Document downloaded from:

http://hdl.handle.net/10251/103256
This paper must be cited as:

Bayart, F.; Defant, A.; Frerick, L.; Maestre, M.; Sevilla Peris, P. (2017). Multipliers of Dirichlet
series and monomial series expansions of holomorphic functions in infinitely many variables.
Mathematische Annalen. 368(1-2):837-876. doi:10.1007/s00208-016-1511-1

The final publication is available at

https://doi.org/10.1007/s00208-016-1511-1

Copyright - gpringer-Verlag

Additional Information



Multipliers of Dirichlet series and monomial
series expansions of holomorphic functions
in infinitely many variables

Frédéric Bayart *  Andreas Defant’  Leonhard Frerick
Manuel Maestre® Pablo Sevilla-Peris *

Abstract

Let #, be the set of all ordinary Dirichlet series D = }_,, a,n~° represent-
ing bounded holomorphic functions on the right half plane. A multiplica-
tive sequence (b,) of complex numbers is said to be an ¢;-multiplier for
JC» Whenever Y, |a, by, | < oo for every D € #,,. We study the problem
of describing such sequences (b;) in terms of the asymptotic decay of the
subsequence (b),), where p; denotes the jth prime number. Given a mul-
tiplicative sequence b = (b;;) we prove (among other results): b is an ¢;-
multiplier for # provided |b),;| <1 for all j and Hn@ 7:1 b;}z, <1,
and conversely, if b is an ¢;-multiplier for ./, then Ibpj | <1forall jand
ﬁn@ ;?:1 b;‘,}? < 1 (here b* stands for the decreasing rearrangement
of b). Following an ingenious idea of Harald Bohr it turns out that this
problem is intimately related with the question of characterizing those
sequences z in the infinite dimensional polydisk D*° (the open unit ball
of /) for which every bounded and holomorphic function f on D* has
an absolutely convergent monomial series expansion }_, %z“. More-
over, we study analogous problems in Hardy spaces of Dirichlet series and
Hardy spaces of functions on the infinite dimensional polytorus T.
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1 Introduction

Recall from [11] that the precise asymptotic order of the Sidon constant of all
finite Dirichlet polynomials Zf}[zl a,n~?’ is given by

N
2 =1 lanl VN
Sup N oot 1 -
a1,eaneC SUPser | Ty ann ™| 5 (1+0)y/logNloglogN

This result has its origin in fundamental works of Hilbert [21], Bohr [6], Toeplitz
[28] and Bohnenblust-Hille [5], and it is the final outcome of a long series of re-
sults, beginning with the papers [25] of Queffélec and [23] of Konyagin-Queffélec
which were later followed by [10] and [11]; for a complete presentation of the
proof see the recent monograph [26].

As usual we denote by #,, the vector space of all ordinary Dirichlet se-
ries ), a,n”° representing bounded holomorphic functions on the right half
plane (which together with the sup norm forms a Banach space). Applying
to dyadic blocks, it was proved in [11] (completing earlier results from [2]) that
the supremum over all ¢ > 0 for which

(1)

o) ec\/lognloglogn
Zlan|—1<oo for all Zann_seifoo 2)
n=1 nz n
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equals 1/v/2. In other terms, all sequences
(b,,) = (e(llx/i—e) lognloglognn—I/Z)’ O<e<1/V2

are /,-multipliers of .#, in the sense that

|anbpl <oco forall Y a,n~* e . 3)
n

n=1

Recall that a sequence (b,,) is said to be (completely) multiplicative whenever
bum = b, by, for all n, m, and obviously shows that the sequence (1/v/n) is
a multiplicative ¢;-multiplier of #,. Clearly, there are more such multiplica-
tive ¢1-multipliers of /. For example, it will turn out that all multiplicative
sequences (b,) with |b,| < 1 for all n and such that bp]. = 0 for all but finitely
many j have this property; here as usual p = (p;) = {2,3,5...} stands for the
sequence of primes.

In this article we intend to study the problem of describing all multiplicative
¢1-multipliers (b,,) of #, in terms of the asymptotic decay of the subsequence
(by.).

pJSurprisingly, this question is intimately related with the following natural
problem: Do C-valued holomorphic functions on the infinite dimensional poly-
disk B,_ (the open unit ball of the Banach space ¢, of all bounded scalar se-
quences), like in finite dimensions, have a reasonable monomial series expan-
sion?

The crucial link is due to a brillant observation of Harald Bohr from [6]
which we explain now: Denote by ‘B3 the vector space of all formal power se-
ries ), co2%, and by © the vector space of all Dirichlet series }_ a,n™°. By the
fundamental theorem of arithmetic each n € N has a unique prime decomposi-
tion n=p%=p*-- p,‘:k with a multiindex a € I\Ig\') (i.e., a is a finite sequences
of elements ay € Ny). Then the so-called Bohr transform ‘5 is a linear algebra
homomorphism:

)

B:P—, ¥ SN)caz“wZ‘;f:lann with ape = cq. 4)

aeN
Hilbert in [21] was among the very first who started a systematic study of the
concept of analyticity for functions in infinitely many variables. According to
Hilbert, an analytic function in infinitely many variables is a C-valued func-
tion defined on the infinite dimensional polydisk B,_ (see above) which has a
pointwise convergent monomial series expansion:

f@= ) caz®, z€By,,. (5)

(N)
aeN,



In [21] (see also [20, p. 65]) he gave the following criterion for a formal power

series ), ¢, 2% to generate such a function (i.e., to converge absolutely at each

point of B,_): Every k-dimensional section ¥, coz® of the series is point-
0

wise convergent on D*, and moreover

<00. (6)

sup sup‘ Y cqz®

keN zepk aeNk

But this criterion is not correct as was later discovered by Toeplitz (see below
(@)). Why?

Today a holomorphic function f : B, — C is nothing but a Fréchet dif-
ferentiable function f : B, — C. As usual the Banach space of all bounded
holomorphic f: By, — C endowed with the supremum norm will be denoted
by Hx(By, ). Important examples of such functions are bounded m-homo-
geneous polynomials P : /o, — C, restrictions of bounded m-linear forms on
loo % -+ - x U to the diagonal. The vector space ("¢ ;) of all such P together
with the norm || P|| = sup.p o |P(z)| forms a closed subspace of Hy,(B_).

From the theory in finitely many variables it is well known that every holo-
morphic C-valued mapping f on the k-dimensional polydisk D* has a mono-
mial series expansion which converges to f at every point of D¥. More pre-

cisely, for every such f there is a unique family (cq (f)) aenk in C such that f(z) =

> aenik Cal f)z% for every z € DX. The coefficients can be calculated through the
Cauchy integral formula or partial derivatives: For each 0 < r <1 and each a

0% f(0) 1 f f(2)
«(f) = = dzy...dzj. 7
ca(f) i S ) z1...dzy @)

a! Zil=r Za+1

Clearly, every holomorphic function f : B, — C, whenever restricted to a finite
dimensional section D¥ = D* x {0}, has an everywhere convergent power series
expansion Zae,\,g cka) (f)z%, z € D*. And from (7) we see that cc(xk) (f) = c((xk“) (f)

«~ in C such

for a € N¥ < NE*1. Thus again there is a unique family (cq(f))
0

aeN

that at least for all k € N and all z € D¥

f@= Y calN2".

(N)
aeN,

This power series is called the monomial series expansion of f, and ¢4 = cq(f)
are its monomial coefficients; by definition they satisfy (7) whenever a € I\IéC .
At first one could expect that each f € Hy(By, ) has a monomial series ex-
pansion which again converges at every point and represents the function. But
this is not the case: Just take a non-zero functional on ¢, that is 0 on ¢y (the



space of null sequences); by definition, its monomial series expansion is 0 and
clearly does not represent the function. Moreover, since such a functional ob-
viously satisfies (6), although it is not analytic (in Hilbert’s sense), the criterion
of Hilbert turns out to be false.

In order to avoid this example one could now try with the open unit ball
B, of ¢y instead of B, . But Hilbert’s criterion remains false: Note first that
a simple extension argument (see e.g. [12, Lemma 2.2]) allows to identify all
formal power series satisfying (6) with all bounded holomorphic functions on
B.,; more precisely, each f € Hy(B.) has a monomial series expansion as in
(), and conversely each power series satisfying (6) gives rise to a unique f €
Hyo(B,) for which ¢ = ¢o(f) for all a.

But then (6) does not imply (5) since by an example of Toeplitz from [28]
there is a 2-homogeneous bounded polynomial P on ¢y such that

Ve>0Ax€lyre: ) lca(P)x?| = oc0. 8)
a

This means that there are functions f € Hy(B,) that cannot be pointwise de-
scribed by their monomial series expansions as in which, at least at first
glance, seems disillusioning. Indeed, this fact in infinite dimensions produces
a sort of dilemma: There is no way to develop a complex analysis of functions
in infinitely many variables which simultaneously handles phenomena on dif-
ferentiability and analyticity (as it happens in finite dimensions).

One of the main advances of this article is to give an almost complete de-
scription of what we call the set of monomial convergence of all bounded holo-
morphic functions on the open unit ball B, of /:

monHoo(Bgoo):{zeBgoo|Vf€Hoo(Bgoo):f(z): y ca(f)z“}. )

aeNgY
We recall that the decreasing rearrangement of z € ¢, is given by

z, =inf{ sup |z;| | JeN, card(J) < n},
jeNVJ

and use it to define the set

B={zeB, | b2)= (hgisup@ Z:lz’fZ)llz al 0
oo j=

Then our main result on sets of monomial convergence is Theorem that
shows

B < monH,(By ) < B. (11)



As we intend to indicate in the following sections, this result has a long list
of forerunners (due to various authors, see e.g. [5, 6} 7, 8, 14} 20, 21} 28]). In
(17, (18), @op, 1), as well as (49),(50), (52), it will become clear that
mon Hy, (B, ) was known to be very close to £, N B,_ . But adds a new level
of precision that enables us to extract much more precise information from
monomial convergence of holomorphic functions on the infinite dimensional
polydisk than before.

