

ained in a single band v , the convergence step bound of that dec- 

mated system should coincide with the convergence step bound 

f the v th band of the sub-band system when decimating the 

ull-band system by a factor of B . It should be noted that when

ecimating the full-band system, the number of filter coefficients 

nd the equivalent delay are decreased by the decimation factor B . 

onsequently, the step size satisfies the following inequality for a 

ingle-band v reference signal: 

≤ 1 ∑ B 
b=1 σ

2 
x f b 

( 1 
B 
) F b 

1 
B 
(L + 2�eq ) 

= 

1 

σ 2 
x f v 

( 1 
B 
)(L + 2�eq ) 

, (12) 

rom which it follows that, in this particular case, F b = B for b = v
nd F b = 0 for b � = v . 

The value of F b that satisfies all of the above conditions is given 

y 

 b = 

σ 2 
x f b 

σ 2 
x f 

. 1 (13) 

Thus F b could be considered a spectral-shape factor. F b = 1 

hen the energy of the filtered reference signal in this band 

atches the mean energy of the reference signal. F b is larger than 

ne when the energy in the band is higher than the mean energy. 

inally, F b is small when the band has low energy compared to the 

ean energy, becoming zero when it has no energy. 

The spectral-shape factor F b allows to deal with reference sig- 

als filtered through any secondary path and with flat spectrum in 

ub-bands. Eq. (11) is based on the sub-band analysis of the FxLMS 

lgorithm and extends to sub-band analysis previous works pre- 

ented in [7] and [20] , which deal with different reference noises 

nd secondary paths as it was introduced in Section 1 . 

Equation (11) can be generalized for signals with a flat spec- 

rum in sub-bands with normalized bandwidth given by B b . The 

onvergence step bound in this case would be given by 

≤ μ(proposed) = 

1 ∑ B 
b=1 σ

2 
x f b 

B b F b (L + 2�eq ) 
. (14) 

It must be noted that all shape factors, F b , become 1 in the case

f a full-band flat signal. Thus, in this case, the bound proposed in 

q. (14) would coincide with that of Eq. (5) . 

The following steps summarized the calculation of the proposed 

onvergence step bound: 

1. Select the number of sub-bands B . Appendix A illustrates a 

proper selection of the number of bands for a general case. Al- 

though it could be alternatively fixed without cost for known or 

common cases depending on the type of the filtered reference 

signal. 

2. Calculate the energy of the reference signal in each sub-band. 

3. Calculate Eq. (14) . 

The calculation of the energy of the reference signal in each 

ub-band is the most costly operation in practice. It can be carried 

ut using any valid estimator, for instance those based on the FFT. 

herefore, the computational cost of the proposed method can be 

iven in practice by O (K log 2 K) being K the number of frequency 

ins used for the spectrum calculation. 

. Results 

Several experiments have been carried out to check the validity 

nd accuracy of the parameter proposed in Eq. (14) . The results are 

lso compared with the convergence step bounds previously pro- 

osed in the literature: μλ defined in Eq. (3) (which does not work 

ell in practice due to the delay of the acoustic plant but is used 

s a comparative reference); μ�eq 
from Eq. (5) ; and μ�eq 2 

given in 
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Fig. 3. Acoustic paths used in the experiments (sampling frequency 2 kHz): (a) primary path and (b) secondary path. These paths are available online in [25] . 

Table 1 

Summary of the main characteristics of the experiments. 

Exp. Reference noise signal Secondary path Figure 

1 full-band White Noise (WN) delay Fig. 4 

2 low-pass WN/band-pass 

WN/high-pass WN 

delay Fig. 5 a–c 

3 low-pass WN (with added 

full-band WN) 

delay/real meas. Fig. 6 (ab)/c 

4 single-tone/multi-tone real meas. Fig. 7 a/b 

5 single-tone/multi-tone/low- 

pass WN 

real meas. Fig. 7 c 

6 pink noise delay Fig. 8 
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q. (7) (for band-limited signals). In addition, the maximum con- 

