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Abstract. We introduce the module of derivations O s attached to a
given analytic map h : (C",0) — (CP?,0) and a submodule M C OF and
analyse several exact sequences related to O a. Moreover, we obtain
formulas for several numerical invariants associated to the pair (h, M)
and a given analytic map germ f : (C™,0) — (C%,0). In particular, if X is
an analytic subvariety of C", we derive expressions for analytic invariants
defined in terms of the module © x of logarithmic vector fields of X.
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1. Introduction

Let X be the germ at 0 of an analytic subvariety of C™ and let O,, denote
the ring of analytic function germs f : (C",0) — C. We denote by ©x the
Op,-module of germs at 0 of vector fields of C™ which are tangential to X.
That is, if I(X) denotes the ideal of O, generated by the elements of O,
vanishing on X, then Ox = {§ € Der(0,,) : 6(I(X)) C I(X)}, where Der(O,,)
is the O,-module of derivations of O,,. The module © x, which is also usually
denoted by Derlog(X), determines and is determined by a natural stratification
on X called the logarithmic stratification of X (see [7, Lemma 1.5] and [47,
§3]). Therefore ©x links the topology of X with the algebraic properties of
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the ideal I(X), and encodes fundamental properties of X. For instance, it is
proven in [43] that the module O x is reflexive if and only if X is the germ of
a hypersurface.

Given a function germ f € O,, the ideal of O,, given by all elements
0(f), where § varies in O, encodes essential information concerning the sin-
gularities of f on any logarithmic stratum of X (see [7]). We usually denote
this ideal by Jx(f) and we refer to the ideals thus defined as logarithmic
ideals. The colength of Jx(f) in O,, which we denote by px(f), constitutes
an essential numerical invariant of f under R x-equivalence, that is, under bi-
holomorphisms ¢ : (C™,0) — (C™,0) such that ¢(X) = X (see [7]). We remark
that, if f has an isolated singularity at the origin, then we have px (f) = u(f)
when considering X = C", where pu(f) denotes the Milnor number of f. Let
us recall that if g : (C™,0) — (CP,0) denotes an ICISs, i. e. an isolated complete
intersection singularity, then we denote the Milnor and the Tjurina number of
g by u(g) and by 7(g), respectively (see for instance [23,25,33,53]).

Logarithmic ideals have been an object of study in [2,4,5,7,20,32,34—
36,40], among others. One of the fundamental properties of these ideals is
that, when f,h € O, have isolated singularity at the origin and px(f) is
finite, where X = h~1(0), then (f,h) is an 1c1s and px(f) can be computed
by means of the formula

px (f) = p(f) +u(f, h) + p(h) —7(h)

as proven independently in [32] and [34]. This formula has been generalized in
[36, p.45] in the case where X is replaced by an 1CIs; the resulting expression
has been part of our motivations in this paper.

As we will see, logarithmic ideals take part of a more general setup. One
of the purposes of this paper is to study in a unified way several numerical
invariants associated to pairs of maps h : (C™,0) — (C?,0) and f : (C™,0) —
(C2,0), or equivalently to diagrams of the form

(cr,0) <L (c,0) L (€9,0) (1)

under the action of various subgroups of the contact group I, naturally acting
on such diagrams (see [12,18,41]). Any diagram of holomorphic map germs
like (1) is usually called a divergent diagram (see for instance [18,19]). Let us
remark that, after identifying (1) with the map (f,h) : (C™,0) — (C%t?,0),
the equivalence of divergent diagrams under the action of a given subgroup
of K in the target of (f,h) corresponds to the product of the corresponding
actions in (CP,0) and (C?,0). Below we describe in more detail both the goals
as well as the structure of the paper.

Let h : (C™,0) — (CP,0) be an analytic map germ and let M be a sub-
module of OF. In Section 2 we generalize the definition of © x by introducing
the module O, 5; of derivations associated to the pair formed by h and M (see
Definition 2.1). Considering the natural componentwise action of any deriva-
tion of O,, on germs of analytic maps, ©, as is defined as the submodule of



Vol. 80 (2025) Modules of derivations and singularities of maps Page 3 of 35 144

Der(0,,) formed by the derivations ¢ for which §(h) € M. Given now a map
germ f : (C",0) — (C%0), we can look at the submodule Jj ar(f) of O2
generated by all elements §(f), where 0 varies in Oy, a/.

Let D(h) denote the submodule of OF generated by %, ey %' We
say that the module M is geometric for h if the submodule D(h) + M C
OP represents the tangent space to the orbit of h under the action of some
geometric subgroup G of the contact group K in the sense of J. Damon [12,
14]. Let M C OF and N C O be geometric submodules for the analytic
maps h : (C",0) — (CP,0) and f : (C™,0) — (C9,0), respectively, and let
G and G’ be the respective associated geometric subgroups leading to the
corresponding tangent spaces. The submodule Jp, a7 (f) + N C OF gives the
tangent space to the Gj-orbit of f, where G|, is the subgroup of G’ consisting of
all diffeomorphisms in G’ which preserve a fixed representative of the G-orbit of
h. In Theorem 2.5 we show an abstract version of the fundamental short exact
sequence of infinitesimal deformations modules associated to diagrams of maps
(f,h) for arbitrary actions of subgroups of the group K naturally acting on
such diagrams. Versions of this sequence appear either implicitly or explicitly
in several works (see for instance [28] or [41]). Using this, in Theorem 2.5 (7)
and Proposition 2.9 (13) we show formulas for the colength of modules of the
form Jp a(f) + N, where N C Of is any submodule of OZ. As a result, we
obtain several expressions concerning the ideals Jx (f) in the case ¢ = 1 and
specially when X is an isolated complete intersection singularity (see Corollary
2.12) or a union of hypersurfaces (see Corollary 2.17).

Let I be an ideal of O,,. In Sect. 3 we focus on analysing how Theorem
2.5 (7) can be improved to obtain an expression for the colength of Jy, as(f)+N
in O when M = I and N is a submodule of ¥4, where f : (C",0) — (C%,0)
and h : (C™,0) — (CP,0) denote analytic maps. In this sense, the main result of
this section is Corollary 3.10, where we obtain an expression of the colength of a
submodule of this type. This result is preceded by several algebraic results that
has lead us to highlight the condition D(g) N I®* = ID(g) (see Propositions
3.1 and 3.3), for a given analytic map ¢ : (C™,0) — C*. When this condition
holds then we say that g is I-consistent. Thus, in Corollary 3.10 we prove that
if D(f,h) 4+ N @ I®P has finite colength and (f, k) is I-consistent, then

o5 di I%4 " ogtr
T (D AN DT N T D) + [

P
n

D(h) + 197"

dim@
— dim(c

Also in Sect. 3 we characterize the notion of I-consistency of analytic maps g :
(C™,0) — C® in several cases, especially when the quotient module OF /D(g)
is Cohen-Macaulay (see Theorem 3.6).

In Sect. 4 we apply the results of Sect. 3 to deduce a formula for the
colength of ideals of the form Jx(f) + N, where now X = h=1(0) and h :
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(C™,0) — (CP,0) is an 1CIS, f : (C™,0) — (C,0) is an analytic function
germ such that px (f) is finite and N is any ideal of O,, contained in the ideal
generated by the component functions of h (see Corollary 4.3). The case N = 0
of this expression coincides with the mentioned formula obtained in [36, p. 45]
by following a different procedure.

Finally, motivated by the known result expressing the Tjurina number of
an ICIS h : (C™,0) — (CP,0) as the dimension of a quotient of O x (see [52, 3.6],
[38, 9.6] or [36, Proposition 4.6]), our goal in Sect. 5 is to extend this result
to pairs of maps f : (C",0) — (C%,0) and h : (C",0) — (CP,0) for which
(f, h) is I-consistent, where I denotes an ideal of O,, (see Proposition 5.2 and
Corollary 5.5). The case of our results where h is an 1C18, f is a function and
I is the ideal generated by the components of h leads to the existing results
in this direction, as can be seen in Corollary 5.7.

2. Exact Sequences Associated to Modules of Derivations
Acting on Maps

Let h: (C™,0) — (CP,0) and f : (C™,0) — (C%,0) be germs of analytic maps
and let M and N denote submodules of OF and O, respectively. In this section
we introduce an exact sequence associated to the pairs (h, M) and (f, N). This
exact sequence (see Theorem 2.5) has lead us to show a fundamental relation
between the respective colengths of some submodules attached to these pairs,
as can be seen in Theorem 2.5. Moreover, based on another exact sequence,
in Proposition 2.9 and Corollary 2.10 we expose additional relations between
numerical invariants, defined in terms of modules of derivations, attached to
such pairs.

Let h = (h1,...,hp) : (C*,0) — (CP,0) be an analytic map germ. We
denote by D(h) the submodule of OF generated by %, ceey 85;}1. We refer to
D(h) as the Jacobian module of h. We implicitly consider each partial deriva-
tive g—fi as a column matrix, so we will also regard D(h) as a p x n matrix. If
f € O,, we denote D(f) also by J(f) and we refer to it as the Jacobian ideal
of f.

Let R be a ring. If J denotes any ideal of R and p € Z>1, then we denote
by J®P the submodule J @& --- @& J C RP, where J is repeated p times.