This in particular becomes clear if we finally return to the beginning of this
introduction —let us return to the description of all multiplicative ¢;-multipliers
of #,, using Bohr’s transform from (4). The following fact, essentially due to
Bohr [6] and later rediscovered in [18, Lemma 2.3 and Theorem 3.1], is essen-
tial: The Bohr transform ‘B induces an isometric algebra isomorphism from
Hu(Be,) onto A,

Hoo(Bgy) = Ho- (12)

This identification in fact allows to identify the multiplicative ¢, -multipliers of
oo With the elements in mon H (B, ): Given a multiplicative sequence (b;,) €
CN, we have that

(by) is an ¢1-multiplier for #, < (bp,) € mon Hy(By_ ).
Observe that this way we may deduce from (2) that the sequence
(1/y/px) € mon Hoo(By,); (13)

this seems to be the first non-trivial example which distinguishes mon Hy, (B, )
from ¢, N B,_ . But note that this can also be seen using ; indeed, isa
very particular case of the formulation of given in Section 4 below.

Our main result is an almost complete characterization of all multiplicative
¢1-multipliers for A, (recall for the definition of b(-)): For all multiplica-
tive sequences (b,,) € CN we have that

* (by) is an ¢1-multiplier for A, provided we have that |b,, <1 for all j
and b((bpj)) <1, and conversely,

* if (by) is £,-multiplier for #, then |by,| <1 forall j and b((b,,)) <1.

In Section 3 we extend our concept on sets of monomial convergence to H),-
functions defined on the infinite dimension torus T (see for the precise
definition); here T denotes the torus (the unit circle of C) and T* the infinite di-
mensional polytorus (the countable cartesian product of T). The Banach space
Hu(Bg,) can be isometrically identified with the Banach space Hy,(T*) of all



Loo-functions f : T® — C with Fourier coefficients f(a) = 0 for & € Z™M \N{¥;
this was proved in [8] (see also Proposition. For 1 < p < oo we define

HyT®) = {feL,@)|f@=0, vacz™ N}

mon H,(T™) = {zeC"| Y |f(@z" <coforall f € H,(T¥)}.

Then it is not hard to see that mon Hu,(T*°) = mon Hy(By_ ), but in contrast to

we have

mon H,(T*) =¢>,n By, forall 1<p<oo.

This way we extend and complement results of Cole and Gamelin from [8]. Fi-
nally, in Section 4 we use Bohr’s vision from (4) to interpret all these results on
sets of monomial convergence of Hy-functions in terms of multiplicative ¢, -
multipliers for #,-Dirichlet series (as was already described above for the case
p =00).

2 Monomial expansion of H.-functions in infinitely
many variables

Our definition of sets of monomial convergence (9) has its roots in Bohr’s semi-
nal article [6], and the first systematic study of such sets was undertaken in [14].
Recall from the introduction that

monHoo(Bgoo):{zeBgoo|Vf€Hoo(Bgoo):f(z): Y ca(f)z“},

(N)
aeN

and define similarly for me N

MONP (" log) ={2€ oo |[VPE P (M) : PD)= Y. calP)2"}.

(N)
aeNO

Since we here consider functions f defined on B,_ as well as polynomials P de-
fined on ¢, we clearly cannot avoid to define the preceding two sets as subsets
of By and ¢, respectively. Nevertheless we can give two slight reformulations
which will be of particular importance when we translate our forthcoming re-
sults into terms of multipliers for Dirichlet series:

mon Hoo(Br,) = {2 CV |V f € Ho(Br): Y. |ca(P2%| <o} (19)

(N)
aeN,



mon@(mzoo):{ze@MVPe@(mzoo): y |ca(P)z“|<oo} (15)

(N)

aeNO

The argument for these two equalities is short: Denote the set in by U, and
that in by V. For z € U it was shown in [14] p.29-30] that z € ¢y. Then an
obvious continuity argument gives the equality in (I5). Take now z € V c U.
Considering bounded holomorphic functions on the open disk D, we see im-
mediately that | z,| < 1 for all n. The equality in again follows by continuity.
In the above definitions we may replace ¢, by c¢y. Davie and Gamelin showed
in [9, Theorem 5] that every function in Hu,(B,) can be extended to a function
in Hy (B, ) with the same norm. Using this it was shown in [14, Remark 6.4]
that we in fact have

mon Hy,(By,) = mon Hyo(Bg,) and mon2? (") = mon2("cy). (16)

Let us collect some more basic facts on sets of monomial convergence which
in the following will be used without further reference:

 If ze mon Hy(By, ), then every permutation of z is again in mon H, (B );
this was proved in [13, p. 550].

* We know from [14, p. 29-30] that mon Hy(B,_ ) < ¢o. Hence, provided
z € mon Hy,(By, ) does not have a finite support, there exists a bijection
from N onto the support of z such that z* = (|z5(;|). This implies that
zemon Hy,(By, ) if and only if z* € mon Hy(By,_ ) .

* Let z € monHy(By, ) and x = (x,), € By, such that |x,| < |z,| for all
but finitely many n’s. Then x € mon Hy(By_); this result is from [13,
Lemma 2] and was inspired by [6}, Satz VI] (see also Lemma[3.7).

e Similar results hold for mon 22 ("¢ ).

What was so far known on sets of monomial convergence? Bohr [6] proved
{>N By, cmonHy(By, ), (17)
and Bohnenblust-Hille in [5]

l 2m cmon?("l). (18)

-1

Moreover, these two results in a certain sense are optimal; to see this define

M :=sup{l < p<oo|l,nB,, cmonHs(B)}, 9)
Mpy:=sup{l<p 500|€p cmon ("0} for meN.

8



These are two quantities which measure the size of both sets of convergence in
terms of the largest possible slices £, N By included in them. The definition of
M (at least implicitly) appears in [6], and of course gives that M = 2. The
idea of graduating M through M, appears first in Toeplitz’ article [28]; clearly
the estimate M, < 4 is a reformulation of (8). After Bohr’s paper [6] the intensive
search for the exact value of M and M,, was not succesful for more then 15
years. The final answer was given by Bohnenblust and Hille in [5], who were

able to prove that
2m 1

M, =—— and M=-. (20)
m-—1 2

Their original proofs of the upper bounds are clever and ingenious. Using mod-

ern techniques of probabilistic nature, different from the original ones, they

were improved in [14, Example 4.9 and Example 4.6]:

¢, N By, cmonHy(By,) < [ Cose, (21)

e>0

and

monZ (") fz_rfl (22)

,00 °

Recall that for 1 < g < oo the Marcinkiewicz space ¢, consists of those se-
quences z for which sup,, z n'/9 < oo (and this supremum defines the norm of
this Banach space). Clearly, ¢4, < ¢o.

2.1 Statement of the results

We already mentioned in that the left inclusion in is strict. The aim
of this section is to show that our two sets of monomial convergence can be
‘squeezed’ in a much more drastic way. Our first theorem gives a complete de-
scription of mon 22("¢,) and extends all results on this set mentioned so far.

Theorem 2.1. Let m e N. Then

monP("ly) =1 >

m-1° "’
and moreover there exists a constant C > 0 such that for every z € ¢ 2m oy and
every P e 22("{ ) we have
Y. lca(P)z¥I < C™zI™IIPII. (23)

lal=m

where || z|| denotes the norm of z in € a2m_ .
m—1’



In view of Bohr’s transform 3 from (4) this theorem can be seen as a sort of
polynomial counterpart of a recent result on m- homogeneous Dirichlet series.
A Dirichlet series )" a,n~* is called m-homogeneous whenever a,, = 0 for every
Q(n) # m; following standard notation, for each n € N we write Q(n) = |a|if n=
p? (this counts the prime divisors of n, according to their multiplicity). By A
we denote the closed subspace of all m-homogeneous Dirichlet series in the
Banach space .#,. Then the restriction of the isometric algebra isomorphism
B : Hy(Bg,) — Hoo from defines an isometric and linear bijection:

P(Mco) = FOT. (24)

The following estimate due to Balasubramanian, Calado and Queffélec [2, The-
orem 1.4] is a homogeneous counterpart of and of Theorem For each
m = 1 there exists C,, > 0 such that for every }_a,n™* € /2 we have

2 ann'!

n

I
ZI nl(ogn) < Cpusup : (25)

nam teR

and the parameter “2-! is optimal by [24, Theorem 3.1] (here, in contrast to (23),
it seems unknown whether the constant C,, is subexponential).

At least philosophically holomorphic functions can be viewed as polynomi-
als of degree m = oo. Hence it is not surprising that the complete character-
ization of mon (" ¢,) from Theorem improves and even the highly
non-trivial fact from (13): With

fzyo = {ZE o | li’rlnz;‘l\/ﬁ:O}

we have
l2nBy % lr0NBy, cmonHy (B ); (26)

note that by the prime number theorem (p;,'/?) € £, 9N B, while this sequence

does not belong to ¢,. We sketch the proof of (26): Since
B[goo < ﬂ Bfim ’

meN ~ m-T'%
by (23) and [14} Theorem 5.1] there exists an r > 0 such that we have rBy,
mon Ho(By_ ). Then we conclude that \/_) € mon Hy, (B, ) which easily gives

that z* € mon Hy (B, ) for every z € £, 0N B,_ . By the general remarks on mon
from the beginning of this section this completes the proof of (26).

Improving considerably, the following theorem is our main result on
monomial convergence of bounded holomorphic functions on the infinite di-
mensional polydisk. It can be seen as the power series counterpart of (), and in
Section[4we will see that it gives far reaching information on the general theory
of Dirichlet series.

