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1 | INTRODUCTION

For a sequence {M},cn, of real positive numbers (with M, = 1 for simplicity; N,

defined by

David Jornet® |

Alessandro Oliaro®> | Gerhard Schindl*

Abstract

We give a simple construction of the log-convex minorant of a sequence {M} , nd
0

and consequently extend to the d-dimensional case the well-known formula that
relates a log-convex sequence {M,},cn, to its associated function w,, that is,

Mp

case the classical log-convex condition M2 < Mo—e; My is not sufficient: con-

= sup,,, t¥ exp(—awy(t)). We show that in the more dimensional anisotropic

vexity as a function of more variables is needed (not only coordinate-wise). We
finally obtain some applications to the inclusion of spaces of rapidly decreasing
ultradifferentiable functions in the matrix weighted setting.

KEYWORDS
log-convex sequences, matrix weights, regularization of sequences, ultradifferentiable func-
tions

:= N U {0}), its associated function is

tP
wp(t) := sup log — t>0.
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Mandelbrojt proved in [17, Chap. I] (see also [15]) that if lim,,_, , o, Mllj/ P = 4o then

tP
M, =sup ————, eN,, (1.1)
P =0 epay () PT

if and only if {M,} e, is logarithmically convex, that is,
M; <M, Mp,, VpeN.

We refer also to the recent work [22] where this construction has been studied again in detail, some technical ambiguities
have been solved and non-standard cases have been studied as well; see Section 3.

However, to the best of our knowledge this condition has never been generalized to the d-dimensional anisotropic case
(d > 1), and the reason is that the classical coordinate-wise logarithmic convexity condition (5.8) for a sequence {M}, end
is not sufficient to obtain the analogous of Equation (1.1) for M, as explained in Remark 5.3. The reason is that this is a
convexity condition on each variable separately and not on the globality of its variables. Assuming the stronger condition
that {M,}, end is log-convex on the globality of its variables o € Ng (see Definition 5.1), we extend Equation (1.1) toa € Ng
instead of p € N, (see Theorem 5.2).

To obtain this result, we construct in Sections 2-4 the (optimal) convex minorant of a sequence {aa}aeNg (then a, =
log M,, in Section 5). The idea, in the one variable case, takes inspiration from the convex regularization of sequences of
Mandelbrojt in [17], which was quite complicated and difficult to export to the more dimensional case. Our construction
is made by taking the supremum of hyperplanes approaching from below the given sequence and leads to the notion of
convexity for a sequence {aa}aeNg in the sense that a, = F(a) for a convex function F : [0,400)? — R. This condition
gives the suitable notion of logarithmic convexity for a sequence {Ma}oceNg in order to write it in terms of its associated
function as in Equation (5.7).

This result is a very useful tool for working in the anisotropic setting, and we expect several applications, that could be
object of future works. Indeed, in the isotropic (or one-dimensional) ultradifferentiable framework the interplay between
a given sequence M = {M, a}aeNg and the associated function wy; becomes relevant in many different contexts, for exam-
ple, very prominent in the proofs of the comparison results by Bonet-Meise-Melikhov [5]. Similarly, this comment applies
to other weighted spaces involving weight sequences and weight functions in the sense of Braun-Meise-Taylor as well.
In the anistropic setting, very few literature is currently available, see, for example, [4, 7, 10, 18], and one can expect that
the new relation between M and wy obtained in Theorem 5.2 is becoming crucial when transferring known statements
and techniques from the isotropic to the more general anistropic setting (see, for instance, the recent preprint [10], where
the analysis of convexity made in this paper is used to obtain inclusion relations for Gelfand-Shilov type spaces based
on solid translation-invariant Banach function spaces of bounded type on R%). It is also reasonable that wy serves as a
standard example of an anisotropic weight function in the sense of Braun-Meise-Taylor, when allowing different growth
in different directions and not considering the radial extension of w to R as it is usual done in the literature. In Sec-
tion 6, indeed, we obtain inclusion of spaces of rapidly decreasing ultradifferentiable functions in the matrix weighted
anisotropic setting, where Theorem 5.2 is crucial (see Remark 6.2 and compare with the isotropic case in [3]). In particu-
lar, we characterize the conditions on the matrix weights M and N in order to have a continuous inclusion between the
spaces S/ Simy» Siay/ Sy, both in the Roumieu and Beurling cases. The advantages of the matrix weighted setting
was already enlightened in [19], in order to treat at the same time classes in the sense of Komatsu [15] (estimates of the
derivatives with a sequence) and in the sense of Braun et al. [6] (estimates of the derivatives via a weight function). Since
then several papers using weight matrices have been published. We mention, for instance, [2, 11, 12, 14], and references
therein.

We refer to [5] to compare classes of ultradifferentiable functions as defined by Komatsu [15] and Braun et al. [6].
Concerning the case of anisotropic spaces of Gelfand-Shilov or the ultradifferentiable type, we point out that the word
“anisotropic” is used in different meaning in the literature, both for the case when different (isotropic) sequences control
the ultradifferentiability and the decay of the function (see, for instance, [1, 8, 20, 21, 23]), and for the situation when
the sequence depends on the whole multi-index and not on its length, as it is intended in this paper (see, for instance,
[7,10, 18]).
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2 | CONSTRUCTION OF THE CONVEX MINORANT CANDIDATE

Let us recall that a real sequence {a,} e, is said to be convex if
1 1
ap < zap_l + Eapﬂ, VpeN.

This is equivalent to say that the polygonal obtained by connecting the points (p, a,) with (p + 1, a,,;) by a straight line,
for all p € Ny, is the graph of a convex function, or equivalently that there exists a convex function F : [0, +0c0) — R with
F(p) = a, forall p € N.