ergence step value that guarantees the algorithm stability in each 

xperiment (‘experimental μ’) is also provided. The proposed con- 

ergence step bounds should approach (or should at least never 

e larger than) this ‘experimental μ’. This ‘experimental μ’ was 

btained by means of repeated simulations with increasing values 

f the step size until the maximum speed of convergence without 

ivergence was reached. The other bounds were calculated accord- 

ng to their mathematical expressions. The estimation of σ 2 
x f b 

has 

een calculated from the filtering of the reference signal through 

he impulse response of the selected secondary path for each band 

. This response in each band has been measured using the Swept- 

ine Technique [24] , which cannot be used for very narrow band- 

idths. All of the experiments were performed on a system that 

s based on the scheme illustrated in Fig. 1 . The acoustic paths P 

nd S are modeled with 256 coefficients and correspond to real 

esponses measured in a room and sampled at 2 kHz. They are 

hown in Fig. 3 . A pure delay system is also considered in some

xperiments to model the secondary path S. Table 1 summarizes 

he main characteristics of the experiments. 

All of the models considered for calculating the convergence 

tep bound except μλ (for the reasons previously discussed) should 

ehave properly for reference signals of flat spectrum and pure 

elays since their expressions will become the same in this case. 

onsequently, we will first verify this behavior. 

.1. Step-size bounds for full-band white noise reference signal and a 

elay in the secondary path 

In the first experiment ( Fig. 4 ), the secondary path S is a 

ure delay system ( � = 10 ). An adaptive filter of L = 150 coef-

cients and eight spectral bands of the same width ( B b = 1 / 16 ,
4 
 b) are considered. The reference signal is white noise with σ 2 ∈ 

 

0 . 1 , 0 . 5 , 1 , 2 , 5 , 10 } . Figure 4 (a) illustrates the values of the conver- 

ence step bound for each model compared to the corresponding 

experimental μ’. As can be observed, both the proposed bound 

nd μ�eq 
offer very similar results, which are close to the experi- 

ental one. Note that neither the theoretical value of σ 2 nor the 

alue of the autocorrelation of the reference signal have been used. 

lternatively, σ 2 has been estimated from the experimental data 

ince this work aims to provide an upper bound of the convergence 

tep that can be used in practice without resorting to the knowl- 

dge of the signal statistics. For this reason, slight differences be- 

ween the proposed convergence step bound given in Eq. (14) and 

�eq 
in Eq. (10) are observed. However, we should theoretically 

btain the same values in this experiment. In any case, both val- 

es are lower than (but close to) the experimental convergence 

tep. Therefore, they are suitable. On the other hand, it is observed 

hat the values of μλ cannot be used in practice since this bound 

oes not consider the delay of the acoustic path, so its value is 

lways much higher than the experimental one. The same conclu- 

ions arise when σ 2 = 1 and the number of filter coefficients or 

he acoustic path delay changes. This is illustrated by Fig. 4 (b) and 

c). This means that the bound given by Eq. (5) and the one pro-

osed by Eq. (14) are suitable for flat full-band reference signals 

nd pure delays in the secondary path. 

.2. Step-size bounds for filtered reference signal and a delay in the 

econdary path 

In a second experiment ( Fig. 5 ), several band-limited signals 

re selected as reference signals using a secondary path with 

= 10 and an adaptive filter of 150 coefficients. B w 

represents 

he normalized signal bandwidth concerning the total bandwidth. 

igure 5 shows the different bounds obtained when filtered white 

oise is used as a reference signal: Fig. 5 (a) for a low-pass fil-

ered signal, Fig. 5 (b) for a band-pass filtered signal, and Fig. 5 (c)

or a high-pass filtered signal. Because the bound μ�eq 2 
given 

n Eq. (7) differs from that of μ�eq 
for band-limited signals, 

he parameter μ�eq 2 
is also computed. As can be observed, the 

nly bound that always remains below the experimental value 

f the convergence step is the one proposed in this work. On 

he other hand, μ�eq 
and μ�eq 2 

could be helpful (and close to 

he proposed approach) only when the reference signals are full- 

and signals since they exceed the experimental results when B w 

ecreases. 
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Fig. 4. Convergence step bounds obtained for a white-noise reference signal: (a) 

varying the average power of the reference signal, σ 2 ; (b) varying the number of 

adaptive filter coefficients, L ; and (c) varying the acoustic path delay, �. 