10



Theorem 2.2. Foreach z € By_, the following two statements hold:

1
(@) If limsupl—

n
z*% <1, then ze€ mon Hy (By, ).
n—oo 108N ;=) Y

n

Z z;fz <1;
j=1
moreover, here the converse implication is false.

1
(b) Ifze mon Hy(By_ ), then limsup
n—oco logn

In the remaining part of this section, we prove Theorems[2.1]and[2.2] To do
so, we need some more notation: Given k, m € N we consider the following sets
of indices

'/%(m)k):{j:(jly---)jm) | lsj]_)---)jmsk}:{ly---)k}m
Fmk)={jed(mk)|1<sji<---<jn=<k}

A(mvk):{a€N§||a|:ac1+--.+ak:m}'

An equivalence relation is defined in .# (m, k) as follows: i ~ j if there is a per-
mutation o such that i) = j, for all r. We write [i| for the cardinality of the
equivalence class [i]. For each i€ .#(m, k) there is a unique j € _#(m, k) such
that i ~ j. On the other hand, there is a one-to-one relation between _# (m, k)
and A(m, k): Given j, one can define a by doing a, = |{q| j; = r}|; conversely,
for each a, we consider j, = (1,%,1,2,%2,2,..., k, %k, k). Note that |j,| = %' for
every a € A(m, k). Taking this correspondence into account, the monomial se-
ries expansion of a polynomial P € ("¢ ) can be expressed in different ways
(we write ¢ = cq(P))

Y caz®= ) gz = ) Citejm@i """ Zjm -

aeA(m,k) je_#(m,k) 1<j1<...<jm=<k

2.2 Tools

The proof of Theorem [2.1] and Theorem [2.2}-(a) share some similarities. They
need several lemmas. The first one is a Khinchine-Steinhaus type inequality
for m-homogeneous polynomials on the n-dimensional torus T" (see [3] and
also [29]). Following [27] and [30] m, and m will denote the product of the nor-
malized Lebesgue measure respectively on T” and T* (i.e. the unique rotation
invariant Haar measures).

Lemma 2.3. Let1 <r < s<oo. Then for every m-homogeneous polynomial P €
P("MC") we have

1/ m 1/
(f |Pa)[*dmyw) < \/E (f |Pw)|"dmy(w) .
™" r ™"

11



The second lemma needed for the proof of Lemma[2.5]is the following hyper-
contractive Bohnenblust-Hille inequality for m-homogeneous polynomials on
the n-dimensional torus. This was recently shown in [4], improving a result
from [11].

Lemma 2.4. For everyx > 1 there is a constant C(x) > 0 such that for every m-
homogeneous polynomial P = ¥ 4=, o 2%, z € C" we have

m+1
2m

( y |ca|%) < CaK™|P|.
aeA(m,n)

We are now ready to give the main technical tool.

Lemma 2.5. For everyx > 1 and p € N there is a constant C(x, p) > 0 such that
foreverym = p and P € 22(" () with coefficients (cj);, we have

5 p+1
. pil
%50 | 2P
2 "
2 > leapl <Clx,p) |1+ =|| 1PI.
je Z(p,n) | ie_#(m—p,n) p
im_ijl
Proof. Let us start by denoting
1
215

2
H:=| } Y el
j€e.#(p,n) | i€ #(m-p,n)

im_ijl

Let L be the symmetric m-linear form associated to P, whose coefficients a;, . ;,,
L(e;,,...,e;,) satisfy, forie ¢ (m,n),

Ci
ai=—.
Yl
We fixj€ _#(p, n), and note that foranyi€ _¢(m - p,n)

|Gl =mim—-1)---(m—p+1Iil.

Then

2 s (2 2 2 2 2
Yoo eyl = Yo AGPFlagpl® = mP Y lillagyl®.
i€ #(m-p,n) i€ #(m—-p,n) i€ #(m-p,n)
l'mfijl

12



We now apply Lemmav\nth the exponent 7 to the (m — p)-homogeneous
polynomial z— L(z,...,z,ej,.. ,e]p) to get

2 2 1)\™

Z |C(i,j)| <=m*-P (1 + —)

i€ #(m-p,n) p
im—psjl

2, o
. p+
X(f‘ Y llagywi-wi,., dmn(w))

T" Yie_g(m-p,n)
We then sum over j € _# (p, n). This yields
2p @p)? 1\ p1 2p
HPT < m2p+D (1+—) xf Y |Lw,...,wej,....e;)| 7T dmy(w).
p T je s (p.n)

For each fixed w € T" we apply Lemma[2.4lwith 1 < k¢ < « to the p-homogeneous
polynomial z — L(w,...,w, z,...,2):

2p
2p ep? 1 mxpa 2p
Hr+1 < C(kg)m2p+D 1+; Ko sup |L(w,...,w,z,...,z2)|r+!
w,zeT"
2p
p? mx4a p

p2p
< C' (ko) m2»+D mp+1|| Pl r+1,

o5

where in the last estimate we have used an inequality from Harris [17, Theo-
rem 1].

O

2.3 Proof of Theorem 2.1-Hower inclusion

Letzel 2m , so that sup,, z,n T = = ||z|| < co. Let us fix n = 1 and let us con-

sider P € @(mﬂ " ) with coefficients (¢)j- Using the Cauchy-Schwarz inequality,
we may write

* * * *
Z Ic]-lzj < sz Z |C(]',i)|zi1"'zim,1

j€ g (m,n) j=1 7 i <e<ip<j

1/2 172
* 2 *2 *2
= sz( > el ) ( Z Fi T R |
lls.--

j=1 1< <ip-1=j Sim-1=]
Now,
2(m-1)
*2 *2 ”'Z”
Xz By = )3 m1l mele
1< <im-1<j i1$~--Sim_15ji mo...pom
1 m—1

13



For k< m and u < v, we have

1 v m
Y - s[ kdu:—vk/m.
usv ul_% 0 ul_ﬁ k

By applying the above inequality for k= 1,...,m — 1, an easy induction yields

, , J im-1 io || z||2(m=D
* *
Z le ...Zim71 S Z Z et Z l_l l_i I_L
i1<<ip-1=<j im—1=lim-2=1 ilzli mi2 ml ’il
im-1 i3 ”lez(m l)m
. x ¥y
im-1=1lim-2=1 lgll m13 ml _’il
<
2(m-1) o
= |zl —j
(m 1)'
< em—1”Z”2(m 1)] m .
We then deduce that
1/2
e m-l m 2 m m
Y lglg < el _Z(. )3 .|c(],l)|) <C™lzI™ Pl
j€_#(m,n) J=l\i1=<ipm1=j

where the conclusion comes from Lemma[2.5|with p = 1. This shows that z* €
monZ? ("¢ ), and hence the conclusion follows by the general properties of
sets of monomial convergence (given at the beginning of this section).

2.4 Proof of Theorem[2.2-lower inclusion

The proof of Theorem[2.2}-(a) is technically more demanding and needs further
lemmas.

Lemma2.6. Letn=1,p>1andp >0, andtake0<r;<p fori=1,...,n. Then
for any sequence (¢i)icy,,.,, #(mn Of nonnegative real numbers we have

p-1
by 4 221
1/2\ 51
00 J 1
Z Z ciril...rims Z rjl---rjp H—2
m=pie_¢(m,n) je Z(p,n) =171 _ (%)
1
IR
27 p+

2(m-p) .2
jeZ(p,n) | mzpie _g(m-p,n)
im—psjl
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Proof. We begin by writing

00
Z Z Cil'iy ... Ti,

m=pie_¢(m,n)
— (m—p) —(m-p)
= Y rier 2 2 P Peapp™ " Py,
j€Z(p,n) mzpie_¢(m-p,n)
imfpijl

We apply the Cauchy-Schwarz inequality (inside) to get:

1/2

[e.0]
YooY Gy, s ). iy Tj, Y Y pZ(m_p)C(Zi,j)

m=pie_¢(m,n) j€#Z(p,n) mzpie ¢ (m-p,n)
im—psjl
1/2
sy —2(m-p)
X i rim_pp
mzpie ¢(m-p,n)
im—psjl
1/2
J1 1
= 2 nirplll——s
je.# (p.n) =171 — (%)
1/2

2(m—-p) .2

<[ X > P Cij)
m=pie ¢ (m-p,n)
im—psjl

We conclude by applying Holder’s inequality with the couple of conjugate ex-
2p 2p

ponents =5 and o1 O

The strategy now will be to bound each factor in the preceding lemma. The first

factor will be controlled by the condition given in Theorem

Lemma 2.7. Fix p>1,0<a < p, and let (r,) nen be a nonincreasing sequence of
nonnegative real numbers satisfying, foralln =1,

{ m < p
1 2 2 2
log(n+1)(r1+"'+rn) < a“.
Then the sequence
1/2 %
1 1
Z Fjn Ty l_[ 2
je.#(p,n) I=11— (ﬂ)
o



is bounded.

Proof. It is enough to prove that

P

) p-1
2r | 1 1 2p
1

1=1 =17 - (El) h=je=<jp

is finite. We first consider the last sum. Because (r,), is nonincreasing, it is
plain that, for any n > 1, r, < ay/log(n+1)/y/n. We will use that there is a
constant Aj, =1 such for all @ € N we have

_P_
-1

p
(log(k+ 1)) 1+ (loga)r!
- <Ap =

k=a kr-1 ar1

This implies for every j;

2 2p
2 Uprer)PTs ) (rjyer) o
lejZS'“Sjp j2v"'rjp2jl
© (ogtk+1)7 1) (1+0ogj71)""" 1+ (ogjp)?
<<(Z —p) < g < o
k=j fer1 1 J1

where the constant in the last inequality only depends on a and p. Further-
more,
jl 1 jl r2
H—r 5 :exp(—Zlog(l—p—lz)) .
I=11-(2 =1
1-(3)

Let £ > 0 be such that a?(1 +£) < p?. Since (r,,), goes to zero, there exists some
A> 0 such that

Jj1 rlz J1 rl2 aZ
—ZIOg(l_ﬁ SA+(1+£)Z‘?SA+(1+£)?IOgj1

=1 =1

for any j; = 1 (use again that limy_.g w =1). This yields

1
.0
—
n 2 ]1
o
for some 6 < 1. Hence,

_pP_
(log(j1 + 1) P 1 (1 +logj1)?