This suggests for a real sequence {a,} the following:

d
oceNO

Definition 2.1. We say that a sequence {a,}, . is convex if there exists a convex function F : [0, +00)¢ - Rwith F(a) =
0

ay foralla € Ng.

Definition 2.2. The convex minorant of a sequence {a,} is the largest convex sequence {ag} ¢ With ag < a, for all
0

aeNg
d
a € Nj.

We want to construct the convex minorant of a sequence {a,} e C R:=RuU {#00} such that:
0

(i) ay > —oc0, VaeNg,

(11) 1im|a|—>+oo%=+°°, f0r|a| =a1+...+ad’
a

(iii) a, may be +oo at most for a finite number of multi-indices o € N,
(iv) a9 € R.

To this aim, we set

S:={aa,): ae Ng},
L£:={f : R 5 R : fisan affine function}

= {f) = (k,x)+c: (k,c) R xR}
Note that the graphs of the affine functions f € £ are hyperplanes in R4+,
Lemma 2.3. Given f € £ we have
fla) > aq,
at most for a finite number of points o € Ng.

Proof. For |a| > 1 by the Cauchy-Schwarz inequality we have

If @l _ KKkl + el _ NIk - Nl
lal  — g - al

+ [c| L k|| + [el,

since |lall = y/aj + - +a) <ap + - +ag = |al.
On the other hand, assumption (ii) implies

aot
— > ||k|| + [cl,
|l

for |c| large enough. This implies that only a finite number of o € Ng may satisfy that | f(at)| > a. 1
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Let us now consider
Ls:={feLl: f(a)<a,VaeNi}
The graphs of the functions f € Lg are the hyperplanes which lie under S.

Note that £Lg # @ by Lemma 2.3. As a matter of fact, given f € L, since f(a) < a, except a finite number of points
ag, ..., g, we have that

f- gjasg{f(ocj) — Gy} € Ls.

The idea is now to consider the supremum of these hyperplanes which lie under S and project on this set each a, to
construct the desired convex minorant sequence. So, let us first define

F(x) := sup f(x). (2.1)
feLs

Note that the above defined F : R¢ — R is a convex function since it is the supremum of a set of convex (affine) functions:
the epigraph is convex because it is the intersection of convex sets. By construction

F(a) < ag, Va € Ng,
and we claim that
F(x) < +o0 Vx € [0, +o0)d.
As a matter of fact, given x € [0, +00)?, by assumptions (i) and (iii), we can find d + 1 points o, ..., g4, € Ng such

that x is inside (or on the border of) the simplex of vertices aj, ...,ag4; and f(a;) < Aq; <+ for every f € Lg and
1<j<d+1. Then

f(x) < 1<rr_1ax faj) < +oo,
<j<d+1

by the convexity of f, and hence F(x) < +oo0.
Note also that F is continuous on (0, +oo)d, being a convex function.
For fixed k € R let us now define

h, :=supiceR : f(x)=(k,x)+c€ Lg} 2.2)

= supfceR : (k,a)+c<a,,Vae Ng}.
We have:
Lemma 2.4. Let k € R? and hy as in Equation (2.2). Then

h, = infd{aa —(k,a)} = mir}i{aa —(k,a)}. (2.3)

aeN, aeNg

Proof. Let us first remark that inf eNg{aa — (k, @)} is a minimum because assumption (ii) implies that

lim (aq — (k,a)) = +o0,

|ot] >+00

(see the proof of Lemma 2.3), so that the infimum is attained on a bounded set of N9, which is a finite set.
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Let us now set

aeN

h, := inf {a, — (k,a)} = min{a, — (k,®)} = az — (k, &) (2.4)
d aeNg

0

for some minimum point & € N9, and prove that /1, = hy as defined in Equation (2.2).
Clearly

b <ag —(k,a),  VaeN,
& o+ (k,a) <ag, Va € N
Therefore,
f0) =Ry + (k,x) € L

is one of the functions in Equation (2.2) with ¢ = i, and hence h; > hy.
On the contrary, if ¢ > &, then Equation (2.4) implies that

c+(k,a)> h +(k,a) = ay
so that in this case
fG) =c+(k,x) & Ls
and therefore hy, < hy. O
Now, we define
Fr(x) 1= hy + (k, x). (2.5)
Proposition 2.5. Let F be as in Equation (2.1), h; as in Equation (2.3) and f), as in Equation (2.5). Then

F(x) = sup f(x).
keRd

Proof. Since f) € Lg by Equation (2.3), we clearly have that

F(x) > sup fi(x).
keRd

On the other hand, if f € L then
f&x) =c+(k,x)
for some ¢ € R, k € RY, and hence by Equation (2.2)

F(x) < fi(x) < sup fe(x).

teRd

This finally implies that

F(x) = sup f(x) < sup fi(x). |

fecs keRrd
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We thus have a convex sequence {d} ¢ defined, for F as in Equation (2.1), by
0
d, :=F(a), (2.6)
and which can be equivalently defined by

dy = sup ((k,a) + hy),
keRd

for

hy = inf (a, — (k, a)).
aenNd

We call it the convex minorant candidate of {aa}“eNg since we shall prove in the following sections that it is indeed the
convex minorant of {a,}, end (see Corollary 4.2).

The first step in this direction is to clarify the one-dimensional case (in Section 3) and then proceed by descending
induction on d for the d-dimensional case (in Section 4). To this aim in the next section, we shall look more closely at the
geometric construction in the one-dimensional case, that is particularly clear.