3

n

i

b

Fig. 5. Convergence step bounds obtained for a white-noise reference signal filtered 

with: (a) a low-pass filter, (b) a band-pass filter, and (c) a high-pass filter, leading 

to a normalized bandwidth B w = [0 . 2 , 0 . 4 , 0 . 6 , 0 . 8] . 

t

u

e  

w

B

w

.3. Step-size bounds for low-pass reference signal with added white 

oise 

The third experiment, which is illustrated in Fig. 6 , aims to ver- 

fy the validity of the different convergence step bounds when a 

roadband noise for different signal-to-noise ratio (SNR) is added 
5 
o a band-limited reference signal. A low-pass reference signal is 

sed. Note that the resulting composed signal cannot be consid- 

red band-limited. The SNR varies from −15 to 15 dB in Fig. 6 (a)

hen the reference signal with B w 

= 0 . 1 (cut-off frequency f c = 

 w 

/ 2 ) and � = 10 are considered. Figure 6 (b) shows the bounds 

hen SNR = 10dB and different B w 

(the secondary path is also mod- 
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Fig. 6. Convergence step bounds with a band-limited reference signal plus noise: 

(a) varying SNR, (b) for SNR = 10 dB and different bandwidths, and (c) varying the 

bandwidth and using a real secondary path (not a pure delay system). 
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led as a pure delay). When the SNR decreases the broadband 

oise tends to mask the reference signal. Then the resulting sig- 

al tends to be a flat-spectrum signal and the values of both the 

roposed bound and μ�eq 
are similar and very close to the ex- 

erimental one. However, μ�eq 
is no longer useful since it reaches 

igher values than the experimental ones when the SNR increases, 
6 
hereas the proposed bound remains at lower values and close 

o the experimental ones. On the other hand, a similar behavior 

s observed when the bandwidth of the reference signal varies. In 

his case, large bandwidths show similar behavior to the full-band 

at-spectrum signals, whereas μ�eq 
is no longer valid when the 

andwidth decreases. 

Figure 6 (c) illustrates the bounds obtained when the secondary 

ath is a real measurement instead of a simulated pure delay sys- 

em. It is important to note that the reference signal is full-band 

hite noise that is filtered by the acoustic path when B w 

= 1 . Also

ote that the proposed bound is the only one that shows good 

greement with the experimental convergence step in all cases. 

.4. Step-size bounds for single-tone and multi-tone reference signal 

ith a real secondary path 

The next study is focused on the effect of using single or multi- 

one reference signals instead of white or band-limited noises with 

he real secondary path commented above. Figure 7 (a) illustrates 

he convergence step bounds obtained for single-tone reference 

ignals. Tones of unit amplitude and discrete frequencies given by 

0.05, 0.15, 0.25, 0.35, 0.45] are used. The results show a wide vari- 

tion of the values due to the effect of the frequency response of 

he secondary path. As can be observed, the only bound that pro- 

ides accurate values in each case is, again, the one proposed in 

his work. However, the rest of the approaches give values that are 

igher than the experimental convergence parameter. On the other 

and, Fig. 7 (b) presents the results for a multi-tone reference sig- 

al given by 

 (n ) = 

0 . 5 −� f 0 
� f 0 ∑ 

k =0 

cos [2 π(� f 0 + k � f 0 ) n ] . (15)

hus, when � f 0 decreases, the spectral richness of the signal 

more tones) increases and the separation between tones de- 

reases. The values of � f 0 considered are: [0.001 0.005, 0.01, 0.05, 

.1, 0.2]. It can be observed that the proposed model gives values 

hat are higher than the experimental results for the two lowest 

f 0 , so they would not be valid. This is because the reference sig- 

al spectrum is split into eight bands of equal width, as in the 

rst experiment. However, the number of bands and their widths 

hould be adjusted so that each one contains a sufficiently flat part 

f the spectrum (in the case of broadband signals) or only one 

ingle-tone (in the case of multi-tone signals). Note that in the case 

f multi-tone signals with Q tones of amplitude A q , Eq. (14) can be

ritten as: 

< 

1 ∑ Q 
b=1 

(A 

2 
b 
/ 2) 

(A 2 
b 
/ 2) ∑ Q 

q =1 
A 2 q / 2 

(L + 2�eq ) 
, (16) 

ithout the need for an analysis of the signal spectrum. 