H<« 5
1+(1—6)m

Jizl (Jju)
The last sum is convergent and this completes the proof. O
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Finally, we are ready to give the

Proof of Theorem[2.2-(d). Take z € B,_ such that

1 n
A:=limsu z¥% <1,
I’L—>oop lognj;1 J

We write for simplicity r,, for z;, and we are going to show that r € mon Hu,(By,)
(see the preliminaries of this section). Choose A < @ < p < 1. Moreover, we
know that changing a finite number of terms does not change the property
r € mon Hy,(By_ ) (see again the preliminaries), hence we may assume that for
aln=1

m < p

1 2 2 2
{log(n+l)(r1+"'+rn) s an.

Now we choose p > 1 and « > 1 such that xp (1 + %) < 1, and consider for each
fixed f € Hy (B, ) and for each n the decomposition

p-1 00
Z |Ca|ra: Z Z chlrjl...rjm+ Z Z Icilrjl...rjm.

aeN”" m=1 je_#(m,n) m=p je_#(m,n)

Since
re ly  forall k,
k-1’

we deduce from Theorem [2.1] (here in fact only the weaker version from
is needed) that the first summand is bounded by a constant independent of n.
Moreover, by Lemmas 2.6/ and the second summand can be majorized as
follows:

oy o 2L
b2
o 2 2
m
> X Iglmer,<| X [ X X pMeapl
m=p je #(m,n) je #Z(p,n) | m=pie_¢(m-p,n)
im—psjl

Now observe that we have || P, || < || f|l for all m, where P, denotes the unique
m-homogeneous polynomial from the Taylor series expansion f =} ,,50 Pm.
Hence we obtain from the fact that the ¢;-norm dominates the £,-norm, Min-

17



kowki’s inequality and Lemma 2.5 that

o0
YooY g, Y X > pMeapl?

m=p je_#(m,n) je£(p,n) | mzp|ic_g(m-p,n)
im_psjl
p_+1
%x% 2p
2
=2 X Y lcg,pl
mzp je 2 (p,n) \ie Z(m-p,n)im_p<h
1 m
=) |p 1+—)1< I£1l.
m=p p
This completes the proof. O

2.5 The probabilistic device

The upper inclusions in Theorem[2.1]and Theorem[2.2]are based on the follow-
ing probabilistic device known as the Kahane-Salem-Zygmund inequality (see
e.g. [22, Chapter 6, Theorem 4]): There is a universal constant Cksz > 0 such
that for any m, n and any family (a,)aea(m,n) 0f complex numbers there exists
a choice of signs ¢, = +1 for which

sup| . eaaaz“‘ < Cksz \/nlogmz lag|?. 27)
a

zeD™ " e A(m,n)

Let us start with the proof of the upper inclusion of Theorem As we have
already mentioned earlier (see (22)), this result is from [14], where it appears
as a special case of a more general result proved through more sophisticated
probabilistic argument. For the sake of completeness we here prefer to give a
direct argument based on (27).

Proof of the upper inclusion in Theorem[2.]] Take z € mon2("{,). We show
that the decreasing rearrangement r = z* € ¢ 2m o Since r e mon("{ ), a
straightforward closed graph argument (see also [14, Lemma 4.1]) shows that

there is a constant C(z) > 0 such that for every Q € (" ¢,) we have

Y lea@rf = C@1QI. (28)

(N)
ael\lo

18



By for each n there are signs €, = £1, a € A(m, n) such that the m-homogeneous

polynomial
m!

Pw= ) ea—'u“, uec”
aeA(m,n) a.
satisfies
2
IP| < Cksz, [nlogm ) |ca(P)|". (29)
aeA(m,n)
But by the multinomial formula we have
2 m!\2 m! m
Y le®= Y () =m Y —=mnm
a! al
acA(m,n) ae/A(m,n) ae/A(m,n)

and hence we conclude from and (and another application of the
multinomial formula) that

3 " m' m+1
(};rj) = ) EraSC(Z)CKSZ\/WgWI’LZ,

aeA(m,n)

Finally, this shows that for all » we have

1 n 1 m+1_1 ]-
rp<— E rj < C(z) Cxsz(m!logm)m n'zm L
n“
j=1 "

the conclusion. O
A similar argument leads to the

Proof of the upper inclusion in Theorem[2.2 Let us fix some z € mon Hy(By,_ ).
Then z € B;, and without loss of generality we may assume that r = z is non-
increasing. Again a closed graph argument assures that there is C(z) > 0 such
that for every f € Hy(By_ )

Y lea(NIr*=C@)| f|-
a

For each m,n and a, = r%, a € A(m, n) we choose signs ¢, according to (27),
and define f(u) = Y ger(n.n €a7u%, u e D”. Then the preceding estimate gives

= Y eqr®Ir* = C@|f|
aeN(m,n) aeA(m,n)
1

sC(z)CKSZ(nlogm Z Ir“IZ)E:A\/nlogm( Z rZ“)%.

aeA(m,n) aeA(m,n)
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This implies

D=

Y rZ“)_ < Ay/nlogm.

aeN(m,n)

Now,

(ri+-+r)"=m! Y r

aeN(m,n)

2a

Using Stirling’s formula and taking the power 1/m, we get

2

2 L -1
rit--+tr,<Amme

1 1 1
mz2m pm (logm)m .
We then choose m = [logn] so that e™ 1pl/m _, 1. This yields

logl
M) , (30)

1
r12+ +r lognxexp((5+o(1)) logn

and we immediately deduce

lim sup
n—oo Og I’l

Z ri= 1.
Moreover, the converse is false, since if we consider a decreasing sequence (r,)
satisfying, for large values of n,

2

logl
r +---+rizlognxexp(w)

logn

then limsup Z i< 1 whereas (r,) ¢ mon Hy(By_ ) since this would con-

n—co 10gN i=
tradict (30). O

Remark 2.8. The same argument gives also informations on the constant C
appearing in (23). More precisely, if there exists A, C > 0 such that, for every
z€l2n __ and forevery P e 22("{,), we have

m-1"

Y. lea(P)z% < AC™ 2| ™| P, (31)

lal=m

then we claim that C = e'/?. Indeed, provided is satisfied, and arguing as in
the proof of Theorem 2.2} we see that forany 0 < ry,..., 7y,

(rf +---+ 5™ < AC™||r||"™ CkszVmly/ nlogm.
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We choose rj = % so that ||r] =1 and
jzm

LA | nodx 1
rEetra=y zfl >mnm —m.

Hence,

1
C= L = X 1 — X 1 - x(m—ﬂ)z.
(ACksz)™  (logm)zm  (m!)zm

Letting n to infinity and then m to infinity, and using

m

lim

1 = e’

we get the claim. In fact, an analysis of the proof of Theorem [2.1Hower inclu-
sion shows that is satisfied with C any constant greater than (2e)'/2.

2.6 Dismissing candidates

A natural question seems to be whether or not there is a sequence space X (i.e.,
avector space X of complex sequences) such that XnB, = mon Hy(By_). The
first natural candidate to do that job was ¢, (see again (17), (20), and (21)). But,
as we already have seen in (I3), the sequence (p,'/?), belongs to mon Hy(By,)
although it is not in #,. The three other natural candidates are the spaces ¢5,
0300 and € 1og:

fz,o = {ZEKOO | li’glnz:;nl/z :0}

fz,oo={z€€oo|ElcVn :z;scﬁ}

l210g = {zefoo |3cVn:z, <c\/ lo%}

Theorem shows that neither £; nor ¢, are the proper spaces since we
have
020N By, SBcmonHy(By,) ©BS l2106N Be, (32)

(recall the definition of B from (II))). We prove this: Note first that

c emonHy(By, ) forc<l1 33
(\/ﬁ)m—:l\l (33)

¢ monHy(By, ) forl<c

since

I Lyl
imsu -=1.
n_mp lognjzlj

21



Now, and immediately give ¢» N By, < B. The last inclusion in

follows from the fact that limsup,, 1o§n X1 z;.‘z < oo obviously implies that z €
3 10g- On the other hand,
1 & logj\2 1 & log3
limsup—Z( ﬁ) > limsup Zizlog3>1
n—oo logn i3 J n—oco logn iz j
gives (\/ 10%) ¢ B and shows that this inclusion is also strict. O
n

In view of the following interesting problem remains open:

(%)n € mon Heo(By_)?
In fact, Theorem even proves that there is no sequence space X at all for
which mon Hy (B, ) = X N By : Indeed, assume that such an X exists. By
we have that (317'/%),,59 € mon Hy(By_), and therefore by assumption
(3n7'2),29 € XN By,,. But this implies (3n7'/2), _; € mon Hy(By, ), a contra-
diction to (33). O

Finally, we compare ¢, .,N B, with mon Hy,(By_ ). Again by we see that
By, . < mon Hy(By,,), and moreover that there are sequences in £, N By, that
do not belong to mon Hy,(By_ ). But it also can be shown that

mon Hoo(Br,,) £ €2,00;

the proof is now slightly more complicated: Take a strictly increasing sequence
of non-negative integers (ny); with n; > 1, satisfying that the sequence (%cl) K
is strictly decreasing and

S k+1
y o
k=1 Tk
(take for example nj = a* &b for g e N big enough). Now we define