3 | GEOMETRIC CONSTRUCTION OF THE CONVEX MINORANT SEQUENCE IN THE
ONE-DIMENSIONAL CASE

The geometric construction in the one-dimensional case can also be found in [22]; we refer to this work and in particular
to [22, Sect. 3.3] concerning the comparison with the classical results from [17, Chap. I]. Here, we revisit the construction
in the spirit of Section 2 since it is required in the induction argument for the higher-dimensional situation in Section 4.

Let {aq}qen, satisfy (i)—(iv). In particular, the condition a, € R will be essential for the first step of the construction.
All functions of Lg are of the form

f(x) =c+kx, with k € R and ¢ < a,

since f(a) < a, for all @ € N, implies, in particular, f(0) = ¢ < ay.
Let us now consider the functions of Lg of the form

fao,k(x) =aqg + kx, keR,
and note that

F(0) = sup f(0) = ao.
feLs

The idea is now to rotate (i.e., increasing the slope k) the straight line y = a, + kx around the point (0, ay) € S until we
meet another point (p,a,) € S. In order to have f, (p) = a, we find

a,—a
a,=ay+kp & k= P9
p
Take then
a,—a
ko = inf P 0
peN D
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and note that it is a minimum because of the assumption a,/p — +oo for p — +oco, which implies that the infimum can
be done on a bounded subset of N and hence on a finite number of indices p:
a,—a, a

ko = min =D
peN P P

_aO

for some p; € N. Observe that p; does not need to be unique; if there is more than one p; realizing the minimum, for the
construction below it does not matter which one we choose at this step.
Set

Sagky(X¥) 1= ag + kox. (3.1)

We claim that
F(x) = fa,k,(X) = ag + kox, Vx € [0, p1],
where F is the function defined in Equation (2.1), that is, the geometric construction coincides with the construction made
in Section 2, in [0, p; ]
On one side, f 1, € Ls by construction and hence
F(X) 2 fagio(x),  Vx €0, py].
On the other side, if
fx)=c+kxeLy

then we must have

F0) < ag = fayk,(0)
fp) < ap, = fagk,(P1)

and hence
F) < fapr, (), Vx €0, py],

since they are affine functions. Therefore,

F(x) = sup f(x) < fau,(x), VX €[0,p1].
feLs

We have thus proved that
F(x) = ay + kox, Vx € [0, p1],
and moreover
F(py) = ap,.
We can further proceed as in the previous step, considering

Fay k() = @, +k(x = py)
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with fap1 k(p1) = a, = F(py). Requiring

ap — ap,
fa, k(P =a, & ay=a, +k(p—p) & k=——"
b—DP
we take
ki, := inf 4~ % — min ap ~ p, _ dp, ~ Adp,
' pi<peN D — P pi<peN D — Py P>—DP1

for some p; < p, € N, and set
fap1 (X)) 1=a, +ki(x = py).
Then, for all p € [py, p2],

() = fu, 10 () = ap, +ki(x = p))
= klx + aP] - k1p1

a, —a

=kix+a, - ——P2
! e b>— D1 b
a, —p;a
=k1x+p2 p ~ P18p,
P>— DN
=k1x+dk1

with

b2ap, — p14p,
dk1 = ——=
b>—D1

Moreover, F(p,) = a,,. Also in this case, p, does not need to be unique, and the choice of p, does not affect the next steps.
Going on recursively in the same way we have a geometric construction which coincides with the construction of F in
Section 2.
The convex minorant candidate sequence given by d, = F(p) as defined in Equation (2.6) is in this case the projection
of a, on the segments of lines above defined in each interval [p;, p;41]:

ap, =ap, Vi e Ny,
dp :Pki"'dkl-
a, —a, Di+1Qp — DiQp.
Dit1 p i+1%p i%pip
= — -p+ - —,  Di<DP<Di-
Di+1 — Di Di+1 — Di

In the one-dimensional case, it is thus immediate by the construction that the convex minorant candidate sequence
{@p}pen, coincides with the convex minorant {ap},en, -

4 | CONVEX MINORANT SEQUENCE IN THE MULTI-DIMENSIONAL CASE

In order to show that the convex minorant candidate sequence {d}, cn¢ = {F(a)} e defined in Equation (2.6) is
0 0
the convex minorant sequence of {a,}, ¢, we shall now prove that F is the biggest convex function whose epigraph
0
contains S.
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Theorem 4.1. The function F defined in Equation (2.1) coincides with the biggest convex function g : [0, +o0)? — R such
that

gla) < ag,, Va € Ng. (4.1)

Proof. Let us first remark that, since F is a convex function such that
F(a) < ag, Va € Ng,
the largest convex function g which satisfies Equation (4.1) must be larger than F:
g(x) > F(x), Vx € [0, +00). (4.2)

In order to prove the opposite inequality, let us first work in the interior of [0, +00)?. Fix x° € (0, 400)¢ and consider
(x%,¥%) = (x%, g(x°)) on the graph of g.

Since g is convey, its epigraph Gg is a convex subset of R4+1. It follows, as a consequence of the Hahn-Banach theorem,
that there is a hyperplane of the form

y= (k*,x—x°)+y° — (k*,x)+c*,

for some k* € R? and c* = y° — (k*, x°), that leaves the whole set Gg on the same side of the hyperplane. Note that
x° € (0, +00)? avoids “vertical” hyperplanes.
Then,

FECx) 1= (k*,x) +¢* € Lg,

since g(a) < a, foralla € Ng by assumption. It follows that

F(x%) = sup f(x%) > f*(x°) = y° = g(x?),

feLs
and hence, by the arbitrariness of x° € (0, +o0)? and by Equation (4.2), we have that
F(x%) = g(x9), Vx? e (0, +00) . (4.3)

Let us now consider the case x° € 3[0, +o0)¢, that is, x? = 0 for at least one 1 < j < d. Assume for simplicity j = d and
set x = (x,0) = (xq,...,X4_1,0) for x € [0, +00)?~1 x {0}.