Definition 2.1. Let A = (hq,...,h,) : (C",0) — (CP,0) be an analytic map
germ and let M C OP be a submodule.

(a) We usually identify the module of derivations Der(O,,) of O,, with O},
since any derivation of O,, can be written as d; a% 4.4 5n%" and thus

it is univocally determined by the vector of coefficients (41, ...,d,) € OL.
Given a derivation § € OF, we denote by §(h) the column vector whose
element in the i-row is equal to &(h;), for all ¢ = 1,...,p. Hence, if

§=(61,-..,0n) € O, then 6(h) = 6185 + -+ + 022
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(b) We denote by Oy, 5 the submodule of O] generated by those § € OF
for which d(h) € M. Obviously Onn = Op avnpny- If N is another
submodule of OF, then we define © i, as the submodule of O;! generated
by those 6 € O such that §(N) C M, where 6(N) denotes the submodule
of OF generated by d(g), where g varies in N. If ¢1,. .., g, is a generating
system of N, then ©On ar = Og, ;s N --- N Oy, provided that N C M,
but it is easy to find examples where this equality is not true in general.
We denote the submodule © 7,3 € O simply by ©;;.

(c) If f:(C",0) — (C%,0) is another analytic map, we denote by Jj a(f)
the submodule of OF generated by {6(f) : 6 € Op a}-

(d) In order to simplify the notation, if I denotes any ideal of O,,, then we
denote the modules Oy, jer and Jj, jer(f) simply by ©y 1 and Jy, 1(f),
respectively. We denote by Hj, the module Oy, o (where here 0 denotes
the zero ideal of O,) and we refer to it as the module of Hamiltonian
vector fields associated to h.

Remark 2.2. Let I be an ideal of O,, and let hy, ..., h, be a generating system
of I. According to Definition 2.1, the module O; of derivations § € O] for
which 6(I) C I is equal to O, where h denotes the map (h1,...,hp). Given
a derivation 6 € O, any ideal of O,, for which §(I) C I is called §-invariant
n [11]. We recall that Ciuperca proves in [11, Theorem 2.4], in a more general
context, that any derivation § € O for which §(I) C I also verifies that
§(I) C I, where T denotes the integral closure of I. Moreover, the module O;
is also called the tangential idealizer of I in [44]. We remark that, if I denotes
an ideal of O,,, the problem of determining an explicit generating system of ©;
is an active problem in commutative algebra (see for instance [10]) and that
O also encodes a lot of information regarding the geometry of the zero set of
I, as can be seen in [7,16,27,43,47].

Let R be a ring and let M be an R-module. Given a sequene of ele-
ments ug,...,us € M, we denote by syz(uy,...,us) the module of syzygies
of uy,...,us. That is, syz(ui,...,us) is the R-submodule of R® generated
by those ¢1,...,9s for which gju; + -+ 4+ gsus = 0. In particular, we have
Hy, = syz(%, cey 68;1), for any analytic map germ h : (C™,0) — (CP,0).

The next result is analogous to [7, Lemma 2.1] and allows us to apply
Singular [17] to obtain a matrix of generators of modules of the form Oy, a;.

Lemma 2.3. Let h = (hq,...,hp) : (C*,0) — (CP,0) be an analytic map and
let M be any submodule of OF. Let us consider a matriz [m;;] of size p x r,
for some r > 1, whose columns generate M. Let D be the set of elements of
Or given by the columns of the matriz

Ohy .. Ol
Ox1 0% mii mirp

: : (2)
th’ e th PN
dx1 dx, Mol Mpr
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Then ©p pr = T (syz(D)), where m, : OFFT" — O is the projection onto the
first n components.

Proof. Let § € O. We have that 6 = (41, ..., d,) belongs to ©p, 5 if and only if

there exist ay,...,a, € O, such that J; g;‘l 4 '+5"gTh:; = a1mir+- - Farmgy,
foralli =1,...,p. This latter condition is equivalent to saying that the element
of O+ given by (d1,...,0,, —a1, ..., —a,) belongs to syz(D). Hence the result
follows. O

Let U be an open neighbourhood of 0 € C" and let N' C M denote
coherent sheaves of submodules of OF, defined in U. Therefore, in Definition
2.1 we introduce a new sheaf ©xr a defined also in U whose stalks are given
by (Oar M)z = On, M., for all z € U. This sheaf of modules is coherent, as a
direct application of Oka’s theorem (see [37, p.320]) and Lemma 2.3.

Let h : (C™,0) — (CP,0) be an analytic map germ. We denote by T'(h) the
submodule of OF given by D(h) + (h1,...,h,)OF. That is, T'(h) is generated
by the columns of the following matrix:

Ohy ., O hy--+hyO--0--0---0

2 ... 0h gL By h 0---0

T = | % b (3)
R D Do :
G G e 00 e 0 hy - hy

It is well known that this module is the tangent space to the orbit of h under
the action of Mather’s contact group K (see for instance [54]).

Let h = (h1,...,hp) : (C*,0) — (C?,0) be an analytic map germ, p < n.
We denote by J(h1,...,hy) the ideal of O,, generated by the maximal minors
of the differential matrix D(hq,...,h,). We recall that h is called an isolated
complete intersection singularity, or an ICIS, for short, when the dimension of
h=1(0) equals n—p and the ideal (hq, ..., hy)+JI(h1,. .., h,) has finite colength
in O,,. In this case, the zero set h=1(0) is also called an 1c1S. We recall that, if
h is an 1018 with n — p > 1, then the ideal of O,, generated by the component
functions of h is radical (see [38, p.7]).

Let h : (C",0) — (CP,0) be an 1c1s. We denote by p(h) the Milnor
number of h (see for instance [23,33,38]). The Tjurina number of h is defined
as follows (see [25, p. 246]):

. or

7(h) = dim¢ T (4)
Usually the Milnor number of h is computed by means of the Lé-Greuel formula
(see Greuel [23, p.263] and Lé [33, p.130]). As a consequence, if the map
(h1,...,hy) is an 1018, for all r € {1,...,p}, then the Milnor number of h is

given by the following formula:

P - o,

plh) = 3 (=17 dime (hire 1) + 3 (e ) (5)

r=1
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where hg is defined as the zero function.

In [39] it is proven that if A : (C",0) — (CP,0) is an I1CIS such that
n—p > 1, then u(h) > 7(h) and both numbers coincide provided that h is
weighted homogeneous (see [24,52]). In [1] the case where h is zero-dimensional
is thoroughly analysed, in particular it is proven that p(h) < 7(h) in this
case. Let us remark that even if h is an 1CIS whose component functions are
homogeneous polynomials of the same degrees, if h=1(0) is zero-dimensional,
then p(h) # 7(h), in general. For instance, if h : (C2,0) — (C2,0) is given by
h(z,y) = (2® + 33, 2%y), then p(h) = 8 and 7(h) = 11.

Remark 2.4. (a) Let X be an analytic subvariety of (C™,0) and let I = I(X),
that is, I is the ideal of O,, formed by those function germs vanishing on
X. Let ©x be the module of those derivations 6 € Der(O,,) for which
0(I) € I. This module is usually known as the module of logarithmic
derivations of X and is also denoted by Derlog(X) (see for instance
[7,16]). If h : (C™,0) — (CP,0) is an analytic map whose component
functions generate I, we have ©x = 0y 1, according with the notation
introduced in Definition 2.1 (d). In order to obtain ©x, we can apply
Lemma 2.3 by replacing the matrix in (2) by the matrix T'(h) defined in
(3).

(b) Keeping the notation used above, given any function germ f € O,,, we de-
note the ideal Jj, r(x)(f) simply by Jx (f). Let us recall that the colength
of the ideal Jx (f) in O,,, when finite, is usually called the Bruce-Roberts
number of f with respect to X (see for instance [5,32,35,36]) and we will
denote it by px(f). This number generalizes the Milnor number of a
function (by considering the case X = (C",0)) and has been extensively
studied in [7]. We will refer to the ideals of the form Jx(f), for some
f € O,, and some analytic subvariety X of (C™,0) as logarithmic ideals.

The following result is motivated mainly by [28, Proposition 1] and [41,
Proposition 2.1]. As we will see in subsequent sections, this result will lead us
to derive fundamental formulas connecting several numerical invariants.

Theorem 2.5. Let h : (C™,0) — (CP,0) and f : (C™,0) — (C9,0) be analytic
map germs and let M C OF and N C O be submodules. Then the following
short sequence is exact:

01 7 O+ i o
Ton(f)+N DR+ (NeM)  Dh)+M

00—

0 (6)

where @ and ) are the morphisms induced by the inclusion g — (g,0), for
all g € O, and the projection onto the last p components, respectively. In
particular, the submodule D(f,h)+ (N ® M) of OITP has finite colength if and
only if the submodules Jy a1 (f)+N and D(h)+ M have finite colength. In this
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case, we obtain the following relation
(@8 a4 ogtre a4 or
T+ N~ DER + (Ne M)~ T Dy + M
g, and

Proof. Let ¢ : 04 — O47P denote the inclusion g — (g,0), for all g € O,
let ¢ : Q4P — OP be the projection onto the last p components. Clearly we
have 1 o ¢ = 0.