Consequently, the bands that are used to calculate the proposed 

ound must be as small as possible when the power spectral den- 

ity of the filtered reference signal exhibits a large difference be- 

ween close frequencies or when the multi-tone signal is com- 

osed of very close tones. The experiments show that when � f 0 
s very small, there is not enough frequency resolution with only 

ight bands to obtain a suitable convergence step bound according 

o the proposed criterion. The same would have happened if val- 

es of B w 

smaller than 0.2 had been selected in the experiments of 

igs. 5 and 6 . Thus, the number of analysis bands and their width

ust be in accordance with the shape of the filtered reference sig- 

al spectrum, and their choice becomes more critical as the refer- 

nce signal spectrum exhibits significant differences between close 

requency bands. On the other hand, an accurate estimation of the 

ignal power in each band is needed. Therefore, it turns out that 
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Fig. 7. Convergence step bounds obtained for a real secondary path and: (a) a 

single-tone reference signal, (b) a multi-tone reference signal, and (c) three differ- 

ent reference signals varying the number of spectral bands B (a single-tone signal, 

a multi-tone signal with � f 0 = 0 . 005 , and a band-limited signal with B w = 0 . 1 ). 
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he frequency resolution for calculating the proposed bound must 

e chosen as a trade-off between the flatness of the spectrum and 

he accuracy of the power estimation of the filtered reference sig- 

al within each sub-band. 

.5. Step-size bounds for: Single-tone, multi-tone and band-limited 

eference signals, depending on the number of sub-bands B 

In order to determine the influence of the number of analysis 

ands (for simplicity, of the same bandwidth), the experimental 

onvergence step was compared with the proposed bound for dif- 
7 
erent values of B (number of analysis bands) and different filtered 

eference signals whose spectra showed large variations (consider- 

ng in all cases a real acoustic path). Figure 7 (c) illustrates the be-

avior of the proposed bound for different B . In the upper part of 

he figure, a single-tone reference signal with � f 0 = 0 . 005 is used.

s can be observed, suitable bounds are obtained from B = 40 

nalysis bands. Moreover, less than 10 bands is insufficient to guar- 

ntee a suitable bound for a single-tone reference signal, although 

 suitable value is obtained for just eight bands (the case of the 

revious experiment). 

Finally, the results for a band-limited signal and B w 

= 0 . 1 (lower

han the cases considered in the previous experiments) plus an 

dded noise with SNR = 15 dB are also shown in Fig. 7 (c). In this

xperiment, a useful value for the convergence step value is given 

rom 20 analysis bands. An oscillation of the convergence step with 

he number of bands can be observed. This is due to the relation 

etween the signal energy distribution and the number of sub- 

ands. Since the signal is band-limited and its transition band is 

xtended between 0.2 and 0.22 (cut-off frequency), when a given 

ub-band includes this transition band, the power calculation is 

ot accurate enough and the convergence step cannot be accu- 

ately estimated. This effect can be observed when the number 

f bands is far from multiples of 11, whereas the method obtains 

ood results for multiples of 11 in the figure. 

Appendix A illustrates the proper selection of the number of 

ands. Furthermore, an algorithm for the selection of the number 

nd width of the sub-bands based on the spectral flatness is also 

roposed, which is a practical alternative to the uniform sub-band 

istribution. 

Thus, a meaningful convergence step bound is always found 

rom a certain number of analysis bands. The value of this bound 

ends to decrease as the number of bands increases and tends to 

aturate above a given value. It is important to note that the power 

f the multi-tone signal within each sub-band has been estimated 

rom the samples of the experiment, which means that Eq. (16) has 

ot been used. 

.6. Step-size bounds for pink noise reference signal depending on 

he number of sub-bands B 

Uniform sub-band analysis has been assumed in all of the pre- 

ious experiments. However, it is not always the most appropri- 

te method. For example, if we consider pink noise signals, where 

he variation of the power spectral density increases with the fre- 

uency, it would be convenient to adjust the bandwidth of each 

and so that B b+1 = 2 B b . In this way, we will optimize the number

f bands needed to obtain a suitable convergence step bound. 