The problem in this case is that the graph of g could have in (x°, g(x?)) a tangent “vertical” hyperplane of the form
{x4 = 0} and hence not defined by a function of L. The idea is to prove that the trace of F on {x; = 0} is a supremum of
affine functions on R4~ whose graph is below S N {x; = 0} reducing to the case of dimension d — 1, and then proceed
recursively up to dimension 1, where the assumption that a; € R guarantees the conclusion.

So, let us define

Ly ={f() = xy+c: K eR¥LceR,(k,a')+c < ag g Va' € NI,
We claim that

F(x',0) = sup f(x') =: FO(x'). (4.9
fecd

In the following, we use the convention that when k € R¢ we put k’ € R4~! with k = (k/,ky). Note first that
Proposition 2.5 for the sequence {a(q oy}, cpd-1 implies that
0

sup f(x') = sup ((K',x")+h)
f€£g k’GRd_l
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with

0 _ .
P = _min (A = (K a')).
0

Moreover, by Proposition 2.5 once more,

F(x',0) = sup f(x',0) = sup ({k,(x',0)) + k)
feLs keRrd

with

he = min(a, — (k,a)) < min  (ae — (k. (@,0)) = h),
aeNd (o’ 0)eNd ™! x{0}

and hence
F(x',0) < sup((k,(x",0)) + h)) = sup ((K',x')+h},)
keRd k' eRd—1

= sup f(x') =FO®x).
fecy
In order to prove the opposite inequality, let us now fix f € £g. Then,
f&) =, x"y+¢c, kK eRT ceR,
and
f@) <agg Vo' €NITL
We claim that there exists A € R such that
fG0) = f() + Axg € L

for x = (%, x4) € [0, +o0) .
Indeed, as in Lemma 2.3, from assumption (ii) and [(k’,a’) + ¢| < ||K]| - |et| + |c| we get that

K, o'y +c¢> ag,

for at most a finite number of points a = («/, ay) € Ng, with ¢y > 1 (because of Equation (4.5) for ay = 0).

There exists then

L := min[a, — (K',a') + ¢)].
aeNg

Defining
A :=min(0, L),
we have that A < 0 and hence for all « = (a/, ay) € Ng we have two cases:
if ¢y = 0, then by Equation (4.5)

(k’, O(’) +c+ ACCd < a(a,,o);

465

(4.5)

(4.6)
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if ay > 1, then by definition of L
K, aY+e+Aag <{K,adY+c+A<{k,d!y+c+L<a,.

The two cases above prove Equation (4.6).
Setting now

k:=®,A)eR? and f(x):=(k,x)+c,

we have that f € £g and f(x/,0) = f(x/).
It follows that

FO(x') = sup f(x) = sup f(x',0)
fecd fecsd

< sup f(x/,0) = F(x',0),
fEeLs

and the equality (4.4) is therefore proved.
This means that we have reduced the problem to prove that F(x") is the maximum convex function g : [0, +00) 1 S5 R
such that

ga) <agg Vo' eNEL

Ifx° = (xi), s xg_l) € (0, +00)4~1! the thesis follows from Equation (4.3) (in the case of dimension d — 1 instead of d). If

x° € 30, +00)471, for instance x° = (x(l), ..,x%__,0) we argue as before and thus reduce to determine the biggest convex

b d_z’
function g : [0, +00)¢™? - R with

.....

Proceeding recursively we are finally led to the one-dimensional case for the sequence {a, ,..0)}«, en, Where the con-
struction of Section 3 gives the desired maximum convex function whose graph is below S. Note that on [0, +oc0) the
problem of the border does not appear since a; € R by assumption (iv) and the first line through (0, a,) is not a vertical
line, but the graph of

Sag e (X¥) = ag + kox
defined in Equation (3.1). In particular, F(0) = f x,(0) = ao. |

Corollary 4.2. Given a sequence {a,} cnq Satisfying (i)—(iv), its convex minorant sequence {ag}, .\d is defined by
0 0

ag = F(a),
for F as in Equation (2.1), or equivalently by
ag, 1= sup ((k,a) + hy), 4.7
keRd
for
hy = inf (a, — (k,a)). (4.8)
oceNg

In particular, aj = ay.
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5 | CONSTRUCTION OF THE LOG-CONVEX MINORANT

Let {M,}, end be a sequence of positive real numbers such that

lim MY = +oo (5.1)

|| =>+00

(we canalso allow M, = +oo for finitely many multi-indices  # 0). We say that the sequence M = {M_}_ ¢ is normalized
0
For a normalized sequence M = {M}_.\q, we define its associated function wy; by
0
|£%]

wp(t) 1= sup log M t e R,
OCENg,t a

with
d ._ d . 0 — O i —
NO’[ .—{oceNO. ocj—Olftj—O,]—l,...,d},

and the convention that 0° = 1. We observe that here the supremum is made on Ng[ in order to ensure thatin the definition
of the associated function the argument of the logarithm is not 0; we can equivalently write

ta
wpm(t) = sup log lM—l t e R4,
aeNg a

with the convention that log0 = —oo. In what follows (in particular in Section 6), we use the latter expression
for convenience.