Let g € Jp,m(f) + N. Then g = 6(f) + a, for some § € Oy p and some
a € N. By the definition of Oy, js, there exists an element m = (mq,...,m,) €
M for which §(h) +m = 0. Let us write h = (hq,...,hp). Thus (g,0,...,0) =
(06(f),0(h1),...,0(hp))+(a,m1,...,mp) € D(f,h)+(N&M). That is ©(Jp M
(f)+N) C D(f,h)+(N@®M). Obviously ¥ (D(f,h)+(N@®M)) = D(h)+ M.
Thus the induced morphisms @ and v are well defined.

Given any element g € O4, the condition (g,0,...,0) € D(f,h)+(N®M)
is equivalent to saying that there exists some derivation § € O; and some
(a,b) € N @ M such that ¢ = §(f) + @ and 0 = 6(h) + b, which in turn
is equivalent to the condition g € Jj a(f) + N. Hence the morphism % is

(7)

dim(c

injective. Clearly v is surjective.

Let us see the exactness at the middle module of (6). Let g € O% and let
g € D(h) 4+ M C OP. Then there exist a derivation 6 € O and an element
m = (ma,...,mp) € M such that ¢’ = §(h) + m. Therefore we have that

(9,9') = (9= (), 0) = (6(f),0(h)) + (0,m) € D(f,h) + ({0} & M)
CD(f,h)+ (N @ M).
That is, B([g — 6(f)]) = [(g,¢")], where the brackets denote the corresponding
classes modulo Jy ar(f) + N and D(f, h) + (N & M), respectively. This shows
that the kernel of 1) is contained in the image of 3. Hence (6) is exact.
Relation (7) follows as an immediate application of the exactness of (6).

O

Remark 2.6. The short exact sequence (6) above is of significant importance
in the deformation theory of divergent diagrams of maps. Indeed, let us denote
by K the subgroup of the contact group naturally acting on such diagrams.
Two diagrams g = (f,h) and ¢’ = (f',h') are K(®-equivalent if there exists a
diffeomorphism ¢ : (C",0) — (C™,0) in the source and a matrix-valued map
M : C" — GL(C?) @ GL(CP), M = My & Ms, such that g(¢(x)) = M (z)g'(z),
or equivalently

f(é(x)) = My()f'(x)
h(d(x)) = M ()l (x).

Let f : (C™,0) — (C%0) and h : (C",0) — (CP,0) be analytic map
germs. Let us consider now two submodules N C O% and M C OF which
are geometric for f and h, with respect to some geometric subgroups G’ C K
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and G C K acting on OZ and OF, respectively. When the module M & N C
O%t? is also geometric for the divergent diagram g = (f,h), the submodule

D(f,h)+ (N @& M) C O%LP represents the tangent space to the orbit of (f,h)

+
under (G’, G)-equivalence, and the quotient module D(f(;)gw is the module

of infinitesimal deformations (also called normal space in [15, §3]) of the (G’, G)-
equivalence class of the pair (f,h).

The colenght of the module D(f,h) + (N @ M) is an analytic invariant
of (G’, G)-equivalence, called the (G’, G).-codimension of (f,h). Let us denote
by G, the subgroup of G’ consisting of diffeomorphisms which preserve a rep-
resentative of the G-equivalence class of h. Then, the short exact sequence
(5) relates the spaces of infinitesimal deformations of the (G',G), G} and G-
equivalence classes of (f,h), f and h, respectively, providing formulas relating
their codimensions.

As we will see below, and it will be analysed in more detail in the next
sections, the above short exact sequences relate the basic relative invariants of
the map f with respect to X = h=1(0), to the invariants of the diagram (f, h)
and of the map h as well, all given by the codimensions of the tangent spaces
of their corresponding orbits.

Let h = (h1,...,hp) : (C",0) — (CP,0) be an analytic map germ and let
M C OF be a submodule. Motivated by the definition of Tjurina number of
an ICIS (see (4)), and in order to simplify the notation, we define the number
tar(h) given by

Op

__“n ]
D(h)+ M (®)
whenever the module D(h) + M has finite colength in OF. Analogous to Def-
inition 2.1 (d), if I is an ideal of O,, then we will denote t;ep(h) simply by
tr(h). Obviously, if h is an 1c1s and I denotes the ideal (hi,...,hp) € Oy,
then t7(h) = 7(h).
Corollary 2.7. Let h : (C*,0) — (CP,0) and [ : (C™,0) — (C9,0) be analytic
map germs and let M C OP and N C O be submodules. Then the following
conditions are equivalent:

(a) tyrgn(h,y f) is finite.
(b) the modules Jn pm(f)+N C O and D(h)+M C OF have finite colength.
(c) the modules Jy n(h)+M C O and D(f)+ N C O% have finite colength.

Moreover, under any of the above conditions, the following relation holds:

ndime—n () —tu(h). (9

tM(h) = dim(c

Jh,M(f)JrN Jva(h)JrM -

Proof. Let us remark that the submodules D(f,h) + (N & M) and D(h, f) +
(M & N) of O4*P are canonically isomorphic. In particular, by permuting the
roles of the pairs (h, M) and (f, N) in the sequence (6), the exactness of (6)
shows the equivalence between (a), (b) and (c).

dim(c
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If (c) holds, by (7) and the notation introduced in (8), we obtain that

P

. O’IL —
ime g = tren (s f) — (). (10)

Hence, since tyren(h, f) = tnem(f, h), equality (9) follows by writing the
difference of relations (7) and (10). O

d

If h: (C*,0) — (CP,0) is an analytic map germ, we denote by h* : O, —
O,, the ring morphism obtained by composition with h. Given an integer r > 1,
we will use the same notation for the componentwise extension of this ring
morphism leading to a morphism of Op-modules O}, — Oy, (where we consider
the natural structure of O], as Op-module via h*).

Example 2.8. Let V' C (C3,0) be the variety given by V = ¢~1(0), where
@ (C3,0) — (C,0) is the weighted homogeneous polynomial defined by

o(x,y, 2) = 2562° — 27z + 14422y 2 — 128y%2% — 42y3 + 16y 2

for all (x,y,2z) € C3. This variety, known as the swallowtail [3,7], is a free
divisor. That is, ©x is a free submodule of O3 (see [7,16]). Let us consider
now the diagram

(C3,0) <= (€2,0) L (€3,0) (11)

where f and h are the immersive maps given by f(u,v) = (u? u,v) and

h(u,v) = (u,0,v), for all (u,v) € C%. Let M and N be the submodules of O3
given by M = h*(©y) and N = f*(0y ). We notice that the Ky -codimensions
of f and h are given by tx(f) = 2 and t57(h) = 1, respectively (see [13,15]). We
can interpret ¢y (f) — tar(h) as a measure that reflects the difference between
the contact with V' of the sections h and f. By (9) we also have

03 03
Tnaa(f) + N Jen(h) + M
Let us remark that, since tprgn (b, f) =9, relation (7) shows that

oy o3 _
Tnm(f)+N Jrn(h)+M

By using Singular [17] we obtained that the submodules O s and Oy n
of O3 are generated by the columns of the matrices

3u 6402 d Su? + 27u* 160 — 20u2 — 72u?
4o 9ud | M 1602 + 12020 + 72u3v + 3u® —32uv — 192020 — Tu*

tN(f) — tM(h) = dim(c — dim([j

dimg 8, dime 7. (12)

respectively. By using the above systems of generators we can also obtain (12)
directly, by using the definitions of the ideals Jj as(f) and J¢ n(h).

The next result relates the colength of the submodule Jy 3 (f)+N C OZ
with the colength of the submodule ©, 37 + 0 ny € O}.
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Proposition 2.9. Let h : (C™,0) — (CP,0) be an analytic map germ and let
M C OF be a submodule. Let f : (C*,0) — (C9,0) be an analytic map germ
such that the submodule Jn am(f) + N C O% has finite colength, for a given
submodule N C O%. Then the following relation holds (where all quotient
modules involved have finite length):

%
Inm(f)+N

In particular, when ¢ = 1, and supposing that the ideal Jn am(f) has finite
colength in O,,, we obtain:

o;

e 13
Onnm + 95N (13)

dim¢ = tN(f) + dimg

. On . Oy . Onm+O¢ N
dim¢ —— — dim¢g —————— = —t + dime¢ —————L—

C Tnar (f) CTom(f)+ N uif) =t lf) © O+ Hy
OfnN

= u(f) — tn(f) + dime (O8N Ona) + Hy

(14)

Proof. Let df : O — O4% be the evaluation map 6 — §(f), for any derivation
d € O7. The inclusion Jj, p(f) € D(f) and the morphism df naturally induce
the following exact sequences of O,-modules:

oy df o4 (@

0 Onm + Hy T Jna(f) D)

) (15)

% df or %
— — — —
Onm + 05N T (f) + N D(f)+ N

0 (16)

where the respective third morphisms of (15) and (16) are the natural projec-
tions. The exactness of (16) gives relation (13).