Figure 8 shows the results of the proposed convergence step 

ound as a function of the number of bands when the reference 

ignal is pink noise and the secondary path is a pure delay sys- 

em of 10 samples. Uniform and exponentially growing bandwidth 

esolutions are considered. The adaptive filter has L = 150 coeffi- 

ients in all cases. As can be observed, uniform bandwidth for the 

pectrum analysis of the filtered reference signal does not provide 

onvergence step bounds that are close to the experimental value 

n this experiment, even when the number of bands is large. On 

he contrary, if bands with increasing bandwidth are used, since 

he spectrum variation is faster where the bandwidth is smaller, 

e reach the experimental value of the convergence step using 

ewer bands than with the uniform bandwidth. However, we need 

ore resolution in the narrower (low frequency) bands to estimate 

he power spectral density in all bands correctly. Thus, for B > 24 

where the lower band has a width of 0 . 5 / 2 24 ), we need more res-

lution than that used in the experiment to obtain an accurate step 

ound. 
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Fig. 8. Convergence step bound for a pink noise signal with different numbers of 

sub-bands B and constant or exponential bandwidth of the analysis bands. 
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Table 2 

Comparative table between the proposed method and the results of [18] . 

Ref. signal system ner. experimental [18] proposed 

White noise 
System 1 0.071 0.061 0.0691 

System 2 0.56 0.384 0.7685 

System 4 0.43 0.360 0.43 

AR noise 
System 1 0.0093 0.0081 0.0087 

System 2 0.087 0.06 0.0986 

System 3 0.065 0.047 0.0902 

t

P

t

o

T

s

t

s

c

s

(

v

4

p  

a

a

 

μ

w

O

t

s

μ

It should be noted that the nature of this type of signal is the 

ost adverse for the proposed methodology since we are consider- 

ng a constant spectral density within each band. Thus, we are ‘ap- 

roximating’ the spectral density of the filtered reference signal. 

n cases where this approximation does not represent the actual 

pectrum correctly, the resulting bound may be inaccurate. 

Although the proposed bound usually is quite well tuned in 

ractical cases, the convergence step bound proposed in this work 

an be relaxed by a factor of less than unity (a factor of 0.6 has

hown meaningful results) when the shape of the power spectral 

ensity of the filtered reference signal changes abruptly with fre- 

uency (and therefore a constant value within each band does not 

orrectly represent its shape) or when the estimation of the power 

pectral density value in each band is not accurate enough. 

.7. Comparison of the proposed convergence step bound with a 

ound derived from a statistical analysis 

Despite the simplicity of the proposed method, its performance 

s comparable to (and even outperforms) results derived from more 

omplex and computationally expensive models. For example, a 

tatistical analysis is proposed in [18] to model the behavior of 

he Fx-LMS algorithm applied to ANC, from which a bound for the 

onvergence step could be derived. The computational complex- 

ty of this method is very high and increases with the length of 

he secondary path. The following secondary paths were used in 

18] to test the proposed method (where P (z) represents the pri- 

ary path, S(z) the secondary path, and 

˜ S (z) the estimate of the 

econdary path): 

• System 1: P (z) = z −22 , S(z) = z −20 , ˜ S (z) = S(z) ; 
• System 2: P (z) = 1 . 5 + z −1 − 0 . 7 z −2 , S(z) = 0 . 2 + 0 . 8 z −1 , ˜ S (z) =

S(z) ; 
• System 3: P (z) = 1 . 5 + z −1 − 0 . 7 z −2 , S(z) = 0 . 2 + 0 . 8 z −1 , ˜ S (z) =

0 . 4 + 0 . 9 z −1 � = S(z) ; 
• System 4: P (z) and S(z) are represented in Fig. 3 of [18] (with

20 coefficients), and 

˜ S (z) = S(z) . 

The reference signal (and noise) used in [18] is given by x (n ) =
x (n − 1) + φ(n ) , where φ(n ) is a Gaussian random variable and

= 0 when x (n ) is white noise, while η = 0 . 8 when x (n ) is colored

oise (modeled by an AR system). The adaptive filters have four 

oefficients for the first three systems and eight coefficients for the 

ast one. 

Table 2 shows the comparative results obtained. The experi- 

ents that provided the results of Table III of [18] have been re- 

roduced. The results of the convergence step bound proposed in 
8 
his work fit the experimental ones quite well for the systems with 

aths 1 and 4 (even better than those proposed in [18] ). However, 

he proposed bound is somewhat higher than the experimental 

ne (but of the same order) for the systems with Paths 2 and 3. 

herefore, this bound would have to be relaxed in practice to as- 

ure convergence. Note that the solutions for the adaptive filter in 

hese two systems (Paths 2 and 3) are non-causal, so the ‘causal’ 

olution reached by the adaptive filter in practice does not really 

ancel the noise (only slightly decrease the power of the noise 

ignal). Consequently, the convergence analysis of these systems 

Paths 2 and 3) should not be considered equivalent to the pre- 

ious ones (Paths 1 and 4). 