Condition (5.1) ensures that wy;(t) < +oo for all t € R9 (see [17, Chap. I] or [2, Rem. 1]).

The function wy(t) is increasing on (0, +00)? in the following sense: wy(t) < wp(s) if t < s with the order relation
tj<sjforalll <j<d.

Consider then

a, =logM,, ae Ng. (5.2)

By Equation (5.1), the sequence {a.} a satisfies all assumptions (i)—(iv) of Section 2.
0
We can thus consider the convex minorant sequence {ag} .yq as in Equations (4.7) and (4.8) and call
0

Méf i=expag, Va e Ng,

the log-convex minorant of {M} _nd-
0

By the results of the previous section {log M, }f} vend 18 the largest convex sequence less than or equal to {a} ¢ defined
0 0
in Equation (5.2) and they coincide if {M_} ¢ is log-convex, according to the following Definition.
0

Definition 5.1. A sequence {M} .\« is said to be log-convex if there exists a convex function F : [0, +00)4 > R with
0
F(a) =logM, foralla € Ng.

By construction

a$ = sup ((k,a) + hy) = sup ((k, a) — A(k)), (5.3)
keRd keRd
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where the so-called trace function A(k) is given by

A(k) = —h;, = — inf (a, — (k, a))
aeNd

0

sup ((k, @) — aq)

d
aeNy

sup ((k’ C() - logMa)

d
chNO

etka)

sup log

oceNg «

|(e)%|
M,

sup log

oceNg
= wp(e), (5.4)
since

)] = 1", .., k)| = [ .. ekadd| = ek,
From Equations (5.3) and (5.4), we have that

M = exp ag = exp{ sup ((k, o) — wp(e¥))}
keRd

(€)%
kerd €Xp wn(e)
|s]

5€(0,+00)d €XP wpm(s)

SOC

= sup B (5.5)
5€(0,+00)d €XP wp(s)
In particular, being M }f < M,, for any normalized sequence of positive real numbers {M} _.\q¢, we have
0
a
<M,  VaeNi (5.6)

sup ——— <
5€(0,400)d €XP wm(s)
and, moreover, {M_} ¢ is log-convex if and only if the equality holds. Hence, we have proved:
0

Theorem 5.2. Let {M_} .\« be a normalized sequence of positive real numbers satisfying Equation (5.1). Then, the sequence
0
{My} end is log-convex if and only if
0
a

S

M,= sup ——,
s€(0,+00)d €XP wm(s)

Va € Nd. (5.7)

Remark 5.3. Note that if {M} c\a is a log-convex sequence, that is, log M, = F(a) for a convex function F : [0, +00) >
0

R, and e; denotes the j-th element of the canonical basis of R< with all entries equal to 0 except the j-th entry equal to 1,
then

F(a) = F<%(a —ej)+ %(a +ej)> < %F(oc —ej)+ %F(a +¢;),
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that is,

2logM, <log Ma_ej + logMa+ej.

This yields the coordinate-wise log-convexity condition for a sequence {M_}_ nd:
0

M; SMg_ oMy, a€Nj,1<j<d a;21. (5.8)

This condition is clearly weaker than the condition of logarithmic convexity given in Definition 5.1 since there are functions
which are coordinate-wise convex but not convex as functions of more variables. In particular, from Equation (5.5) we
have that Equation (5.8) is not sufficient to obtain Equation (5.7); for an explicit example, see Example 5.4. Clearly in the
one-dimensional case the two notions of log-convexity coincide, and Equation (5.7) was already known (see [15, Prop. 3.2]).

Example 5.4. The function of two variables F(x,y) = (x + 1)?(y + 1) is coordinate-wise convex but not convex in

0,+0)?2, and the sequence defined by M, := @1 is normalized and satisfies Equation (5.1), but does not satis
q Yy My q

Equation (5.7).

Remark 5.5. We finally observe that we can easily rewrite the results of this section for a sequence M that is not normalized,
analogously to [22]. In this case, we can define the associated function wyy as
M| t*
wm(t) = sup log %, t € RY,
aeNgﬁ o

and, by considering the (normalized) sequence M defined by M, : = M, /M,, formula (5.7) becomes

a

M, =M, Va € N&.

sup ———,
s€(0,+00)d EXP wpm(s)

6 | CHARACTERIZATION OF INCLUSION RELATIONS OF SPACES OF RAPIDLY
DECREASING ULTRADIFFERENTIABLE FUNCTIONS

In this section, we propose an application of the previous results to the characterization of inclusion relations of anisotropic
ultradifferentiable classes. Such an application is based on results from [2]. We observe in particular that in [2] some
conditions are imposed on the weights in order that the corresponding space contains Hermite functions. We do not
discuss here the question if these conditions are optimal or if some of them could be relaxed still obtaining nontrivial spaces
satisfying the same inclusion relations; we observe however that the nontriviality of the spaces is a very delicate question,
and, by considering weights that oscillate around the, say, ‘limit case’ for nontriviality, it happens that all Hermite functions
disappear from the corresponding space (see [3, Sec. 3], where an explicit example is given). For other applications giving
inclusion results of anisotropic ultradifferentiable spaces we refer to the recent preprint [10].

Let us first recall the notion of weight matrices (anisotropic framework) as considered in [2, Sec. 3].