In the rest of the proof we will assume that ¢ = 1 and that Jj a/(f) has
finite colength. Let N denote any ideal of @,,. Then (13) says that

O, (@) oy

dimg ————— = dim¢ ————— + dimg ——*——. 17
e Jnm (f) + N eI AN e Onn + Oy N 0
In particular, we obtain
Oy "
dimg ———~ = + dimg ——*—. 18
© T () #f) O + Hy s

The exactness of (15) shows that ©p, 3y + Hy € O} has finite colength
(because we suppose that Jj, as(f) has finite colength). As a consequence, since
Hy C O n, we obtain the relation

@h,M+@f,N_ . OZ o OZ
Op.m + Hy Op.m + Hy Op.m +Of N

where all quotient modules involved in this equality have finite length.

dimc
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We also have the following isomorphism of O,,-modules (also as a conse-
quence of the inclusion Hy C Oy n):

Onm + 05N OsN _ Of,N (20)
Op.n + Hy OrnNOnm+Hy) (OpnNOpa)+Hyf
Relation (19) and the difference of relations (18) and (17) gives the equal-

ity

o, o, . n
T () e Gy - M) T dime T
. Opm+OrN
dimg M T OLN
“+ dimc @h,M —I—Hf

Hence (14) follows by applying the isomorphism (20) to the above relation.

O

In general, the complexity of the computation of modules of the form

O, ar is high. However, the next result shows that the colength of the module

On,m + Oy in O] admits an expression as the sum of colengths of simpler
modules.

Corollary 2.10. Let h: (C™,0) — (C?,0) and f : (C™,0) — (C%,0) be analytic
map germs and let M C OF and N C O be submodules. Let us suppose that
tyen (b, f) is finite. Then the following relation holds:

OTL
— = h —ty(h)—t . 21
O+ Opn men (b, f) —ta(h) —tn(f) (21)
Proof. By Corollary 2.7, the finiteness of ty;qn (h, f) implies that the modules
Jnam(f) + N and D(f) + N have finite colength in O and that the modules
J¢.n(h)+ M and D(h) + M have finite colength in OF. By (7) and (13) we
have

dim(c

n

@)
¢ ) — ta(h) =t dime ———=n
nom(fsh) —ta(h) = tn(f) + dime Orar + O x

Hence (21) follows. O

As an immediate application of the previous result we obtain the following
conclusion concerning the Tjurina number of an I1CIS.

Corollary 2.11. Let h: (C™,0) — (C?,0) and f : (C™,0) — (C%,0) be analytic
maps for which (f,h) : (C*,0) — (CPT2 0) is an 1CIS, where 2 < p + q < n.
Let I denote the ideal of O,, generated by the component functions of (f,h).
Then

Onr+Oyr

Proof. Since we assume that (f,h) is an 1CIS, we automatically have that
t7(f,h) is finite. Hence the result follows by taking M = [P and N = I®7 in
(21). O

7(f,h) = dimc +tr(h) +tr(f). (22)
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In the remaining section we will show additional applications of Theorem
2.5 (7) and Proposition 2.9 (13).

Let X be an analytic subvariety of (C™,0) and let f € O,,. As indicated
in Remark 2.4 (b), we denote by ux(f) the Bruce-Roberts number of f with
respect to X. In addition to px(f) we also consider the following numbers,
which also involve the module © x:

- . On
px (f) = dime m
. On
= T
Tx (f) = dim¢ On

Ix(f) + (f) + I(X)’

whenever the lengths of the quotient rings appearing on the right of the above
definitions are finite. The numbers py (f) and 7x(f) are known as the the
relative Bruce-Roberts number of [ with respect to X (see [7,35,36]) and the
Bruce-Roberts” Tjurina number of f with respect to X (see [5]), respectively. By
analogy, we also refer to 7y (f) as the relative Bruce-Roberts’ Tjurina number
of f with respect to X, i. e. we add the term relative to express that we compute
the colengths in the quotient ring O,,/I(X).

The effective computation of these numbers is in general a non-trivial
problem, as it requires knowledge of an explicit system of generators of the
module O x. The next result helps to simplify the computation of ux (f), 7x (f)
and py (f) when X is an ICIS, since it gives an expression for these numbers
as the difference of colengths of two modules. The resulting formulas allows
to understand the nature of these numbers and to relate them with other
invariants.

Corollary 2.12. Let h : (C",0) — (CP,0) be an 1CIS withn —p > 1, let I =
(hi,...,hy) and let X = h=1(0). Given a function germ f € O,,, we have that
ux (f) < oo if and only if the submodule D(f,h)+ (0@ I®P) has finite colength
in OPTL. Moreover, in this case we have

. opt!
ux (f) = dime D7)+ (08 I%9) —7(h) (23)
) Oﬁ+1
7x(f) = dimg¢ DU+ () oTom 7(h) (24)
_ . OfLJrl
,UJX(f) = dimc D(f, h) + 7o +1) - T(h) (25)
OfLJrl

Ty (f) = dim¢ D —7(h). (26)

(f.h) + (((f) + 1) & I®P)
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In particular, we obtain the following relations:

©p
)=l = dim@ ( )) %)@ I;p)) (27)
u () — 7 (f) = dime 2 + () + 1) & 197) o8)

(f’ h) + 18+

Proof. Let us remark that, since h is an 1CIS of positive dimension, the ideal
I is radical (see for instance [38, p.7]). Therefore Jx(f) = Jp 1(f), for any
feao,.

Let us fix a function f € O,,. The exactness of (6) in the case M = PP
and N = {0}, shows that the finiteness of px (f) is equivalent to the condition
that the submodule D(f,h) + (0 @ I®P) has finite colength in OPF1.

Let us suppose that ux(f) < oo. Relation (23) follows as a direct ap-
plication of (7) by taking M = I®? and N = {0}. Analogously, relations
(24), (25) and (26) follow from (7) by taking M = I®P in the three cases and
N = (f), N =1and N = (f) + I, respectively. Relations (27) and (28) are
direct applications of (23)—(26). O

Ezample 2.13. Let us consider the map h : (C*,0) — (C3,0) given by h(z,y, 2, t)
= (2% —y% 2y + 2t%, 2% + y? + 23 + 12). Let X = h=1(0) and let I denote
the ideal of O3 generated by the component functions of h. We have that h
is an 118, dim(X) = 1, p(h) = 37 and 7(h) = 35. Let f € O4 be given
by f(x,y,2,t) = 2% + y? + 22 + t2. The module D(f,h) + (0 @ I¥3) has fi-
nite colength and hence, by Corollary 2.12 we conclude that px(f) = 20,
x(f) =16, pux(f) = 17 and 7 (f) = 13. Let us remark that by using Sin-
gular [17] and Lemma 2.3, it is possible to find out that in this case ©x is an
intricate submodule of OF.

Remark 2.14. (a) As we will see in Sect. 4, the respective first summands
appearing in (23) and (25) can be expressed in terms of other numerical
invariants attached to the pair (f,h). In order to prove this fact, we
develop in Sect. 3 a series of algebraic tools.

(b) Let us remark that, as an application of (7), relations (24), (25) and (26)
also hold by assuming only the finiteness of 7x(f), px(f) and 75 (f),
respectively, instead of assuming that px (f) < co.

In the following result, which is similar to [4, Proposition 2.1], we derive
some direct consequences of Proposition 2.9 (13).
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Corollary 2.15. Let X be an analytic subvariety of (C™,0) and let I = I(X).
Let f € O, and let Y = f=1(0). Let us suppose that ux(f) is finite. Then

n

px (f) = p(f) + dime @Xinf (29)

() = 7(f) + dime "~ (30)

i (f) = dimg J(gH + dime M (31)

Ty (f) = dim¢ J(f)-?Zf)-i-I + dim¢ 9X+((ijprm (32)

() = 7 () = W) = (1) + dime s (33)

) = 7 (F) = dime ot — dime e (39
+ dimg Oy 14(h)

@f,j + (@X N ®.f71+(f>)'

Proof. Relations (29), (30), (31) and (32) arise as an application of equality
(13) by taking the module M as I®P and the ideal N as {0}, (f), I or (f) +1,
respectively. Equality (33) is a particular case of (14); this also follows by a
direct argument by computing the difference of (29) and (30). The proof of
(34) is analogous. O

Under the conditions of the above result, relation (33) shows that pux (f) =
7x (f) if and only if pu(f) = 7(f) and ©y = Hy + (©x N Oy), as already ob-
served in [4]. Let us remark that the condition Oy = Hy 4+ (©x N Oy ) links
very significantly the modules © x and Oy .

We end this section with a result concerning the computation of px(f),
Tx(f), nx(f) and 7 (f) when X is a union of hypersurfaces. We first attach
to any given analytic map another submodule that will play an important role
in this task.

Given a map h : (C*,0) — (CP,0), let us define the following matrix
TO(h):

Ohi . Ohup g

T Tn

T(h)=| RN (35)
dh, dh,
e P 0 hp

As usual, if there is no risk of confusion, we also denote by 7°(h) the submodule
of OPF generated by the columns of the above matrix. We denote by 7°(h) the
colength of T°(h) in OP, when this colength is finite. Let us remark that if h
is an 1C18, then 7°(h) > 7(h), since T°(h) C T(h) (see (3)). Obviously equality
holds when p = 1.
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Remark 2.16. The finiteness of the colength of the module T°(h) C OP implies
that each row of the matrix given in (35) must generate an ideal of finite
colength in O,,, which is to say that h; has isolated singularity at the origin,
for all i = 1,...,p. We refer to [6, Theorem 1.1] for the equivalence stating
that the ideal I,(7°(h)) has finite colength in O, if and only if u(h;) < oo,
foralli=1,...,p, and the varieties h;l(O)7 e h;l(O) are in general position
away from the origin.