. Multichannel extension 

The extension of this work to a multichannel ANC system com- 

rised of J actuators and K error sensors (as it is depicted in Fig. 9 )

rises almost straightforwardly when the following considerations 

re taken into account: 

• The multichannel system has J × K secondary paths that pro- 

vide J × K filtered reference signals ( x jk (n ) ). 
• J adaptive filters of L coefficients are required. 
• The update equation for the jth filter (following the multiple 

error filtered-x LMS algorithm proposed in [26] ) is: 

w j (n ) = w j (n − 1) − μ
K ∑ 

k =1 

x jk (n ) e k (n ) , (17)

• In the case of more than one reference signal, a single reference 

signal resulting from combining all of them can be considered 

for the purpose of calculating the convergence step bound. 
• The value of the trace of the multichannel autocorrelation ma- 

trix of the filtered reference signals that would allow bound- 

ing the highest eigenvalue of this matrix is given by σ 2 
mc = 

L 
∑ K 

k =1 

∑ J 
j=1 

σ 2 
jk 

, where σ 2 
jk 

is the mean power of the reference 

signal filtered through the acoustic path between the jth actu- 

ator and the k th error sensor. 
• The equivalent delay of the multichannel system, �mc , would 

be chosen as the most restrictive (the largest) among the equiv- 

alent delays of all of the acoustic (secondary) paths. 

Therefore, Eq. (5) can be modified for the multichannel case as 

< μ1�mc 
= 

1 

σ 2 
mc (L + 2�mc ) 

, (18) 

hich is again valid only for full-band filtered reference signals. 

n the other hand, Eq. (18) can be directly applied or, following 

he work in [26] , the most restrictive single channel bound for this 

ystem can be used, which means: 

< μ2�mc 
= 

1 

(JK) σ 2 
jk max (L + 2�mc ) 

. (19) 
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Fig. 9. Multichannel ANC system (electrical paths in solid lines, acoustic paths in dashed lines). 

Fig. 10. Convergence step bound of a multichannel ( 2 × 2 ) system with a reference 

signal that was low-pass filtered at different cutoff frequencies ( f c ). 
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However, if the filtered reference signal is analysed in B bands 

f B b bandwidth, the following expression derived from the single 

hannel case can be proposed 

< μmc = 

1 ∑ B 
b=1 σ

2 
mc b 

B b F b (L + 2�mc ) 
, (20) 

here σ 2 
mc b 

is the power spectrum value of the filtered signal 

ithin the b band, F b = 

σ 2 
mc b 

ˆ σ 2 
mc 

, and, ˆ σ 2 
mc = 

∑ B 
b=1 σ

2 
mc b 

�B b . 

Figure 10 shows the convergence step bounds obtained for each 

f the three multichannel convergence step bounds mentioned 

bove, together with the (experimental) maximum convergence 

tep that guarantees system stability. A multichannel system with 
9 
wo actuators ( J = 2 ) and two error sensors ( K = 2 ) has been used.

he reference noise signal was unit power white noise that was fil- 

ered through a low-pass filter whose cutoff frequency varied from 

.2 to 1 (full-band signal). As can be observed, the proposed con- 

ergence step fits very well with the experimental one. When the 

eference signal is full-band, all of the proposals are close to the 

xperimental value, although μ1�mc 
is higher that the experimen- 

al value and so useless. As the reference signal becomes band- 

imited, the alternative bounds move further away from the ex- 

erimental one and become useless in almost any case because 

hey provide values that are higher than the experimental bound. 

he bound proposed in this work guarantees stability and is the 

losest to the experimental bound of the convergence step in all 

ases. 