A weight matrix M is the set

M= {MD) 0 1 MD = (MP), 0, MY =1, M < M$ Va e NE V0 < 4 < ).

aeNg’
Denoting by || - ||« the supremum norm we consider the following spaces of matrix-weighted global ultradifferentiable
functions of Roumieu/Beurling type

. wo(mdy - . 1x46° f | o
SugRY :={f €C*R?) : IA,hC>0: sup ——=7= <
apeng WM,

SpRD) 1= {f € CORY) : YA, h>03C,; >0 : 1l (-
w(RY) :={f € C*°(R?) : VA,h>03C,, >0: sup — 0 = nat
a,ﬁENg h|a+ﬁ|Ma+,8
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endowed with the inductive limit topology in the Roumieu case and the projective limit topology in the Beurling case (see
[2, Sec. 3]).

In order to characterize the inclusion of spaces of this type, given two weight matrices M = {(MW),.,} and N =
{(NW),. o} we introduce the following relations:

M{ZINif ¥A> 03k > 03C > 1s.t. MY < CIINGY Vo € N¢
MEON if VA > 03k > 03C > 1s.t. MY < ClING va e N
M<N if VA>0Ve>0Vh>03C 2 1st. M{) < ChIUNY va e N¢.

We shall also need the following conditions for a weight matrix M = {(M®), o} (see [2]; cf. also [16]), in the Roumieu
setting

VA> 032 4,B,C,H>0: a%/?M) < BCHISFIMY) ) va, f e N (6.1)
C W ) d 1o
VA>0F2,A21: Mg, < Al M vaeNd 1< j<d (6.2)
A A
VA>0Ik>4,A>1: MS )Mé ) < A|“+ﬁ|M;"+>5 Va,f € N (6.3)

and in the Beurling case

VA>030<x<A,H>0:VC>03B>0:

A
oc"‘/zM/gK) < Bl Hle+AIpY jﬁ Va, B e N (6.4)

VA>030<x <A,A>1:

M), <A MY vaend1<j<d (6.5)

oc+ej

VA>030<x <A, A>1:

MM < AlHFIMT) | Va, B e NG (6.6)

Note that Equation (6.1) for 8 = 0 implies that M satisfies Equation (5.1) for some x > 0, and hence for all x’ > «.
Similarly, Equation (6.4) implies that M@ satisfies Equation (5.1) for all 1 > 0 (see [2, Rem. 3]). Since condition (5.1)
ensures that the associate weight function wy, is finite, the above remarks are essential to recall, from [2, Thm. 1], that if
the weight matrix M = {(M®),. (} satisfies Equations (6.1) and (6.2) then Simy 1s isomorphic to the sequence space

Ay i={e= (Cor)aeNg € CNS : 314, h > 0s.t. supd |ca|e°"M“)(“1/2/h) < +o0}, (6.7)
aeNO

and similarly in the Beurling case, for a weight matrix M having Equations (6.4) and (6.5), the space S ) is isomorphic
to

A ={c= (ca)aeNg ecV : VA, h >0 su% |ca|e‘”M(/1)(°‘1/2/h) < 400}, (6.8)
aeNO

1/2
d
Schauder basis in S, (resp., in S(uy), and the isomorphism T @ Sgp — Agpg (resp., T : Siup) — A is given by

where a'/2 1= (ai/ 2, .., "). We recall from [2] that in both cases the Hermite functions (H,(x)) ¢ are an absolute
0

Tf = GalDaenst = < /[R SCOH) dx) 6.9)

d
ocGNO
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for f € Sguy (resp., f € Siuy)). It will also be useful to write the sequence spaces (6.7) and (6.8) as follows (see [2]):

Appg ={c = (Cadyene € CV : 3j e Ns.t. sup |ca|e‘°M(j)(°‘1/2/j) < 400} (6.10)
0 aeNg
o NG Ly oy a/pGat’?)
Ay ={e = (Ca)yend €C™ 1 Vj EN sup ey |e MV < +oo}. (6.11)
0 aeNg

We say that a weight matrix M = {(MW) 1505 1S log-convex if {M S)} wend 18 log-convex (according to Definition 5.1) for all
A>0. ’

Let us remark that in the one-dimensional case the assumption of log-convexity, together with M, = 1, implies both
Equations (6.3) and (6.6) with A = 1 (we are here considering the sequence case for simplicity, that is, the case when in
the weight matrix M all the MW, 1 > 0, coincide) since the convex function F(p) = logM p has increasing difference
quotient and hence

log M p+q

—logM, logM,—logM, logM,
> ES .
q q q

On the contrary, in the more-dimensional case log-convexity and M, = 1 do not imply Equation (6.3)/(6.6), not even under
the additional conditions (6.1)/(6.4) and (6.2)/(6.5). Take, for instance, M, = a®/ 2gmax{a a3} for o = (a1, 00) € Ng (with
the convention 0° : = 1). It is easy to check that it is log-convex (since log M, is the sum of convex functions) and satisfies
Equations (6.1) and (6.2). However, taking a = (n,0) and 8 = (0, n) condition (6.3) is not valid for n — +co.

The above remarks explain why conditions (6.3) and (6.6), that we shall need in Theorem 6.1, are not required in the
one-dimensional/isotropic case (see [3]).

Theorem 6.1. Let M = {(MW), o} and N = {(NDV),,} be two weight matrices and assume that M is log-convex. Then,
the following characterizations hold:

(i) Let M satisfy Equations (6.1)-(6.3) and N satisfy Equations (6.1) and (6.2). Then, the following are equivalent:

(a) S{M}(Rd) C S{N}(Rd) holds with continuous inclusion;
(b) S{M}(Rd) C S{N}(Rd) holds as sets;
(©) M{ZIN.

(ii) Let M satisfy Equations (6.1)-(6.3) and N satisfy Equations (6.4) and (6.5). Then, the following are equivalent:
(@) S{M}(Rd) - S(N)([R{d) holds with continuous inclusion;
(b) S{M}(Rd) - S(N)([R{d) holds as sets;
(c) M<aN.