Corollary 2.17. Let h = (hi1,...,hy) : (C",0) — (CP,0) denote an analytic
map such that 79(h) < oo and let X; = hi_l(O), for alli = 1,...,p. Let us

suppose that hq,..., h, are pairwise relatively prime. Let X = V(h1)U--- U
V(hp) and let f € O,, such that px(f) < co. Then

| opt
px(f) = dime 5 s e e gy (36)
— dim Oﬁ“ _ ;0 — ;0 _ 0
mx(f) = dime B T e e @y | =T =T
(37)
< (f) = dim on —70(h) (38)
P = D) + () @ () @ - & () '
_ . optl
7 (f) = dimc DR+ (T, ) & () @ - () - To(h). (39)

Proof. Let X; = hi_l(O), for all i = 1,...,p. The condition that hq,..., h, are
pairwise relatively prime imply that ©x = ©x, N---N Ox,. In particular,
Ox = Oy p, where M = (h1) @ --- @ (h,). Hence the result arises as a direct
application of relation (7). O

Let us fix an analytic function germ f : (C",0) — (C,0) with isolated
singularity at the origin. In view of the preceding result, we can consider the
sequences of analytic invariants of f given by px o (f), Tx) (f), iy (f) and
T (f), where X() denotes the union of r generic hyperplanes in C” passing
through the origin. Thus X = A1 (0) U--- U h-1(0), where (hy,...,h,) :

C™ — C" is a generic linear map. Let us remark that, since hq,...,h, are
generic linear forms of C[z1, ..., x,], we have 7°(h1, ..., h,) = 0 provided that
r < n.

We refer to [30,46,55,56] for references whose main objective is the ef-
fective computation of a minimal generating system of ©x when X is an
arrangemenent of subspaces of C". We also refer to [45,48] for further refer-
ences about the study of several algebraic properties of ©x and its interplay
with geometrical and combinatorial problems in this case.

Ezample 2.18. Let f,g € Os be the function germs given by f(z,y,z) =
vyz + 2 + yt + 2% and g(z,y,2) = 2y?z + 2° + y* + 25, respectively. By
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applying Corollary 2.17, the following values for px ) (f), Tx (f)s iy (f)

and 7, (f) are obtained when 1 < r < 5:

X ()

mpxe () Txo (F) B () T () T pxo (9) Txo (9) By () Ty (9)

1 15 13 4 4 1 48 40 10 9
2 21 16 10 10 2 61 47 23 20
3 30 22 19 18 3 78 58 40 34
4 42 31 31 27 4 99 70 61 50
5 57 40 46 37 5 124 83 86 67

3. Regular Sequences of Quotient Modules and I-Consistency
of Maps

The main results of this section are Propositions 3.1, 3.3 and 3.5, and Corollary
3.10. The first is a result of commutative algebra that will imply a character-
ization, in Corollary 3.2, of regular sequences of quotient modules. Let I be
an ideal of O,,. In Corollary 3.10 we show an expression for the colength of a
submodule of the form J, ;(f) + N, where N C I®? and h : (C",0) — (CP,0)
and f: (C",0) — (CY,0) are analytic map germs. Proposition 3.3 has moti-
vated us to introduce in Definition 3.4 the condition of I-consistency of maps.
This condition will play a fundamental role in Sections 4 and 5.

Let R be a ring, let Aq,...,A\¢ € R and let M be an R-module. We
recall that \q,..., \g is called a regular sequence with respect to M when M #
(M,..., Ag)M, A\ is a non-zerodivisor of M and )\; is a non-zerodivisor of
M/, ..., Ni—1)M, for all ¢ = 2,...,d (see for instance [8,21,42]). When
M = R then we will also say that A1,...,\g is a regular sequence of R.

If I is an ideal of R and M is a submodule of the free module RY, for
some ¢ > 1, then it is obvious that ITM C M N I®4. As a consequence of
Corollary 3.2 we will see that, if I = (A\1,...,\g), being A1,...,A\s a regular
sequence with respect to R and with respect to the quotient module R?/M,
then IM = MNI®9. That is, in this case M NI%PY reaches the smallest possible
size.

We remark that the following result is already known in the case ¢ = 1
(see for instance [21, p.646] or [26, p. 380]).

Proposition 3.1. Let R be a Noetherian local ring and let M be an R-submodule
of RY. Let I be an ideal of R. Then

RY R\ MnNI®
Torf (2, 20) = 212
on (M’I) M

Proof. Let us consider the exact sequence

R1

oﬁMgRq&M%o (40)
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where 7, and 75 denote the inclusion and the projection morphisms. The long
Tor-sequence associated to the above sequence (see [21, §6.2] or [26, Proposi-
tion 7.1.2]) is written as follows:

e Toré2 (1:—;, %) e Tor{2 (M, %) —_— Tor{2 (Rq, ?) e Tori2 (& E) —_—

—_— Tor[})2 (M, ?) Wﬁ; Torg (Rq, E) ; Tor? (R—'q E) —0

where the maps 7] and 7}, of (41) are the canonical morphisms induced from
(40) after tensoring with £

For any pair of R-modules M; and M, we have Toré%(Ml, M) = M; ®r
My (see for instance [26, p. 380]). Therefore

R R _ M
Tor(?(M,I>=M®RI%”,
R R __ R' RY
R g V) — pa eV _
Torg (R , I) = RT®pg 75 TRa — o4 (42)
R R\ R’ RR RY
Tl (==, = | =" @p—-—~ — . 4
Or°<M’I> MORTT ot M (43)

In particular, considering the identifications of (42) and (43), we conclude that
the morphism 7/ : % — % is given by m+1M — m+I%9, for any m € M.
Since RY is a free module, we have Torf(RY, ) = 0 (see for instance [21,
p. 161, §6.2]). Therefore, the exactness of the long Tor-sequence associated to

(40) implies that
R? R M N I94
TOY{% (M, I) = ker(']Tll) = W
and hence the result follows. O

Corollary 3.2. Let R be a Noetherian local ring and let M be an R-submodule
of R1. Let \1,...,Aq be a regular sequence of R and let I be the ideal of R
generated by A1, ..., \q. Then the following conditions are equivalent:

(a) A,..., A4 is a reqular sequence with respect to R?/M.
(b) MNI% =]M.

Proof. Since \1,...,\q is a regular sequence with respect to R, the Koszul
complex of \q,..., \; constitutes a free resolution of R/I. By tensorizing this
complex with Rﬁq, we obtain that condition (a) is equivalent to

R RY
TOI'{{ <I, M) = 0

as can be seen, for instance, in [29, Lemma 21.5,p.162] or [49, Corollary
2, p. 55]. Hence the result is an immediate consequence of Proposition 3.1.
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O

In general, given any analytic map germ g : (C",0) — C® and an ideal

I C O,, the sum I®" + H, gives a substantial part of ©, ;. The next result

characterizes the equality I n + H, = O4 7. In Section 5 we will develop a
further study of the quotient module O4.1/(I®™ + H,) (see Corollary 5.5).

Proposition 3.3. Let g : (C",0) — C® be an analytic map germ and let I be
any ideal of O,,. Then the following conditions are equivalent:

(a) D(g) ﬂl@s =1ID(g).

(b) ©g1 =1°"+ H,.
Moreover, zf we assume that I is generated by a reqular sequence \q,...,\q of
O,,, we conclude that any of the above conditions is equivalent to:

(c) M,...,Aa is a regular sequence with respect to OF /D(g).

Proof. Let us suppose that condition (a) holds. Let § € ©, ;. Therefore §(g) €
D(g) N I%$ = ID(g). Hence, there exists some v € I®™ for which §(g) = v(g),
that is, § — v € Hy. In particular § € I®" + H,, and hence the inclusion
O41 C 1 On 4 H, follows. Since the reverse inclusion is obvious, we obtain
condition (b).

Let us suppose now that condition (b) holds. Any element of D(g) N [¥*
is of the form d(g), for some § € O, ;. So, let us fix a derivation § € O, ;. By
hypothesis, there exist derivations v € I®" and p € H, for which § =~ + p.
Hence §(g) = v(g) € ID(g). That is, the inclusion D(g)NI%®* C ID(g) follows.
Since the reverse inclusion is obvious, we obtain condition (a).

Under the condition that I is generated by a regular sequence \q,..., g
of O, the equivalence between (a) and (c¢) is an immediate application of
Corollary 3.2. O

As we will see in Section 5, the submodules of the form 19"+ H, will play
a special role in general (see Definition 5.1 and Corollary 5.5). Proposition 3.3
motivates us to introduce the following definition.

Definition 3.4. Let g : (C",0) — C® be an analytic map germ and let I be any
ideal of O,,. We say that g is I-consistent when D(g) N I®¢ = ID(g).

As can be seen in Theorem 3.6, the condition of I-consistency is satisfied
in a wide class of examples.