]. :
_ < <
- l1<j=<m

ri =
] [ k+1 . _
N1 nk<]5nk+1, k—1,2,

The sequence (rj) is decreasing to 0. Clearly, nkr,%k = k for all k. Thus ()

does not belong to ¢, . But for n > ny, if ny < n < ng4; and limg l(’ng’;k =0(a
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condition satisfied by the above example), then

n 2 ny -1 npq
— + rs+
jg ] logn ]ZI n Z1] nzh+l j %+1

1 k=1 p -n Ni+1— N
< (1+ZM(h+1)+M(k+1))
logn h=1 Mh+l N1

1 k-1 p4 k+1 X h+1 k+1

<)

< + + + )
logm ;= lognpey  logng ;= np  logng

Hence limsup

Z ri <1, and therefore (1), € mon Heo(Bz,,)- O

3 Series expansion of H,-functions in infinitely many

variables
We draw now our attention to functions on T, the infinite dimensional poly-
torus. We recall that m denotes the product of the normalized Lebesgue mea-
sure on T*. Given a function f € L,(T), its Fourier coefficients ( f (@) gez™
are defined by f(a) = Jroo fw) w™*dm(w) = (f, w®) where w® = wy" ... wy"
ifa=(a;...ay,0,...) for w e T*, and the bracket (-,-) refers to the duality be-

tween L, (T*) and L, (T*) for 1/p +1/q = 1. With this, for 1 < p < oo the Hardy
spaces are defined as

Hy(T) ={fe L, | f@=0, vaez™\N{"}. (34)
We will also consider, for each m, the following closed subspace
HIMT™) = {f € Hy(T™) | fl@) #0 = |al = m}

of L,(T*). By [8, Section 9] this is the completion of the m-homogeneous
trigonometric polynomials (functions on T that are finite sums of the form
Y aj=m Caw®). Tt is important to note that

H;”(TOO):HFT(TOO),lSp,q<oo and meN; (35)

this was first observed in by [8} 9.1 Theorem] (here it also follows from Lemma|2.3|
and a density argument).
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In analogy to and we define for every for 1 < p < oo and m € N the
following two sets of monomial convergence:

mon H,(T%) = {ze ¥ | ¥ | f(@)2| <coforall f € H,(T®)}
mon HJ'(T%) = {ze C" | ; f@z"I<ocoforall f e HY'(T™)}.

Obviously both sets are increasing in p. In sections [3.1] and [3.2] we will prove
that
mon Hy, (T*) = mon Hy, (Be,) =mon Hy, (By, ) (36)

mon H2 (T*) = mon (" ¢p) = mon ("¢ ), (37)

which by Theorem 2.1Jand Theorem [2.2]then in particular implies that
mon H,(T®) =B and mon H (T™) < ng_;ll,oo )

But we are going to see in this section that a much more precise description is
possible.

3.1 The homogeneous case
The homogeneous case can be solved completely.

Theorem 3.1.
12 forl=p<oo

Hm -l]—OO —
mon p ( ) {[2_’111)00 forp = 00.

Moreover, there is C > 0 such that if z € mon H;,” (T*™®) and f € H;,”(TOO), then

Y 1f@z* 1= C™zl™lflp, (38)

lal=m

where || z| is the norm in the corresponding sequence space (here1 < C < V2 for
l<sp<2andC=1for2<p<oo).

Again we prepare the proof with some lemmas of independent interest. We
deal with two separate situations: p = oo and p = 2 (covering the case for arbi-
trary 1 < p < o0). The first case will follow from Theorem 2.1} after showing that
H!(T*°) can be identified with 22(" ¢)). The basic idea here is, given a polyno-
mial on ¢y, extend it to ¢, and then restrict it to T°°. Let us very briefly recall
how m-homogeneous polynomials on a Banach space X can be extended to its
bidual (see [16} Section 6] or [15, Proposition 1.53]). First of all, every m-linear
mapping A: X x---x X — C has a unique extension (called the Arens extension)
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A: X** x-.-x X** — Csuch that for all j = 1,...,n, all x; € X and z; € X**,
the mapping that to z € X** associates A(xl,...,xj_l,z, Zjt1y-+-»2Zm) is weak™-
continuous. Now, given P € 22(™ X), we take its associated symmetric m-linear
form A and define its Aron-Berner extension P € (" X**) by P(z) = A(z, ..., 2).
By [9) Theorem 3] we have

sup |P(x)|= sup |P(2)]. (39)

XeBx ZEBX**

Hence, the operator
AB:2("X) - 2("X**), AB(P)=DP
is a linear isometry.

Lemma 3.2. The mapping
v :2("cp) = HL(T™), w(P)(w) = AB(P)(w)
IS a surjective isometry.

Proof. Let us note first that, by the very definition of the Aron-Berner exten-
sion, for each a € I\IE)N), the monomial x € ¢y — x% is extended to the monomial
z € {, — 2. Then the set of finite sums of the type Y |4)=, cax® is bijectively
and isometrically mapped onto the set of m-homogeneous trigonometric poly-
nomials. By [15, Propositions 1.59 and 2.8] the monomials on ¢y with |a| = m
generate a dense subspace of (" cy). On the other hand, by [8] Section 9] the

trigonometric polynomials are dense in H}(T*°). This gives the result. O
To deal with the case 1 < p < oo we need the following lemma.

Lemma3.3. Forl<p<ooand meN
monHl’,"ﬂToo) c monH;”_l('I]'o").

Proof. Let0# z€ mon H]’D”(TTOO) and f € mon H;,”_l (T*°). We choose z;, # 0 and
define f(w) = wj, f(w). Let us see that f € Hgl(Too); indeed, take a sequence
(fn)n of (m—1)-homogeneous trigonometric polynomials that converges in the
space L,(T*) to f. Each f; is a finite sum of the type ¥ 4|=n—1 Ca(f) W*. We
define for w e T

aj,+1 ay

0 w

fn(w):wiofn(w): Z C(X(fn)wixl'”wio .. -

lal=m—-1
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Clearly, f, is an m-homogeneous trigonometric polynomial. Moreover

=

1
([ i futw = wiofwdmw)” = ([ 1wl g - s amw)
1
<([ itwr- raordmu)’
-[I—m

The last term converges to 0, hence (f;,),, converges in Ly(T) to fand f e
H,'(T*°). We compute now the Fourier coefficients:

A

fla) = Toof"(W)W“"dm(w) :fw wi, f(w)w™*dm(w)

+1

:f1r f(w)wl_al---wi_oaio ew Fdm(w)

_ —(ajy—1) —a
:fvwf(w)wlal---w. © w M dm(w)

Io

:f(al,...,aio—l,...,ak).
That is

f(a):{f(ﬁ) ifa:(ﬂl"“’ﬁio"'l,-..,ﬁk)

0 otherwise

and this gives

Y1f (B2l = Zlf(ﬁ)z 1EN
B

|l()

Zlf(ﬁ)zll .. io+1“_Z£k|

lo

Zlf(a)z“|<oo

|10 |10

Hence z € mon H;,"_l (T°°). O

Finally, we are ready to give the

Proof of Theorem[3.1] The case p = oo follows from Theorem[2.1Jand Lemma|3.2]
Assume that 1 < p < oo, and observe that by it suffices to handle the case
p=2.1fze (> and f € H)"(T*), then we apply the Cauchy-Schwarz inequality
and the binomial formula to get

1 1
Y 1f@z=( ¥ 1F@P)( X 1P <1z fl<o0;  (40)
aenV aenV aen
lal=m lal=m lal=m
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this implies z € mon H}"(T*°). Conversely, it is enough to show that
mon H21 (T®) < t,

since then by Lemmamon HY(T*) c mon H, (T®) < ¢,. Fix z € mon H, (T*).
By a closed-graph argument there is c; > 0 such that for every f € H21 (T*)
the inequality } 77 | | f (n)znl < ¢l fll2 holds. Take y € ¢, and define for each
N the function fy : T® — C, fy(w) = Zg:l Wnyn. Clearly, fy € H21 (T°°) and
fN(n) =y,forn=1,...,N. As a consequence we have

N N ) %
Y ynzal =eo X 1yal) < callyle,
n=1 n=1

and since this holds for every N we by duality see that z € ¢,. Finally, the in-
equaliy follows immediately from Theorem2.1Jand Lemma3.2]for the case
p = oco. Moreover, gives for 2 < p < co with C =1, and combined
with Lemma (s = 2 and r = 1) give the inequality with C < v2 whenever
l<p<2. 0

3.2 The general case

We address now our main goal of describing mon H,,(T°). There are three sig-
nificant cases: p =1, p = 2, and p = co. The description of mon H,(T*) for
1 < p < oo will follow from the cases p = 1 and p = 2, showing that these two
coincide.

Theorem 3.4.
(@) B < mon Hy(T™) c B
(b) mon Hy,(T*) =¢>Nn By for 1<p<oo.

Again we prepare the proof (which will be given after Lemma[3.7) by some in-
dependently interesting observations. Part (@) is an immediate consequence of
Theorem[2.2land the fact that

mon Hy,(T%) = mon Hy(Bg,) = mon Hy (By_ ),

which we already mentioned without proof in (36): For the second equality see
whereas the proof of mon Hy,(T*) = mon Hy(Bg,) is a consequence of the
following theorem due to Cole and Gamelin [8, 11.2 Theorem] (see also [18,
Lemma 2.3]). For the sake of completeness we include an elementary direct
proof; the statement about the inverse mapping seems to be new.
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Proposition 3.5. There exists a unique surjective isometry
¢ : Hoo(T™) = Hoo(Bg,)

such that for every f € Hoo(T*) and every a € I\I(()N) we have

ca(p(N) = fl@).

Moreover, when restricted to H (T*), the mapping y defined in Proposition[3.2
and ¢ are inverse to each other.