(iii) Let M satisfy Equations (6.4)-(6.6) and N satisfy Equations (6.4) and (6.5). Then, the following are equivalent:
(@) S(M)(Rd) C S(N)([Rd) holds with continuous inclusion;
(1) Sip(RY) € Siuy(RY) holds as sets;
() M(JN.

Proof. The implications (c) = (a), in all the three cases, clearly follow from the definition of the spaces (hypotheses
(6.1)—(6.3)/(6.4)-(6.6) and log-convexity of M are not needed at this step).
We now prove the other implications.

(i): It is enough to prove that (b) = (c) in order to have equivalence of the three conditions. Let us then assume that

Sip(RY) € Spuy(RY) and prove that M{<}N".
By the already mentioned isomorphism (6.9) with the sequence space (6.10), we have that

A{M} ~ S{M}(Rd) C S{N}(Rd) >~ A{N} (6.12)
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Let us first choose i € N, i1 > 2, such that M" satisfies Equation (5.1), and hence Wy (t) < 4o forall t € R, for
all h > h (this is possible because of assumption (6.1)). For some fixed (but arbitrary) j € N, j > h, let us consider

the sequence ¢ : = (cy) epd € Co defined by
0

Cy 1= e_wM(j)(al/z/j) (6.13)
fora = (&, ..., &q) with
_ Ak if a, #1
= 14
% { 0 if A = 1. (6 )

Let us prove thatc € Agpqy; We must find h € N and C > 0 such that
|Ca| — e—coM(j)(al/Z/j) < Ce—cuM(h)(al/Z/h) Vo € Ng’

that is,

coM(h)(E,..‘,@) SlOgC+wM(j)<\/‘]—,a_l,...,@>. (6.15)

h J

By assumption (6.3) we choose h € N, h > j, and A > 1 such that

M;j)M/gj) < Alatpl Mgf Vo, f € NI (6.16)

B,

For such a choice of i and from the definition of the associated function

B1/2 Ba/2
Va \/a a Py
CUM(h)<—1,...,—d>=ﬁ sup log ! d . (6.17)
1

h €N Brt-tBaM ()
-Ba€Ng P dM(ﬁl ,,,,, Ba)

Let us now assume, without loss of generality, that the entries of @ equal to 1 (if there are some) are in the first
positions, thatis, (ay, ..., 0tg) = (1,..., 1, &g41, ..., Ag), for some s > 0, with o # 1fors + 1 < k < d. By Equation (6.16)
we have that

(n) 1 Q) Q)
>
Brob) Z APt tBa LB 00 01n0,Bot1.)

and hence from Equation (6.17)

O{ﬁs+1/2 . ﬁd/z

1/2 a
Wpi(h) e < sup |log st d
h Bu-Ba €Ny <ﬁ)f”s+1+"'+ﬁdM<j>
A (0,1-,0,8541,----84)
A/h)Pi++Bs
+10g—( /,)
M9
(B15+-B5:05---,0)

< sup log
Byr1.Ba€Ng (g)ﬁ»*“*“‘*ﬁd W

A (0 0’6S+1 )))) ﬁd)
(A)ﬁl""“‘"ﬁs
h

+ sup log o

B1.--BsENg M(61 ’’’’’ £,.0,..0)
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Eventually enlarging h so that h > Aj we thus have

Pl Pl

al/? A
O)M(h)<T < ; sug) . log - S:; M(j) d + Wy 7
1w d€Ng ] s+17T° T TRd
(0 ----- O’ﬁs+1 ----- ﬁd)

51/2
< wp) <T> +Cjn (6.18)
for {M/;j)}ﬁENé the sequence given by M(ﬁj) = Mééz o Bu00) and C; , = wy;)(A/h). Note that this constant is finite
because if |(8;, ..., §5)| = +oo then also (B, ..., B, 0, ... ,0)] = +00 and hence
A\ /18] ; 1/(Br+--+Bs)
() — o)
(") = (M35 _s0..0) > teo

by Equation (5.1). Inequality (6.18) proves Equation (6.15) and hence ¢ € Agy;.
From Equation (6.12), we have that ¢ € Ay,r, and therefore there exist £ € N and C > 1 such that

e MO @D — o | < ce @@ POy e G
that is,
wne (@'/2/€) <1ogC + oy (@/2/)),  Ya e Ng. (6.19)

Fixnow t € (0, +o0)4 and set1 := (1,...,1) € R%. There exists « € Ng with a'/2 < t < (a + 1)/, that is, o, < ti <
ap + 1forall 1 <k < d. From Equation (2), we have

wne) (/) < wner (o0 + 1)V2/€) <log C + wpyiy ((a + 1)V2 /)

< log C + wpi(@/?) < log C + wpg(t)

because wyy() is increasing on (0,+00)? and (& +1)1/2/j < «'/? since a +1 =0 if . = 0 and (a; + 1)/2/j =
Vo +1/j < y/ay ifg > 1and j > h > 2. From Equations (5.6) and (5.7), we thus have that

Q) ’ t*
M) = ——<C sup ——
© 0400yt EXP @) (8 te(0.4+00)d EXP @No)(t/€)
f a
=C sup _GO7 cel“N.

s€(0,+00)d EXP ON)(S) T
We have thus proved that

VieN,j2h3tenNcx1: MY <codN vaeNd

Since M ((zj ) <M ffl) for j < hand the sequences in the weight matrices are normalized, we have proved that M{=<}N.
(ii): Asin the previous point, it is enough to prove (b) = (c). Assuming

Appgy = Sppg(RY) € Spn(RY) 2 Ay

we have to prove that M < V.
We choose € = (¢g)cpd € CM as in Equation (6.13) so that ¢ € Apy € Ay (RY), that is,
0

ViEN,j> Ve eNIC>1: e m0 @D 2o | < cemonn @0 yo e N, (6.20)
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Asin the case (i), for any t € (0, +c0)? we can choose a € Ng withal/? < t < (a + 1)!/2 so that from Equation (6.20):

wna/o(tE) < wyae (@ +1)Y2¢6) <log C + wyp (@ + 1)Y2/j)

< 1log C + wpn (@'/?) < 1og C + wpyi (8).