. Conclusion 

Although the analysis of the stability of the Fx-LMS algorithm 

as been performed in several previous studies, these studies are 

oo restrictive, provide theoretical bounds of the convergence step 

hat are mainly only valid for simple cases (acoustic paths con- 

isting of pure delays, tonal signals, etc.), or they depend on sta- 

istical parameters of inaccurate (and not always simple) estima- 

ion in practical cases. In this work, we have proposed a conver- 

ence parameter bound that guarantees the stability of the Fx-LMS 

lgorithm, providing values that are very close to those achieved 

n practice, even for multichannel systems. The calculation of this 

ound is performed by using an estimation of the spectral den- 

ity per frequency band of the filtered reference signal (where this 

pectral density can be considered constant). It has been proved 

hat the bound proposed in this work is suitable for signals and 

lters (acoustic paths) of different types, and it notably improves 

he results of the theoretical bounds used so far. 
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ppendix A. Selection of the number and widths of the 

nalysis sub-bands 

The advantage of the proposed method lies in its simplicity and 

ccuracy. However, this accuracy depends on two main factors: 

• The estimation of the power spectral density of the reference 

signal must be sufficiently representative, which leads us to use 

methods with sufficient frequency resolution concerning the 

considered bandwidths. 
• The power spectral density of each band can be considered 

constant and approximately equal to the value of the average 

power in that band. 

Therefore, the number of sub-bands B and their widths B b must 

e suitably chosen. The reliability of the estimated power spec- 

ral density in each band depends on the spectral analysis method 

sed. The bandwidths B b used to calculate the proposed bound 

hould not be lower than the frequency resolution of the spectral 

nalysis method employed, which can be denoted by B min . On the 

ther hand, assuming that the power spectral density in each band 

s correctly estimated, the reliability of the proposed convergence 

tep bound requires the power spectral density to be almost con- 

tant within each band. Note that the power spectral density value 

sed in the calculation of the proposed bound is an estimation that 

s closer to the average value of the power spectral density within 

ach band. Hence, if the band does not exhibit a constant spec- 

ral density, this indicator could underestimate the weight of that 

and in the calculation of the bound. A safer bound arises when 

he maximum value of the power spectral density is selected, in- 

tead of its mean value. However, this could lead to obtaining a 

ound that is a too restrictive when the power spectral density is 

ery variable within any band. 

We suggest the Spectral Flatness parameter to calculate the 

ub-band widths. This parameter is defined for sub-band b that en- 

ompasses b l to b u frequency bins as [27] : 

b = 

( 

b u ∏ 

k = b l 
s k 

) 

1 
b u −b l 

1 

b u − b l 

b u ∑ 

k = b l 
s k 

, (A.1) 
10 
here s k is the value of the estimated spectral power correspond- 

ng to the b k frequency bin. 

The Spectral Flatness is closer to 1 for flat bands and obtains 

ower values for spikier bands ( 0 < � < 1 ). A Spectral Flatness that

s lower than a given threshold �th can warn us that the signal 

pectrum in the selected sub-band is not flat enough, and, conse- 

uently, its estimated power spectral density is not representative. 

ands with a Spectral Flatness lower than the required threshold 

should be split into narrower bands. 

Generally speaking, the use of bands of constant width and 

uitable spectral resolution is enough for most applications. How- 

ver, Algorithm 1 , which makes use of a Spectral Flatness thresh- 

lgorithm 1 Algorithm to select B b ∀ b ∈ { 1 , . . . , B } (normalized by

 min ). 

1: Input: S = [ s 0 , s 1 , · · · , s K−1 ] , �th 

2: Output: B b , 1 ≤ b ≤ B 

3: b = 1 ; b l = 0 ; b u = 0 ; �b = 1 

4: K = length( S ) 

5: while b u < K do 

6: while �b > �th do 

7: b u = b u + 1 

8: �b = 

( 

b u ∏ 

k = b l 
s k 

) 

1 
b u −b l 

1 

b u − b l 

b u ∑ 

k = b l 
s k 

, b u − b l + 1 sums and (b u − b l ) 
2 + 1 

products * 

9: end while 

0: B b = b u − b l 
11: b = b + 1 

2: b l = b u 
3: �b = 1 

4: end while 

5: if b u > K then 

6: B b = K − 1 − b l 
17: end if 

*The computational cost of this algorithm depends mainly on 

the computation of the spectral flatness in line 8. This calcula- 

tion has to be performed several times for each band selection. 

The total number of operations for each band selection also de- 

pends on the value of the threshold �th . 

ld, provides suitable bandwidths for the calculation of the pro- 

osed convergence step bound in all cases, being K, the number of 

requency bins. 
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