Proof. First of all, let us note that in the finite dimensional setting the result is
true: It is a well known fact (see e.g. [27, 3.4.4 exercise (c)]) that for each n there
exists an isometric bijection ¢, : Hoo(T") — Hoo(D™) such that co(¢p(f)) = f(a)
for every f € Ho(T") and every a € Ng. Take now f € Hoo(T*) and fix n € N;
since we can consider T® = T" x T, we write w = (wy,..., Wy, W;,;) € T*. Then
we define f,, : T" — C by

fn(wl;--- wn) :fgwf(wl"." Wy, Wp)dm(Wy,).

By the Fubini theorem f;, is well defined a.e. and

ff(w)dm(w):f (f f(wl,...,wn,wn)dm(wn))dmn(w1,...,wn),

hence f; € Loo(T"). Moreover, for each a € Z" we have, again by Fubini’s theo-
rem,

fol@) = f fwyw dmw) = f(a).
TrxToe

and hence fn(a) = f(a) =0foreverya € Z" \I\Ig. Since obviously || f;lleo < Il flloo
(the measure dm is a probability) we obtain that f;,, € Ho(T"), and can now
consider g, = ¢, (f,) € Ho(D™). We have [|gxllco = | fulloo < Il flloo and

g2 =Y fal@z®= ) fla)z®

n n
ael\lo aeNO

for every z € D". Since this holds for every n we define g : D™ — C by g(z) =
Yaens f(a)z% We have ||glloo = sup,, llgnllco < | flloo- By [12, Lemma 2.2] there
exists a unique extension § € Hu,(Bg,) with ¢, (8) = f(a) and [|€lloo = 18lloo <
[ flloo- Setting ¢(f) = § we see that ¢ : Hoo(T™) — Hy(Bg,) is a well defined
linear mapping such that for every f € Hyo(T*) and every a € NE)N) we have
Ip(Nlloo < Il flloo and cq(Pp(f)) = f(@). On the other hand, if f € Leo(T™) is
such that f(a) = 0 for all @, then f = 0. Hence ¢ is injective.
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Let us see that it is also surjective and moreover an isometry. Fix g € Hy(Bg,)
and consider g, its restriction to the first n variables. Clearly g, € H,,(D") and
lgnlloo < glloo- Using again [27, 3.4.4 exercise (c)] we can choose f; € Hy(T")
such that || fyllco = Ig€nlloo and cq(gn) = fn(a) for all @ € Njj. Since cq(gn) =
ca(g), we have f,(a) = co(g) for all @ € N'. We define now f, € Hoo(T*) by
fo(w) = fu(wn,..., wy,) for w € T. Then the sequence (fn)zozl is contained in
the closed ball in Lo, (T*) centered at 0 and with radius || gl Since this ball is
w*-compact and metrizable, there is a subsequence ( fnk)k that w*-converges
to some f € Loo(T*) with || flloo < I8 llco- Moreover,

f@=(f,w = lim (fyp w) = lim J, (@)

forevery a € ZE)N), and this implies f € Hy(T®). Let us see that ¢(f) = g, which
shows that ¢ is onto; indeed, if a = (a;,...,ay,,0,...) then for n; = np we have

G = [ Futwwam)= [ i wdmy, @) = f,y @ = @

Hence f(a) =cq(g) forallae I\I(()N). Furthermore, since || flloo < 1€llco = 1P (f) lloo
we also get that ¢p is an isometry. Let us fix P € 22(" ;) and show that ¢! (P) (w) =
P(w) for every w € T*. We choose (Ji)x a sequence of finite families of multi-
indexes included in {a : a € I\Ig\') : la] = m} and such that the sequence Py =
Y aeJ; Ca,kx“ converges uniformly to P on the unit ball of ¢. Since each Jj is
finite, we have

¢ PW) = Y. carw® =Pr(w),

acj

for every w € T°°. The linearity of the AB operator and give that | P — Py | =
|P—Pill = l¢p~ 1 (P) — ¢~ (Pi) || converges to 0 and complete the proof.
Observe that this argument actually works to prove that ¢~1(g)(w) = §(w) for
every w € T* and every function g in the completion of the space of all poly-
nomials on cy. O

We handle now the case p = 2 of part () of Theorem [3.4) where slightly more
can be said (for the proof of Theorem [3.4] this will not be needed). Here, since
H,(T) is a Hilbert space with the orthonormal basis {w“},, we have | fll, =
(Zalf(@ |2)1/2 which simplifies the problem a lot.

Proposition 3.6. We have

mon Hy(T*) =¢,N By,
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and for each z€ ¢, N By and f € Hy(T*),

=N B
Y 1f@z1=([] —) Ifl.. (1)
aeNg\') n=1 1—1zyl
Moreover, the constant ([T, ﬁ) 12 i< optimal.

Proof. Thefactthat £,nB,_ < mon H,(T*) follows by using the Cauchy-Schwarz
inequality in a similar way as in (40):

L @z ZN)'f(“)'z)%( ) |z|2“)%=||f||z(ﬁlﬁ)%<oo.

aeNM aeN ael\lg\')

(
0 0

On the other hand, since HZ1 (T°°) c Hy(T*°) we have that mon H,(T) is a sub-
set of mon H21 (T*°), and hence Theorem gives the conclusion. Let us see

that for each fixed z € mon H>(T*) = ¢, n B, the constant in is optimal:
By a closed graph argument there is ¢, > 0 such that for all f € H,(T*)

Y If@z* < clifllz,

(N)
aeNO

and moreover

Y 1z <o

ael\l((]N)
Then the function f;(w) =3 aen™ z%w® € Ho(T*) is well defined and fz(a) =
0
z%forevery a € I\IéN) (and 0 otherwise). Hence

Y 12P= Y @z <clfl=c( ¥ 12°F),

(N) N) (N)
aeNO aENO ael\l0

D=

which completes the proof. O
In order to extend this result to the general case 1 < p < co we need another
important lemma — an Hy—version of [6, Satz VI] (see also [13, Lemma 2]).

Lemma 3.7. Let z € mon Hy,(T*) and x = (x,), € By, such that |x,| < |zy| for
all but finitely many n’s. Then x € mon H), (T).

Proof. We follow [13, Lemma 2] and choose r € N such that |x,| < |z,| for all
n > r. We also take a > 1 such that |z,| < % forn=1,...,r. Let f € H,(T*) with
I fll,<1. Wefix ny,..., n, € N and define for each u € T,

—-n —n
fon nr(u):f [y, wruy, w7 w T dmy (wy,. L, wy)
'[|'r

30



Let us see that fy,, . », € H,(T); indeed, using Holder’s inequality we have

< =

- - P
:(f ’wf(wl’---’WT’”1’~~~)w1n1---wr”rdmr(wl»---’wr) dm(u))

s(foo( 1rrIf(wl,...,wr,ul,...)l”dmr(wl, ,wr))dm(u)) =1flp.

Hence fy, .0, € Lp(T*) and | fu,,..n.llp = I fllp = 1. Now we have, for every
multi index a = (a3,...,a,0,...)

P, (@)

_( f(wl)---)wrrul) ’uk)
o JTr

= dm,(w,...,w,)dm(uy,..., u,0 ))
w{ll...w;lruixl...u i ’ ’ r

k
= f(nl,...,nr,al,...,ak,O,...).
Therefore
. f(ni,...,npan,...,ax,0,...) ifa=(0,7.,0ai,...ar0,...)
fl’ll,...,l’lr (a) = .
0 otherwise
and this implies fy,, . », € H,(T*). Now, using (below) and doing exactly
the same calculations as in [13, Lemma 2] we conclude ¥, | f(a)x%| < oo and x
belongs to mon H,, (T*). O

Finally, we are ready for the

Proof of Theorem|[3.4-(1). Lower inclusion: Let us remark first that
mon H; (T®) € mon Hy,(T*)

since Hy,(T*) < H;(T*). Then to get the lower bound it is enough to show
that /> N By, < mon H; (T). As a first step we show that there exists 0 <r <1
such that rBy, N By, < mon H;(T®). Letr <1/v2and z€ rBy,nBy_. Then
z=ry for some y € By,. By [8, 9.2 Theorem] there exists a contractive projec-
tion Py, : Hy (T*) — H{"(T*) such that P/m\g(a) = g(a) whenever |@| = m and 0
otherwise. Then for every f € H,(T*) with f;,, = P,,,(f) we obtain

Zlf(a)z“l— Z Y 1f@ay= Z N 1@y

m=0|al|=m m=0|a|=m
< Y W2)"Ml fmlh = Z (rv2)"™ Il < oo,
m=0 m=0
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where in the first inequality we used that y € ¢, and (38), and in the second one
the fact that || P, || < 1. Take now some z € £, N By_. Then ( o |zn|2)1/2 <r
for some ng, and we define

x:(0,...,0,Zn0,Zn0+]_,...)€rBészéoo.