Proposition 3.5. Let h: (C",0) — (CP,0) and f : (C",0) — (C%,0) be analytic
map germs and let I be any ideal of O,. Let us suppose that (f,h) is I-
consistent. Then

Jn1(f)NI%1=1D(f) and Jr,1(h) N IPP = ID(h). (44)

Proof. Let us prove the equality J, 1(f) N I®? = ID(f). The second equality
of (44) is a consequence of the first by replacing the roles of f and h. Any
element of ID(f) is of the form v(f), where v belongs to I®™. So the inclusion
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Jn,1(f) N I%9 D ID(f) is obvious. Let us take an element g € Jy, ;(f) N 199
Then, there exists a derivation 6 € ©f ;N Oy, 1 for which g = §(f). Since (f, h)
is I-consistent, Proposition 3.3 shows the existence of derivations v; € I®" and
v2 € Hy N Hy, such that 6 =1 + v2. In particular g = 6(f) = v (f) € ID(f).
Hence the first equality of (44) follows. O

In the following result we characterize the condition of I-consistency of
a given map ¢ : (C",0) — C* when Of/D(g) is Cohen-Macaulay.

Theorem 3.6. Let g = (g1,...,9s) : (C*,0) — C*® be a analytic map germ,
where s < n. Let d denote the dimension of the module O /D(g). Let us sup-
pose that O /D(g) is Cohen-Macaulay and d > 1. Let I be the ideal of O,
generated by a regular sequence A\, ..., q of On. Then, the following condi-
tions are equivalent:

(a) g is I-consistent.
(b) J(g) + I has finite colength.
(¢) M,...,Aa is a regular sequence with respect to OF /D(g).

Proof. First of all, let us observe that, since we assume that A\;,...,\g is a
regular sequence of O,,, Proposition 3.3 shows the equivalence between items
(a) and (c).

Let A denote the quotient module OF /D(g). Let m : O — (O,,/I)® be
the natural projection. We have the following isomorphisms:

A oy ~ (On/1)°

IA ~ 1%+ D(g) ~ =(D(g))’ (45)
Therefore
A gy O/ D On
dim — =d (59 d T T (46)

where the last equality is a consequence of [21, Proposition 20.7], because J(g)
denotes the ideal generated by the maximal minors of the differential matrix
of g.

Since we assume that A is Cohen-Macaulay of dimension d, we have that
A1y...,Aq is a regular sequence with respect to A if and only if A/TA has
dimension 0 (see for instance [25, Corollary B.8.3, p. 416] or [8, Theorem 2.1.2,
p.58]). In turn, by relation (46), this is equivalent to saying that the ideal
J(g) + I has finite colength. Therefore conditions (b) and (c) are equivalent,
and the result follows.

O

Ezample 3.7. Let us counsider the functions h, f € O3 given by h(x,y,z) =
xy+z* and f(x,y,2) = yz. We observe that the map (f,h) : (C3,0) — (C2,0)
is not an 1018, since the zero set of the ideal J(f, h)+(f, h) C O3 has dimension
1. However O2/D(f, g) is Cohen-Macaulay of dimension 1, as can be checked
by applying Singular [17]. Thefore, (f, k) is I-consistent, for any principal ideal
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I for which J(f, h) + I has finite colength, by Theorem 3.6. For instance, this
happens when I = (2% + 32).

Example 3.8. Let h : (C3,0) — (C?,0) be the map given by h(x,y,z) =
(vy,z2) and let f € O3 be the polynomial given by f(x,y,z) = 22 + y? + 22
The map (f,h) is not an ICIS, since the dimension of (f,h)~1(0) equals 1.
However O3/D(f,h) is Cohen-Macaulay of dimension 2. Let I be the ideal
of O3 generated by the regular sequence y3 + 23, 2y + 22 of Oz. This ideal
verifies that J(f, h) + I has finite colength. Therefore (f, h) is I-consistent, by
Theorem 3.6.

In the following result we analyse a special case of Theorem 3.6 that we
will apply in Sections 4 and 5.

Corollary 3.9. Let h = (h1,...,h,) : (C*,0) — (CP,0) be a analytic map
germ, where n—p > 1, and let f € O,, such that (f,h) : (C*,0) — (CP*10) is
an 1CI1S. Let I be the ideal of O, generated by hy,...,hy. Then, the following
conditions are equivalent:

(a) (f,h) is I-consistent.

(b) h is an 1CIS.

(c) J(f,h) + (h1,...,hy) has finite colength.

(d) hi,...,h, is a reqular sequence with respect to OV /D(f, h).

Consequently, under any of the above conditions the following equalities hold:
IJx(fyNnI=1J(f) Jp1(h) N I®P = ID(h). (47)

Proof. The fact that (f,h) is an 1CIs implies that f,hq,...,h, is a regular
sequence in O,,. In particular, h1,. .., h, is a regular sequence in O,,. Moreover,
OP+1/D(f, h) is a Cohen-Macaulay module of dimension p, by [38, Proposition
6.12, p. 108]. Therefore, by Theorem 3.6, items (a), (c) and (d) are equivalent.

Let us suppose condition (c). The inclusion J(f,h) C J(h) implies that
J(h) + (h1,...,hp) has also finite colength. Thus, h is an ICIS.

Conversely, let us suppose that h is an 1C1S. Since we assume that (f, h)
is also an 1018, the Lé-Greuel formula implies that J(f, h) + (h1,...,h,) has
finite colength and this colength equals u(h) + u(f, h) (see for instance [33,
Theorem 3.7.1]). Hence (b) and (c) are also equivalent and the result follows.

The equalities of (47) follow as direct applications of Proposition 3.5. O

Let us remark that, by applying a different argument, the first equal-
ity of (47) was also obtained in [35, Theorem 2.3] when both f and h are
hypersurfaces for which px (f) is finite, being X = h=1(0).

If h: (C",0) — (CP,0) and f : (C™,0) — (C%,0) denote analytic map
germs, then Theorem 2.5 (7) is a tool to compute the colength of Jy ar(f)+ NV,
for any pair of submodules M C OF and N C O%, whenever such colength

is finite. In the next result we will focus our attention on the case where
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M = I®P and N C I®4, for a given ideal I of O,, under the condition that
(f, h) is I-consistent. By Theorem 2.5 (7) we know that

q

. % _ _
dim¢ m =ingrer (f7 h) tl(h)-

In the next result we see how the above relation can be improved under the
assumption that (f, h) is I-consistent.

Corollary 3.10. Let h: (C™,0) — (C?,0) and f : (C™,0) — (C%,0) be analytic
map germs. Let I be an ideal of O,, and let N C I®9 be a submodule such that
D(f,h)+ N & I®" has finite colength in OLtP. If (f,h) is [-consistent, then

@ di 194
Jh,I(f) +N e ID(f)+ N

Proof. We first notice that, since D(f, h)+ N &I®P has finite colength in O4P,
the exactness of (6) implies that the submodules J,, ;(f) + N and D(h) + I%?
have finite colength in O4 and OF, respectively. By applying Theorem 2.5 (7),
we deduce that

dime +tr(f, h) —ti(h). (48)

%

dim([j

Moreover, we have
Jh,I(f) 4 J®a -~ %49 B T®a
Jh_’](f) +N Jh7[(f) NI% 4+ N ID(f) + N’

where the last equality is an application of Proposition 3.5, since (f,h) is
I-consistent. Therefore, by (49) and (50) we conclude the following:

% O} Jng(f) + 190

(50)

dimg ———— =dim¢ ———*+— + dim
ST (D AN T (D10 T () + N
h h)+d o
=t —t i —
1(f,h) = ti(h) + dime D)+ N
and thus (48) follows. O

We will see in Section 5 that the number ¢;(h) of (48) is particularly
related with the module Oy, ; (see Corollary 5.5).

Example 3.11. Let us consider the map h : (C3,0) — (C2,0) given by

h(z,y) = (zy(z +y +2), yz(z +y - 2))
and the function f € Oz given by f(z,y,2) = xyz + z* + y* + 24, for all
(x,y,2) € C3. We have that (f,h) is not an 1CIS (the zero set of the ideal
J(f,h) + (f,h) C O3 has dimension 1) but O3/D(f,h) is Cohen-Macaulay
of dimension 2 (as can be checked by using Singular [17]). Let I be the ideal

of 05 generated by the regular sequence = + v + 2, 2 + y? of Os. Since the
ideal J(f,h) + I has finite colength, we conclude that (f,h) is I-consistent,
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by Theorem 3.6. We also find that ¢;(h) = 7 and t;(f,h) = 12. We observe
that the submodule D(f,h) + (0 @ I®?) has finite colength in OF. Therefore,
by Corollary 3.10 (and thus without knowing an explicit generating system of
Oy, 1) we have

0
Jni(f) +N

for any ideal N C I. In particular

1
=dimg ————= +5

dime II(f)+ N

: O3 . I
dimg ) dimg 30 +5=109.
Remark 3.12. The case of Corollary 3.10 where h is an 1C1s, I equals the ideal
generated by the component functions of h and ¢ = 1 will be analysed in the
next section. As we will see in Corollary 4.2, the term t;(f,h) of (48) will
split as u(f,h) + p(h) in this case, by virtue of the Lé-Greuel formula and a
preliminary result about the colength of submodules (see Lemma 4.1).