It follows that for all j € N, j > h, and for all £ € N there exists C > 1 such that

W ¢ "
M;”= sup ——=<C sup ———————
! te(0,4+c0)d €XP wpon () t€(0,+00)d €XP wya/o (L)
5 a
=C sup L < CLNél/f)’
5€(0,+00)d EXP WNa/6)(S) ¢l

because of Equations (5.6) and (5.7). Since ng ) < Mgl) for j < h we finally obtain

VieNveeNdc>1: MY < C%N&W) Va e N (6.21)

Now, it is obvious that Equation (6.21) implies condition M <1 A In fact, it is enough to take ¢ > max{1/x, 1/h} for
any given x, h > 0 in the definition of M < V.
(iii): We start by proving that (a) = (c). Assuming

Ay = SanpRY) € S (R = Ay
we have to prove that M(<)N. By the continuity of the inclusion and Equation (6.11) we have

Ve e NJh €N,C > 1s.t.Ve € Ay

sup |ca|e‘°N<1/“(€“1/2) < C sup |ca|ewM(1/h)(h°‘1/2). (6.22)

d d
aeN, aeN,

Letusnow fixa € Ng and assume as before, without loss of generality, that (a4, ..., ay) = (1, ..., 1, 0tg4q, ... , &tg), fOr some
§ >0, with o # 1fors+ 1 < k < d. Setting & as in Equation (6.14), by Equation (6.6) there exist j €N, j > h,and A > 1
such that

h51+"'+ﬁdafl/2 agd/z

wyga/m (hat/?) = sup log

@a/h)
peNd M,B
hﬁl+"'+5d .1- aﬁﬁ'l/z aﬁd/z
< sup log a’h = <1/;l>
d Bit+---+p
peng A APTTTRAM g g o M (00 Bt B)
ARt
< sup log %
peng Mg s 00
(Ah)ﬁs+1+"'+ﬁdaﬁs+1/2 a‘gd/z
+ sup log RV st d
d
peNg M. 0601p0)
< wyan(Ah) + oy (jat/?) (6.23)
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7(1/) - (1) . _ /D) ; C
for {M 5 }ﬁeNg defined by M g = M Brfs 0,0 where we have chosen j > Ah, taking into account that the asso-

ciate function is increasing on (0, +00)4. Note also that if j > j, then M1/D < M1/Jo) and hence W/ 2 Dpy(1/jo) - Since
wyra/» (Ah) is a new constant depending on ¢ (A and j depend on h that depends on ¢), substituting Equation (6.23) into
Equation (6.22) we have that

Ve eNJjEN,C > 1s.t.Ve € Ay

sup |ca|ewN(1/g)(f¢x1/2) <cC sup |Ca|ewM(1/j)(jd1/2), (624)

d d
aeN, aeNy

For g € Ng we now consider ¢f = (cg)aeNd defined by
0

1 ifa=
C£Z=5a5= %o{ g
0 ifa#p.

Clearly, e A since

sup |l e?mum e’ — gonam YD o o

aeNg
forevery 8 € Ng and h € N, by assumption (6.4) which implies that M1/ satisfies Equation (5.1) and hence wpa/m(t) <
+oo forall t € R%.
We apply Equation (6.24) to the sequences ¢ and get that for all # € N there exist j € N and C > 1 such that for all
B e Ng we have

/OB o e/ UEYD)
or equivalently
wya/e (€BY?) < 1og C + wya/n (jBY?). (6.25)
Ift € (0, +c0)? then there exist § € Ng with g1/2 < t < (8 + 1)/2 so that, from Equation (6.25):

wnase (€t) < wyae (B +1VY?) <log C + wyasn(G(B +1)?)

< log C + wpayn(2jBY?) < log C + wyasi (2jt)

since the associate function is increasing on (0, +c0)? and (8 + 1)'/2 < 28'/2.
It finally follows from Equations (5.6) and (5.7) that for all £ € N there exist j € N and C > 1 such that

t )~
Nél/f) > sup _ (st)
1€(0,+00)d SXPONW/AO(E) 50 +00)d EXP WNa/0)(SE)
(5)
lal o 9] 57
> e sup S— = = _NAS
C e +o0yd EXPOMa/N(2)S) € g0 o0yt €XP @y (£)

la|
_L(L)
c\2j «

and we have thus proved that M(<)A, since the sequences M('//) and N/%) are normalized.
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Finally, the implication (b) = (a) in (iii) follows from the closed graph theorem by De Wilde [9]; we also refer to [13,

Prop. 4.5/Rem. 4.6]. Cl

Remark 6.2. In Theorem 6.1, we used Theorem 5.2 to characterize the inclusion relations of the spaces for any dimension
d, which was not possible in the analogous results [3, Theorems 4.4-4.6], where we needed d = 1 in one implication since
formula (5.7) was not available for the general anisotropic case.
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