As explained x € mon H;(T*), and hence Lemma implies as desired z €
mon H; (T*). Upper inclusion: Again bywe have H},(T"O) = H21 (T°°) with
equivalent norms. This, together with Theorem 3.1} gives

mon H,(T*) « mon H,(T*) = mon H, (T™) c /2N By,,. O

Remark 3.8. Denote by %, the space of all trigonometric polynomials on CV
(all finite sums Y yc 5 cq2%). For each z € ¢, the evaluation mapping

07:%Pan—C, 5z(f):f(z)

is clearly well defined. One of the main problems considered in [8] is to de-
termine for which z’s the evaluation mapping 6, extends continuously to the
whole space H,(T*), 1 < p <oo. This can be reformulated as to describe the
following set

l2€lo|3e:>09 f € Pin: If @I < cclf N}

Since for each f € P4, and every a we have f(a) = cq, the previous set can be
written as

{Z€€w|ECZ>OVf€=@ﬁn:

Y f@z"| < clflp}. (42)
a

In [8, 8.1 Theorem] it is shown that for 1 < p < co the set in is exactly £, N
By . By a simple closed-graph argument, for each 1 < p < oo a sequence z
belongs to the set mon H),(T) if and only if there exists ¢; > 0 such that for
every f € H,(T™)

= =

Y If(@)z” scz(ﬁw|f(w)|’”dm(w)) . 43)

oc(-:l\lg\')
This implies
mon H,(T®) = {z € (e | 30, >0V f € P : Y If@2"I=cclfllp).  (49)
a
In view of (44) we have that mon H,(T*) is contained in the setin (42). Then the
upper inclusion in Theorem[3.4} (1) follows from [8} 8.1 Theorem]. The proof we

presented here is independent from that in [8]. But the lower inclusion in The-
orem[3.4} (1) is stronger than the result in [8].
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3.3 Representation of Hardy spaces

We have seen in Proposition how, like in the finitely dimensional case, the
Hardy space Hy,(T®) can be represented as a space of holomorphic functions
on¢g. In[8, 10.1 Theorem] itis proved that every function f € H),(T) uniquely
determines a holomorphic function g of bounded type on the Reinhardt do-
main By N ¢, in ¢, such that the Fourier coefficients f(a) of f coincide with
the monomial coefficients c,(g) of g (recall that g is of bounded type on R if it
is bounded on bounded sets contained in R with positive distance to ¢, \ R). In
the following we use our new knowledge on mon H, (T) in order to character-
ize all those g’s coming from functions f € H,(T). For the Reinhardt domain
R =B,_n¥,in ¢, define the Banach space

Hy(R) = Hy(By, N C>)

of all holomorphic functions g : R — C for which

= =

IIgIIHp(R) =sup sup ( Ig(rwl,...,rwn,0,0,...)I’”dmn(wl,...,wn)) < 00.
neN 0<r<1 ‘JT"

Theorem 3.9. Foreachl < p < oo the mapping
¢:H,(T®) — Hy(By, N ¥>)

defined by )
d(le)= ), fl@z", ze By N;

(N)
aeNO

is an onto isometry.

Proof. Let us begin by noting that for each fixed n the mapping

Gn: Hy(T") — Hy(@"), ¢pp(H@) = Y fl@)z®

n
aeNO

is an isometric isomorphism, where H), (D™) denotes the Banach space of all
holomorphic functions g : D" — C such that

1

gl 7, @ = sup ( Ig(rwl,...,rwn)l”dmn(m,...,wn))” <oo.
O<r<1 *JT"

We show in first place that ¢ is well defined and a contraction. Fix f € Hy,(T>);

we know from Theorem that ZaeEN[N) If(a)z“I < oo for every z € By N ¥»,
0
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hence the series defines a Gateaux-differentiable function on By, N ¢,. We de-
note the m-th Taylor polynomial of ¢(f) at 0 by P,,. Since forall z€ ¢,

Pn(@= Y fl@z",
aeNy
lal=m
we deduce from that P € 22("¢,), and hence ¢(f) defines a holomorphic
function on By N ¢, (see e.g. [15, Example 3.8]). Let us see now that it actually
belongs to Hy,(By, N ¢>). Following the notation in Proposition we define
foreach n

folwy, ..., wy) :‘[Toof(wl,...,wn, wy)dm(wy,),

where (wy, ..., wy) € T". By Fubini’s theorem and since L, (T*) < L;(T*), this
function is well defined. On the other hand, using Holder’s inequality and again
Fubini’s theorem we get

fwlfn(wl,...,wn)l’”dmn(wl,...,wn)
:f f(wlr---»wn! wn)dm(wn)
'|]'n ]’w

sf (f P wy, Wl dm(ioy) dimp(w,..., wy)
‘I]'n -H-OO

p
dmn(wlw“! wn)

Sf (f |f(wl;---;wn; wn”pdm(wn))dmn(wl»»wn)y
" Too

and this implies f € L,(T") and || full, < Il fll , for all n. Moreover, for a € Z" we
have (again using Fubini) f,(a) = f(a) and f, € H,(T"). Then ¢ (fu)ll g,0m =
I fullp = I £l for all n, and we arrive at

sup sup | Y fl@cw)|dm,(wy,...,wy) < |Ifll, < oo. (45)

neN 0<r<1JT" aeN?

Clearly, (f)(21,...,2n,0...) = Yo f(a) 2% for every (z1,...,2,) € D", and by
this implies

$(f) € Hp(Br,,N¥2) and PN, b, e < ISl

Finally, we show that @ is also an isometry onto: Fix some g € Hy,(By, N {3),
and denote by g, its restriction to the first n variables. Then, by definition g, €
H,(®") and |l gxll g, @ < 181 1,8, ne,)- Let us take fr, = ¢, (gn) € Hy(T") and
define

fn:-l]-oo_’(]:, fn(w):fn(wly---; Wy).
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Since we can do this for every n, we have a sequence (f,), contained in the
closed ball of L,(T*) centered in 0 and with radius | g I, (B, 22> that is a
weak-(Ly, Ly)-compact set if 1 < p < oo (q the conjugate index of p). Since
L4(T®) is separable, the weak”-topology is metrizable, and hence there ex-
ists a subsequence ( fnk)k that weak™ converges to some f € L, (T*). For each
a € Z™ we then have

@ = (f,w = im( f, w = Fun(@) = ca(). (46)

Hence f € H,(T), ¢(f) = g and, moreover, || fl, < ”g”Hp(Bzooﬁfz)- This com-
pletes the proof for 1 < p < 0o, and it remains to check the case p = 1: Using
Riesz’ representation theorem (for the dual of C(T*)), we only obtain that there
exists a subsequence ( fnk) « that weak™ converges to some complex measure v
on T°°. But as in (46), we have V(a) = c4(g) for every a € ZN_ In particular,
¥(a) = 0 for every a € ZM \NW  i.e., v is an analytic measure. But in [19] it is
proved that any analytic measure on a topological group is absolutely contin-
uous with respect to the corresponding Haar measure that in our case is dm.
Hence, v can be represented by an element f € H;(T*), and we hence have,

exactly as above, ¢(f) = g and || fll1 < 1gll &8, ey)- O

We want to thank Jan-Fredrik Olsen and Eero Saksman who very recently in-
formed us about the theorem of Helson-Lowdenslager from [19] (the M. and E
Riesz theorem for topological groups) which in the preceding proof was essen-
tial to handle the case p = 1. Actually they, together with A. Aleman, in [1}, Corol-
lary 1] give a direct proof of that result for the infinite dimensional polytorus.
In [I, Corollary 3] they apply their result to obtain a variant of Theorem

4 ¢,-multipliers of /£,-Dirichlet series

Finally, we come back to one of our original motivations. We use Bohr’s trans-
form from (4) to deduce from our main results on sets of monomial conver-
gence (see and [3.4) multiplier theorems for spaces of Dirichlet se-
ries.

Historically all results on sets of monomial convergence (at least those of
@), (17),(18), and (20)) were motivated through the theory of Dirichlet series.
Maximal domains where such Dirichlet series D = )", a,n™* converge condi-
tionally, uniformly or absolutely are half planes [Re > o], where o0 = 0,0, or
o, are called the abscissa of conditional, uniform or absolute convergence, re-
spectively. More precisely, o, (D) is the infimum of all r € R such thaton [Re > r]
we have convergence of D of the requested type « = ¢, u or a. Each Dirichlet se-
ries D defines a holomorphic function d : [Re > o.] — C. If 0;,(D) denotes the
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abscissa of boundedness, i.e. the infimum of all r € R such that d on the half
plane [Re > r] is bounded, then one of the fundamental theorems of Bohr from
[7] is

ou(D)=0p(D). (47)

Bohr's so called absolute convergence problem from [6] asked for the largest pos-
sible width of the strip in C on which a Dirichlet series may converge uniformly
but not absolutely. In other terms, Bohr defined the number

S:=supo,(D)—-o,(D), (48)
D

where the supremum is taken over all possible Dirichlet series D, and asked for
its precise value.

Using the prime number theorem Bohr in [6] proved that S = A%I, and con-
cluded from that S < 1/2 (for the definition of M see again (19)). Shortly af-
ter that Toeplitz with his result from (8) got 1/4 < S < 1/2. Although the general
theory of Dirichlet series during the first decades of the last century was one
of the most fashionable topics in analysis (with Bohr’s absolute convergence
problem very much in its focus), the question whether or not S = 1/2 remained
open for a long period. Finally, Bohnenblust and Hille [5] in 1931 in a rather
ingenious fashion answered the problem in the positive. They proved (20), and
got as a consequence what we now call the Bohr-Bohnenblust-Hille theorem:

S= 5" (49)

Equivalently we see by that

1
sup o,4(D)=—, (50)
DeSby 2

i.e., for each € > 0 and each series Y, a,n"* € #,, we have }_,, Ianln‘%‘g <00,
and moreover % here can not be improved. A non trivial consequence of (2) is
that this supremum is attained.
One of the crucial ideas in the Bohnenblust-Hille approach is that they grad-
uate Bohr’s problem: They (at least implicitly) observed that S, = M%n , where
Sm=supoq(D)-ou(D), (51)
the supremum now taken over all m-homogeneous Dirichlet series (recall the
definition of M, in (19)). This allows to deduce from the lower bound
m-—1
Sm=—F"") (52)
2m

and hence, since S,;, < S, in the limit case as desired % <S.
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4.1 Main results

We finally introduce our concept of /1-multipliers for #,-Dirichlet series. For
1 < p < oo the image of H,(T*) under the Bohr transform ‘B defined in (4) is
denoted by #,. Together with the norm ||D||;5p =B~ 1(D) ||Hp(1r°°) the vector
space of all these so called ),-Dirichlet series D = }.,, a,n"*° forms a Banach
space. In other words by definition we identify

Hp = Hy(T™).