Under the conditions of Corollary 3.10, and assuming also that ¢ = 1,
the next lemma will help us to compare p(f) with the colength of I.J(f) in
I. Given a Noetherian local ring (R, m), an m-primary ideal J of R and an
R-module M, we denote by e(J; M) the multiplicity of J with respect to M
(see for instance [31, Definition 11.1.5] or [42, p. 107]).

Lemma 3.13. Let (R, m) be a Noetherian local Cohen-Macaulay ring of dimen-
sion d. Let J be an m-primary ideal of R generated by d elements. Let I be an
ideal of R such that dim ? < d. Then

R I
(=) <l — 51
(7)< () oy
and equality holds when I is generated by a non-zerodivisor of R.

Proof. Since we assume that J is generated by d elements, we can apply [31,
Proposition 11.1.10 (1)] to deduce that

e(J;1) < ¢ <JII) , (52)

where e(.J; I) denotes the multiplicity of J with respect to I, considering I as
an R-module.
R

The natural exact sequence 0 — I — R — 7 — (0 shows that

R
e(J) = e(J; 1) +e(J; 7)
by [42, Theorem 14.6] (see also [31, Theorem 11.2.3]). The condition dim £ <
d implies that e(J; %) = 0, by [42, 14.2] (this fact also arises as a direct

application of the definition of e(J; &)). Therefore e(.J) = e(J;I). Moreover,
since R is Cohen-Macaulay and J is generated by d elements, we have e(J) =
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¢(R/J) (see for instance [31, Proposition 11.1.10 (2)] or [42, Theorem 17.11]).
Therefore, (52) implies (51).

We observe that, given an element h € R, if h is a non-zerodivisor of R,
then the morphism R — (h) given by multiplication by h induces an isomor-
phism of R-modules R/.J = (h)/J(h) and therefore

(5)-(it)

O

As a direct consequence of Lemma 3.13 we obtain that, if f: (C",0) —
(C,0) is a function with isolated singularity at the origin and I is any proper
ideal of O,,, then

O, I
dimec ——~ < dimg ——— (53)

J(f) J(NHI

and equality holds if I is a non-zero principal ideal.

4. Logarithmic Ideals Associated to ICIS

Let h : (C*,0) — (CP,0) be an 1c1s and let X = h~1(0). In this section
we show a direct application of Corollary 3.10 where we relate px(f) with
other numerical invariants attached to h and f, where f : (C",0) — (C,0)
is an analytic function germ such that px(f) is finite. Hence, by applying a
different argument, we deduce in Corollary 4.3 (60) the same formula for ux (f)
shown in [36, p. 45].

In the next result we will recall a fundamental fact of commutative algebra
about submodules of a free module. Let R be a Noetherian local ring and let
M C RP be a submodule. We denote by I,(M) the ideal generated by the
minors of order p of any generating matrix of M (that is, of any matrix whose
columns form a generating system of M). If M has finite colength, then M is
generated by at least dim(R)+p— 1 elements (see for instance [9, p. 213]). We
denote by e(M) the Buchsbaum-Rim multiplicity of M (we refer to [9], [31, §16]
and [51, §8] for the definition and properties of this notion, which generalizes
the usual notion of multiplicity of ideals). If M admits a generating system
formed by dim(R) 4+ p — 1 elements and M has finite colength, then we say
that M is a parameter submodule.

Lemma 4.1. Let R be a Noetherian Cohen-Macaulay local ming of dimension d.
Let M C RPT! be a submodule generated by d elements, where d —1 > p > 1.
Let I be an ideal of R such that dim R/I = d — p and I is generated by p
elements. Let us suppose that the colength of the ideal 1,41 (M) + I is finite.
Then
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R Rr+1
(omamer) = Gy e ) =< 50
where A denotes the image of M in (R/I)p+1'

Proof. Let S denote the quotient ring R/I. We have the following isomor-
phisms:

Sp+1 Rpt+1

A M+ 190G+
S R

o~ . 56

LA La() 1 (%)

By hypothesis the ideal I,41 (M) + I has finite colength. Hence (56) gives that

I,41(A) has finite colength. In particular, A has finite colength too (see [22,

p. 214] or [51, Theorem 8.30]). Moreover, A is generated by d elements, being

d =p+1+dim(S) — 1. Hence A is a parameter submodule of SP*1. Therefore,
by [22, p. 214] (see also [51, Theorem 8.30]) we have that

Sptt S

e(A) = dlm(c T = dlm(c m,

which shows (54). O

(55)

Corollary 4.2. Let h = (hq,...,hy) : (C",0) — (CP,0) be an 1CIS withn —p >
1 and let I be the ideal of O,, generated by hi,...,hy,. Let f € O, such that
the map (f,h) : (C",0) — (CP*L,0) is also an 1C1S. Then

Ongl & On
D(f,h) + 1o@+) — YO TR T

t1(f, h) = dimg = pu(h) + p(f, ).

(57)

Proof. Since both h and (f, h) are 1C18, the Lé-Greuel formula [33] gives that
the ideal J(f,h) + I has finite colength in O, and this colength is equal to
w(fyh) + p(h). Therefore (57) is a direct application of Lemma 4.1 and the
formula of Lé-Greuel. 0

Let us remark that, as a direct consequence of Corollaries 2.12 (25) and
4.2, we obtain the relation

px (f) = p(f,h) + p(h) = 7(h) (58)

for any f € O, for which pux(f) < oo, where X = h~1(0) and h : (C",0) —
(CP,0) is an 1C1S (see also [36, Theorem 2.2]). This conclusion will also follow
as a consequence of the next result. By Remark 2.14 (b) and Corollary 4.2,
relation (58) remains true by only assuming that sy (f) < oo and (f, h) is an
ICIS.
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Corollary 4.3. Let h : (C",0) — (CP,0) be an 1C1S withn —p > 1, let I =
(hi,...,hy) and let X = h=(0). Let f € O, such that ux(f) < oco. Then
(f,h) is an 1CIS and

dim¢ = dimc

m m +ufih) + p(h) =7(h),  (59)

for any ideal N C I. In particular, we obtain the following expression for

px(f):

px(f) = dime + p(f,h) + p(h) = 7(h). (60)

L
LI(f)
Proof. The condition px(f) < oo implies that the map (f,h) : (C*,0) —
(CP*1)0) is an 1CI8, by [5, Proposition 2.8]. Hence (f,h) is I-consistent, by
Theorem 3.6. Therefore, by Corollary 3.10 and the definition of Tjurina number
of an 1018 (see (4)), we deduce that

On I
dimg ————— =dim¢ ———— + t;(f,h) — 7(h
e TN e Ty T )
) 1
= dimg TIH+N + pu(fh) + p(h) = 7(h) (61)
for any ideal N C I, where we have applied Corollary 4.2 in (61). Hence (59)
follows. The case N = 0 of (59) leads to (60). O

Remark 4.4. (a) Under the conditions of Corollary 4.3, let us denote the
number p(f) + p(f,h) + p(h) — 7(h) by &(f,h). By (53) and (60) we
obtain

. I
px (F) = K1)+ dime s = () > (£,0)
and equality holds when p = 1. That is, the case p = 1 of Corollary 2.12
leads to the formula proven independently in [32, Theorem 1] and [34,
Corollary 4.1].

(b) Let us also remark that if we take p = n—1 in Corollary 4.3, then the map
(f,h) : (C™,0) — (C™,0) becomes a zero-dimensional 1¢1S whose Milnor
number is given by u(f,h) = dime O, /({f) +1) — 1 (see [23, p.261] or
38, p. 78]).

We end this section by relating (60) with the p*-sequence of a given
function germ of O,. Let f : (C™,0) — (C,0) be a function germ with isolated
singularity at the origin. Let p*(f) = (u™(f),...,u(f), 9 (f)) be the
w*-sequence of f defined by Teissier in [50, p.300]. Following the notation
introduced in [5, p.463], given an index i € {1,...,n}, we denote by py) (f)
the minimum value of p g (f) when H varies in the set of linear subspaces of C"
of dimension i. That is, pgo (f) is equal to the value of py(f), for a generic
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i-dimensional linear subspace H C C™. By (60), when i € {0,1,...,n— 1}, we
have

. (h1,y.. .y hp—i)
P =d hy,... hn—i
:LI’H()(f) mc <h17,hn_l>J(f) +lu(f3 1 ) )
b L
= dim + u® 62
e (p) ) (62
for a generic choice of linear forms hq, ..., h,—; € Clzq,...,z,]. We recall that
O (f) =1, by definition.
Given an index ¢ € {0,1,...,n—1}, relation (62) motivates us to consider
the common value of
dime (hiyee oy hni)

<h17 R hn77.>‘](f)

when taking a generic linear map (hy,...,h,_;) : (C*,0) — (C"~¢ 0). This is
an analytic invariant of f, that we will denote by 'y(i)( f). Let m,, denote the
maximal ideal of O,,. We remark that

7 O(f) = dime

FI() = wlf)
where the second relation follows as an application of Lemma 3.13. Hence
ppo-n (f) = u(f) + p=D(f), as already observed in [5, p.464]. Tt is worth
to remark that, in turn, the number u(f) + p(*~V(f) equals the multiplicity
of the Jacobian ideal of f in the ring O, /(f) (see [50, p.322]).

As a direct consequence of (62) we obtain the following result, which links
the numbers ord(f), pga) (f) and v (f).

= dimc 7071 -1

0,0 (7) 0, (7)

Corollary 4.5. Let f € O,, with isolated singularity at the origin. Then
prw (f) =y (f) +ord(f) — 1. (63)

5. The computation of ¢t;(h) in terms of the module ®, ;

Let h = (h1,...,hp) : (C*,0) — (CP,0) be an 1CIs with n —p > 1. Let
X = h71(0). Let us consider the matrix of size (p + 1) X n given by

0 ... 0
oxq Ox .y,
Ohy ., Ohi
ox Oxy
. (64)
dhy  Ohy
oxq Ox .y,
where in the first row we have included the differential operators 6%1’ R 8%'

As remarked in [52, 1.5], it is known that H}, is generated by the minors of
order p + 1 of the above matrix (see also [25, p.231]). Let J denote the ideal
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of O,, generated by hy, ..., h,. We remark that J9" + H;, C ©x. Also by [52,
1.5], the submodule H;, C O is not an invariant of the ideal J (that is, it
depends on the fixed generating system of J), but the image of Hy, in © x /J®"
does not depend on h whenever the components of h generate J. In particular,
the quotient module © x given by

_ @X
Oy = ———
X Hy + Jon

only depends on the ideal J and it is known that Oy is a C-vector space of
dimension equal to the Tjurina number 7(h) (see [52, 3.6], [38, 9.6] or [36,
Proposition 4.6]). We will also deduce that 7(h) = dim¢ ©x in Corollary 5.7,
as a consequence of a series of results developed in a more general context.

Let I be an ideal of O,,. In this section we characterize the number t;(h),
under some conditions, as a measure of how far is 79" + Hj, from 0y, 1 (see also
Proposition 3.3). In order to simplify the notation, we introduce the following
definition.

Definition 5.1. Let h : (C™,0) — (CP,0) be an analytic map germ and let
I be an ideal of O,. We denote by @,I ; the submodule of ©j, ; given by
19" + Hj,. We refer to @,II as the submodule of trivial vector fields of ©p, 1. Let
us remark that it is immediate to prove that ©, ; = {6 € O} : 6(h) € ID(h)}.

If f:(C"0) — (C%0) denotes another analytic map germ, we denote by
Jh-':j(f) the submodule J, ;(f) given by

Jur(f)={8(f): 6 €0y}
Analogous to Remark 2.4 (a), if X denotes an analytic subvariety of
(C™,0) and I(X) is generated by the components of a given analytic map
h':(C",0) — (CP,0), then we denote ©,] ;) also by ©F. Therefore, we also

define the submodule Jy (f) = {0(f):6 € O }.

In the following result we apply the notion of I-consistency to show an
isomorphism of modules. In Corollary 5.7 we will analyse the case where h
is an 1CIS of positive dimension and [ is the ideal of O,, generated by the
component functions of h.

Proposition 5.2. Let h: (C",0) — (CP,0) and f : (C",0) — (C%,0) be analytic
map germs and let I be any ideal of O,. Let us suppose that (f,h) is I-
consistent. The evaluation morphism e : Op 1 — Jy 1(f), given by £(6) = §(f),
for any 6 € Oy, 1, induces the isomorphisms of Oy -modules

On,1 ~ In1(f) ~ T (f) + 199 -
G}L a JhTI(f) B JhTI(f) .

Proof. The evaluation morphism ¢ : ©;, 1 — Jj, 1(f) induces an epimorphism

Jn1(f)
T (f)

IS ®h,l —
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It is immediate to check that
On; Cker(er) =I®" + Hy + Hr N Oy 1. (66)
By Proposition 3.3 we have ©7 ;N Oy, ; = I®" + H; N Hj,. Therefore
I+ Hy+ HyNOpy CI® + Hy+ 0y N0y =1+ H, =0 ;.
Hence ker(e;) = ©,] ; and we obtain the first isomorphism of (65).

Analogously, the evaluation morphism ¢ : Oy — Jp, 1(f) also induces an
epimorphism
Tn1(f) + 1%
T (f) + 1%

whose kernel equals I®" + Hj, +©¢ ;NO), ;. By applying again Proposition 3.3,
we obtain that ker(ez) = @,I ;- Hence the second isomorphism of (65) arises.

O

Eg . 9}1’[ —

Ezample 5.3. Let us consider the function germs f, h € O3 given by f(x,y,2) =
xyz and h(z,y,2) = xyz + 2t + y* + 24, for all (z,y, 2) € C3. Let X = h=1(0)
and let I denote the ideal of O3 generated by h. We have that ux(f) is not
finite (although .y (f) = 50), since f has not isolated singularity at the origin.
However (f,h) : (C3,0) — (C2,0) is an 1c18. Therefore (f,h) is I-consistent,
that is, D(f,h) N I®% = ID(f,h), by Corollary 3.9 (this can be also checked
directly by using Singular [17]). In particular, Proposition 5.2 shows us that
Ox/0% = Jx(f)/Jx(f). Let us remark that, by Corollary 3.9, (f,h) is not
(f)-consistent, since f has not isolated singularity at the origin.

Ezample 5.4. Let h be the function germ of Example 5.3 and let I = (x +
y+2) C Oz. Hence ©4,1/0) 1 = J 1(f)/J,};(f), for any function f € Os for
which (f, h) is I-consistent. We find that the function f of Example 5.3 verifies
that (f,h) is I-consistent, since J(f,h) + I has finite colength (see Theorem
3.6).

The remaining section is devoted to compute the length of the quotient
module Gh,f/@hTJ.

Corollary 5.5. Let h: (C",0) — (CP,0) be an 1C1S withn —p > 1. Let I be an

ideal of O,, generated by a regular sequence Ai,..., A, of O,. Let us suppose
that the module D(h) + I®P has finite colength in OF. Then
J] 1
dimg 2t T tr(h) (67)

ol T
T (f)+1
for any function germ f € O, such that J(f,h) + I has finite colength. If,

moreover, we assume that (f, h) is I-consistent, then

I
Jh#(f) — dimg Jh%l(f) +1
Ji(f) S (f)+1

On,1
T
On1

dimc = dimc t](h). (68)
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Proof. Let f € O, such that J(f,h) + I has finite colength. Since h is an
ICIs with n — p > 1, the module Hj is generated by the minors of order
p+ 1 of the matrix given in (64) (see [25, p.231] or [52, 1.5]). Thus J}Il(f) =
J(f,h) + IJ(f). Hence, the following equalities hold:

O, O, , op+l

R |
CIT w1 I 1 D R + 180D

dim (69)

where the second equality comes as a direct application of Lemma 4.1, that is,
from the fact that the image of D(f,h) in (O, /I)P is a parameter submodule
of (0,,/I)P. Let us observe that

Jna(f) +1 On . On

dimeg —=—4—— = dim — dim
ARG Y AR LT A eS|
O,
= dimc
J}II(f) +1
Or+1 or
— | di n —dime ————
< D )+ 1o T T DRy + I@p) (70)
4 or
D) k1 (71)

where (70) is a direct application of (7) and we have applied relation (69) to
obtain (71). That is, we conclude

. Ina(f)+1 — dime
T (f)+1

Thus relation (67) follows. If, in addition, we assume that (f, h) is I-consistent,
then we can join (72) with the isomorphisms provided by Proposition 5.2 to
obtain (68). O

op

dim D) + 167

=tr(h). (72)

Example 5.6. Let us consider the functions &, f € Og given in Example 3.7.
That is, f = yz and h = 2y + z*. As explained in Example 3.7, (f, k) is not an
1CIS but (f, h) is I-consistent, for any proper principal ideal I of O3 for which
J(f,h) + I has finite colength. By Corollary 5.5, relation (68) holds for such
ideals I. For instance, if I = (2% + 5?), we have

On,1 Jn.1(f) — dime Jn1(f)+1
On; I (f) Ty (f)+1

Let us remark that, if we take I = (h), then the ideal J(f, h)+ I has not finite
colength. Moreover Jx (f) = Jy (f), so equality (67) does not hold in this case,
since 7(h) = u(h) = 3.

dimc = dimc = t[(h) =3. (73)

As an immediate consequence of Corollary 3.9 and Corollary 5.5, we
obtain the following characterization of Tjurina numbers of 1CISs.
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Corollary 5.7. Let h : (C",0) — (CP,0) be an 1C1S withn —p > 1, let I =
(hi,...,hy) and let X = h='(0). Then

me JIx (f)
JX(f)

for all f € O, such that (f,h): (C",0) — (CPT1 0) is an 1CIS.

Ix(f)+1

Ox B
7 NG EYE

di — =di
img ol i

= dim

7(h) (74)

Proof. Let f € O, for which the map (f,h) : (C",0) — (CP*1,0) is an 1CIS
(for instance, the function f can be taken as a generic linear form). Since we
assume that h is an 1C18, then (f, h) is I-consistent and J(f,h) + I has finite
colength, by Corollary 3.9. Hence (74) follows from Corollary 5.5. O

Ezample 5.8. Let us consider the setup of Example 5.3. Although px (f) is not
finite, the map (f,h) : (C3,0) — (C2,0) is an 1c1S. So we can apply Corollary
5.7 to obtain that

Jx(f)
I (f)

—dime XL gy g

. Ox .
dim, = dim
- - NOEY

of
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