Similarly, we denote by Jfl’," the image of H ;,"(Too) under *B, a closed subspace
of 7, (see e.g. [3] and [26]).

Let & be a set of Dirichlet series (in our setting we typically have & = .7, or
Hy"). A sequence (by) of complex numbers is said to be an ¢; -multiplier for &
whenever
(e, 0)

Y lanby| < oo

n=1

forall },, a,n™° € &. Recall that a sequence (b;) of complex numbers is said to
be multiplicative (or completely multiplicative) whenever by, = b,b,, for all
n, m.

The Bohr mapping (4) links the concept of multiplicative ¢; -multipliers with
our previous concept of sets of monomial convergence.

Remark 4.1. Let (b,;) be a multiplicative sequence of complex numbers, and
1 < p < oo. Then (by) is an ¢ -multiplier for ), if and only if (b,,,) € mon H,, (T).
Clearly, an analogous equivalence holds whenever we replace 7, by 4"

We now give an almost complete characterization of multiplicative ¢, -multi-
pliers of .7, -Dirichlet series. The following theorem can be considered as the
highlight of this article since it in a very condensed way contains almost all the
information given. Recall again that for each bounded sequence z = (z;) of
complex numbers we define

1 & 1/2
b(z) = (limsup — ) zyfz) )
n—co logn = J
Theorem 4.2. Let (b,) be a multiplicative sequence of complex numbers, 1 < p <
oo and m € N.

@ () (bp) isan ¢y -multiplier for 76" if and only if (bp,) € {5 .
(ii) (by) is an ¢1-multiplier for €. if and only if(bp].) € [2_r_nl’oo.

(b) (i) (by) is an €1-multiplier for €, if and only iflbpjl <1 forall j and
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(ii) (by) is an ¢1-multiplier for 4 provided we have that Ibpjl <1 for
all j and b((bp,)) <1.
Conversely, if (D) is €1 -multiplier for #, then|by;| <1 for all j and
b((bp))<1.

For the proof recall the preceding remark and apply Theorems
and[3.4l

4.2 Bohr’s absolute convergence problem - old art in new light

In what remains we would like to illustrate that this characterization includes
many results on the width of Bohr’s strips, old and new ones, as special cases:

e The Bohr-Bohnenblust-Hille theorem S = % (see (49)) states in terms of
multipliers that

1
inf{o | (1/n%) is an ¢, — multiplier for 5.} = 5" (53)

Theorem[4.2} determines all multiplicative ¢;-multiplier for #,,, and
the Bohr-Bohnenblust-Hille theorem is a simple consequence: S < % since

1 1
for all € > 0 the sequences (pk 2 8) belong to B, and S > % since (pk 2+£) ¢

B. By @) this infimum from is attained — a result which in our setting
can alternatively be deduced from Theorem @) since (pr) "2 € B.

 For Bohr strips of m-homogeneous Dirichlet series we by have that
S = "21—;11 Again this result can be reformulated into a result on ¢, -multi-
pliers for A" of the type (1/n?), and hence it can be easily deduced from

the more general Theorem 4.2} (aii).

* Let now 1 < p < oo. It is known that each #,-Dirichlet series D has an
absolute convergence abscissa o,(D) < 1/2, and that this estimate is op-
timal:

1
sup o4(D)=—. (54)
De b, 2

This is an ./,-analog of (or equivalently (50)) which can be found
(implicitly) in 3] and (explicitly) in [2, Theorem 1.1]. After the following
reformulation in terms of ¢;-multipliers for /2, :

1
inf{o | (1/n?) is an ¢; — multiplier for 7, } = 5 (55)
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we obtain as an immediate consequence of Theorem [4.2} (b]). Note
that here in contrast with the infimum in is not attained since
(p,;” 2y, & 05 (see also [2] where this was observed for the first time).

* Similarly we obtain suppe zm 04(D) = ”;—;rll as a consequence of Theo-

rem [4.2} (ai]), and observe that here the infimum corresponding to
is attained (see also (25)).

References

(1]

(2]

[7]

(8]

[10]

A. Aleman, J.E Olsen, and E. Saksman. Fatou type theorems on the infinite
dimensional polydisk. Preprint 2014.

R. Balasubramanian, B. Calado, and H. Queffélec. The Bohr inequality for
ordinary Dirichlet series. Studia Math., 175(3):285-304, 2006.

E Bayart. Hardy spaces of Dirichlet series and their composition opera-
tors. Monatsh. Math., 136(3):203-236, 2002.

E Bayart, D. Pellegrino, and J. B. Seoane-Sepulveda. The Bohr radius of the
n-dimensional polydisk is equivalent to /(logn)/n. Advances in Math.,
264:726-746 (2014) Preprint 2014.

H. E Bohnenblust and E. Hille. On the absolute convergence of Dirichlet
series. Ann. of Math. (2), 32(3):600-622, 1931.

H. Bohr. Uber die Bedeutung der Potenzreihen unendlich vieler Variablen
in der Theorie der Dirichlet-schen Reihen }_ % Nachr. Ges. Wiss. Gottin-
gen, Math. Phys. K., pages 441-488, 1913.

H. Bohr. Uber die gleichmiRige Konvergenz Dirichletscher Reihen. J.
Reine Angew. Math., 143:203-211, 1913.

B.J. Cole and T. W. Gamelin. Representing measures and Hardy spaces for
the infinite polydisk algebra. Proc. London Math. Soc. (3), 53(1):112-142,
1986.

A. M. Davie and T. W. Gamelin. A theorem on polynomial-star approxima-
tion. Proc. Amer. Math. Soc., 106(2):351-356, 1989.

R. dela Breteche. Sur!’ordre de grandeur des polyndmes de Dirichlet. Acta
Arith., 134(2):141-148, 2008.

39



[11]

[12]

[13]

(14]

[15]

[16]

[17]

(18]

[19]

(20]

(21]

[22]

(23]

A. Defant, L. Frerick, J. Ortega-Cerda, M. Ounaies, and K. Seip. The
Bohnenblust-Hille inequality for homogeneous polynomials is hypercon-
tractive. Ann. of Math. (2), 174(1):485-497, 2011.

A. Defant, D. Garcia, and M. Maestre. New strips of convergence for
Dirichlet series. Publ. Mat., 54(2):369-388, 2010.

A. Defant, D. Garcia, M. Maestre, and D. Pérez-Garcia. Bohr’s strip for vec-
tor valued Dirichlet series. Math. Ann., 342(3):533-555, 2008.

A. Defant, M. Maestre, and C. Prengel. Domains of convergence for mono-
mial expansions of holomorphic functions in infinitely many variables. J.
Reine Angew. Math., 634:13-49, 2009.

S. Dineen. Complex analysis on infinite-dimensional spaces. Springer
Monographs in Mathematics. Springer-Verlag London Ltd., London, 1999.

K. Floret. Natural norms on symmetric tensor products of normed spaces.
Note Mat., 17:153-188 (1999), 1997.

L. A. Harris. Bounds on the derivatives of holomorphic functions of vec-
tors. In Analyse fonctionnelle et applications (Comptes Rendus Collog.
Analyse, Inst. Mat., Univ. Federal Rio de Janeiro, Rio de Janeiro, 1972), pages
145-163. Actualités Aci. Indust., No. 1367. Hermann, Paris, 1975.

H. Hedenmalm, P. Lindqvist, and K. Seip. A Hilbert space of Dirichlet se-
ries and systems of dilated functions in L2(0,1). Duke Math. J., 86(1):1-37,
1997.

H. Helson, and D. Lowdenslager, Prediction theory and Fourier series in
several variables. Acta Math., 99:165-202, 1958.

D. Hibert. Gesammelte Abhandlungen (Band 3). Verlag von Julius Springer,
Berlin, 1935.

D. Hilbert. Wesen und Ziele einer Analysis der unendlichvielen unab-
hédngigen Variablen. Rend. del Circolo mat. di Palermo, 27:59-74, 1909.

J.-P. Kahane. Some random series of functions, volume 5 of Cambridge
Studies in Advanced Mathematics. Cambridge University Press, Cam-
bridge, second edition, 1985.

S. V. Konyagin and H. Queffélec. The translation % in the theory of Dirichlet
series. Real Anal. Exchange, 27(1):155-175, 2001/02.

40



(24]

(25]

(26]

[27]

(28]

[29]

(30]

B. Maurizi and H. Queffélec. Some remarks on the algebra of bounded
Dirichlet series. J. Fourier Anal. Appl., 16(5):676-692, 2010.

H. Queffélec. H. Bohr’s vision of ordinary Dirichlet series; old and new
results. J. Anal., 3:43-60, 1995.

H. Queffélec and M. Queffélec. Diophantine approximation and Dirichlet
series. HRI Lecture Notes Series, New Delhi 2013.

W. Rudin. Function theory in polydisks. W. A. Benjamin, Inc., New York-
Amsterdam, 1969.

0. Toeplitz. Uber eine bei den Dirichletschen Reihen auftretende Aufgabe
aus der Theorie der Potenzreihen von unendlichvielen Verdnderlichen.
Nachrichten von der Kéniglichen Gesellschaft der Wissenschaften zu Got-
tingen, pages 417-432, 1913.

E B. Weissler. Logarithmic Sobolev inequalities and hypercontractive esti-
mates on the circle. J. Funct. Anal., 37(2):218-234, 1980.

P. Wojtaszczyk. Banach spaces for analysts, volume 25 of Cambridge Stud-
ies in Advanced Mathematics. Cambridge University Press, Cambridge,
1991.

bayart@math.univ-bpclermont.fr
defant@mathematik.uni-oldenburg.de
frerick@uni-trier.de

maestre@uv.es

psevilla@mat.upv.es

41



